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The quadratic gravity constraints are reformulated in terms of the Newman-Penrose-like quantities. In
such a frame language, the field equations represent a linear algebraic system for the traceless Ricci tensor
components. In principle, a procedure for the combination of the Ricci components with standard
geometric identities can be applied in a similar way as in the case of general relativity. These results could
serve in various subsequent analyses and physical interpretations of admitted solutions to quadratic gravity.
Here, we demonstrate the utility of such an approach by proving general propositions restricting the
spacetime geometry under assumptions on a specific algebraic type of curvature tensors.
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I. INTRODUCTION

In 1915, Albert Einstein finished his theory of general
relativity (GR) [1], which provided a geometric description
of gravity in terms of curved four-dimensional spacetime.
Einstein’s theory brought dozens of surprising implications
during more than a century of its analyses and astrophysical
applications. However, simultaneously with its formulation,
there appeared concerns about the possibility of solving its
highly-complicated nonlinear field equations. These doubts
were allayed almost immediately by Karl Schwarzschild
and his famous spherically symmetric solution [2].
Unfortunately, the Schwarzschild spacetime also uncovered
difficulties related to physical interpretation and insecurity
of employing a particular coordinate choice. In the follow-
ing decades, the construction of coordinate-independent
quantities, revealing the true nature of a given gravitational
field, become crucial. The conceptually important step
within the coordinate-independent analysis was to express
studied quantities in terms of their frame components. The
privileged role within the frame approaches to Einstein’s
theory plays the Newman-Penrose (NP) formalism [3]
employing a null vector basis, see Sec. I B for its summary.
The spacetime description in terms of the frame projections
allows one to invariantly define the ansatz geometry, e.g.,
admitting specific null congruences or special algebraic
structure of related tensors, and then try to find and discuss
its explicit form restricted by the field equations and
geometric identities. Importantly, this formalism naturally
reflects distinct parts of a gravitational field and its peeling

properties. The generalization of NP formalism becomes
important also in studies of higher-dimensional GR [4–7].
Even though GR has beyond doubt proved its ability to

describe various strong-field gravitational situations and
processes, there remain important theoretical issues unclari-
fied. One can think, e.g., about its combination with
quantum field theory or the nature of singularities that
necessarily occurs in its solutions. Attempts to solve these
open problems typically consider additional fields or
various modifications of GR extending the Einstein-
Hilbert action, see e.g., reviews [8–12]. Alternatively and
more pragmatically, one can study modified gravities to
analyze the unique position of GR in the space of general
metric theories of gravity. From this perspective, the
simplest extension of GR corresponds to the quadratic
gravity (QG) [13–16] including all possible curvature
squares into the Einstein-Hilbert action (see also Sec. I A).
Such a class of theories may directly solve some of the open
problems (however, simultaneously it introduces new ones),
or it may be understood as a higher-order correction to GR
induced by some unknown final theory.
To better understand QG and its implications on a

geometric level, the exact solution analysis becomes impor-
tant, see, e.g., QG counterparts to the classic Schwarzschild
black hole [17–20] or algebraically special geometries [21].
It is extremely interesting to compare solutions to QG with
those to GR. However, to do so one has to invariantly define
the same geometric ansatz, and therefore, the extension of
the Newman-Penrose formalism for the case of quadratic
gravity seems to be very natural starting point. This is thus
the main aim of our contribution.
The paper is organized as follows. In Introduction we

summarize concepts of QG and NP formalism. In Sec. II,
the NP form of the QG field equations is derived which
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represents our main result. Two simple examples of its use
are subsequently discussed (see Sec. III). Finally, in
Appendix A the geometric NP identities are summarized,
in Appendixes B and C we compare various conventions
related to the NP formalism, and in Appendix D, the QG
field equations are listed in the fully explicit form.

A. Quadratic gravity

The vacuum quadratic gravity can be introduced via its
action as

S ¼
Z �

1

k
ðR − 2ΛÞ − aCabcdCabcd þ bR2

� ffiffiffiffiffiffi
−g

p
d4x; ð1Þ

where R is the Ricci scalar, Cabcd is the Weyl tensor, k, a,
and b are coupling constants of the theory, and Λ stands for
the cosmological term, see, e.g., [13–16]. Due to the Gauss-
Bonnet theorem, this represents the most general class of
four-dimensional quadratic theories. Subsequently, the
least action principle δS ¼ 0 leads to the fourth-order field
equations in the form

1

k

�
Rab −

1

2
Rgab þ Λgab

�
− 4aBab

þ 2b

�
Rab −

1

4
Rgab þ gab□ −∇a∇b

�
R ¼ 0; ð2Þ

where Bab is the Bach tensor defined as

Bab ¼
�
∇c∇d þ 1

2
Rcd

�
Cacbd; ð3Þ

which is symmetric, traceless, divergence-free, and con-
formally rescaled, i.e.,

Bab ¼ Bba; Babgab ¼ 0; Bab;cgbc ¼ 0;

g̃ab ¼ Ω2gab ⇒ B̃ab ¼ Ω−2Bab: ð4Þ

The field equations trace yields immediately the condition
for the scalar curvature, namely

R ¼ 6bk□Rþ 4Λ: ð5Þ

To employ the Newman-Penrose-like approach to the
discussion of admissible gravitational fields in quadratic
gravity we separate the Ricci tensor contribution in (2).
Substituting the Bach tensor (3) and grouping all terms with
the Ricci tensor we thus get

�
1

k
þ 2bR

�
Rab − 2aRcdCacbd þ Zab ¼ 0; ð6Þ

where Zab is a shorthand for

Zab ¼ −
1

k

�
1

2
Rgab − Λgab

�
− 4a∇c∇dCacbd

− 2b

�
1

4
Rgab − gab□þ∇a∇b

�
R: ð7Þ

B. The Newman-Penrose quantities

To set up the notation and fix the conventions, we
summarize essential definitions of the Newman-Penrose
formalism.1 Subsequently, the geometric constraints includ-
ing the commutation relations, the Ricci and Bianchi
identities are listed in Appendix A. Let us introduce the
null orthonormal frame fk; l;m; m̄g, where k, l are real null
vectors and m, m̄ are complex null vectors, respectively.
They are normalized as

k · l ¼ −1; m · m̄ ¼ 1; ð8Þ

with other combinations being vanishing. The metric thus
becomes

gab ¼ −2kðalbÞ þ 2mðam̄bÞ: ð9Þ

Freedom in a choice of the frame is given by the Lorentz
transformations, namely:

(i) boost in the plane of null vectors k and l with a
positive parameter A:

ka ↦ Aka; la ↦ A−1la; ma ↦ ma; ð10Þ

(ii) rotation in the transverse space of vectors m and m̄
encoded in a real parameter Θ:

ka ↦ ka; la ↦ la; ma ↦ eiΘma; ð11Þ

(iii) null rotation with k fixed given by a complex
parameter B:

ka ↦ ka; ma ↦ ma þ Bka;

la ↦ la þ B̄ma þ Bm̄a þ jBj2ka; ð12Þ

(iv) null rotation with l fixed given by a complex
parameter E:

la ↦ la; ma ↦ ma þ Ela;

ka ↦ ka þ Ēma þ Em̄a þ jEj2la: ð13Þ

1Here we follow the notation of classic book [22] while its
relation to other common sources [23,24] is summarized in
Appendix B.
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We will say that a quantity q has a boost weight (b.w.) b if it transforms under the boost (10) as

q ↦ Abq: ð14Þ

The covariant derivative components in the frame vector directions are denoted by

D ¼ ka∇a; Δ ¼ la∇a; δ ¼ ma∇a; δ̄ ¼ m̄a∇a: ð15Þ

To characterize the above derivatives action on the frame vectors we define the spin coefficients as

κ ¼ −ka;bmakb; ν ¼ la;bm̄alb; ϵ ¼ 1

2
ðma;bm̄akb − ka;blakbÞ;

ρ ¼ −ka;bmam̄b; μ ¼ la;bm̄amb; β ¼ 1

2
ðma;bm̄amb − ka;blambÞ;

σ ¼ −ka;bmamb; λ ¼ la;bm̄am̄b; γ ¼ 1

2
ðla;bkalb − m̄a;bmalbÞ;

τ ¼ −ka;bmalb; π ¼ la;bm̄akb; α ¼ 1

2
ðla;bkam̄b − m̄a;bmam̄bÞ: ð16Þ

The Weyl tensor null tetrad independent components are

Ψ0 ¼ Cabcdkambkcmd;

Ψ1 ¼ Cabcdkalbkcmd;

Ψ2 ¼ Cabcdkambm̄cld ¼ 1

2
Cabcdkalbðkcld −mcm̄dÞ;

Ψ3 ¼ Cabcdlakblcm̄d;

Ψ4 ¼ Cabcdlam̄blcm̄d; ð17Þ

and the projections of the Ricci tensor (or equivalently its traceless part Sab ¼ Rab − 1
4
Rgab) can be introduced as

Φ00 ¼
1

2
Rabkakb;

Φ01 ¼
1

2
Rabkamb; Φ10 ¼

1

2
Rabkam̄b;

Φ11 ¼
1

4
Rabðkalb þmam̄bÞ; Φ02 ¼

1

2
Rabmamb; Φ20 ¼

1

2
Rabm̄am̄b;

Φ12 ¼
1

2
Rablamb; Φ21 ¼

1

2
Rablam̄b;

Φ22 ¼
1

2
Rablalb; ð18Þ

with the trace R ¼ 2Rabðmam̄b − kalbÞ which implies

Rabkalb ¼ −
1

4
Rþ 2Φ11; Rabmam̄b ¼ 1

4
Rþ 2Φ11: ð19Þ
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II. QUADRATIC GRAVITY CONSTRAINTS

The quadratic gravity field equations (6), expressed in terms of the null frame fk; l;m; m̄g, take the form

0 ¼ −4a½Φ20Ψ0 þΦ02Ψ̄0 − 2Φ10Ψ1 − 2Φ01Ψ̄1 þΦ00ðΨ2 þ Ψ̄2Þ� þ 2

�
1

k
þ 2bR

�
Φ00 þ Zð0Þð0Þ; ð20Þ

0 ¼ −4a½Φ21Ψ1 þΦ12Ψ̄1 − 2Φ11ðΨ2 þ Ψ̄2Þ þΦ01Ψ3 þΦ10Ψ̄3� þ
�
1

k
þ 2bR

��
2Φ11 −

R
4

�
þ Zð0Þð1Þ; ð21Þ

0 ¼ −4a½Φ21Ψ0 − 2Φ11Ψ1 þΦ02Ψ̄1 þΦ01ðΨ2 − 2Ψ̄2Þ þΦ00Ψ̄3� þ 2

�
1

k
þ 2bR

�
Φ01 þ Zð0Þð2Þ; ð22Þ

0 ¼ −4a½Φ22ðΨ2 þ Ψ̄2Þ − 2Φ12Ψ3 − 2Φ21Ψ̄3 þΦ02Ψ4 þΦ20Ψ̄4� þ 2

�
1

k
þ 2bR

�
Φ22 þ Zð1Þð1Þ; ð23Þ

0 ¼ −4a½Φ22Ψ1 −Φ12ð2Ψ2 − Ψ̄2Þ þΦ02Ψ3 − 2Φ11Ψ̄3 þΦ10Ψ̄4� þ 2

�
1

k
þ 2bR

�
Φ12 þ Zð1Þð2Þ; ð24Þ

0 ¼ −4a½Φ22Ψ0 − 2Φ12Ψ1 þΦ02ðΨ2 þ Ψ̄2Þ − 2Φ01Ψ̄3 þΦ00Ψ̄4� þ 2

�
1

k
þ 2bR

�
Φ02 þ Zð2Þð2Þ; ð25Þ

0 ¼ −4a½Φ21Ψ1 þΦ12Ψ̄1 − 2Φ11ðΨ2 þ Ψ̄2Þ þΦ01Ψ3 þΦ10Ψ̄3� þ
�
1

k
þ 2bR

��
2Φ11 þ

R
4

�
þ Zð2Þð3Þ; ð26Þ

where components of the Weyl and Ricci tensors are defined by (17) and (18), respectively. The symbols ZðcÞðdÞ ¼
Zabe a

ðcÞe
b
ðdÞ stand for the frame components of Zab given by (7), e.g., Zð0Þð0Þ ¼ Zabkakb and Zð1Þð2Þ ¼ Zablamb etc. In

principle, the above system of equations can be understood as algebraic constraints on the traceless Ricci tensor components
which have to be further combined with the geometric conditions2 listed in Appendix A.
Finally, to be fully explicit we express all relevant projections of the Zab tensor, i.e.,

Zð0Þð0Þ ¼ −4aBZ
ð0Þð0Þ þ 2b½ðϵþ ϵ̄ÞDR − DDR − κ̄δR − κδ̄R�; ð27Þ

Zð0Þð1Þ ¼ −4aBZ
ð0Þð1Þ þ

1

2k
ðR − 2ΛÞ þ 2b

�
1

4
R2 − ðγ þ γ̄ − μ − μ̄ÞDR − ðρþ ρ̄ÞΔRþ ΔDR

þ ðα − β̄ þ τ̄ÞδR − δδ̄Rþ ðᾱ − β þ τÞδ̄R − δ̄δR

�
; ð28Þ

Zð0Þð2Þ ¼ −4aBZ
ð0Þð2Þ þ 2b½π̄DR − DδR − κΔRþ ðϵ − ϵ̄ÞδR�; ð29Þ

Zð1Þð1Þ ¼ −4aBZ
ð1Þð1Þ þ 2b½−ðγ þ γ̄ÞΔR − ΔΔRþ νδRþ ν̄ δ̄R�; ð30Þ

Zð1Þð2Þ ¼ −4aBZ
ð1Þð2Þ þ 2b½ν̄DR − τΔR − ΔδRþ ðγ − γ̄ÞδR�; ð31Þ

Zð2Þð2Þ ¼ −4aBZ
ð2Þð2Þ þ 2b½λ̄DR − σΔR − ðᾱ − βÞδR − δδR�; ð32Þ

Zð2Þð3Þ ¼ −4aBZ
ð2Þð3Þ −

1

2k
ðR − 2ΛÞ þ 2b

�
−
1

4
R2 þ ðγ þ γ̄ − μ̄ÞDR − DΔRþ ðρ − ϵ − ϵ̄ÞΔR − ΔDR

− ðα − β̄ − π þ τ̄ÞδRþ ðπ̄ − τÞδ̄Rþ δ̄δR

�
; ð33Þ

2In fact, the same approach is applied in the context of vacuum Einstein’s general relativity, where the Ricci tensor components are
also directly restricted by the field equations. However, in such a case (a ¼ 0 ¼ b) the constraints are very simple with all components
(18) vanishing and R ¼ 4Λ.
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where BZ
ðcÞðdÞ ¼ BZ

abe
a
ðcÞe

b
ðdÞ represents the Ricci-independent part of the Bach tensor (3) corresponding to the second

covariant derivative of the Weyl tensor, namely

BZ
ab ¼ ∇c∇dCacbd: ð34Þ

The frame components become

BZ
ð0Þð0Þ ¼ δ̄ δ̄Ψ0 − Dδ̄Ψ1 − δ̄DΨ1 þ DDΨ2 þ λDΨ0 þ σ̄ΔΨ0 þ ð2π − 7α − β̄Þδ̄Ψ0

þ ð5αþ β̄ − 3πÞDΨ1 − κ̄ΔΨ1 − σ̄δΨ1 þ ð3ϵþ ϵ̄þ 7ρÞδ̄Ψ1 − ðϵþ ϵ̄þ 6ρÞDΨ2 þ κ̄δΨ2 − 5κδ̄Ψ2 þ 4κDΨ3

þ Ψ0½κ̄νþ 4αð3αþ β̄Þ − ðϵþ ϵ̄þ 3ρÞλþ πðπ − 7α − β̄Þ þ σ̄ðμ − 4γÞ þ Dλ − 4δ̄αþ δ̄π�
þ 2Ψ1½2κλþ κ̄ðγ − μÞ þ ρð5π − 9α − 2β̄Þ þ σ̄ðβ þ 2τÞ þ ϵð2π − 4α − β̄Þ þ ϵ̄ðπ − αÞ þ Dα − Dπ þ δ̄ϵþ 2δ̄ρ�
þ 3Ψ2½κð3αþ β̄ − 3πÞ − κ̄τ þ ρðϵþ ϵ̄þ 3ρÞ − σσ̄ − Dρ − δ̄κ� þ 2Ψ3½κðϵ − ϵ̄ − 5ρÞ þ κ̄σ þ Dκ� þ 2Ψ4κ

2 þ c:c:;

ð35Þ

BZ
ð0Þð1Þ ¼ δ̄ΔΨ1 −DΔΨ2− δ̄δΨ2þDδΨ3− λΔΨ0 − νδ̄Ψ0þ 2νDΨ1þð2π−αþ β̄ÞΔΨ1þ λδΨ1

þð2μ− μ̄− 2γÞδ̄Ψ1þðμ̄− 3μÞDΨ2þð2ρ− ϵ− ϵ̄ÞΔΨ2þðα− β̄− 2πÞδΨ2þðπ̄þ 3τÞδ̄Ψ2

þð2β− π̄− 2τÞDΨ3− κΔΨ3þðϵþ ϵ̄− 2ρÞδΨ3− 2σδ̄Ψ3þ σDΨ4þ κδΨ4þΨ0½λð4γ−μþ μ̄Þþ νðα− β̄− 2πÞ− δ̄ν�
þ 2Ψ1½γðα− β̄− 2πÞ− λðβþ π̄þ 2τÞþμðβ̄−αþ 2πÞþ μ̄ðα− πÞþ νðϵþ ϵ̄− 2ρÞþDν− δ̄γþ δ̄μ�
þ 3Ψ2½κνþμð2ρ− ϵ− ϵ̄Þ− μ̄ρþ ππ̄þ λσþ τð2π−αþ β̄Þ−Dμþ δ̄τ� þ 2Ψ3½κðμ̄− 2μ− γÞ
þ ϵðβ− τ− π̄Þþ ϵ̄ðβ− τÞþ ρðπ̄− 2βþ 2τÞþ σðα− β̄− 2πÞþDβ−Dτ− δ̄σ�
þΨ4½κð4β− π̄− τÞþ σðϵþ ϵ̄− 2ρÞþDσ� þ c:c:; ð36Þ

BZ
ð0Þð2Þ ¼ δ̄ΔΨ0 − DΔΨ1 − δ̄δΨ1 þ DδΨ2 þ νDΨ0 þ ðπ − 3αþ β̄ÞΔΨ0 þ ðμ − μ̄ − 4γÞδ̄Ψ0

þ ð2γ − 2μþ μ̄ÞDΨ1 þ ðϵ − ϵ̄þ 3ρÞΔΨ1 þ ð3α − β̄ − πÞδΨ1 þ ð2β þ π̄ þ 4τÞδ̄Ψ1

− ðπ̄ þ 3τÞDΨ2 − 2κΔΨ2 − ðϵ − ϵ̄þ 3ρÞδΨ2 − 3σδ̄Ψ2 þ 2σDΨ3 þ 2κδΨ3

þ Ψ0½ð4γ − μÞð3α − β̄ − πÞ þ μ̄ð4α − πÞ þ νðϵ̄ − ϵ − 3ρÞ − λπ̄ þ Dν − 4δ̄γ þ δ̄μ�
þ 2Ψ1½2κνþ ðμ − γÞðϵ − ϵ̄þ 3ρÞ − μ̄ð2ρþ ϵÞ þ ðβ þ 2τÞðπ − 3αþ β̄Þ þ π̄ðπ − αÞ
þ Dγ − Dμþ δ̄β þ 2δ̄τ� þ 3Ψ2½κðμ̄ − 2μÞ þ π̄ρþ σð3α − β̄ − πÞ þ τðϵ − ϵ̄þ 3ρÞ − Dτ − δ̄σ�
þ 2Ψ3½κð2β − π̄ − 2τÞ þ σðϵ̄ − ϵ − 3ρÞ þ Dσ� þ 2Ψ4κσ þ δδΨ̄1 − δDΨ̄2 − DδΨ̄2 þ DDΨ̄3

− 2λ̄δΨ̄0 þ 3λ̄DΨ̄1 þ σΔΨ̄1 þ ð4π̄ − 3ᾱ − βÞδΨ̄1 þ ðᾱþ β − 5π̄ÞDΨ̄2 − κΔΨ̄2 þ ðϵ − ϵ̄þ 5ρ̄ÞδΨ̄2 − σδ̄Ψ̄2

þ ð3ϵ̄ − ϵ − 4ρ̄ÞDΨ̄3 − 3κ̄δΨ̄3 þ κδ̄Ψ̄3 þ 2κ̄DΨ̄4 þ Ψ̄0½λ̄ð5ᾱþ β − 3π̄Þ − ν̄σ − δλ̄�
þ 2Ψ̄1½κν̄þ ᾱðᾱþ βÞ þ π̄ð2π̄ − 3ᾱ − βÞ − λ̄ð4ρ̄þ ϵÞ þ σðμ̄ − γ̄Þ þ Dλ̄ − δᾱþ δπ̄�
þ 3Ψ̄2½2κ̄ λ̄−κμ̄þ π̄ðϵ − ϵ̄Þ þ ρ̄ð4π̄ − ᾱ − βÞ þ στ̄ − Dπ̄ þ δρ̄� þ 2Ψ̄3½κðβ̄ − τ̄Þ
þ κ̄ðβ − 4π̄Þ − σσ̄ þ ðρ̄ − ϵ̄Þðϵ − ϵ̄þ 2ρ̄Þ þ Dϵ̄ − Dρ̄ − δκ̄� þ Ψ̄4½κ̄ð5ϵ̄ − ϵ − 3ρ̄Þ þ κσ̄ þ Dκ̄�; ð37Þ
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BZ
ð1Þð2Þ ¼ ΔΔΨ1 −ΔδΨ2 − δΔΨ2 þ δδΨ3 − 2νΔΨ0 þ ð4μ− 3γ þ γ̄ÞΔΨ1 þ 3νδΨ1 − ν̄ δ̄Ψ1 þ ν̄DΨ2 þ ð5τ − ᾱ− βÞΔΨ2

þ ðγ − γ̄ − 5μÞδΨ2 þ λ̄ δ̄Ψ2 − λ̄DΨ3 − 3σΔΨ3 þ ðᾱþ 3β − 4τÞδΨ3 þ 2σδΨ4 þΨ0½νð5γ − γ̄ − 3μÞ þ λν̄−Δν�
þ 2Ψ1½νðᾱ− 4τÞ þ ν̄ðα− πÞ− λλ̄þ ðγ − μÞðγ − γ̄ − 2μÞ−Δγ þΔμþ δν� þ 3Ψ2½μð4τ − ᾱ− βÞ
þ λ̄π − ν̄ρþ 2νσþ τðγ̄ − γÞ þΔτ − δμ� þ 2Ψ3½κν̄− σðγ̄þ 4μÞ þ τð2τ − ᾱ− 3βÞ þ βðᾱþ βÞ
þ λ̄ðρ− ϵÞ−Δσþ δβ− δτ� þΨ4½−κλ̄þ σðᾱþ 5β − 3τÞ þ δσ�−ΔDΨ̄3 þΔδΨ̄2 þ δ̄DΨ̄4 − δ̄δΨ̄3

− 2λ̄ΔΨ̄1 − 2ν̄δΨ̄1 þ 2ν̄DΨ̄2 þ ð3π̄þ τÞΔΨ̄2 þ ðγ̄ − γ þ 3μ̄ÞδΨ̄2 þ 3λ̄ δ̄ Ψ̄2 þ ðγ − γ̄ − 3μ̄ÞDΨ̄3

þ ð2ρ̄− ρ− 2ϵ̄ÞΔΨ̄3 þ ðα− 3β̄þ τ̄ÞδΨ̄3 − ð2ᾱþ 4π̄þ τÞδ̄Ψ̄3 þ ð3β̄ − α− τ̄ÞDΨ̄4 − κ̄ΔΨ̄4 þ ð4ϵ̄þ ρ− ρ̄Þδ̄Ψ̄4

þ 2Ψ̄0λ̄ ν̄þ2Ψ̄1½λ̄ðγ − γ̄ − 3μ̄Þ þ ν̄ð2ᾱ− 2π̄ − τÞ−Δλ̄� þ 3Ψ̄2½λ̄ð3β̄ − τ̄ − αÞ þ π̄ð3μ̄− γþ γ̄Þ þ ν̄ðρ− 2ρ̄Þ
þ μ̄τþΔπ̄þ δ̄ λ̄� þ 2Ψ̄3½2κ̄ ν̄þðϵ̄− ρ̄Þðγ − γ̄ − 3μ̄Þ− ρðγ̄ þ 2μ̄Þ þ τðτ̄ − β̄Þ þ ðᾱþ 2π̄Þðα− 3β̄þ τ̄Þ
−Δϵ̄þΔρ̄− δ̄ ᾱ−2δ̄ π̄� þ Ψ̄4½κ̄ðγ − γ̄ − 3μ̄Þ þ ρð4β̄ − τ̄Þ þ ρ̄ðα− 3β̄þ τ̄Þ þ 4ϵ̄ð3β̄ − τ̄ − αÞ− σ̄τ −Δκ̄þ 4δ̄ ϵ̄−δ̄ ρ̄�;

ð38Þ

BZ
ð2Þð2Þ ¼ ΔΔΨ0 − ΔδΨ1 − δΔΨ1 þ δδΨ2 þ ð2μ − 7γ þ γ̄ÞΔΨ0 þ νδΨ0 − ν̄ δ̄Ψ0 þ ν̄DΨ1 þ ð7τ − ᾱþ 3βÞΔΨ1

þ ð5γ − γ̄ − 3μÞδΨ1 þ λ̄ δ̄Ψ1 − λ̄DΨ2 − 5σΔΨ2 þ ðᾱ − β − 6τÞδΨ2 þ 4σδΨ3 þΨ0½μðμ − 7γ þ γ̄Þ
þ νðᾱ − β − 3τÞ þ ν̄ð4α − πÞ þ 4γð3γ − γ̄Þ − λλ̄ − 4Δγ þ Δμþ δν� þ 2Ψ1½2νσ − ν̄ðϵþ 2ρÞ
þ λ̄ðπ − αÞ þ ðγ̄ − 2γÞðβ þ 2τÞ þ ðμ − γÞð5τ − ᾱþ 2βÞ þ Δβ þ 2Δτ þ δγ − δμ� þ 3Ψ2½κν̄þ λ̄ρ

þ σð3γ − γ̄ − 3μÞ þ τð3τ − ᾱþ βÞ − Δσ − δτ� þ 2Ψ3½−κλ̄þ σðᾱþ β − 5τÞ þ δσ� þ 2Ψ4σ
2

þ DDΨ̄4 − DδΨ̄3 − δDΨ̄3 þ δδΨ̄2 − 4λ̄δΨ̄1 þ 5λ̄DΨ̄2 þ σΔΨ̄2 þ ðᾱ − β þ 6π̄ÞδΨ̄2

þ ðβ − 3ᾱ − 7π̄ÞDΨ̄3 − κΔΨ̄3 þ ðϵ − 5ϵ̄þ 3ρ̄ÞδΨ̄3 − σδ̄Ψ̄3 þ ð7ϵ̄ − ϵ − 2ρ̄ÞDΨ̄4 − κ̄δΨ̄4 þ κδ̄Ψ̄4

þ 2Ψ̄0λ̄
2 þ 2Ψ̄1½λ̄ðᾱþ β − 5π̄Þ − ν̄σ − δλ̄� þ 3Ψ̄2½κν̄þ λ̄ð3ϵ̄ − ϵ − 3ρ̄Þ þ μ̄σ þ π̄ðᾱ − β þ 3π̄Þ þ Dλ̄þ δπ̄�

þ 2Ψ̄3½2κ̄ λ̄−κð2μ̄þ γ̄Þ þ σðτ̄ − β̄Þ þ ðρ̄ − ϵ̄Þð2ᾱ − β þ 5π̄Þ þ ðϵ − 2ϵ̄Þð2π̄ þ ᾱÞ − Dᾱ − 2Dπ̄ − δϵ̄þ δρ̄�
þ Ψ̄4½κð4β̄ − τ̄Þ þ κ̄ðβ − ᾱ − 3π̄Þ þ ðρ̄ − 4ϵ̄Þðϵ − 3ϵ̄þ ρ̄Þ − σσ̄ þ 4Dϵ̄ − Dρ̄ − δκ̄�; ð39Þ

BZ
ð1Þð1Þ ¼ ΔΔΨ2 − ΔδΨ3 − δΔΨ3 þ δδΨ4 − 4νΔΨ1 þ ðγ þ γ̄ þ 6μÞΔΨ2 þ 5νδΨ2 − ν̄ δ̄Ψ2

þ ν̄DΨ3 þ ð3τ − ᾱ − 5βÞΔΨ3 − ð3γ þ γ̄ þ 7μÞδΨ3 þ λ̄ δ̄Ψ3 − λ̄DΨ4 − σΔΨ4

þ ðᾱþ 7β − 2τÞδΨ4 þ 2Ψ0ν
2 þ 2Ψ1½νðγ − γ̄ − 5μÞ þ λν̄ − Δν� þ 3Ψ2½μðγ þ γ̄ þ 3μÞ

þ νðᾱþ 3β − 3τÞ − λλ̄ − ν̄π þ Δμþ δν� þ 2Ψ3½ν̄ðϵ − ρÞ þ λ̄ðαþ 2πÞ þ γð2τ − ᾱ − 4βÞ
þ γ̄ðτ − βÞ þ μð5τ − 2ᾱ − 9βÞ þ 2νσ − Δβ þ Δτ − δγ − 2δμ� þ Ψ4½κν̄þ λ̄ðρ − 4ϵÞ
− σðγ þ γ̄ þ 3μÞ þ 4βð3β þ ᾱÞ þ τðτ − ᾱ − 7βÞ − Δσ þ 4δβ − δτ� þ c:c:; ð40Þ

where c:c: denotes the complex conjugation. Backwards, the Bach tensor can be constructed as

Bð0Þð0Þ ¼ BZ
ð0Þð0Þ þΦ20Ψ0 þΦ02Ψ̄0 − 2Φ10Ψ1 − 2Φ01Ψ̄1 þΦ00ðΨ2 þ Ψ̄2Þ; ð41Þ

Bð0Þð1Þ ¼ BZ
ð0Þð1Þ þΦ21Ψ1 þΦ12Ψ̄1 − 2Φ11ðΨ2 þ Ψ̄2Þ þΦ01Ψ3 þΦ10Ψ̄3; ð42Þ

Bð0Þð2Þ ¼ BZ
ð0Þð2Þ þΦ21Ψ0 − 2Φ11Ψ1 þΦ01ðΨ2 − 2Ψ̄2Þ þΦ02Ψ̄1 þΦ00Ψ̄3; ð43Þ

Bð1Þð2Þ ¼ BZ
ð1Þð2Þ þΦ22Ψ1 −Φ12ð2Ψ2 − Ψ̄2Þ þΦ02Ψ3 − 2Φ11Ψ̄3 þΦ10Ψ̄4; ð44Þ

Bð2Þð2Þ ¼ BZ
ð2Þð2Þ þΦ22Ψ0 − 2Φ12Ψ1 þΦ02ðΨ2 þ Ψ̄2Þ − 2Φ01Ψ̄3 þΦ00Ψ̄4; ð45Þ

Bð1Þð1Þ ¼ BZ
ð1Þð1Þ þΦ22ðΨ2 þ Ψ̄2Þ − 2Φ12Ψ3 − 2Φ21Ψ̄3 þΦ02Ψ4 þΦ20Ψ̄4: ð46Þ
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Sincem is a complex vector, we have, e.g., B̄ð0Þð2Þ ¼ Bð0Þð3Þ,
and since the Bach tensor is traceless, it holds that
Bð0Þð1Þ ¼ Bð2Þð3Þ, and actually also BZ

ð0Þð1Þ ¼ BZ
ð2Þð3Þ.

III. APPLICATIONS

To illustrate efficiency of the above general approach we
analyze particular scenarios corresponding to special alge-
braic properties of the Ricci and Weyl tensors, respectively.
Such assumptions are related to a specific behavior of
privileged null geodesic congruence defining the Kundt
and/or Robinson-Trautman classes in terms of its twist,
shear, and expansion.3 In these important cases we discuss
algebraic structure of the Bach tensor.

A. Restrictions following from a special form of the
Ricci tensor

In this section we use NP formalism to prove
Propositions 1.2 and 1.1 in [29] in four dimensions. The
original proof using higher-dimensional NP formalism was
based on the analysis of dominant boost weights, however,
here we can proceed fully explicitly.
Let us briefly summarize the algebraic classification of

tensors in higher dimensions used in [29] and introduced in
[4,30] (see also [6] for a review) in the case of rank-2
symmetric tensors.
In a null frame fl; n;mðiÞg, employed in Appendix C, a

rank-2 symmetric tensor

Rab ¼ R00nanb
zfflfflfflffl}|fflfflfflffl{b:w:2; type G

þ 2R0inðam
ðiÞ
bÞ

zfflfflfflfflfflffl}|fflfflfflfflfflffl{1;I

þ 2R01nðalbÞ þRijm
ðiÞ
a mðjÞ

b

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{0;II;D

þ 2R1ilðam
ðiÞ
bÞ

zfflfflfflfflfflffl}|fflfflfflfflfflffl{−1;III

þR11lalb

zfflfflfflffl}|fflfflfflffl{−2;N

ð47Þ

has components R00, R0i, (R01, Rij), R1i, and R11 of boost
weights þ2, þ1, 0, −1, and −2 [see (14)].4 Symbolically, it
can be expressed as

R ¼ ðRÞðþ2Þ þ ðRÞðþ1Þ þ ðRÞð0Þ þ ðRÞð−1Þ þ ðRÞð−2Þ: ð48Þ

For various algebraically special classes of rank-2 symmetric
tensors, it is possible to transform away components of
certain boost weights by choosing an aligned null frame.
In generic case this is not possible (type G). If b.w. þ2
components can be transformed away the tensor is of type I,
if b.w. þ2 and þ1 components it is of type II etc (see
Table I).

Similarly, using the frame fk; l;m;mg, a symmetric
rank-2 tensor, e.g., the Bach tensor, has components of
the following b.w.

b.w. þ2 þ1 0 −1 −2

Bð0Þð0Þ Bð0Þð2Þ; Bð0Þð3Þ Bð0Þð1Þ; Bð2Þð3Þ Bð1Þð2Þ; Bð1Þð3Þ Bð1Þð1Þ

1. Traceless Ricci type III

Propositions 1.2 in [29] reads:
Proposition 1. A vacuum solution to quadratic gravity

(2) with the Ricci tensor of the form

Rab ¼ Λgab þ ψ 0
iðlam

ðiÞ
b þmðiÞ

a lbÞ þ ω0lalb; ψ 0
iψ

0
i ≠ 0;

[using the frame fl; n;mðiÞg, see Appendix C] and aligned
Weyl tensor of Petrov type II, or more special, is neces-
sarily Kundt.
Proof.—Using the NP formalism notation,Ψ0 ¼ Ψ1 ¼ 0

and the Ricci tensor is of the form (using the frame
fka; la; ma; m̄ag)

Rab ¼ 2Φ22kakb − 2Φ12ðkam̄b þ m̄akbÞ
− 2Φ21ðkamb þmakbÞ þ Λgab; ð49Þ

where Λ ¼ const, i.e., Φ00 ¼ Φ01 ¼ Φ10 ¼ Φ11 ¼ Φ02 ¼
Φ20 ¼ 0.
Considering the above assumption on the Petrov type II

or III, the Bianchi identities imply κΨ2 ¼ 0 (A23) or
κΨ3 ¼ 0 (A24), respectively. For type III or N and
Φ12 ≠ 0, the Bianchi equations imply κΦ12 ¼ 0 (A27),
while for Φ12 ¼ 0 it follows that κΦ22 ¼ 0 (A33).
Therefore, in all possible cases we obtain

κ ¼ 0; ð50Þ

and the multiple principal null direction (PND) congruence
generated by k is necessary geodetic.
Further, let us assume that the congruence is affinely

parametrized and the frame is parallelly propagated along
this congruence, i.e.,

ϵ ¼ 0; π ¼ 0: ð51Þ

TABLE I. Algebraic types of a rank-2 symmetric tensor.

Algebraic type Conditions

Type G General
Type I ðRÞðþ2Þ ¼ 0

Type II ðRÞðþ2Þ ¼ ðRÞðþ1Þ ¼ 0

Type D Only ðRÞð0Þ ≠ 0

Type III Only ðRÞð−1Þ; ðRÞð−2Þ ≠ 0

Type N Only ðRÞð−2Þ ≠ 0

3By definition, the Kundt family of geometries admits a
nontwisting, shear-free, and nonexpanding null geodesic con-
gruence [25,26], while additionally, the Robinson-Trautman class
allows a nontrivial expansion [27,28].

4In Appendix C, the reader can find boost weights of all Ricci
and Weyl components, and Ricci rotation coefficients.
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Now, it is convenient to discuss specific Petrov types
separately:

(i) Type II ðΨ0 ¼ Ψ1 ¼ 0Þ: the QG field equation (20)
simplifies to −4aBZ

ð0Þð0Þ ¼ 0,

BZ
ð0Þð0Þ ¼ DDΨ2 − 6ρDΨ2 þ 3Ψ2ð3ρ2 − σσ̄ − DρÞ

þ c:c: ¼ 0; ð52Þ

and using the Ricci and Bianchi identities (A6) and
(A24) for type II it implies

3σσ̄ðΨ2 þ Ψ̄2Þ ¼ 0; ð53Þ

and therefore

σ ¼ 0: ð54Þ

Equivalently, it immediately follows from (A27) that
3σΨ2 ¼ 0 and thus σ ¼ 0.
The field equation (22) reduces to −4aBZ

ð0Þð2Þ ¼ 0

which gives

BZ
ð0Þð2Þ ¼ DδΨ2 − 3τDΨ2 − 3ρδΨ2 − 3Ψ2ðDτ − 3ρτÞ

− δDΨ̄2 − DδΨ̄2 þ DDΨ̄3 þ ðᾱþ βÞDΨ̄2

þ 5ρ̄δΨ̄2 − 4ρ̄DΨ̄3 þ 3Ψ̄2ðδρ̄ − ðᾱþ βÞρ̄Þ
þ 2Ψ̄3ð2ρ̄2 − Dρ̄Þ ¼ 0: ð55Þ

Using geometric identities (A6), (A7), (A15), (A24),
(A25), (A28), and (A33) we obtain

−4ρρ̄Φ12 ¼ 0; ð56Þ

and therefore

ρ ¼ 0: ð57Þ

The spacetime has to belong necessarily to the
Kundt class.

(ii) Type III ðΨ0 ¼ Ψ1 ¼ Ψ2 ¼ 0Þ: the QG field equa-
tion (20) is automatically satisfied, while Eq. (20),
namely −4aBZ

ð0Þð2Þ ¼ 0, reads

BZ
ð0Þð2Þ ¼ 2σDΨ3þ 2Ψ3ðDσ − 3ρσÞþDDΨ̄3

− 4ρ̄DΨ̄3 þ 2Ψ̄3ð2ρ̄2 − σσ̄ −Dρ̄Þ ¼ 0: ð58Þ

Using (A6), (A5), (A25), (A28), (A33), it implies
(together with its complex conjugate)

ðσσ̄ þ ρρ̄ÞΦ12 þ σρΦ21 ¼ 0; ð59Þ

ðσσ̄ þ ρρ̄ÞΦ21 þ σ̄ ρ̄Φ12 ¼ 0: ð60Þ

To have Φ12 ≠ 0, the determinant should be vanish-
ing, i.e.,

ðσσ̄Þ2 þ ðρρ̄Þ2 þ σσ̄ρρ̄ ¼ 0: ð61Þ

We thus get σ ¼ 0 and ρ ¼ 0 and the spacetime has
to be Kundt.

(iii) Type N ðΨ0 ¼ Ψ1 ¼ Ψ2 ¼ Ψ3 ¼ 0Þ: the Bianchi
identity (A28) simplifies to −2ρΦ12 ¼ 0 and we
immediately get either ρ ¼ 0 or Φ12 ¼ 0. Taking
ρ ¼ 0, the Ricci identity (A6), i.e., Dρ ¼ ρ2 þ σσ̄,
implies σ ¼ 0. In the case Φ12 ¼ 0 combined with
the Weyl type N, the QG field equations (20) and
(22) are automatically satisfied, while Eq. (25)
becomes −4aBZ

ð2Þð2Þ ¼ 0, namely

BZ
ð2Þð2Þ ¼ 2Ψ4σ

2 þ DDΨ̄4 − 2ρ̄DΨ̄4

þ Ψ̄4ðρ̄2 − σσ̄ − Dρ̄Þ ¼ 0: ð62Þ

Using (A6), (A5), (A26), (A29), (A32) it takes the
form

−4σ2Ψ4 ¼ 0 ð63Þ

and we get σ ¼ 0. Moreover, a combination of the
Bianchi identities (A29) and (A32) leads to ρΦ22 ¼
σΨ4 that gives

ρ ¼ 0: ð64Þ

Therefore, in both cases the resulting spacetime has
to be Kundt.

▪

2. Traceless Ricci type N

Propositions 1.1 in [29] reads:
Proposition 2. A vacuum solution to quadratic gravity

(2) with the Ricci tensor of the form

Rab ¼ Λgab þ ω0lalb; ω0 ≠ 0; lala ¼ 0;

and aligned Weyl tensor of any Petrov type is neces-
sarily Kundt.
Proof.—Using the NP formalism, Ψ0 ¼ 0 and the Ricci

tensor is of the form (using the frame fka; la; ma; m̄ag)

Rab ¼ 2Φ22kakb þ Λgab; ð65Þ

where Λ ¼ const, i.e., Φ00 ¼ Φ01 ¼ Φ10 ¼ Φ11 ¼ Φ02 ¼
Φ20 ¼ Φ12 ¼ Φ21 ¼ 0.
To prove this proposition let us begin with the Bianchi

identity (A33) which gives κΦ22 ¼ 0 and therefore
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κ ¼ 0; ð66Þ

and the congruence is geodetic. Further, let us assume that
the congruence is affinely parametrized and the tetrad is
paralelly propagated, i.e.,

ϵ ¼ 0; π ¼ 0: ð67Þ

(i) Type I: interestingly, in combination with geometric
identities, the QG field equations (20) and (22) are
identically satisfied. Equation (21) reduces to
−4aBZ

ð0Þð1Þ ¼ 0 and (36) explicitly gives

BZ
ð0Þð1Þ ¼ δ̄ΔΨ1 − DΔΨ2 − δ̄δΨ2 þ DδΨ3 þ 2νDΨ1 − ðα − β̄ÞΔΨ1 þ λδΨ1 − ð2γ − 2μþ μ̄Þδ̄Ψ1

− ð3μ − μ̄ÞDΨ2 þ 2ρΔΨ2 þ ðα − β̄ÞδΨ2 þ 3τδ̄Ψ2 þ ð2β − 2τÞDΨ3 − 2ρδΨ3 − 2σδ̄Ψ3 þ σDΨ4

þ Ψ1½2γðα − β̄Þ − 2λðβ þ 2τÞ þ 2μðβ̄ − αÞ þ 2αμ̄ − 4νρþ 2Dν − 2δ̄γ þ 2δ̄μ� − 3Ψ2½ρðμ̄ − 2μÞ
− λσ þ τðα − β̄Þ þ Dμ − δ̄τ� þ 2Ψ3½2ρðτ − βÞ þ σðα − β̄Þ þ Dβ − Dτ − δ̄σ� þ Ψ4ðDσ − 2ρσÞ þ c:c:; ð68Þ

which can be significantly simplified to

ðρρ̄þ σσ̄ÞΦ22 ¼ 0: ð69Þ

This condition obviously implies

ρ ¼ 0; σ ¼ 0; ð70Þ

and the resulting spacetime has to be necessarily Kundt.
(ii) Type II: employing Ψ0 ¼ Ψ1 ¼ 0 the Bianchi iden-

tity (A27) reduces to

3σΨ2 ¼ 0 ð71Þ

and therefore σ ¼ 0. Alternatively, the QG field
equation (20) becomes

BZ
ð0Þð0Þ ¼ DDΨ2 − 6ρDΨ2 þ 3Ψ2ð3ρ2 − σσ̄ − DρÞ

þ c:c: ¼ 0; ð72Þ

which gives

3σσ̄ðΨ2 þ Ψ̄2Þ ¼ 0; ð73Þ

and therefore we get σ ¼ 0 again. The QG field
equations (22) and (25) are identically satisfied.
However, the QG field equation (21) implies

−ρρ̄ðΦ22 þ Φ̄22Þ ¼ 0 ð74Þ

and therefore also ρ ¼ 0. The spacetime has to be
Kundt. Since Eq. (74) does not contain Ψ2 it holds
also for more algebraically special Petrov types III
and N.

(iii) Type III: the Bianchi identity (A28) implies

2σΨ3 ¼ 0 ð75Þ

and therefore σ ¼ 0. Employing Eq. (74), which
does not contain Ψ2 and holds also for Petrov type
III, we end up with the Kundt spacetime.

(iv) Type N: in this case, the last part of the Proposition
1.2 proof (discussing the subcase Φ12 ¼ 0) can be
used and therefore the spacetime is Kundt again.

▪

B. The Bach tensor for Robinson-Trautman geometries
of specific Weyl type

Due to their geometrical and physical importance,
various particular Robinson-Trautman (RT) and Kundt
spacetimes have been already studied within quadratic
gravity. For example in [29], solutions to quadratic gravity
were constructed by a conformal transformation from
Kundt seed metrics. Starting with a vanishing Bach tensor,
the resulting spacetimes then became Kundt or RT
preserving a vanishing Bach tensor. There was also a
specific case discussed, where all tensors (Weyl, Ricci,
and Bach) were of type N. All spherical solutions
discussed in [19,20,31,32] are of Petrov type D and
general Ricci and Bach type. Here, the simplifying
assumption of constant scalar curvature was employed.
Thus the Bach tensor became the only nontrivial higher-
curvature correction in the field equations (2) and therefore
its properties crucially affected the resulting geometry. Its
contribution was directly reflected in analysis of geodesic
deviation representing, in principle, observable effects. All
these cases are in agreement with Table II.
Here, let us examine possible Bach types for different

Petrov types of the RT metrics

ds2 ¼ guuðu; r; xkÞdu2 − 2dudrþ 2guiðu; r; xkÞdudxi
þ gijðu; r; xkÞdxidxj; ð76Þ

admitting geodetic (κ ¼ 0) shear-free (σ ¼ 0), twist-
free (ρ ¼ ρ̄), and expanding (ρ ≠ 0) null congruence
generated by
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k ¼ ∂r; ð77Þ

which is affinely parametrized (ϵþ ϵ̄ ¼ 0). The coordinate
r is the affine parameter along the congruence, u labels
null hypersurfaces with k tangent (normal), and x2, x3

cover the transverse Riemannian 2-space. Moreover,
without loss of generality, we employ a parallelly propa-
gated frame, i.e.,

π ¼ 0; ϵ ¼ 0: ð78Þ

In what follows, the Ricci equations (A6)–(A10), (A15)
will be useful, namely

Dρ ¼ ρ2 þΦ00; ð79Þ

Dτ ¼ ρτ þ Ψ1 þΦ01; ð80Þ

Dα ¼ ραþΦ10; ð81Þ

Dβ ¼ ρβ þ Ψ1; ð82Þ

Dγ ¼ ατ þ βτ̄ þ Ψ2 þΦ11 −
R
24

; ð83Þ

δρ ¼ ρðᾱþ βÞ −Ψ1 þΦ01: ð84Þ

1. Petrov type N

Let us start with the Petrov type N (with k being PND)
represented by the Weyl components

Ψ4 ≠ 0; Ψ0 ¼ Ψ1 ¼ Ψ2 ¼ Ψ3 ¼ 0: ð85Þ

Within this setting, the Bach tensor components (41)–(46)
simplify to

Bð0Þð0Þ ¼ 0; ð86Þ

Bð0Þð2Þ ¼ B̄ð0Þð2Þ ¼ Bð0Þð3Þ ¼ 0; ð87Þ

Bð0Þð1Þ ¼ Bð2Þð3Þ ¼ 0; ð88Þ

Bð2Þð2Þ ¼ DDΨ̄4 − 2ρDΨ̄4; ð89Þ

Bð1Þð2Þ ¼ B̄ð1Þð3Þ ¼ δ̄DΨ̄4 − ðα − 3β̄ þ τ̄ÞDΨ̄4 þΦ10Ψ̄4

þ Ψ̄4½ρðαþ β̄Þ − δ̄ρ�; ð90Þ

Bð1Þð1Þ ¼ δδΨ4 − λ̄DΨ4 þ ðᾱþ 7β − 2τÞδΨ4 þΦ02Ψ4

þ Ψ4½4βðᾱþ 3βÞ þ λ̄ρþ τðτ − ᾱ − 7βÞ
þ 4δβ − δτ� þ c:c: ð91Þ

Since the b.w. zero component Bð2Þð2Þ is nonvanishing, the
Bach tensor is in general of type II. In a special case with
Bð2Þð2Þ ¼ 0, e.g., ifDΨ4 ¼ 0, then the Bach tensor becomes
of type III or more special.

2. Petrov type III

For the Petrov type III, with the Weyl components

Ψ3 ≠ 0; Ψ4 ≠ 0; Ψ0 ¼ Ψ1 ¼ Ψ2 ¼ 0; ð92Þ

the non-negative boost-weight components of the Bach
tensor (41)–(46) simplify to

Bð0Þð0Þ ¼ 0; ð93Þ

Bð0Þð2Þ ¼ DDΨ̄3 − 4ρDΨ̄3 − Ψ̄3ðΦ00 − 2ρ2Þ; ð94Þ

Bð0Þð1Þ ¼ DδΨ3 þ 2ðβ − τÞDΨ3 − 2ρδΨ3

−Ψ3½Φ01 þ 2ρðβ − τÞ� þ c:c:; ð95Þ

Bð2Þð2Þ ¼ DDΨ̄4 −DδΨ̄3 − δDΨ̄3 þ ðβ − 3ᾱÞDΨ̄3

þ 3ρδΨ̄3 − 2ρDΨ̄4 − 2Ψ̄3ðΦ01 − 2ρᾱÞ; ð96Þ

where we use the Ricci equations (79)–(82) and (84). Since
the b.w. þ1 component Bð0Þð2Þ is nonvanishing, the Bach
tensor is of type I.

3. Petrov type II/D

For the Petrov type D, defined by

Ψ2 ≠ 0; Ψ0 ¼ Ψ1 ¼ Ψ3 ¼ Ψ4 ¼ 0; ð97Þ

even the highest b.w. þ2 component, namely

Bð0Þð0Þ ¼ DDΨ2 − 6ρDΨ2 − 2Ψ2ðΦ00 − 3ρ2Þ þ c:c:; ð98Þ

is nonvanishing and therefore, the Bach tensor is of general
type G.

IV. SUMMARY

In the introduction, we briefly described a formulation
of quadratic gravity (1) and a suitable form of its field
equations (6), and summarized basic definitions of the
Newman-Penrose formalism (see Sec. I). In Sec. II, we

TABLE II. Possible Bach types depending on the Petrov type
for Robinson-Trautman spacetimes. The privileged RT null
vector field k is taken as the Weyl PND.

Petrov type Vanishing Bach components Possible Bach types

N Bð0Þð0Þ; Bð0Þð2Þ; Bð0Þð1Þ II/III/N/O
III Bð0Þð0Þ I/II/III/N/O
II=D G/I/II/III/III/N/O
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immediately proceed to our main result that is reformulation
of the quadratic gravity field equations in terms of the NP
quantities, see expressions (20)–(26) with the substitution
from (27)–(33) and (35)–(40), or Appendix D. Importantly,
the traceless Ricci tensor contribution to the field equations
is only linear within QG. Therefore, the procedure combin-
ing (20)–(26) with the geometric constraints, listed in
Appendix A, is similar as in the case of classic general
relativity, i.e., we deal with the linear system of algebraic
equations for the Ricci tensor frame components. The main
aim of these results is to provide a tool for a systematic
analysis of (exact) solutions to the quadratic gravity, where
the invariant assumptions on the algebraic properties of
curvature tensors, or e.g., specific behavior of null geo-
desics, can be simply made. This should allow one to
compare four-dimensional quadratic gravity with other
theories of gravity, primarily with Einstein’s general rela-
tivity, on the level of admitted solutions where the initial
ansatz is introduced in terms of purely geometric conditions.
Needless to say that such prominent GR concepts as a study
of peeling properties of the gravitational field and related
results on spacetime asymptotic structure are also formu-
lated in the NP language, and their extension to QG is still
an open problem. From the family of exact spacetimes, more
involved gravitational waves models possibly belonging to
the Robinson-Trautman family, and nonstatic Vaidya-like
generalizations of the Schwarzschild geometry, should be
studied. The ultimate goal, also naturally defined in terms of
the NP quantities, is the investigation of rotating Kerr-like
solutions. One can also go beyond exact models and employ
the NP approach within a discussion of perturbations to a
given background solution, see e.g., [33]. Such Teukolsky-
like analysis constrained by the QG field equations is of our
recent interest.
In the subsequent Sec. III, we present two simple

examples of applicability of the above mentioned general
expressions. In particular, its Sec. III A contains explicit
calculations proving pair of propositions previously for-
mulated in [29], where the original proofs were based on
the highest boost-weights discussion which does not need
knowledge of the complete Bach tensor. In the Sec. III B,
we analyze possible algebraic structure of the Bach tensor
in the case of Robinson-Trautman geometries (76). The
Weyl tensor is assumed to be of algebraically special Petrov
type with respect to the frame associated with the privileged
nontwisting, shear-free, and expanding null geodesic con-
gruence. Under such conditions the admitted structure of
the Bach tensor is discussed. These new results are
summarized in Table II.
Moreover, the standard geometric Ricci and Bianchi

identities of the Newman-Penrose formalism are summa-
rized in Appendix A using unified notation of [22].
For the readers convenience, subsequent Appendix B
compares this notation and conventions with those used
in other common textbooks [23,24]. Two decades ago the

arbitrary-dimensional version of the Newman-Penrose
formalism was introduced, and, almost immediately, it
became a useful tool with many applications, where the
algebraic structure of curvature tensors or specific behavior
of null geodesics play crucial role within spacetime
analysis, see e.g., [34–39]. Therefore, we present relation
of such a real formalism, in the case of four spacetime
dimensions, to the classic complex NP quantities used
within this paper in Appendix C. Finally, Appendix D
presents a fully explicit form of the quadratic gravity field
equations, expressed in terms of the null frame quantities,
which do not require any additional substitutions.
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APPENDIX A: GEOMETRIC CONSTRAINTS
ON THE FRAME COMPONENTS

In Secs. I and II we have introduced frame components of
crucial tensor quantities and constraints implied by the
quadratic gravity field equations, respectively. In addition,
these NP objects have to satisfy conditions directly arising
from their purely geometric properties. In particular, we
have commutation relations of the frame derivatives, the
Ricci identities defining the Riemann tensor, and the
Bianchi identities coming from the covariant derivatives
of the Riemann tensor. For more details see [22].

1. Commutation relations

Expressing the Lie bracket of all possible combinations
of the frame vectors, which are understood as the direc-
tional derivatives, and simultaneously, rewriting covariant
derivatives in terms of the Ricci rotation coefficients we
obtain the commutation relations, namely

ΔD − DΔ ¼ ðγ þ γ̄ÞDþ ðϵþ ϵ̄ÞΔ − ðτ̄ þ πÞδ − ðτ þ π̄Þδ̄;
ðA1Þ

δD−Dδ¼ ðᾱþ β− π̄ÞDþ κΔ− ðρ̄þ ϵ− ϵ̄Þδ− σδ̄; ðA2Þ

δΔ−Δδ¼−ν̄Dþðτ− ᾱ−βÞΔþðμ− γþ γ̄Þδþ λ̄ δ̄; ðA3Þ

δ̄δ − δδ̄ ¼ ðμ̄ − μÞDþ ðρ̄ − ρÞΔþ ðα − β̄Þδþ ðβ − ᾱÞδ̄:
ðA4Þ
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2. Ricci identities

Using the notation of Ricci spin coefficients (16) the Riemann tensor nonzero components can be expressed as

Dσ − δκ ¼ σð3ϵ − ϵ̄þ ρþ ρ̄Þ þ κðπ̄ − τ − 3β − ᾱÞ þ Ψ0; ðA5Þ

Dρ− δ̄κ ¼ ρ2 þ σσ̄þ ρðϵþ ϵ̄Þ− κ̄τþ κðπ − 3α− β̄Þ þΦ00; ðA6Þ

Dτ − Δκ ¼ ρðτ þ π̄Þ þ σðτ̄ þ πÞ þ τðϵ − ϵ̄Þ − κð3γ þ γ̄Þ þΨ1 þΦ01; ðA7Þ

Dα − δ̄ϵ ¼ αðρþ ϵ̄ − 2ϵÞ þ βσ̄ − β̄ϵ − κλ − κ̄γ þ πðϵþ ρÞ þΦ10; ðA8Þ

Dβ− δϵ¼ σðαþ πÞ þ βðρ̄− ϵ̄Þ− κðμþ γÞ þ ϵðπ̄ − ᾱÞ þΨ1; ðA9Þ

Dγ − Δϵ ¼ αðτ þ π̄Þ þ βðτ̄ þ πÞ − γðϵþ ϵ̄Þ − ϵðγ þ γ̄Þ þ τπ − νκ þ Ψ2 þΦ11 −
1

24
R; ðA10Þ

Dλ− δ̄π ¼ ρλþ σ̄μþ πðπþ α− βÞ− νκ̄þ λðϵ̄− 3ϵÞ þΦ20; ðA11Þ

Dμ − δπ ¼ ρ̄μþ σλþ πðπ̄ − ᾱþ βÞ − μðϵþ ϵ̄Þ − νκ þ Ψ2 þ
1

12
R; ðA12Þ

Dν − Δπ ¼ μðπ þ τ̄Þ þ λðπ̄ þ τÞ þ πðγ − γ̄Þ − νð3ϵþ ϵ̄Þ þΨ3 þΦ21; ðA13Þ

Δλ − δ̄ν ¼ λðγ̄ − 3γ − μ − μ̄Þ þ νð3αþ β̄ þ π − τ̄Þ −Ψ4; ðA14Þ

δρ − δ̄σ ¼ ρðᾱþ βÞ þ σðβ̄ − 3αÞ þ τðρ − ρ̄Þ þ κðμ − μ̄Þ −Ψ1 þΦ01; ðA15Þ

δα− δ̄β ¼ μρ− λσþ αᾱþ ββ̄− 2αβþ γðρ− ρ̄Þ þ ϵðμ− μ̄Þ−Ψ2 þΦ11 þ
1

24
R; ðA16Þ

δλ − δ̄μ ¼ νðρ − ρ̄Þ þ πðμ − μ̄Þ þ μðαþ β̄Þ þ λðᾱ − 3βÞ −Ψ3 þΦ21; ðA17Þ

δν−Δμ¼ μ2 þ λλ̄þ μðγþ γ̄Þ− ν̄πþ νðτ− 3β− ᾱÞ þΦ22; ðA18Þ

δγ − Δβ ¼ γðτ − ᾱ − βÞ þ μτ − σν − ϵν̄þ βðμ − γ þ γ̄Þ þ αλ̄þΦ12; ðA19Þ

δτ−Δσ ¼ μσþ λ̄ρþ τðτþ β− ᾱÞ þ σðγ̄ − 3γÞ− κν̄þΦ02; ðA20Þ

Δρ − δ̄τ ¼ −ðρμ̄þ σλÞ þ τðβ̄ − α − τ̄Þ þ ρðγ þ γ̄Þ þ νκ − Ψ2 −
1

12
R; ðA21Þ

Δα− δ̄γ ¼ νðρþ ϵÞ− λðτþ βÞ þ αðγ̄ − μ̄Þ þ γðβ̄− τ̄Þ−Ψ3: ðA22Þ

3. Bianchi identities

The projection of the Riemann tensor covariant derivative with cyclic exchange of indices leads to the first Bianchi
identities,

0 ¼ −δ̄Ψ0 þ DΨ1 þ ð4α − πÞΨ0 − 2ð2ρþ ϵÞΨ1 þ 3κΨ2

− DΦ01 þ δΦ00 þ 2ðϵþ ρ̄ÞΦ01 þ 2σΦ10 − 2κΦ11

− κ̄Φ02 þ ðπ̄ − 2ᾱ − 2βÞΦ00; ðA23Þ
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0 ¼ þδ̄Ψ1 − DΨ2 − λΨ0 þ 2ðπ − αÞΨ1 þ 3ρΨ2 − 2κΨ3

þ δ̄Φ01 − ΔΦ00 − 2ðαþ τ̄ÞΦ01 þ 2ρΦ11 þ σ̄Φ02

þ ð2γ þ 2γ̄ − μ̄ÞΦ00 − 2τΦ10 −
1

12
DR; ðA24Þ

0 ¼ −δ̄Ψ2 þ DΨ3 þ 2λΨ1 − 3πΨ2 þ 2ðϵ − ρÞΨ3 þ κΨ4

− DΦ21 þ δΦ20 þ 2ðρ̄ − ϵÞΦ21 − 2μΦ10 þ 2πΦ11

− κ̄Φ22 þ ð2β − 2ᾱþ π̄ÞΦ20 −
1

12
δ̄R; ðA25Þ

0 ¼ þδ̄Ψ3 − DΨ4 − 3λΨ2 þ 2ð2π þ αÞΨ3 þ ðρ − 4ϵÞΨ4

− ΔΦ20 þ δ̄Φ21 þ 2ðα − τ̄ÞΦ21 þ 2νΦ10 þ σ̄Φ22

− 2λΦ11 þ ð2γ̄ − 2γ − μ̄ÞΦ20; ðA26Þ
0 ¼ −ΔΨ0 þ δΨ1 þ ð4γ − μÞΨ0 − 2ð2τ þ βÞΨ1 þ 3σΨ2

− DΦ02 þ δΦ01 þ 2ðπ̄ − βÞΦ01 − 2κΦ12 − λ̄Φ00

þ 2σΦ11 þ ðρ̄þ 2ϵ − 2ϵ̄ÞΦ02; ðA27Þ
0 ¼ −ΔΨ1 þ δΨ2 þ νΨ0 þ 2ðγ − μÞΨ1 − 3τΨ2 þ 2σΨ3

þ ΔΦ01 − δ̄Φ02 þ 2ðμ̄ − γÞΦ01 − 2ρΦ12 − ν̄Φ00

þ 2τΦ11 þ ðτ̄ − 2β̄ þ 2αÞΦ02 þ
1

12
δR; ðA28Þ

0 ¼ −ΔΨ2 þ δΨ3 þ 2νΨ1 − 3μΨ2 þ 2ðβ − τÞΨ3 þ σΨ4

− DΦ22 þ δΦ21 þ 2ðπ̄ þ βÞΦ21 − 2μΦ11 − λ̄Φ20

þ 2πΦ12 þ ðρ̄ − 2ϵ − 2ϵ̄ÞΦ22 −
1

12
ΔR; ðA29Þ

0 ¼ −ΔΨ3 þ δΨ4 þ 3νΨ2 − 2ðγ þ 2μÞΨ3 þ ð4β − τÞΨ4

þ ΔΦ21 − δ̄Φ22 þ 2ðμ̄þ γÞΦ21 − 2νΦ11 − ν̄Φ20

þ 2λΦ12 þ ðτ̄ − 2α − 2β̄ÞΦ22; ðA30Þ
and the contraction gives the second Bianchi identities, namely

δ̄Φ01 þ δΦ10 −D

�
Φ11 þ

R
8

�
−ΔΦ00

¼ κ̄Φ12 þ κΦ21 þ ð2αþ 2τ̄ − πÞΦ01 þ ð2ᾱþ 2τ − π̄ÞΦ10

− 2ðρþ ρ̄ÞΦ11 − σ̄Φ02 − σΦ20 þ ½μþ μ̄− 2ðγ þ γ̄Þ�Φ00; ðA31Þ

δ̄Φ12 þ δΦ21 −Δ
�
Φ11 þ

R
8

�
−DΦ22

¼ −νΦ01 − ν̄Φ10 þ ðτ̄− 2β̄− 2πÞΦ12 þ ðτ− 2β− 2π̄ÞΦ21

þ 2ðμþ μ̄ÞΦ11 þ ð2ϵþ 2ϵ̄− ρ− ρ̄ÞΦ22 þ λΦ02 þ λ̄Φ20; ðA32Þ

δ

�
Φ11 −

R
8

�
−DΦ12 −ΔΦ01 þ δ̄Φ02

¼ κΦ22 − ν̄Φ00 þ ðτ̄ − π þ 2α− 2β̄ÞΦ02 − σΦ21 þ λ̄Φ10

þ 2ðτ − π̄ÞΦ11 þ ð2ϵ̄− 2ρ− ρ̄ÞΦ12 þ ð2μ̄þ μ− 2γÞΦ01: ðA33Þ
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APPENDIX B: COMPARISON OF NP NOTATION IN CLASSICAL TEXTBOOKS

Within the geometric formulation of general relativity, several different conventions have appeared which typically affect
signs of particular expressions. Here we follow the classic reference book [22], however, it is useful to compare our notation
with other canonical sources [23,24]. The differences in notation5 are summarized in Table III. However, the NP equations
are the same in all three books [22–24]. To compare actual values of different quantities the subsequent Table IV can
be used.
From Table IV it follows that all scalars as defined in Chandrasekhar/Penrose books, appearing in the NP equations, have

the opposite/same as in Stephani, respectively, and thus all NP equations have the same form.

TABLE III. Notation comparison for the definitions of crucial geometric quantities.

Quantity Stephani [22] Chandrasekhar [23] Penrose, Rindler [24]

Signature þþþ− þ − −− þ − −−
Frame ma; m̄a; la; ka la; na;ma; m̄a la; na;ma; m̄a

Riemann t. Ra
bcd ¼ 2Γa

b½d;c� þ 2Γa
e½cΓe

d�b Ra
bcd ¼ 2Γa

b½d;c� þ 2Γa
e½cΓe

d�b Ra
bcd ¼ −2Γa

b½d;c� − 2Γa
e½cΓe

d�b
Einstein equations Gab ¼ κTab Gab ¼ �κTab Gab ¼ −κTab
NP scalars Ψi Ψ0 ¼ Cabcdkambkcmd, etc. Ψ0 ¼ −Cabcdlamblcmd, etc. Ψ0 ¼ Cabcdlamblcmd, etc.
NP scalars Φi Φ00 ¼ 1

2
Sabkakb, etc. Φ00 ¼ −1

2
Sablalb, etc. Φ00 ¼ −1

2
Sablalb, etc.

Ricci rotation coefficients κ ¼ −ka;bmakb, etc. κ ¼ la;bmalb, etc. κ ¼ la;bmalb, etc.

TABLE IV. Values comparison summarized according to classic books by Stephani (S), Chandrasekhar (C), and
Penrose, Rindler (P). Note that the definition of CTab is not clear, see footnote 4. Also the sign in front of CΦij does
not seem to be correct since the NP equations in all three books are same, i.e., the correct sign should be þ.

Quantity Values

Metric Sgab ¼ −Cgab ¼ −Pgab
Contravariant frame Ska ¼ þCla ¼ þPla, Sla ¼ þCna ¼ þPna, Sma ¼ þCma ¼ þPma

Covariant frame Ska ¼ −Cla ¼ −Pla, Sla ¼ −Cna ¼ −Pna, Sma ¼ −Cma ¼ −Pma
Christoffel symbols SΓa

bc ¼ þCΓa
bc ¼ þPΓa

bc
Riemann tensor SRa

bcd ¼ þCRa
bcd ¼ −PRa

bcd
Weyl tensor SCa

bcd ¼ þCCa
bcd ¼ −PCa

bcd
Ricci tensor SRab ¼ þCRab ¼ −PRab
Ricci scalar SR ¼ −CR ¼ þPR
Einstein tensor SGab ¼ þCGab ¼ −PGab
cosmological constant SΛ ¼ −CΛ ¼ þPΛ
stress-energy tensor STab ¼ �CTab ¼ PTab
NP scalars Ψi

SΨi ¼ þCΨi ¼ þPΨi
NP scalars Φi

SΦij ¼ −CΦij ¼ þPΦij

Ricci rotation coefficients Sκ ¼ þCκ ¼ þPκ, etc.

5The definition of the energy-momentum tensor could be misleading in the Chandrasekhar book [23], namely, page 34/ Eq. (236)
gives Gij ¼ 8πG

c4 Tij or, alternatively, page 34/ Eq. ð2360Þ is Rij ¼ 8πG
c4 ðTij − 1

2
TgijÞ, however, page 51/ Eq. (323) claims Rij ¼

− 8πG
c4 ðTij − 1

2
TgijÞ [for electromagnetic field see also page 205/ Eq. (3) or page 564/ Eq. (11)].
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APPENDIX C: COMPARISON WITH HD NP FORMALISM

Since the computer implementation of symbolical calculation within classic Newman-Penrose formalism may become
more difficult due to the presence of complex quantities, it can be useful to employ its real version following from the real
higher-dimensional (HD) NP formalism introduced in [4,5], see also [6] for a review.6 Therefore, as a byproduct, we derived
relations between complex four-dimensional and real higher-dimensional NP formalisms. These identifications are
presented in the form of Tables V–XV. As abbreviation for the frame components of an arbitrary tensor T…a… let us use
T…ð0Þ… ¼ T…a…la, T…ð1Þ… ¼ T…a…na, and T…ðiÞ… ¼ T…a…ma

ðiÞ. Moreover, each index T…ð0Þ…, T…ð1Þ…, and T…ðiÞ…
contributes þ1, −1, and 0 to the boost weight of a component, respectively.

TABLE V. Relation between real HD frame vectors fl;n;mðiÞg with i ¼ 2, 3, satisfying lana ¼ 1,ma
ðiÞm

ðjÞ
a ¼ δji ,

and standard four-dimensional NP frame vectors fk; l;m; m̄g, see (8).

b.w. þ1 0 −1

la ¼ ka mð2Þa ¼ 1ffiffi
2

p ðma þ m̄aÞ na ¼ −la

mð3Þa ¼ iffiffi
2

p ðma − m̄aÞ

ma ¼ 1ffiffi
2

p ðmð2Þa − imð3ÞaÞ
m̄a ¼ 1ffiffi

2
p ðmð2Þa þ imð3ÞaÞ

TABLE VI. Definition of the directional derivatives in the HD NP notation.

b.w. þ1 0 −1

D ¼ la∇a δi ¼ maðiÞ∇a Δ ¼ na∇a

TABLE VII. Relation between directional derivatives in the classic NP formalism, i.e., D ¼ ka∇a, Δ ¼ la∇a,
δ ¼ ma∇a, δ̄ ¼ m̄a∇a, and in its HD reformulation.

b.w. þ1 0 −1

D ¼ D δ2 ¼ δ̄þδffiffi
2

p Δ ¼ −Δ

δ3 ¼ iðδ−δ̄Þffiffi
2

p

δ ¼ 1ffiffi
2

p ðδ2 − iδ3Þ
δ̄ ¼ 1ffiffi

2
p ðδ2 þ iδ3Þ

TABLE VIII. Definition of the HD Ricci components (frame fl;n;mðiÞg).
b.w. þ2 þ1 0 −1 −2

ω ¼ Rð0Þð0Þ ψ i ¼ Rð0ÞðiÞ ϕij ¼ RðiÞðjÞ ψ 0
i ¼ Rð1ÞðiÞ ω0 ¼ Rð1Þð1Þ

ϕ ¼ Rð0Þð1Þ

6Note that in [7], there are some sigh errors whenever there is an odd number of n’s in the expression, i.e., involvingΔ, ϕ, ψ 0
i,Ψi,Φij,

ΦA
ij, Ψ0

ijk, τi, τ
0
i, ρ

0
ij, L10, L1i, and Mi

j1.

NEWMAN-PENROSE FORMALISM IN QUADRATIC GRAVITY PHYS. REV. D 107, 024036 (2023)

024036-15



TABLE X. Definition of the HD Weyl components [frame fl;n;mðiÞg]. In four dimensions, the Weyl tensor symmetries imply
Ω33 ¼ −Ω22, Ω0

33 ¼ −Ω0
22, ΦS

22 ¼ − 1
2
Φ2323 ¼ ΦS

33, ΦS
23 ¼ 0 ¼ ΦS

32, Ψ2 ¼ Ψ323, Ψ3 ¼ Ψ232, Ψ0
2 ¼ Ψ0

323, Ψ0
3 ¼ Ψ0

232.

b.w. þ2 þ1 0 −1 −2

Ωij ¼ Cð0ÞðiÞð0ÞðjÞ Ψi ¼ Cð0Þð1Þð0ÞðiÞ Φij ¼ Cð0ÞðiÞð1ÞðjÞ Ψ0
i ¼ Cð1Þð0Þð1ÞðiÞ Ω0

ij ¼ Cð1ÞðiÞð1ÞðjÞ
Ωii ¼ 0 Ψijk ¼ Cð0ÞðiÞðjÞðkÞ ΦA

ij ¼ 1
2
Cð0Þð1ÞðiÞðjÞ Ψ0

ijk ¼ Cð1ÞðiÞðjÞðkÞ Ω0
ii ¼ 0

Ψi ¼ Ψkik Φ ¼ Cð0Þð1Þð0Þð1Þ ¼ Φii Ψ0
i ¼ Ψ0

kik

ΦS
ij ¼ − 1

2
CðiÞðkÞðjÞðkÞ

TABLE IX. Relation between Ricci components in the classic four-dimensional NP formalism and their HD counterparts, see also
Table VIII.

b.w. þ2 þ1 0 −1 −2

ω ¼ 2Φ00 ψ2 ¼ ðΦ01 þ Φ̄01Þ
ffiffiffi
2

p
ϕ22 ¼ Φ02 þ Φ̄02 þ 2Φ11 þ R

4 ψ 0
2 ¼ −ðΦ12 þ Φ̄12Þ

ffiffiffi
2

p
ω0 ¼ 2Φ22

ψ3 ¼ iðΦ01 − Φ̄01Þ
ffiffiffi
2

p
ϕ33 ¼ −Φ02 − Φ̄02 þ 2Φ11 þ R

4 ψ 0
3 ¼ −iðΦ12 − Φ̄12Þ

ffiffiffi
2

p
ϕ23 ¼ iðΦ02 − Φ̄02Þ
ϕ ¼ −2Φ11 þ R

4

Φ00 ¼ ω
2 Φ01 ¼ ψ2−iψ3

2
ffiffi
2

p Φ02 ¼ 1
4
ðϕ22 − ϕ33 − 2iϕ23Þ Φ12 ¼ − 1

2
ffiffi
2

p ðψ 0
2 − iψ 0

3Þ Φ22 ¼ ω0
2

Φ11 ¼ 1
8
ð−2ϕþ ϕ22 þ ϕ33Þ

R ¼ 2ϕþ ϕii

TABLE XII. Definition of the Ricci rotation coefficients in HD NP formalism with a specific boost weight.

b.w. þ2 þ1 0 −1 −2

κi ¼ lðiÞ;ð0Þ ρij ¼ lðiÞ;ðjÞ τi ¼ lðiÞ;ð1Þ ρ0ij ¼ nðiÞ;ðjÞ κ0i ¼ nðiÞ;ð1Þ
τ0i ¼ nðiÞ;ð0Þ

TABLE XI. Relation between complex Weyl components in the four-dimensional NP formalism and their real HD counterparts, see
also Table X.

b.w. þ2 þ1 0 −1 −2

Ω22 ¼ 1
2
ðΨ0 þ Ψ̄0Þ Ψ2 ¼ − 1ffiffi

2
p ðΨ1 þ Ψ̄1Þ ΦS

22 ¼ þ 1
2
ðΨ2 þ Ψ̄2Þ Ψ0

2 ¼ 1ffiffi
2

p ðΨ3 þ Ψ̄3Þ Ω0
22 ¼ 1

2
ðΨ4 þ Ψ̄4Þ

Ω33 ¼ − 1
2
ðΨ0 þ Ψ̄0Þ Ψ3 ¼ − iffiffi

2
p ðΨ1 − Ψ̄1Þ ΦS

33 ¼ ΦS
22 Ψ0

3 ¼ − iffiffi
2

p ðΨ3 − Ψ̄3Þ Ω0
33 ¼ − 1

2
ðΨ̄4 þ Ψ4Þ

Ω23 ¼ i
2
ðΨ0 − Ψ̄0Þ ΦS

23 ¼ 0 ¼ ΦS
32 Ω0

23 ¼ − i
2
ðΨ4 − Ψ̄4Þ

ΦA
23 ¼ − i

2
ðΨ2 − Ψ̄2Þ

Φ ¼ Ψ̄2 þ Ψ2

Ψ0 ¼ Ω22 − iΩ23 Ψ1 ¼ − Ψ2−iΨ3ffiffi
2

p Ψ2 ¼ ΦS
22 þ iΦA

23 Ψ3 ¼ Ψ0
2
þiΨ0

3ffiffi
2

p Ψ4 ¼ Ω0
22 þ iΩ0

23
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APPENDIX D: COMPLETE SET OF QUADRATRIC GRAVITY FIELD EQUATIONS

Finally for the readers convenience and direct applicability, we list the fully explicit set of the quadratic gravity
field equations (2) expressed in terms of the null frame fk; l;m; m̄g, see (8). In fact, the following equations correspond to
(20)–(26) with ZðaÞðbÞ substituted from (27)–(33), where the quantities BZ

ðaÞðbÞ are substituted from (35)–(40).
The kk-projection is

0 ¼ −4a½Φ20Ψ0 þΦ02Ψ̄0 − 2Φ10Ψ1 − 2Φ01Ψ̄1 þΦ00ðΨ2 þ Ψ̄2Þ� þ 2

�
1

k
þ 2bR

�
Φ00

þ 2b½ðϵþ ϵ̄ÞDR − DDR − κ̄δR − κδ̄R� − 4a½δ̄ δ̄Ψ0 − Dδ̄Ψ1 − δ̄DΨ1 þ DDΨ2 þ λDΨ0

þ σ̄ΔΨ0 þ ð2π − 7α − β̄Þδ̄Ψ0 þ ð5αþ β̄ − 3πÞDΨ1 − κ̄ΔΨ1 − σ̄δΨ1 þ ð3ϵþ ϵ̄þ 7ρÞδ̄Ψ1

− ðϵþ ϵ̄þ 6ρÞDΨ2 þ κ̄δΨ2 − 5κδ̄Ψ2 þ 4κDΨ3 þΨ0½κ̄νþ 4αð3αþ β̄Þ − ðϵþ ϵ̄þ 3ρÞλ
þ πðπ − 7α − β̄Þ þ σ̄ðμ − 4γÞ þ Dλ − 4δ̄αþ δ̄π� þ 2Ψ1½2κλþ κ̄ðγ − μÞ þ ρð5π − 9α − 2β̄Þ
þ σ̄ðβ þ 2τÞ þ ϵð2π − 4α − β̄Þ þ ϵ̄ðπ − αÞ þ Dα − Dπ þ δ̄ϵþ 2δ̄ρ� þ 3Ψ2½κð3αþ β̄ − 3πÞ
− κ̄τ þ ρðϵþ ϵ̄þ 3ρÞ − σσ̄ − Dρ − δ̄κ� þ 2Ψ3½κðϵ − ϵ̄ − 5ρÞ þ κ̄σ þ Dκ� þ 2Ψ4κ

2 þ c:c:�; ðD1Þ

TABLE XIV. Relation between Ricci rotation coefficients in the four-dimensional NP formalism and their real HD counterparts that
transforms with a specific boost weight.

b.w. þ2 þ1 0 −1 −2

κ2 ¼ − 1ffiffi
2

p ðκ þ κ̄Þ ρ22 ¼ − 1
2
ðρþ σ þ ρ̄þ σ̄Þ τ2 ¼ 1ffiffi

2
p ðτ þ τ̄Þ ρ022 ¼ − 1

2
ðλþ μþ λ̄þ μ̄Þ κ02 ¼ 1ffiffi

2
p ðνþ ν̄Þ

κ3 ¼ − iffiffi
2

p ðκ − κ̄Þ ρ33 ¼ 1
2
ðσ − ρþ σ̄ − ρ̄Þ τ3 ¼ iffiffi

2
p ðτ − τ̄Þ ρ033 ¼ 1

2
ðλ − μþ λ̄ − μ̄Þ κ03 ¼ − iffiffi

2
p ðν − ν̄Þ

ρ23 ¼ i
2
ðρ − σ − ρ̄þ σ̄Þ τ02 ¼ − 1ffiffi

2
p ðπ þ π̄Þ ρ023 ¼ i

2
ðλ − μ − λ̄þ μ̄Þ

ρ32 ¼ − i
2
ðρþ σ − ρ̄ − σ̄Þ τ03 ¼ iffiffi

2
p ðπ − π̄Þ ρ032 ¼ i

2
ðλþ μ − λ̄ − μ̄Þ

κ ¼ − 1ffiffi
2

p ðκ2 − iκ3Þ ρ ¼ − 1
2
ðρ22 þ ρ33 þ iðρ23 − ρ32ÞÞ τ ¼ 1ffiffi

2
p ðτ2 − iτ3Þ μ ¼ − 1

2
ðρ022 þ ρ033 þ iðρ032 − ρ023ÞÞ ν ¼ 1ffiffi

2
p ðκ02 þ iκ03Þ

σ ¼ − 1
2
ðρ22 − ρ33 − iðρ23 þ ρ32ÞÞ π ¼ − 1ffiffi

2
p ðτ02 þ iτ03Þ λ ¼ − 1

2
ðρ022 − ρ033 þ iðρ023 þ ρ032ÞÞ

TABLE XV. Relation between Ricci rotation coefficients in the four-dimensional NP formalism and their real HD counterparts that
transforms with a specific boost weight only under constant boosts.

b.w. þ1 0 −1

L10 ¼ εþ ε̄ L12 ¼ 1ffiffi
2

p ðαþ β þ ᾱþ β̄Þ L11 ¼ −ðγ þ γ̄Þ
M2

30 ¼ −iðε − ε̄Þ L13 ¼ iffiffi
2

p ðβ − αþ ᾱ − β̄Þ M2
31 ¼ iðγ − γ̄Þ

M2
33 ¼ 1ffiffi

2
p ðβ − α − ᾱþ β̄Þ

M2
32 ¼ − iffiffi

2
p ðαþ β − ᾱ − β̄Þ

ε ¼ 1
2
ðL10 þ iM2

30Þ α ¼ 1

2
ffiffi
2

p ðL12 þ iL13 −M2
33 þ iM2

32Þ γ ¼ − 1
2
ðL11 þ iM2

31Þ
β ¼ 1

2
ffiffi
2

p ðL12 − iL13 þM2
33 þ iM2

32Þ

TABLE XIII. Definition of the Ricci rotation coefficients in HD NP formalism that have a boost weight only under constant boosts.

b.w. þ1 0 −1

L10 ¼ lð1Þ;ð0Þ L1i ¼ lð1Þ;ðiÞ L11 ¼ lð1Þ;ð1Þ
Mi

j0 ¼ mðiÞ
ðjÞ;ð0Þ Mi

jk ¼ mðiÞ
ðjÞ;ðkÞ Mi

j1 ¼ mðiÞ
ðjÞ;ð1Þ
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the kl-projection is

0 ¼ −4a½Φ21Ψ1 þΦ12Ψ̄1 − 2Φ11ðΨ2 þ Ψ̄2Þ þΦ01Ψ3 þΦ10Ψ̄3� þ 2

�
1

k
þ 2bR

�
Φ11 þ

1

k

�
R
4
− Λ

�

þ 2b½ΔDR − δδ̄R − δ̄δR − ðγ þ γ̄ − μ − μ̄ÞDR − ðρþ ρ̄ÞΔRþ ðα − β̄ þ τ̄ÞδRþ ðᾱ − β þ τÞδ̄R�
− 4a½δ̄ΔΨ1 − DΔΨ2 − δ̄δΨ2 þ DδΨ3 − λΔΨ0 − νδ̄Ψ0 þ 2νDΨ1 þ ð2π − αþ β̄ÞΔΨ1 þ λδΨ1

þ ð2μ − μ̄ − 2γÞδ̄Ψ1 þ ðμ̄ − 3μÞDΨ2 þ ð2ρ − ϵ − ϵ̄ÞΔΨ2 þ ðα − β̄ − 2πÞδΨ2 þ ðπ̄ þ 3τÞδ̄Ψ2

þ ð2β − π̄ − 2τÞDΨ3 − κΔΨ3 þ ðϵþ ϵ̄ − 2ρÞδΨ3 − 2σδ̄Ψ3 þ σDΨ4 þ κδΨ4 þ Ψ0½λð4γ − μþ μ̄Þ
þ νðα − β̄ − 2πÞ − δ̄ν� þ 2Ψ1½γðα − β̄ − 2πÞ − λðβ þ π̄ þ 2τÞ þ μðβ̄ − αþ 2πÞ þ μ̄ðα − πÞ
þ νðϵþ ϵ̄ − 2ρÞ þ Dν − δ̄γ þ δ̄μ� þ 3Ψ2½κνþ μð2ρ − ϵ − ϵ̄Þ − μ̄ρþ ππ̄ þ λσ þ τð2π − αþ β̄Þ
− Dμþ δ̄τ� þ 2Ψ3½κðμ̄ − 2μ − γÞ þ ϵðβ − τ − π̄Þ þ ϵ̄ðβ − τÞ þ ρðπ̄ − 2β þ 2τÞ þ σðα − β̄ − 2πÞ
þ Dβ − Dτ − δ̄σ� þΨ4½κð4β − π̄ − τÞ þ σðϵþ ϵ̄ − 2ρÞ þ Dσ� þ c:c:�; ðD2Þ

the km-projection is

0 ¼ −4a½Φ21Ψ0 − 2Φ11Ψ1 þΦ02Ψ̄1 þΦ01ðΨ2 − 2Ψ̄2Þ þΦ00Ψ̄3� þ 2

�
1

k
þ 2bR

�
Φ01

þ 2b½π̄DR − DδR − κΔRþ ðϵ − ϵ̄ÞδR� − 4a½δ̄ΔΨ0 − DΔΨ1 − δ̄δΨ1 þ DδΨ2 þ νDΨ0

þ ðπ − 3αþ β̄ÞΔΨ0 þ ðμ − μ̄ − 4γÞδ̄Ψ0 þ ð2γ − 2μþ μ̄ÞDΨ1 þ ðϵ − ϵ̄þ 3ρÞΔΨ1

þ ð3α − β̄ − πÞδΨ1 þ ð2β þ π̄ þ 4τÞδ̄Ψ1 − ðπ̄ þ 3τÞDΨ2 − 2κΔΨ2 − ðϵ − ϵ̄þ 3ρÞδΨ2

− 3σδ̄Ψ2 þ 2σDΨ3 þ 2κδΨ3 þΨ0½ð4γ − μÞð3α − β̄ − πÞ þ μ̄ð4α − πÞ þ νðϵ̄ − ϵ − 3ρÞ
− λπ̄ þ Dν − 4δ̄γ þ δ̄μ� þ 2Ψ1½2κνþ ðμ − γÞðϵ − ϵ̄þ 3ρÞ − μ̄ð2ρþ ϵÞ þ ðβ þ 2τÞðπ − 3αþ β̄Þ
þ π̄ðπ − αÞ þ Dγ − Dμþ δ̄β þ 2δ̄τ� þ 3Ψ2½κðμ̄ − 2μÞ þ π̄ρþ σð3α − β̄ − πÞ
þ τðϵ − ϵ̄þ 3ρÞ − Dτ − δ̄σ� þ 2Ψ3½κð2β − π̄ − 2τÞ þ σðϵ̄ − ϵ − 3ρÞ þ Dσ� þ 2Ψ4κσ

þ δδΨ̄1 − δDΨ̄2 − DδΨ̄2 þ DDΨ̄3 − 2λ̄δΨ̄0 þ 3λ̄DΨ̄1 þ σΔΨ̄1 þ ð4π̄ − 3ᾱ − βÞδΨ̄1

þ ðᾱþ β − 5π̄ÞDΨ̄2 − κΔΨ̄2 þ ðϵ − ϵ̄þ 5ρ̄ÞδΨ̄2 − σδ̄Ψ̄2 þ ð3ϵ̄ − ϵ − 4ρ̄ÞDΨ̄3 − 3κ̄δΨ̄3

þ κδ̄Ψ̄3 þ 2κ̄DΨ̄4 þ Ψ̄0½λ̄ð5ᾱþ β − 3π̄Þ − ν̄σ − δλ̄� þ 2Ψ̄1½κν̄þ ᾱðᾱþ βÞ þ π̄ð2π̄ − 3ᾱ − βÞ
− λ̄ð4ρ̄þ ϵÞ þ σðμ̄ − γ̄Þ þ Dλ̄ − δᾱþ δπ̄� þ 3Ψ̄2½2κ̄ λ̄−κμ̄þ π̄ðϵ − ϵ̄Þ þ ρ̄ð4π̄ − ᾱ − βÞ
þ στ̄ − Dπ̄ þ δρ̄� þ 2Ψ̄3½κðβ̄ − τ̄Þ þ κ̄ðβ − 4π̄Þ − σσ̄ þ ðρ̄ − ϵ̄Þðϵ − ϵ̄þ 2ρ̄Þ þ Dϵ̄ − Dρ̄ − δκ̄�
þ Ψ̄4½κ̄ð5ϵ̄ − ϵ − 3ρ̄Þ þ κσ̄ þ Dκ̄��; ðD3Þ

the ll-projection is

0 ¼ −4a½Φ22ðΨ2 þ Ψ̄2Þ − 2Φ12Ψ3 − 2Φ21Ψ̄3 þΦ02Ψ4 þΦ20Ψ̄4� þ 2

�
1

k
þ 2bR

�
Φ22

þ 2b½−ΔΔR − ðγ þ γ̄ÞΔRþ νδRþ ν̄ δ̄R� − 4a½ΔΔΨ2 − ΔδΨ3 − δΔΨ3 þ δδΨ4 − 4νΔΨ1

þ ðγ þ γ̄ þ 6μÞΔΨ2 þ 5νδΨ2 − ν̄ δ̄Ψ2 þ ν̄DΨ3 þ ð3τ − ᾱ − 5βÞΔΨ3 − ð3γ þ γ̄ þ 7μÞδΨ3 þ λ̄ δ̄Ψ3

− λ̄DΨ4 − σΔΨ4 þ ðᾱþ 7β − 2τÞδΨ4 þ 2Ψ0ν
2 þ 2Ψ1½νðγ − γ̄ − 5μÞ þ λν̄ − Δν� þ 3Ψ2½μðγ þ γ̄ þ 3μÞ

þ νðᾱþ 3β − 3τÞ − λλ̄ − ν̄π þ Δμþ δν� þ 2Ψ3½ν̄ðϵ − ρÞ þ λ̄ðαþ 2πÞ þ γð2τ − ᾱ − 4βÞ
þ γ̄ðτ − βÞ þ μð5τ − 2ᾱ − 9βÞ þ 2νσ − Δβ þ Δτ − δγ − 2δμ� þΨ4½κν̄þ λ̄ðρ − 4ϵÞ − σðγ þ γ̄ þ 3μÞ
þ 4βð3β þ ᾱÞ þ τðτ − ᾱ − 7βÞ − Δσ þ 4δβ − δτ� þ c:c:�; ðD4Þ
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the lm-projection is

0 ¼ −4a½Φ22Ψ1 −Φ12ð2Ψ2 − Ψ̄2Þ þΦ02Ψ3 − 2Φ11Ψ̄3 þΦ10Ψ̄4� þ 2

�
1

k
þ 2bR

�
Φ12

þ 2b½ν̄DR − τΔR − ΔδRþ ðγ − γ̄ÞδR� − 4a½ΔΔΨ1 − ΔδΨ2 − δΔΨ2 þ δδΨ3 − 2νΔΨ0

þ ð4μ − 3γ þ γ̄ÞΔΨ1 þ 3νδΨ1 − ν̄ δ̄Ψ1 þ ν̄DΨ2 þ ð5τ − ᾱ − βÞΔΨ2 þ ðγ − γ̄ − 5μÞδΨ2 þ λ̄ δ̄Ψ2

− λ̄DΨ3 − 3σΔΨ3 þ ðᾱþ 3β − 4τÞδΨ3 þ 2σδΨ4 þ Ψ0½νð5γ − γ̄ − 3μÞ þ λν̄ − Δν�
þ 2Ψ1½νðᾱ − 4τÞ þ ν̄ðα − πÞ − λλ̄þ ðγ − μÞðγ − γ̄ − 2μÞ − Δγ þ Δμþ δν�
þ 3Ψ2½μð4τ − ᾱ − βÞ þ λ̄π − ν̄ρþ 2νσ þ τðγ̄ − γÞ þ Δτ − δμ� þ 2Ψ3½κν̄ − σðγ̄ þ 4μÞ
þ τð2τ − ᾱ − 3βÞ þ βðᾱþ βÞ þ λ̄ðρ − ϵÞ − Δσ þ δβ − δτ� − Ψ4½κλ̄ − σðᾱþ 5β − 3τÞ − δσ�
− ΔDΨ̄3 þ ΔδΨ̄2 þ δ̄DΨ̄4 − δ̄δΨ̄3 − 2λ̄ΔΨ̄1 − 2ν̄δΨ̄1 þ 2ν̄DΨ̄2 þ ð3π̄ þ τÞΔΨ̄2 þ ðγ̄ − γ þ 3μ̄ÞδΨ̄2

þ 3λ̄ δ̄ Ψ̄2 þ ðγ − γ̄ − 3μ̄ÞDΨ̄3 þ ð2ρ̄ − ρ − 2ϵ̄ÞΔΨ̄3 þ ðα − 3β̄ þ τ̄ÞδΨ̄3 − ð2ᾱþ 4π̄ þ τÞδ̄Ψ̄3

þ ð3β̄ − α − τ̄ÞDΨ̄4 − κ̄ΔΨ̄4 þ ð4ϵ̄þ ρ − ρ̄Þδ̄Ψ̄4 þ 2Ψ̄0λ̄ ν̄þ2Ψ̄1½λ̄ðγ − γ̄ − 3μ̄Þ þ ν̄ð2ᾱ − 2π̄ − τÞ − Δλ̄�
þ 3Ψ̄2½λ̄ð3β̄ − τ̄ − αÞ þ π̄ð3μ̄ − γ þ γ̄Þ þ ν̄ðρ − 2ρ̄Þ þ μ̄τ þ Δπ̄ þ δ̄ λ̄�
þ 2Ψ̄3½2κ̄ ν̄þðϵ̄ − ρ̄Þðγ − γ̄ − 3μ̄Þ − ρðγ̄ þ 2μ̄Þ þ τðτ̄ − β̄Þ þ ðᾱþ 2π̄Þðα − 3β̄ þ τ̄Þ − Δϵ̄þ Δρ̄

− δ̄ ᾱ−2δ̄ π̄� þ Ψ̄4½κ̄ðγ − γ̄ − 3μ̄Þ þ ρð4β̄ − τ̄Þ þ ρ̄ðα − 3β̄ þ τ̄Þ þ 4ϵ̄ð3β̄ − τ̄ − αÞ − σ̄τ − Δκ̄ þ 4δ̄ ϵ̄−δ̄ ρ̄��; ðD5Þ

the mm-projection is

0 ¼ −4a½Φ22Ψ0 − 2Φ12Ψ1 þΦ02ðΨ2 þ Ψ̄2Þ − 2Φ01Ψ̄3 þΦ00Ψ̄4� þ 2

�
1

k
þ 2bR

�
Φ02

þ 2b½λ̄DR − σΔR − ðᾱ − βÞδR − δδR� − 4a½ΔΔΨ0 − ΔδΨ1 − δΔΨ1 þ δδΨ2 þ ð2μ − 7γ þ γ̄ÞΔΨ0

þ νδΨ0 − ν̄ δ̄Ψ0 þ ν̄DΨ1 þ ð7τ − ᾱþ 3βÞΔΨ1 þ ð5γ − γ̄ − 3μÞδΨ1 þ λ̄ δ̄Ψ1 − λ̄DΨ2 − 5σΔΨ2

þ ðᾱ − β − 6τÞδΨ2 þ 4σδΨ3 þ Ψ0½μðμ − 7γ þ γ̄Þ þ νðᾱ − β − 3τÞ þ ν̄ð4α − πÞ þ 4γð3γ − γ̄Þ − λλ̄

− 4Δγ þ Δμþ δν� þ 2Ψ1½2νσ − ν̄ðϵþ 2ρÞ þ λ̄ðπ − αÞ þ ðγ̄ − 2γÞðβ þ 2τÞ þ ðμ − γÞð5τ − ᾱþ 2βÞ
þ Δβ þ 2Δτ þ δγ − δμ� þ 3Ψ2½κν̄þ λ̄ρþ σð3γ − γ̄ − 3μÞ þ τð3τ − ᾱþ βÞ − Δσ − δτ�
− 2Ψ3½κλ̄ − σðᾱþ β − 5τÞ − δσ� þ 2Ψ4σ

2 þ DDΨ̄4 − DδΨ̄3 − δDΨ̄3 þ δδΨ̄2 − 4λ̄δΨ̄1 þ 5λ̄DΨ̄2

þ σΔΨ̄2 þ ðᾱ − β þ 6π̄ÞδΨ̄2 þ ðβ − 3ᾱ − 7π̄ÞDΨ̄3 − κΔΨ̄3 þ ðϵ − 5ϵ̄þ 3ρ̄ÞδΨ̄3 − σδ̄Ψ̄3

þ ð7ϵ̄ − ϵ − 2ρ̄ÞDΨ̄4 − κ̄δΨ̄4 þ κδ̄Ψ̄4 þ 2Ψ̄0λ̄
2 þ 2Ψ̄1½λ̄ðᾱþ β − 5π̄Þ − ν̄σ − δλ̄�

þ 3Ψ̄2½κν̄þ λ̄ð3ϵ̄ − ϵ − 3ρ̄Þ þ μ̄σ þ π̄ðᾱ − β þ 3π̄Þ þ Dλ̄þ δπ̄� þ 2Ψ̄3½2κ̄ λ̄−κð2μ̄þ γ̄Þ
þ σðτ̄ − β̄Þ þ ðρ̄ − ϵ̄Þð2ᾱ − β þ 5π̄Þ þ ðϵ − 2ϵ̄Þð2π̄ þ ᾱÞ − Dᾱ − 2Dπ̄ − δϵ̄þ δρ̄�
þ Ψ̄4½κð4β̄ − τ̄Þ þ κ̄ðβ − ᾱ − 3π̄Þ þ ðρ̄ − 4ϵ̄Þðϵ − 3ϵ̄þ ρ̄Þ − σσ̄ þ 4Dϵ̄ − Dρ̄ − δκ̄��; ðD6Þ

the mm̄-projection is

0 ¼ −4a½Φ21Ψ1 þΦ12Ψ̄1 − 2Φ11ðΨ2 þ Ψ̄2Þ þΦ01Ψ3 þΦ10Ψ̄3� þ 2

�
1

k
þ 2bR

�
Φ11 þ

1

k

�
Λ −

R
4

�

þ 2b½ðγ þ γ̄ − μ̄ÞDR − DΔR − ΔDRþ ðρ − ϵ − ϵ̄ÞΔR − ðα − β̄ − π þ τ̄ÞδRþ ðπ̄ − τÞδ̄Rþ δ̄δR�
− 4a½δ̄ΔΨ1 − DΔΨ2 − δ̄δΨ2 þ DδΨ3 − λΔΨ0 − νδ̄Ψ0 þ 2νDΨ1 þ ð2π − αþ β̄ÞΔΨ1 þ λδΨ1

þ ð2μ − μ̄ − 2γÞδ̄Ψ1 þ ðμ̄ − 3μÞDΨ2 þ ð2ρ − ϵ − ϵ̄ÞΔΨ2 þ ðα − β̄ − 2πÞδΨ2 þ ðπ̄ þ 3τÞδ̄Ψ2
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þ ð2β − π̄ − 2τÞDΨ3 − κΔΨ3 þ ðϵþ ϵ̄ − 2ρÞδΨ3 − 2σδ̄Ψ3 þ σDΨ4 þ κδΨ4 þ Ψ0½λð4γ − μþ μ̄Þ
þ νðα − β̄ − 2πÞ − δ̄ν� þ 2Ψ1½γðα − β̄ − 2πÞ − λðβ þ π̄ þ 2τÞ þ μðβ̄ − αþ 2πÞ þ μ̄ðα − πÞ þ νðϵþ ϵ̄ − 2ρÞ
þ Dν − δ̄γ þ δ̄μ� þ 3Ψ2½κνþ μð2ρ − ϵ − ϵ̄Þ − μ̄ρþ ππ̄ þ λσ þ τð2π − αþ β̄Þ − Dμþ δ̄τ�
þ 2Ψ3½κðμ̄ − 2μ − γÞ þ ϵðβ − τ − π̄Þ þ ϵ̄ðβ − τÞ þ ρðπ̄ − 2β þ 2τÞ þ σðα − β̄ − 2πÞ þ Dβ − Dτ − δ̄σ�
þ Ψ4½κð4β − π̄ − τÞ þ σðϵþ ϵ̄ − 2ρÞ þ Dσ� þ c:c:�: ðD7Þ
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