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ABSTRACT

Effect of cold plasma on the form of rays propagating in the equatorial plane of a rotating black hole is investigated. Two kinds of regions
in the radius-impact parameter plane allowed for the rays are constructed: for radiation with a given frequency at infinity and for radi-
ation with a given “telescope frequency” seen by a local observer. The form of allowed regions for locally nonrotating observers as well
as observers falling freely from infinity is established. The allowed regions contain rays which directly reach the horizon, or there exists a
“neck” connecting the forbidden regions such that the rays coming from infinity cannot reach the horizon. In case we considered a set of
observers at various radii instead of the neck we find two different regions - from one the rays reach the horizon and not infinity and from
the other one they reach infinity, but not the horizon. The results are analyzed by analytical methods and illustrated by figures constructed
numerically.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0200901

I. INTRODUCTION

It is widely acknowledged that in 1911 Albert Einstein, in his best known paper written during his Prague stay, addressed the
question of the influence of gravity on light (“Uber den Einflufl der Schwerkraft auf die Ausbreitung des Lichtes”) and suggested that
the bending of rays moving close to the Sun should be observable. Less is known that Einstein had derived the lens equation, pred-
icated the double images and the magnifications in the year 1912, as documented in his notebook written during his visit of Berlin
from Prague. As a consequence of many significant developments in both theory and observations, the effects of gravity on the light
propagation have become subject of numerous studies. For very comprehensive reviews on gravitational lensing, see, for example,
Refs. 2-5.

In the following we do not address directly gravitational lensing, rather, we turn to more general question about the existence of allowed
regions for rays propagating in the gravitational field of a rotating (Kerr) black hole which is surrounded by a cold plasma.

Let us first mention works on light rays in the fields of black holes in vacuum. The pioneering study of the allowed regions for both
photons and free massive particles around a Kerr black hole in the equatorial plane were done many years ago by De Felice.® He determined
and analyzed the turning points in terms of impact parameter, and constructed also diagrams corresponding to various particle energies and
black hole angular momenta. Allowed regions in lensing problems around a Kerr black hole in vacuum were more recently discussed, e.g., by
Vazquez and Esteban’ and Gralla and Lupsasca.® The values of impact (“critical”) parameter for which circular light rays exist were derived
by Iyer and Hansen.” Their paper also includes the study of ray deflection angles, proving that there is the light bending asymmetry due to
hole’s rotation.

For related works on the photon escape cones from black hole’s vicinity, see Refs. 10-12 and a new comprehensive review by Ogasawara
and Igata."”

Only recently the light ray trajectories in Kerr spacetime were studied assuming also the presence of a medium in the spacetime (see, e.g.,
Refs. 14-16 and references therein).
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In the present paper, we study the allowed regions for rays in cold plasma in the vicinity of a Kerr black hole. Our basic parameters to
characterize the rays are the impact parameter at infinity and the frequency of radiation. In case of the frequency we distinguish two physically
distinct situations: either the frequency w is fixed at infinity, or we consider a given “telescope frequency” wo which is fixed by the requirement
that it is measured by a given observer located outside the horizon.

Unlike in the study of De Felice,® we investigate the turning points for rays around a Kerr black hole surrounded by a refractive and dis-
persive medium in geometrical optics approximation by using the elegant Hamiltonian formalism by Synge.'” This formalism was employed
in developing the radiation transfer theory in refractive and dispersive media in curved spacetimes by Bi¢dk and Hadrava,'® for example, and
it has been used recently in a number of studies to describe ray behavior in refractive and dispersive media in the vicinity of black holes. The
focus is usually on gravitational lensing, on black hole shadow etc. Let us mention just few examples. In the series of papers by Bisnovatyi-
Kogan and Tsupko, e.g., Refs. 19-22, the authors found the deflection angle formulas in dispersive media around a Schwarzschild black hole.
The form of the shadow of a Kerr black hole surrounded by plasma was derived by Perlick and Tsupko'* and further investigated by Chowd-
huri and Bhattacharyya.'® Fathi et al.'® used the separability condition for the Hamilton-Jacobi equation from Ref. 14, assumed some simple
ansatz for the radial and longitudinal dependence of plasma frequency, and calculated the light rays analytically in terms of elliptic integrals.
More generally, separability of the Hamilton-Jacobi equation and shadow in axially symmetric spacetimes with plasma was recently analyzed
in Ref. 23.

The dispersion of light rays around a Kerr black hole caused by the presence of a plasma with a power distributed density was studied by
Kimpson et al.”* Sareny and Balek™ investigated light rays in several models of plasma in the vicinity of a Kerr black hole.

In our work, we employ the distribution of nonsingular isothermal sphere*® for plasma. The distribution of a (non)singular isothermal
sphere lies somewhere between exponential and power-law distributions used as density models for spiral and elliptical galaxies, respectively.””
It is frequently used in the description of gravitational lensing by galaxies or clusters of galaxies.”® In such studies, the inhomogeneity para-
meter in the plasma distribution is by many orders of magnitude greater than the size of a typical black hole in the center of galaxy. We will be
interested in the effect of plasma on the propagation of radiation in close proximity of the black hole, therefore we will suppose the parameter
to be of the same order as the radius of the horizon. Note that in an accretion disc consisting of hot plasma,” the distribution of plasma in
the outer region, where the radiative transfer of energy is dominated by free-free transitions, is similar to the distibution inside a nonsingular
sphere far from the black hole (density of plasma is proportional to r~* in the nonsingular sphere, and approximately proportional to o8
in the disc).

In the following section the Hamiltonian method for rays in a curved spacetime with a (non-gravitating) medium described by a space-
time dependent and frequency dependent index of refraction # is introduced. The medium is then considered to be a cold non-magnetic
plasma characterized by the electron density N, and plasma frequency wj. In order to determine regions to which the light rays can prop-
agate, we have to make sure that (i) the Hamilton equations are satisfied, and (ii) the constraint of the vanishing Hamiltonian is fulfilled.
The latter condition guarantees that the index of refraction remains real along any given ray. The conditions are specified in the Kerr metric.
The frequency of the radiation as seen by a general observer is expressed, in particular for the observers locally non-rotating (LNRF) and for
observers freely falling from the rest from infinity.

In Sec. 111 allowed regions for the radiation with the fixed frequency as measured at infinity are analyzed in detail in analytic terms,
and specific examples are constructed numerically. First the vacuum case is considered, then plasma is added. As could be anticipated, the
forbidden regions are larger than in vacuum. This is well seen in the diagrams showing the radial coordinate a ray can reach when having
given impact parameter and frequency at infinity. Frequency can, of course, be negative as seen at infinity if a ray is close to the horizon and
cannot reach infinity. We pay a particular attention to the formation of “necks” in the radius and impact parameters plane which connect
forbidden regions.

In Sec. I'V a detailed analysis is devoted to the illustration of the allowed regions when a ray should reach a given LNRF observer with a
given frequency wo. In Appendixes A-D we give more detailed discussion of the formation of the neck in both cases when w or wy are fixed,
we investigate the allowed regions far/near to infinity, and provide the analysis of the allowed regions when LNRF observer’s position and the
impact parameter are given.

In Sec. V and Appendix E the allowed regions are analyzed for observers freely falling from the rest at infinity. Again, both analytical and
graphical and numerical results are presented. We give detailed explanations of the results by combining both analytical considerations and
number of figures constructed numerically. One can concentrate primarily on the introductions to each section and on the figure captions if
one does not wish to follow detailed “analytical” argumentations.

We use the system of units ¢ = G = 1 and the signature of the metric (- + ++).

Il. ALLOWED REGIONS FOR RADIATION IN A MEDIUM IN KERR SPACETIME

Consider an electromagnetic wave propagating in a refractive and dispersive medium with refractive index # in flat spacetime. Denote
the frequency and the wave vector of the wave in the rest frame of the medium by wn and kn, respectively. The dispersion relation in this
frame, |km| = nwm, can be rewritten in a Lorentz invariant form as

kz—(nz—l)me:O, Wm =—k-tm, (1)

where k* is the wave 4-vector and uf, is the 4-velocity of the medium. The equation stays valid, with the replacement My = &, for radia-
tion propagating in an inhomogeneous medium around a gravitating body in a curved spacetime, provided the wavelength of the radiation
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A is much smaller than the typical scale I on which gravitational field and the properties of the medium are varying (geometrical optics
approximation). In this limit, radiation propagates along rays, the paths in the spacetime given by the Hamiltonian of the form'”

H= —%[k2 - (n* - l)wzm]. (2)

The Hamiltonian is subject to the constraint H = 0. Rays can be viewed as worldlines of light signals, configurations of electromagnetic field
localized in a volume extended over many A’s, but still small in comparison with /.

The refractive index of a cold non-magnetic plasma can be expressed in terms of plasma frequency wy, which in turn is given by electron
number density N,

2 2
2 Wpl 2 e
n=1l--—2, wy= Ne. (3)
Wy EoMe
The resulting dispersion relation is
K+ wh =0, (4)

The Hamiltonian, H = -1 (K + wzpl), corresponds to a “particle” with variable mass m o< wy. If we identify momentum p,, canonically conju-
gated with spacetime coordinates x* with the covariant components of the wave 4-vector, p, = k, the 4-velocity of the light signal will be £*
= k¥, where the dot denotes differentiation with respect to the parameter of the ray. Note, however, that the physical momentum differs from
k*; in particular, for a single photon we have p’;hys = hk" and mppys = hwy.

Since the Hamiltonian for rays in cold plasma does not contain the frequency wm = —k - um, the propagation of light signals is not
affected by the motion of plasma. Still, frequency wr, enters the condition determining where the radiation can in principle be observed: the
rays can penetrate only regions in which # is real, i.e., the inequality wy > wy is satisfied. We would need to add this condition to the theory if
the form of the rays would be given just by Hamilton equations. However, the theory contains, apart from Hamilton equations, an additional
constraint that the Hamiltonian, of which we know from the equations only that it is conserved, is to be zero. As a consequence, the light
signals have w o, = (K2, + wzpl)l/ 2, 50 the condition wy, > wp is fulfilled automatically.

Consider Kerr metric in Boyer-Lindquist coordinates (x°,x',x% x*) = (t,7,6,¢) and suppose the space outside the horizon is filled
with plasma with the same symmetries as are those of the metric. The system has mirror symmetry with respect to the equatorial plane
(6 = m/2), which makes it possible for rays to lie entirely in that plane. Metric tensor restricted to the equatorial plane is block diagonal,

0
Qv = (ggB ), where A, B = 0,3, s0 k> = g*Pkakp + g117% and we can rewrite the dispersion relation (4) as
F481

i = —g" (" kaks + ). (5)

The covariant t- and ¢-components of the wave 4-vector can be written as ko = —w and k3 = wb, where w and b are frequency and impact
parameter, respectively, measured by distant observers (assuming the rays can reach them). For the given values of w and b, the signal can
arrive at the given radius r only if the rhs of (5) is non-negative, the zero value corresponding either to a turning point or to a circular orbit.
Kerr metric depends on two parameters: the black hole mass M and the Kerr parameter a (angular momentum per unit mass). If we
put M =1, denote u = r~! and introduce functions f=1-2u,9=1+ a*u? +2a*u® and D = 1 — 2u + a*1/?, the metric in the equatorial plane
becomes
ds* = —fdt* — 4ar”" dtd¢ + st d¢® + D' dr’.

Note that functions f, o and O satisfy the identity fof + 4a’u* = 9. By inserting for g*%, ko and ks, we obtain (denoting by superscript “o”
the vacuum case)

¢ Pkakp = —wziz, F=ar’ —4ar'b- b’
Dr
If we plug this into Eq. (5) and use g11 = 9, we find

2
- . w
#* = w*Fr 2, wherein plasma F = F - 9r2—gl. (6)
w
Light signals can propagate only in the regions in the (7, b)-plane with F > 0; they have turning points (+ = 0) at F = 0 and revolve around the
black hole on a circular orbit if, in addition to F = 0, F also satisfies F' = 0 (prime denoting differentiation with respect to r).
We are interested in regions in the (r, b)-plane accessible to rays in the equatorial plane of Kerr black hole surrounded by plasma with

the given electron number density N.. We consider two situations: (i) the light signal propagating along the ray has a fixed frequency w at
infinity, or (ii) it has a fixed “telescope frequency” wo seen by an observer with given 4-velocity 1", at the given radius ro. In the latter case the

90:¥€:81 G20z Ateniged gz

J. Math. Phys. 65, 082501 (2024); doi: 10.1063/5.0200901 65, 082501-3
Published under an exclusive license by AIP Publishing


https://pubs.aip.org/aip/jmp

Journal of

i : ARTICLE i -
Mathematical Physics pubs.aip.org/aip/jmp

spectrum of the light arriving at the observer, be it from distant sources (stars) or from a source close to the horizon, is supposed to spread
across all frequencies w, so that among the components of the light there is always one whose frequency in the observer’s frame is wo. For
plasma, we will employ the model of a nonsingular isothermal sphere used, for example, in Refs. 28 and 30, in which N o< (#* + 2)™". In the
problem with fixed “telescope frequency” we will consider first an observer at rest with respect to a given locally nonrotating frame (LNRF),
and then an observer falling freely from rest at infinity.

The 4-velocity of a particle moving in the equatorial plane is #* = T'(1,v,0, Q), where v and Q are radial and angular coordinate velocities,
v=dr/dtand Q = d¢/dt; T = dt/dx is the conversion factor between the time of distant observers ¢ and the proper time 7 of the particle. Let Q
and T be the angular velocity and the Lorentz factor of LNRF, Q = 2au’ /o, T = (4/D) 12 and  and I" be the (coordinate) radial velocity and
the Lorentz factor of a particle falling freely from the rest at infinity, ¥ = — @+/a/s/, where a = of — D = 2u(1 + a’u?), and [' = o//D. (This
follows from separated geodesic equations - see Ref. 31 for a detailed discussion, including the integration in this case.) Using this notation,
we have Vobs = 0, Qobs = Qo and Lops = Io (index 0 refers to the radius o) for a locally nonrotating observer, and vobs = V0, Qobs = Qo, and Tops
= Ty for a freely falling observer.

The frequency seen by an observer with the 4-velocity u”, is wo = —k - tops = WTobs (1 — Dy L obs 10 — Qobsb), where 7 is the rescaled radial

obs

velocity of light, 7 = 7 pp/w = ++/Fu (index “ph” stands for “photon”). For the locally nonrotating observer this yields
wo = wFo(l —Qob), (7)
and for the freely falling observer (£ = D' = —\/a/f) we obtain

wo = wfo(l - fol’[o - Qob). (8)

I1l. RADIATION WITH FIXED w

Consider first radiation in vacuum. The boundaries of allowed regions are given by the solutions to the quadratic equation F = 0, which
can be expressed in two equivalent forms,

1 —1 ﬂrl
=—(-2 +VIr)= —— . 9
f( o ") 2ar ' £V Dr ©)

Functions l;i coincide at the horizon, iJi =by = Q_hl atr=rp=1+V1-a’(the larger root of @ = 0), and approach asymptotes at the angles
+45° to the r axis far from the horizon, I;i ~ +r for r > 1. From the first expression in (9) we can see that the b_ root is falling to —oo and
rising to +oo as we approach the radius r = 2 (static limit) from the left and right, respectively. From the second expression in (9), on the other
hand, it is seen that the b, root stays finite at 7 = 2. As seen in Fig. 1, there are two distinct regions in the (7, b)-diagram forbidden for the rays
(regions where F < 0): the “upper corner” above b at r > 2 and between b, and b_ at r < 2, and the “lower corner” under b_ at r > 2. Outside
the corners there are two regions accessible for rays, region O between the corners at r > 2 and below the upper corner at r < 2, and region
Gy left to the upper corner at r < 2. Photon orbits are located at the lowest point of the upper corner (corotating orbit) and at the highest
point of the lower corner (counter-rotating orbit).

Frequency of radiation seen by an observer with vops = 0 is wWebs = @Lgbs (1 — Qobsh). This frequency is necessarily >0, hence we can
determine the sign of w at any given point in the (r, b)-plane by analyzing the interval of possible values of the angular velocity Qgps. Denote
by Q. angular velocities of co- and counter-rotating light signals in vacuum, kept on a path close to a circle with an arbitrary given radius
by a system of mirrors tangential to the circle and placed at equal distances from each other. The signals have, in the limit when the number
of mirrors goes to infinity, b = b., and their 4- velocity squared is uzph = —wipy + K ph < -1+ bQpp = 0. Thus, by are just inverses to Q. ; by

= 07!, The value of Qg falls between Q_g and Q., therefore, b/b 0 < Qopsh < b/b+o for b > 0 and Qpsb < b/b for b < 0. As a result, we
have different 51gns of w in different allowed regions: light signals have w > 0 in region @1 and w < 0 in region @y1. The radiation with @ < 0 is
a special case of a “particle” with a negative energy — a necessary ingredient of the Penrose process (see, e.g., Ref. 32, Sec. 33.7).

Now let us add plasma to the picture. Consider radiation with a fixed frequency w at infinity, positive in region @1 and negative in
region @y. The function defining the boundaries of the allowed regions is now shifted, F = F'— r*(*, where { = wy1/w. Equation F = 0 is
again quadratic, and its solutions b.. can be written in the form of the first expression in (9) with @ — (1 — f{*)P [Eq. (A1)]. We can see that
functions b, have the same asymptotes at r > 1 as functions iJi, by ~ +r, and that the asymptote of function b_, with b_ falling to —oo to the
right of it and rising to +oo to the left of it, lies at 7 = 2 just like that of function b_. However, the similarity between functions b- and b ends
there: b.., when compared to i)i, are pulled towards each other or entirely vanish at > 2, and are pushed away from each other at r < 2. As
a result, both forbidden regions expand, and there may even appear a neck between them, so that no ray, regardless of its impact parameter,
can pass from black hole to distant observers or vice versa. The formation of the neck is discussed in Appendix A.

As the forbidden regions expand, allowed regions shrink: instead of regions &1 and &y in vacuum we have smaller regions O and Oy
contained within them. The former region is divided into two parts in the presence of a neck, 014 on the lower left of the neck and 01z on its
right. Since O and Oy lie inside 01 and Oy, we have w > 0 in the former region and w < 0 in the latter one.
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FIG. 1. Allowed regions for rays in vacuum. Kerr parameter is a = 0.8 and radius of the horizon is r, = 1.6. Shaded areas bounded by the lines b, and h_ (“corners”) are
forbidden, free areas @) and O, outside them are allowed. The thin vertical line at r = 2 is the asymptote of the inner boundary of forbidden regions.
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FIG. 2. Allowed regions for rays in plasma with fixed frequency w at infinity. In addition to a = 0.8 we have r; = 1, r,,s = 1.8 (the reference circle lies halfway between the
horizon and the static limit) and g = 1, 3.5 in the left and right panel, respectively. Shaded areas are forbidden, free areas outside them, regions @, and O, in the left panel
and regions 4, O\ and Oy, in the right panel, are allowed. For comparison, the boundaries of forbidden regions in vacuum are shown, too, depicted by lighter lines inside
the shaded regions. The vertical line, located at the static limit just like in vacuum, is the asymptote of the inner boundary of the forbidden regions, separated from each other
in the left panel and connected by a neck in the right panel. Radiation has w > 0 in region @), divided into regions @4 and O in the right panel, and w < 0 in region O).

Function ( is proportional to wp1, hence to VN e S0, for our choice of plasma distribution, to (r2 + rzc)

“1/2 To fix the coefficient of

proportionality, we choose some radius rvf close to r, and some frequency ratio g = wplref/|w|, and write { = g/ R, where R = Ne/Ne s

= (P +12)/(#* + r%); the signs + and — refer to region O; and Oy, respectively.
Allowed regions for radiation with fixed w are shown in Fig. 2. As expected, forbidden regions in plasma are larger as compared with
those in vacuum. In the right panel g exceeds g_;, defined in Appendix A, therefore forbidden regions are connected by a neck.
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IV. RADIATION WITH FIXED wo: LNRF OBSERVERS

Consider a LNRF observer at r = ro, with the telescope adjusted to frequency wo. Then, we can use Eq. (7) to express { = wp/w in terms
of wy. In this way we obtain

{ = +qTo(1 - Qob)V' &, (10)

where g is the ratio of the plasma frequency on observer’s orbit to the absolute value of the telescope frequency, g = w0/ |wo|, Z is the electron
density ratio for et = 79, & = Ne/Neo = (15 + %) /(r* + %), and the sign in front of q equals the relative sign of @ and wy. (For the possibility
of wy < 0, see below.) In what follows we assume that q is independent of o so that observers set on different orbits have different telescope
frequencies, the less the larger the radius of the orbit; in such a way they are able to see the effect of plasma on the propagation of radiation
even at r > 1, where plasma is thin. If plasma is locally nonrotating, we have wmo = wo and the condition of real-valuedness of #n implies
that no ray can reach the observer unless g < 1. However, since # is real in the regions where F > 0 regardless of how the plasma moves, the
constraint on ¢ has to be satisfied in general case as well [as seen also from Eq. (D1), where there appears 1 — ¢* under the square root].

If we insert into F = F — 9r? (2 from (10), we see that F is quadratic in b just as in the case with fixed w, when { = const; however, all three
coefficients in expression F = k + 2Ib + mb® now become shifted, not just k [Eq. (B1)]. This manifests itself in the behavior of functions b,
solving equation F = 0. In particular, the shift in m implies that the asymptotics of by at r > 1 is modified to b, ~ £Cr, where C < 1, and that
the radius r, of the asymptote of function b_ shifts from r, = 2 to r, < 2. In Appendix B we show that C increases from 0 to 1 and r, increases
from 1y, to 2, as the radius of observer’s orbit ¢ increases from ry, to co. We also discuss there the case when the function diverging at r is b+
rather than b_.

Forbidden regions in the (7, b)-plane may be connected by a neck just as in the case with fixed w. The neck is formed in an interval of
r where A = I — km < 0 (the discriminant of equation F = 0 is negative). As shown in Appendix C, the neck is there for ro ~ ry, as well as for
ro > 1, but it disappears in some interval p,, < ro < p,5. The band connecting forbidden regions shrinks to a point at some radius r = p ,, as
ro approaches the value p,,, from the left, and at some radius r = p; > p,,, as ro approaches the value p, from the right. The values of the radii
(Poa>P4) and (pyp. pp) are discussed in Appendix C.

With wy fixed, we can either restrict to the rays that actually reach the observer, or to consider also “ghost rays” that bounce on their way
back to the observer, but have such frequency w and impact parameter b that their frequency measured by the observer, provided they reach
them, would have just the desired value. In the latter case we obtain allowed regions O and Oy similar in form to those in the problem with
fixed w. The frequency wo, however, must be taken with minus sign for some “ghost rays,” depending on the value of b when compared to the
limit impact parameter by, = Qg". By (7), wo o< (1 — b/bji, ), and since @ > 0 in O1 and w < 0 in Oy, we need to put wo < 0 in the upper part
of 01, where b > by, as well as in the lower part of O, where b < byip,.

Allowed regions for radiation with fixed wy are shown in Fig. 2. The areas bounded by thick lines are allowed regions for rays that
eventually reach the observer, either directly or after bouncing back. The remaining free areas outside the shaded corners, or shaded strip in
the case with a neck, are allowed regions for “ghost rays” that never arrive at the observer.

In the left panel, 7o is in the interval (p,,,p,y ), therefore the corners are separated from each other and rays can propagate freely from
infinity to the horizon and back within free band F. Outside F there are allowed regions bounded from one side: if ry is less than the radius
at which b; has minimum, as in the figure, rays can reach the observer from the regions Gy, G1_ adjacent to F and (not seen in the figure)
region Gy separated from F, all bounded from outside. In the right panel, rq lies outside the interval (p,,, p,; ), hence the corners merge and
rays accessible to the observer are restricted to regions G4 and Gy bounded from outside for ro < p,, (left part of the panel) and region G
bounded from inside for ry > Pog (right part of the panel). In the case with 7y < Poa> WE have g < g,,,» with g, defined in Appendix B; hence,
the asymptote at r = r, is approached by function b_.

Rays accessible to the LNRF observers, who are orbiting the black hole at different radii ro, occupy regions 6y and Oy in the (r0,b)-plane,
similar in form to regions O7 and Oy in the problem with fixed w and q < q_;, (left panel of Fig. 2), with the boundaries B.. given by equation
F(r =r9) = 0. As shown in Appendix D, functions B, are given by the second expression in (9), with r replaced by ry and with the function
under the square root rescaled as @y - /(1 - ¢*) [Eq. (D1)].

In the allowed regions in (ro, b)-plane there are two rays with the telescope frequency passing through each point, one directed towards
the black hole (with 7,0 < 0) and one directed away from it (with 7, > 0). Let us single out two distinct parts of the allowed regions by the
behavior of rays extended backwards in time, region Oy, in which at least one of the rays starts at the horizon and region O; in which at least
one of the rays starts at infinity (in the sense of limit) - see Fig. 4. Denote, furthermore, by Oy ; the intersection of 0}, and 0; and by 0}, and
O’ the parts of 0y, and O; outside of Oy, ;. Region Oy, ; consists of rays from the free bands in the (, b)-plane, like band F in the left panel of
Fig. 3, while regions 0}, and O} are composed of rays from allowed regions bounded from one side, like regions Gr, and G- in the left panel
of Fig. 3 and regions G4, Gy and Gy in the right panel of Fig. 3. If we denote by B the upper limit of 7 (minimum of b, ) and by B_ the
lower limit of F (maximum of b_ for r > r,), we can define Oy, ; as a region in the (7o, b)-plane bounded from above by the line 55, and from
below by the line B-. Note that the boundaries actually do not belong to O, since for rays with b = B. the access to the observer is free
from one side only; when arriving from the other side, the rays do not get past the peak of the forbidden corner standing in their way. Since
the radii R, where b, has minimum and b- has maximum, depend continuously on the radius o, and since Ry > o at ro = p,, and Ry < g
at 1o = pyp» 7o eventually passes through R, as well as R- as it rises from p,, to p ;. As a result, lines By touch lines B in some points P,
dividing the boundary of region @, ; into two segments where regions 0}, and O] are attached to region Oy ;, 0}, from the left and O from
the right. The position of points P as well as the behavior of functions B, B, in their vicinity are discussed in Appendix D.
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FIG. 3. Allowed regions for rays in plasma with fixed frequency wy seen by a LNRF observer. In additionto a = 0.8 and r. = 1 we have g = 2/3and ro = 1.8, 1.65 and 7.25
in the left panel, left part of the right panel and right part of the right panel, respectively. Shaded areas are forbidden regions in an extended theory with “ghost rays,” thin
lines inside them indicate where the forbidden regions lie in vacuum, solid vertical line is the asymptote of the inner boundary of forbidden regions and dotted horizontal line
represents bjim, the value of b dividing regions with “ghost rays” in the upper part of the diagrams into two parts with different sign of wy: in order that w has the right sign, wg
needs to be <0 above by, for r > 2 and under by, for r < 2 and b > by,. Position of the observer is marked by a bullet on the r axis, dashed lines depict rays at the moment
of arriving at the observer and areas within the thick lines, regions 7, G, and G,_ in the left panel and G4, G, and Gz in the right panel, are allowed regions for rays
reaching the observer. Region G, in the left panel and line byy, in the right part of the right panel did not make it into the diagram since they lie too high, the former at b > 25.7
and the latter at b = 276.5.

Allowed regions for rays seen by LNRF observers at various distances from the black hole are shown in Fig. 4.

Region Oy, consisting of O, ; in the center of 01, region 0} _ adjacent to it and region O}, = Oy disconnected from both of them, is
shown in the left panel. Region 0;, composed of regions Oy, ; and O, is displayed in the right panel. The Kerr parameter is less than critical,
a < Acrit, where acc is defined in Appendix D, therefore the point P is shifted to the left of the static limit. The boundary of region Oy ; is
not horizontal at points P, as it may appear from the figure; instead, as discussed in Appendix D, it is slightly inclined downwards at P, and
upwards at P_.

V. RADIATION WITH FIXED wo: FREELY FALLING OBSERVERS

As seen from Eq. (8), the ratio { = wpi/w for an observer falling freely from rest at infinity can be written as

C:qlﬁ‘o(l—&)]’]o—Qob)\/@. (11)

The expression is applicable only to rays that can reach the observer, otherwise the parameter 9 = +v/Fouo is purely imaginary. Thus, the
frequency wy is necessarily positive; unlike in the case of locally nonrotating observer, there exist no, “ghost rays” with wy = —|wo|. As a result,
parameter g can be defined just as g = wplo/wo and no + is needed in Eq. (11).

Function F = Fu’ satisfies the identity Fo = #, which can be written as a quadratic equation for #,: Ko + 2Lo#jo + Morjg = 0. We can
define allowed regions 6y and 6y in t}~1e (1o, b_)-plane by the condition Fy > 0 just as for the LNRF observers, however, now this inequality
is not saturated at the boundaries of O1 and Or. Therefore, if we want to determine the shape of these regions, we need to start from the
requirement that equation Fo = 71% has real solution, i.e., from the inequality do = L% — KoMy > 0. As shown in Appendix E, this leads to the
boundaries B, which are given by the same expression as the boundaries B, in the problem with LNRF observers, just with g replaced by gnr
=qlo/ [1 +q* (T3 - 1)] "2 1f we choose q as a function of ry so that gng = const, regions @1 and @y will have the same shape for freely falling
observers as for locally nonrotating ones. i

We have again, as in the problem with LNRF observers, two rays at each point of regions O and O1;; however, the rays now have rescaled
radial velocities n(()i) = (=Lo + v/80)/Mo which do not differ just by sign. They can even have the same sign: 11(()7) is negative in the whole
region O, including its boundaries, but 11(()” is positive in a smaller region, passing through zero at lines By where K = 0. In region Gy, on

the other hand, 11((,+) is positive everywhere and 115_) is negative outside the line B_. However, # o has sign different from 7, in region Oy,
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FIG. 4. Allowed regions in the (ro, b) plane for radiation seen by LNRF observers. Parameters a, r. and q are the same as in Fig. 3. Shaded areas are forbidden for rays
seen by the observer at the given radius ro, thin lines inside them are boundaries of the forbidden regions in vacuum [they look the same in the (rq, b) plane as in the (r, b)
plane, since the form of rays in vacuum does not depend on w), solid vertical line is the asymptote of the inner boundary of forbidden regions, region @y, in the central part
of the diagrams consists of rays that can reach observers from the horizon as well as from infinity, regions O, , in the left panel and region 7 in the right panel are composed
of rays that can reach observers from one side only, either from the horizon (regions (%, ) or and from infinity (region ©9), and points P.. divide the boundary of Oy, ; into
segments adjacent to these regions. Rays that can come to the local observers from the horizon form the region @, to the left of the thick line in the left panel, and rays that
can arrive at the local observers from infinity comprise the region O; to the right of the thick line in the right panel.

since it equals w#, and w < 0 there. Let us call rays with velocities 115” in region 01 and 115_) in region Oy “rays of class I,” and rays with the

other velocities “rays of class IL.” As suggested by the discussion of the signs of néi), the rays of class II, as well the rays of class I, lying between
the lines B. and B., are directed towards the horizon, while the remaining rays of class I are directed away from it.

Should we define regions Oy, and O; as before, we would have diagrams containing the rays of both classes I and II, with region Oy ;
divided into three zones, each with rays of different behavior.

We will consider the two classes separately, extending the definition of regions 0y, and O; by using rays prolonged in both directions in
time: the ray will be supposed to belong to region 0y, if it has, when maximally extended, either starting or ending point on the horizon, and
to region O;, respectively, if it has either starting or ending point at infinity.

Allowed regions for rays seen by freely falling observers at various distances from black hole are depicted in Fig. 5. In the left panel we
show the behavior of rays of class I, in the right panel - of class II. Regions 0}, and O; are displayed both in the same diagram, marked by
continuous and intermittent thick line, respectively. In Appendix E we explain how we determined those regions without having an explicit
expression for the boundaries of forbidden regions in the (r, b)-plane. If we return to the original definition of regions 0y, and 0;, the whole
region O, ; in the right panel, as well as the part of region Oy, ; lying between the lines B and By in the left panel, will pass to region O,
while the rest of region Oy, ; in the left panel will become a part of region 0},.

Since the rays with limit impact parameters B. have nonzero rescaled radial velocities 7jo = —~Lo/Mp, they do not bounce back as they
arrive at the observer; instead, rays coming from infinity bounce back after they pass by the observer and rays coming from the horizon
bounce back before that (as both have radial velocity ;ph,O = wfjp < 0). In addition, there are also rays which, rather than bouncing back,
proceed directly from infinity to the horizon. These rays form arcs P+ Pp. and P4 Ps-, marked by the black segments of thick lines in Fig. 5.
Similarly as the points Py and P_ in case of LNRF observers, arcs P4y Pp+ and Pa_Pp_ divide the boundary of region Oy ; into segments
where it borders on regions 0}, and 0.

For rays of class I, allowed region 01 between line B, and the lower line B_ contains a smaller region @& between line B, and the lower
line B_, where rays do bounce back when arriving at the observer. (As explained in Appendix E, in order that the latter region extends to
the horizon as in Fig. 5, §nr needs to be <1/1/2.) At lines By, region Oy, ; shrinks to a point. Thus, it is composed of two triangles and a
central part, attached to the boundaries of region &} at some points Q,, just as in the problem with LNRF observers region Oy, ; touched the
boundaries of region Or at points P.. For rays of class I, region Oy, ; is considerably wider than for rays of class I; it also does not stop at a

90:¥€:81 G20z Ateniged gz

J. Math. Phys. 65, 082501 (2024); doi: 10.1063/5.0200901 65, 082501-8
Published under an exclusive license by AIP Publishing


https://pubs.aip.org/aip/jmp

Journal of
Mathematical Physics

ARTICLE pubs.aip.org/aip/jmp

FIG. 5. Allowed regions in the (ro, b) plane for radiation seen by freely falling observers from rest at infinity. Parameter a is the same as in Figs. 1-4, parameter r is the
same as in Figs. 2—4 and parameter qyr coincides with q used in Fig. 4. Allowed regions for rays of class | (with radial velocity né”) and of class Il (with radial velocity
qé")) are shown in the left and right panel, respectively. The meaning of shaded areas, thin lines inside them and solid vertical line is the same as in Fig. 4, a new feature

are only lines B.. (dashed lines in the left panel), where velocity r]é+) changes its sign. Thick lines mark, as in Fig. 4, regions Oy, and Oj; both are now drawn in the same
diagram, boundary of @y, as continuous (“put on the top”) and boundary of @; as intermittent (“lying under it"). For rays of class I, region @y, contains, in addition to region
Ohns+i, regions O}, to the left of Oy, and region O; contains region O] to the right of O, just as in Fig. 4; for rays of class Il region Oy, extends all the way down to
the horizon and region O}, _ is divided into regions O}, _ 4 and O',__, adjacent to Oy, i from above and from below, respectively. Points P.., where region Oy, ; has touched
forbidden regions in the problem with LNRF observers, are stretched into finite segments, the same for rays of both classes (arcs P4+ P, and Pa_Pg_ marked by thick
black line). For rays of class |, broken arcs P4, P4_ and Pg, Pg_, forming together the boundary of @, i, merge at the points Q.. lying on the lines B...

finite distance from the horizon, but extends all the way down. The shape of allowed regions for rays of both classes I and II is discussed in
more detail in Appendix E.

VI. CONCLUSIONS

Using the Hamiltonian approach for tracing rays in curved spacetime possibly filled with dispersive and refractive medium, we studied
their behavior in the Kerr metric. We restricted to equatorial plane and focused on comparing the form of the regions accessible to rays in
vacuum case with the case when the black hole is surrounded by cold plasma. We assumed that plasma has distribution of an isothermal
nonsingular sphere with inhomogeneity parameter comparable with the size of the black hole and with the density large enough to affect the
propagation of radiation substantially.

In the presence of plasma, forbidden regions in the radius-impact parameter plane, the (r, b)-plane, become larger than in vacuum. They
can even develop a neck preventing rays from passing from infinity to the horizon and back. To understand these effects, note that the plasma
is acting on a ray repulsively if its density decreases with radius. Thus, rays are less bent in plasma than in vacuum, and since extremal values
of b at given r correspond to rays tangent to the circle with radius , plasma necessarily makes these values less in absolute value in case the
rays are coming from infinity. (If such a ray is straightened, it needs to enter gravitational field closer to the radial line parallel to it, in order
to get to the same distance from the source.) The neck connecting forbidden regions is formed when the repulsive effect is large enough to
cause signals coming from infinity to bounce back, even if they have impact parameter b close to zero. As for signals coming from the horizon,
it might seem that since they are dragged away from the black hole by plasma, no matter how small the repulsive effect is near the horizon,
they necessarily escape from the black hole. However, in the expression for radial acceleration of a light signal there appears, in addition to a
centrifugal acceleration proportional to b?, the term (with plus sign) proportional to 2. Since that term is less in the presence of plasma than
in vacuum, the effect of gravity is enhanced by the presence of plasma, and if the plasma is dense enough, signals coming from the horizon
bounce back.

We considered also observers located at various radii ro, equipped with telescopes with a given frequency wo, and constructed allowed
regions for rays with that frequency. LNRF observers were supposed to have frequency wy proportional to the local plasma frequency, while
for freely falling observers we added an extra factor rising to infinity as the observer’s Lorentzian factor I'y, as the horizon is approached.
Frequency of light signals with the extremal values of b blue-shifts by a factor of order I'y as we pass from the LNREF to the freely falling frame,
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hence it needs to be finite in the LNRF, just like the telescope frequency with LNRF observers. The frequency is blue-shifted despite the fact
that the observer is moving away from the source, because of the transversal Doppler effect. However, rays coming from infinity can reach
the horizon only if their impact parameter is separated by a finite gap from the maximum b in the region with positive frequency at infinity w;
and with such b, rays with the velocity directed to the black hole are redshifted rather than blueshifted by the transition from the LNRF to the
observer’s frame. Their redshift is quite substantial, of order I';", so that their frequency in the LNRF is of the same order of magnitude as the
Lorentzian factor [y = T§ of a freely falling observer.

In the diagrams with multiple observers we constructed regions in which at least one of the two rays passing through each point of
the diagram started at the horizon (region Oy,) or at infinity (region 0;). The setting with freely falling observers is more general than that
with LNRF observers, since the rays seen by them are independent of each other. For LNRF observers, the rays are related by a simultaneous
change of sign of coordinates t and ¢; thus, they are mirror images of each other with respect to the radial line drawn through the point of
observation, while their velocities are mirror images of each other with respect to the tangential line drawn through that point. As a result, the
starting point of each ray, obtained by extending it maximally backwards in time, coincides with the ending point of the other ray, obtained by
extending it maximally forwards in time, provided it passed by the observer without being detected. For freely falling observers the two rays
are not mirror images of each other, since the radial motion of the observer breaks the symmetry with respect to the tangential line. Thus, we
have two classes of rays that are not related by symmetry, one containing a subclass of rays directed away from the black hole and the other
consisting entirely of rays directed towards the black hole. By extending the rays in both directions in time we obtain a separate diagram for
each class. The diagrams look quite different from the one constructed with LNRF observers: the intersection of regions Oy, and 0; is a narrow
strip with ragged boundary, located close to the horizon, for rays of the first class, and a wide band with smooth boundary, reaching far from
the horizon on one side and adjacent to the horizon on the other side, for rays of the second class.

Regions Oy, and O; arise in the diagrams with multiple observers because of the presence of plasma; they reflect the fact that if the plasma
is sufficiently dense, there may appear necks in the diagrams with one observer. No such regions exist for rays in vacuum, whose form does not
depend on frequency. Thus, the shape of regions 01, and ©; may be regarded as a visualization of the interplay between strong gravitational
field and plasma as an example of a refractive and dispersive medium, as they act on radiation propagating through them.

The analysis can be extended outside the equatorial plane if the plasma has electron density depending on the coordinates  and 6 in such
a way that we have, in addition to the constants of motion w and b, also the constant of motion K (Carter constant), just like in vacuum. In Ref.
14 the shape of the shadow of a black hole is calculated for three plasma distributions of the desired form, and for an observer who sees the
photons of principal null congruences moving radially towards the black hole or away from it. The shadow is determined for radiation with
fixed frequency at infinity w, but the calculation can be easily modified to the case with fixed telescope frequency wo, we just need to multiply
the terms coming from wzpl in the equations for spherical rays by Q?, where Q is defined in terms of observer’s angular velocity Qg and Lorentz
factor [y as Q = To(1 — Qob). We have found that the region around the black hole where there exist spherical rays (photon region) as well as
the black hole shadow shrink substantially as we pass from radiation with fixed w to radiation with fixed wp.
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APPENDIX A: FORMATION OF NECK IN THE CASE WITH FIXED w

For radiation with fixed frequency w, let us find the condition for the formation of a neck between forbidden regions. Functions b, in
the case with fixed w are

b = }(—Zau VD), A=(1-GfR)D (A1)
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As mentioned in Sec. 111, this is just the first expression in (9) with @ multiplied by 1 - f¢* (since {* = ¢*%). Function % = f#
appearing in the definition of A can be written as

R o< (1-2u)u® /(1 +riud).

The function is positive for 0 < u < 1/2, it vanishes at both « = 0 and u = 1/2, and its derivative, d% /du o< 1 — 3u — r*u’, decreases monoton-
ically with u, crossing zero at some uc < 1/2. Thus, % has the maximum at r¢ = ug' > 2. Denote g crit = @El/ * Forq-= ;> the curves by and
b_ merge at rc; in fact, they develop spikes directed against each other, whose tips touch at rc. The reason is that in the vicinity of r = r¢ the
function A is proportional to 82, where 8 = r — r¢, so that functions b, assume the form by = A + B + C|é), and as a result, have spike-like
minimum and maximum at § = 0. For g > q_,,» A becomes negative in some interval (r4,7s) containing rc, the larger the greater the value of
¢; therefore, the two regions inaccessible for rays become connected by a neck that extends from r4 to rp. For the parameters used in Fig. 2
we have rc = 3.104, which yields %¢ = 0.1418 and . = 2.656. Note that the interval (ra,s) lies entirely above r = 2 for any g > g_,, since
A= (1+|f|¢*)@r* > 0 for r < 2. For q = 3.5 (the value used in the right panel of Fig. 2), the neck extends from r4 = 2.268 to g = 5.727.

APPENDIX B: ALLOWED REGIONS FAR FROM THE HORIZON AND CLOSE TO IT IN THE CASE WITH FIXED wqo

For radiation with fixed frequency wo seen by a LNRF observer, function F determining allowed regions has the form F = k + 21b + mb?,
where coefficients k, I, m can be expressed in terms of function Q = gI'o\/2Rr as

k=g’ -Q, 1=-2au+QQy, m=-f-Q0; (B1)

Solutions to equation F = 0 are by = —(I++/A)/m, where A = I — km.

For r > 1, Q approaches the value Q. = gloro+, where 1y = (r2 + rzc)l/z; hence, F can be written as F =% + 2Q2% Qob — (1+ Q4 Qé)bz
and the solutions to the equation F = 0 in the leading order in r are by = +Cr, where C = (1 + Q% Qg)fl/ 2. Since C < 1, the wedge-like band
between the forbidden regions narrows down if we fix wp instead of w.

In order to determine the behavior of constant C as a function of o, let us express constant § = Qoo Qo appearing in the definition of C as

q o< ro+u(3,/\/ 0Dy = 1o+ (V10AcDy),

where A = ofr® = * + a’r + 2a® and D = @r* = +* - 2r + a*. The expression for § can be written as a product of functions 7+ /r, \/r/A and
1/ /D, evaluated at r = ro; and since function . /7 obviously decreases with r for all 7 > 0, while functions A/r and D can be shown to increase
with r for r > r,, constant § decreases and constant C = (1 + qz)*l/ % increases as ro goes from 7y, to oo. The former constant decreases from
oo to 0 for ry increasing from 7, to oo, hence, the latter constant increases from 0 to 1. For the parameters used in Fig. 3 we have C = 0.681
(left panel) and 0.9997 (right part of the right panel).

Consider now the radius r, at which either b_ or b; has an asymptote. The value of r, is given by the equation m, = — f, — Qﬁﬂ.é =0,ie.,
fo = =42D, /72, (since Q = Qoo/D/r+). Function f is negative only for r < 2 so that the asymptote lies necessarily there; and since it is located
at r = 2 in case with fixed w, the inner borderline of forbidden regions, or region in case with a neck, shifts towards r,, as we fix w instead of
w.

Function - f falls from a positive value to 0 as r rises from 7y, to 2, while function D/r can be shown to rise from 0 to a positive value.
Thus, the asymptote is the closer to the static limit the smaller the value of g; and since g falls from oo to 0 as ry rises from r, to oo, the
asymptote shifts with increasing ro from ry, to 2. For the parameters used in Fig. 3 we have r, = 1.836 (left panel) and 1.691 (the left part of
right panel).

For radiation with fixed w we had r, = 2 and the divergent function was b_, just as in case without plasma. Now we have r, < 2 and the
divergent function may be by, too: it is b- if I, < 0 and b, if I, > 0. In the latter case, forbidden regions are necessarily connected with a neck
and the way their boundary approaches the asymptote at r = r, is reversed as compared with the former case: function by is falling to —oo to the
left of the asymptote and rising to +oo to the right. Let us write I, = —2au, — fa/Qo o< Ay — 1, where A = —f/(2aQou) = Ag(2 - r)/(4a). As r

rises from ry, to 2, A falls linearly from Ay, = Aory—/ (4a2) to 0, where ry,_ is the radius of the inner horizon, rn_ = 1 — /1 — a* (the smaller root
of & = 0). It can be easily proven that A, > 1, so that A > 1 below some radius r; > ry; explicitly, r1 = 7, + rp— (1 — 1/Ay). For the parameters
used in the left part of the right panel of Fig. 3 we have r; = 1.625 < r, = 1.691; thus, the function diverging at r, is b_. Note that in order that

the diverging function is b, the parameter g needs to satisfy ¢ > qrev = (ToQ0) ™' \/~f1/(D1Z%1) (“rev” stands for “reversed”). In our case q,,,
=1.421,sothatg < q,,.

APPENDIX C: FORMATION OF NECK IN CASE WITH FIXED wq

In the case radiation has fixed frequency wo with respect to a LNRF observer, the discriminant of equation F = 0 is

A=(1-gTof+ B)D*,  fi = f +4ar ' Qo — O, (C1)
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If forbidden regions in the (r,b)-plane are connected by a neck, the radii 74 and rp, where the inner edge of the neck is farthest from the
horizon and the outer edge is closest to it, are given by the equation X = 0, where X = 1 — ¢°I{ f+ 2 is the extra factor by which A differs from
A = @r* [see Eq. (C1)]. While in case with fixed o the neck forms only for large enough g, now it can exist for arbitrary g, provided 7o lies
outside a certain interval (p,,, o,z )- To see that, consider asymptotics of X for 7o ~ ry and ro > 1.

Close to the horizon, ate = r — r, < 1, we have =2V 1 — a’ u2h£ = uzhé, and the value of function &/ at the horizon is &}, = 4u2h. Thus, if
the observer is shifted with respect to the horizon by & <« 1, their I-factor is Ty = (&/},/ SZO)I/ = =28 12, furthermore, for the angular velocity
of the observer we have Qy = Q}, = Eau h- As seen from these expressions, function X reduces close to the horizonto X =1 — 4q2$33 ! f+, where
rfy=r—2+4aQ(1-1a 'AQ)=r-2+ 2a%up(1 - tupA)=[1- iu2(3 +a*u})]e = Ce. (We have used the fact that if ry as well as r are
~ rp, then & =1.) As a result, for g <« 1 there exists a neck in the (r,b)-plane with the inner edge bent away from the horizon up to es
= iq_z(rh/C)éo. If we denote & = \/ 1 — a%, we have & = 2ago and 411, C = (4 — 3a*)r}, — a* = 2ar, (as seen by writing ry as 1 + &); hence, 4
= g 2¢y. Note that from the expansion of F up to the first order in ¢ it follows that the asymptote of b_ is shifted with respect to the horizon by
the same value, &, = g 2¢y. Thus, if we want to check that 4 > ¢, (the point where b_ merges with b, lies beyond the asymptote of either b_
or by), we need to proceed to the next-to-leading order in &.

In the opposite limit, when ry > 1, we have Tg = 1 and Qo = O(ug) if, moreover, r ~ ro, we have also fy =1 and # = réuz. Thus, the
asymptotics of function X far from the horizon is X = 1 — g*r¢u%; and, consequently, there exists a neck in the (r, b)-plane with the outer edge
bent towards the horizon down to rp = gr,,.

The values of ro for which the neck shrinks to a point, along with the values of r where the point is located, are given by equations X = X’
= 0. The first equation is just g°T3 f+ 2 = 1, while the second equation can be written as a cubic equation for u = r™",

(f+R) o (1-aQo)’u(3+ru’) - (ri—a’)Qg - 1= 0.

If we express u as function of Qy by Cardano’s formula and solve equation X = 0 with this u inserted into it numerically, we obtain two pairs
of values (ro,r). For the parameters used in Fig. 4 these values are (p,,,p,) = (1.726,2.176) and (pyp p5) = (6.769,3.080). As seen from
our analysis of the limit cases ro ~ r, and ro > 1, forbidden regions develop a neck for ro < p, as well as for ro > p; hence, for ro from the
interval (p,,,p,5) they are necessarily separated by a free band. Moreover, the fact that the interval (p,,p,) lies entirely inside the interval
(Pos>Pop) Suggests that the inequalities e4 = ¢~ &9 > & and 5 = gr,, < o, obtained in the limits ro ~ r, and ro >> 1, stay valid all the way from
o =Ty up to o = py, and from r¢ = co down to r¢ = Pop- This is easily verified numerically, because equation X = 0 is cubic in r, therefore we
can once again use Cardano’s formula to express its solutions, radii r4 and rp, analytically as functions of r.

APPENDIX D: CONSTRUCTING ALLOWED REGIONS IN THE (ro, b)-PLANE

Let us find functions B, = bi(ro) for a LNRF observer. Define F = Fu? = F — D, where F=Fu?=o - 4au’b - fu ’p? and { is given
by Eq. (10). If we rewrite F as F = o/(1 — Qb)? — Du*b* | of, we obtain Fy = é?{oKO Doudb? |y, where ko = 1 — Qob. [The expression for F
which we have started from follows immediately from the identity f</ + 4a*u* = 9, but it can also be obtained by rewriting the 2D metric
as dsz = —dt* o + oAr*d$?, where d = d¢ Qdt, and by regarding the formula F = —wiZQZgABicAicB with k4 = w(~1+ Qb, b).] Since &
= ¢°ToKg = q*doig | Do, we find Fo = (1 - ¢*) oy — Dough® [y o< Fo(Do — Do/ (1 - ¢*)), and by putting this expression equal to zero we
obtain

2
B. = oty . (D1)

2ary ' + VDo/(1 —qz)ro

Functions By have the asymptotics By = +\/1—g*r for ro > 1. Furthermore, the asymptotics of Fy for b— oo is Fy
= [(1 - ) Ao — Douy® /do]b2 o< [1 - q* - Dory | (4a® )]bz; hence, the radius ro, at which function B_ has an asymptote is given by

VDoars,/(2a) = \/1 - ¢*. For the parameters used in Fig. 4 we have rg, = 1.874.

For any given ro from the interval (p,,,p,z) e can find the impact parameters By at the lowest point of the upper forbidden corner and
at the highest point of the lower forbidden corner in the (r, b)-plane, and by repeating this procedure for a sequence of nearby ry’s covering
the interval (p,,,p,z) We can construct the lines By in the (o, b)-plane. The line - lies under the line B, inside the interval (p,,,p,;) and
merges with it at the end points of the interval; therefore, the two lines form a loop in the (7o, b)-plane. In region Oy ; inside the loop, rays
can reach observers from both sides, from the horizon as well as from infinity, while at the boundary of 0y, ; (the line 90} ; composed of
B+ and B_) the rays arrive at the observers from one side only, either from the horizon or from infinity. Let us discuss the position of the
points P, separating the two parts of the d0y ; with opposite directions of the incoming light, and the behavior of the lines B, and B, in
their neighborhood.

As rg rises from p,, to p . the radii R+ and R-, at which function b, has minimum (radius R+ ) and function b has maximum (radius
R_), change from p,, to pp: the radius Ry first rises and then falls, while the radius R- first falls and then rises. Since p, > p,, and p; < p 5, both
radii necessarily equal ry at some point, the radius Ry at ro = Ro4 and the radius R at ry = Ro-. By the definition of points P, the radii Ro. are
the values of the radius ry at which these points are located in the (o, b)-plane. Obviously, functions B+ (ro) and B4 (o) coincide at ro = Ro+,
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and functions B_(ry) and B_(ro) coincide at ro = Ro—. The radii r = R, are given by equation 9,b.(ro,r) = 0 or, equivalently, by equation
OrF(r0,1,b)| oy, (1,,r) = 0- Thus, for radii ro = Ro+ we have equation 9,F(ro, 70, b)| g, (,,) = 0. To put this into a compact form, introduce new

variables x = fb + 2auand y = 1 — Qb and write functions F and 8,F as fF = D — x* — fQ*y* and 8,(fF) o< N G %a)2 B %szyz, where
Q =qIiDR,u=1(fD'r +a*) =r -3r +2r+ 1a’and Q°* = 1’ (f Q) = ¢’TGvR, v =1’ = 2r" + a° — fDr’ [r}. By combining equations
F(ro,70,b) = 0 (definition of B.) and 8,F(ro, 10, b) = 0, we obtain

1 1 1
cpiEgﬂo—(xi—ga)z‘gvo(l—Xi/Do)zo, (D2)

where X4 = x0(B+) = foB+ + 2aug. The desired radii are found by solving equations ®.. = 0 for ro; for the parameters used in Fig. 4 the radii
are Ros+ = 1.965 and Ry = 3.593.

Points P, are not just common points of lines B, and By; they are points of the tangency of those lines. This is clear from the very fact
that there is just one common point for each pair of lines, but it can be seen also from the behavior of functions B, (o) and By (7o) close to
Ro.. Consider functions with index +. Since B (7o) is the minimum of function b (ro, ), there must hold B+ > By in the neighborhood of
Ro.+; however, this can be satisfied for ro > Ro+ only if dB. /dro > d B+ /dry at Ro+, and for ro < Ro+ only if dBy /dry < d By /dry at Ros. Thus,
the derivatives of By and B, coincide at Ro-.

Equation @ = 0 has, in addition to solutions ro = Ro. depending on parameters a4, rc and g, also solution ro = 2 valid for all values of
parameters. Indeed, for 7o = 2 we have yg = %az, X, =aand Dy = %, so that . = iaz —(a- %a)2 = 0. However, this does not mean that
the radii R: merge with ry twice, once at the static limit, provided it falls into the interval (p,,,p,5), and once outside it. The reason is that
the coefficient of proportionality in the expression for 8, F contains factor ™2, so that the equation to be solved is actually f2®, = 0; and
since for ro ~ 2 it holds fy = &9/2 and @ = O(e3), where & = ry — 2, the equation is in the generic case not solved by ry = 2. If we introduce

constants ks = (p ¥ 1)/(p « 1), where p = 1/y/1 - %, and denote | = 2/r, (2) = 2/(4 + r2)!/, we can write the coefficients in @, = Ky¢2 as

1, 1 50 2 2 1] 31,
Ke=—-(1+-a")|2(1+= S e [
+=—( 2“)[( 59)a g S ket 5+ 50

The coefficients are both o< —a™2 for a ~ 0, and as a rises to 1, K_ stays negative, while K, crosses 0 at some di¢ < 1, provided g is not too
close to 1. If parameters r. and q are such as in Fig. 4, r. = 1 and q = 2/3, the critical value of a is dcric = 0.784. From the behavior of functions
@, at rg = r, and ro > 1 it follows that they cross 0 at ro > 2 if they touch the o axis from below at ro = 2, and at o < 2 if they touch the ry
axis from above. Thus, Ro— > 2 for all a’s and Ro+ > 2 for a < dcrit, but Ros < 2 for a > dcrit. The value of a used in Fig. 4 is a bit greater than
Acrit> that is why point Py is shifted a bit to the left of ro = 2.

The derivatives of B. and B, at ry = Ry are proportional to the function

(8, F)o = —2Q3Yy, Y= [(ro —a’uy)ro/Ao — (ro—1)/Do + ro/r§+]y +2a(3r5 +a*)b/AS,

evaluated at b = B,. The derivatives seem to be zero in Fig. 4, but in fact they are only almost zero. To see this, compare the radii Ro. to the
radii Ry, at which Y = 0: for the parameters used in Fig. 4 it holds Ro+ = 1.944 and Ro- = 3.580; hence, Ro is close to R+ and Ry is close
to Ro_. By combining the expression for (9y, F)o given above with the formula 9,Fy = —2(xo — Q3Q0y), we find that d B/dry = —0.0794 at ro
= Ro+ and d B/dry = 0.0074 at 7o = Ro-.

APPENDIX E: ALLOWED REGIONS FOR FREELY FALLING OBSERVERS

We are interested in allowed regions in the (ro, b)-plane for rays seen by freely falling observers. Function F = Fu* determining these
regions has again, as in the problem with LNRF observers analyzed in Appendix D, the form F = JF — @¢% however, { is now given by
Eq. (11). Let us write the additional term appearing in F due to the presence of plasma as D¢* = y(ko — &orjo)*, where ko = 1 — Qob and y
= g*T3DR. (If we wrote function F for a LNRF observer as quadratic polynomial in b, in the coefficients there would appear instead of
function Q?, function Q% = Q*u* = ¢*TsDR. Since y is obtained from this function by replacing Iy — Iy, we can write it as y = Q%) To
make formulas describing radiation seen by the two classes of observers more similar to each other, define an “effective LNRF parameter” qnr
= qfo/l"o = gT; then, y = qZNRFgS%R and yo = quRdo.

A new feature of the theory in the case with freely falling observers is the identity Fo = #3. The difference between the two sides of the
equation can be written as the polynomial Ko + 2Lo#o + Mo#g, where

Ky = —j‘—() + )/()Kg, Ly = —)/OEOKO) Mo=1+ )/ofg (E1)

The polynomial has two roots néi) = (=Lo = \/80) /Mo, where & = L§ — KoMy. Note that the coefficient in front of #3 can be written as M
=1+ w(1-T5%).

90:¥€:81 G20z Ateniged gz

J. Math. Phys. 65, 082501 (2024); doi: 10.1063/5.0200901 65, 082501-13
Published under an exclusive license by AIP Publishing


https://pubs.aip.org/aip/jmp

Journal of

i : ARTICLE i -
Mathematical Physics pubs.aip.org/aip/jmp

By plugging expressions for Ko, Lo, My into the definition of 8y we find 8o = Mo Fo — yoig. If we define a “modified effective LNRF

» -1/2
parameter” gnr = M,

gnr and introduce functions j = i]ZNRI%QZR and Fnr = F - )71(5, we can write 8 o< Fnryo; thus, rays can reach the
observer at r = ry with the desired frequency only if Fnrg > 0. From the analysis of allowed regions in the (9, b)-plane for LNRF observers
(see Appendix D) we know that parameter §nr must be <1 in order that there exists a non-empty class of rays that arrive at the observer with
the desired frequency, and the rays must have b from the interval(s) delimited by functions B. = B+(q — gnr) [see Eq. (D1)], in order that
they fall into that class. Which rays are allowed depends on whether rq is greater or less than radius 7o at which function B_ has an asymptote:
for ro > Foa the rays must have B_ < b < B,, while for ry < #a they need to have either b < B, or b > B_. Thus, similarly to the problem with
LNRF observers, there are two distinct allowed regions in the (ro, b)-plane: region 0 extended over all ry’s, with B_ < b < By for ry > 9. and
b < B, for ry < 7ou; and region O extended over the interval ry < 7o, only, with b > B_.

At the boundaries of regions @ and @y rays do not have turning points as in the problem with LNRF observers; instead, they have a
nonzero rescaled radial velocity 7, there, 7, < 0 at 90 and 7, > 0 at 9Oy Inside regions 61 and Oy we have two values of 17, assigned to each

point, one (11(()7) in O; and 11(()+) in Oyr) with the same sign as 7, at the boundary of the region and another (11(()+) in O; and 11(()7) in Oyr) with

opposite sign in a smaller region. In the latter case, the sign of 7, changes at lines B,. given by equation F nro = 0, where Fxr = F -y
As ry decreases from oo to r, g increases from 1 to oo, and as a result, gnr increases for the given g < 1 from ¢q to 1 (since §nr

= qNR/[l +gar(1 - 1"52)]1/2 = q/[(l — T + qz]l/z). If the value of q is fixed, the form of regions @ and Gy changes substantially in the
vicinity of the horizon in comparison with what we have obtained for LNRF observers: rather than merge at b = by, on the horizon, the regions

become separated by a gap between by, = bh/[l +(1- qz)_l/quh]. For the parameters used in Fig. 5, byy = 1.045 and by,_ = —2.188. (Thus,

the gap lays entirely under the merging point at by, = 4.) If we want to preserve the form of regions @1 and @1 as they look in the problem
with LNRF observers, we need to fix §nr rather than g; for ro decreasing from oo to r, we will then have g decreasing from gnr to 0 (since

q=qne/[(1-3%)T5 + qZNR]l/Z). Note that g, increases with decreasing ro from gnr to gnr/(1 - §3r)Y2, which is >1 if gxg > 1/3/2. For
such gnr the constant g, surpasses 1 at some rg i, > 1, which means that functions B, are defined only for 7o > ro i, — there is no change
of sign of 7, between ry and rqin. For the value gnr = 2/3 used in Fig. 5, functions B, are defined for all values of ro.

We want to determine the lines dividing the (¢, b)-plane into regions Oy, O}, and O}. For LNRF observers, we did it by computing
functions By, equal for each r¢ to the value of b at the lowest point of the upper forbidden corner and at the highest point of the lower
forbidden corner in the (r, b)-plane. Calculation of B, was straightforward, since equation F(r,79,b) = 0 for the boundaries of the corners,
lines b (7, o), was quadratic, and hence could be solved analytically. Now we have two classes of rays with different values of 7, — class I with

o = 113” and class II with 7o = 11(()_), so we have also two functions F,

F® =F(no = ﬂéi)) =F- ?(MalNng + fé FoF 2£0M0—1/2 j:llé}z{,oko), (E2)

where Ny =1 — yofg =1- qZNR(l - I‘az). Values of b satisfying equations F &) =0 are now solutions to quartic equation FO ) oy,
Even though there exists analytical solution in this case, too, it is not too practical to determine functions B, from it. Instead, we can compute
B for both 11(()+) and 11(()_) by looking for the values of b for which the minimum of F*) and F() crosses zero (which may or may not
happen for given ry).

The lines we are searching for were, in the problem with LNRF observers, just two parts of the boundary of region Oy ;, separated by
points P.. Now they are still parts of that boundary, but they are separated by finite segments of lines B.. rather than by points lying on them.
At the endpoints of these segments, points P4+ and Pp; on the line B, and points P4 and Pg- on the line B_, there are rays whose value of b
is either maximum (in points Pay, Pp+) or minimum (in points P4—, Pp_) among all rays coming to the observer with the desired frequency.
Rays in points P4. arrive from and rays in points P, head for the peak of the forbidden region in the (r, b)-plane. Thus, radial coordinates
of the peaks, radii R4+ and Rpy, differ from radial coordinates of the observers, radii Roa+ and Ropx: radii Ras are greater than Roa. and radii
Rp.. are less than Rop... For the parameters used in Fig. 5, we have (Roa+,Ra+) = (1.708,1.900), (Rop+, Rp+) = (2.405,1.919), (Roa—,Ra-)
= (2.859,3.644) and (Rop_, Rp_) = (4.548,3.624).

Line B Ef) lying on the border of the upper part of region ot

h+i
part of region @i:r)i, adjacent to the arc P4_Pp_, as well as lines B i_) demarcating region O

, adjacent to the arc P44 Ppy, line B ™ forming the boundary of the lower
(=)

h+1°
lines B(f) to B, and lines B*) to B_, just as in the problem with LNRF observers lines 3, were tangent to lines B.. To see why, consider
lines in the vicinity of point Pp,. In the vertical band of the diagram for rays of class I, where the boundary of region Oy, ; crosses the lines
ro = const three times, we have, in addition to forbidden corner, a separate forbidden region in (r, b)-plane bounded from both sides in the
form of a slant cigar. Rays with b = B on the right of the point Py, at ro > Rops+, bounce back from the lower edge of a forbidden corner after
passing by the observer, while those on the left of the point P, at ro < Rop+, hit the upper edge of a forbidden cigar. This leads, just as in the
problem with LNRF observers, to inequalities dB.. /dry > d B, /dro for ro — Rip, and dB. /dry < dBEr+) [dro for ro - Rgp... The difference
is that now for o passing through Rop+ from values >Rop+, forbidden corner first shrinks to a point and then stretches to a forbidden cigar,
while before, as ry passed through Ry, forbidden corner just shifted to the left without changing its form. However, numerical calculation

suggests that the transformation from a corner to a cigar, even though it seems discontinuous, is smooth enough to preserve the value of
dB/dr,.

are all tangent to the boundaries of region 01,
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In the problem with freely falling observers, regions Oy.; for rays of classes I and II look significantly different, each in its own
way, from region Oy, ; in the problem with LNRF observers. It is not only that, as we just discussed, they are attached to forbidden
regions at finite segments of their boundaries rather than touching them at a single point; region Oy, ; also shrinks to a point at a pair
of points Q, lying on the lines B, for rays of class I, and it is attached to the horizon in a finite interval of values of b for rays of
class IT.

As seen in Fig. 5, the boundary of @E;)i consists of two parts, broken arcs Pa; P4— and Pp, Pp_ intersecting at points Q, . The intersection
at Q_ has the form of a “straight cross,” the cross at Q, is “inclined” (the detailed numerics shows that in fact the arc Pp, Pp— at Q, is first
deflected slightly to the left and only then turns sharply to the right). In the vicinity of point Q_ there are two forbidden regions in the (r,b)-
plane, a cigar and an upper corner in a finite height above it, and as ry passes through the radial coordinate of point Q_, rq- = 3.494, the cigar
shrinks to a point and then stretches again, leaning to the other side than before. To the right of point Q,, there is a cigar and a lower corner
which approach each other as ry passes through the radial coordinate of point Q,, rq+ = 2.159, and at ry < rq4+ only the corner remains. Since

the left boundary of the central part of region @(htr)i turns to the right under the point Q,, minimum radii (7o, 7) in that region are just p(()z)
= p/(;r) = rq+. For maximum radii numerical calculation yields (p(();),pl(;)) =(3.966,3.161).

(=)
h+i
in vacuum. To see that, express additional term in F due to the presence of plasma as A F = —~k DR, where ko = gnrToko and &o = ko — o,

write the factor & for rays of class II as % = ko — & (—=Lo — /&) /Mo = [Ko +& (Mo F NR,O)I/Z]/MO, insert into the expression under the

The endpoints of the interval of b where region O} . is attached to the horizon coincide with impact parameters ZOJPhi of photon orbits

square root Fro = Fo — Jokg = (1 - Gk ) Hokg — Dougb?® | Ao (this is just the expression for Fy obtained at the beginning of Appendix D,
with g replaced by gngr) and take the limit ro — 4. It holds &}, = —sz(;l/z, Mp=1+qaw=1/(1- quR,h)l/Z (since gnr,h = (qoLo)(ro — 1)
=gnr/(1 - quR)l/z) and Fypn=(1- FfNR)Mh, so that &}, o< k}, — |xp| = 0 (since x, > 0 for b = l;phi). Thus, for & = ro/r, < 1 we have
%o = O(&), and since Ty = O(sgl/z), we have also ko = O(s(l)/z) and ky, = 0. We see that function F(r,7,b) reduces to F(r,b) at ro = rp;
therefore, functions B (o), defined by equations F(r,0,b) = 9, F (r,79,b) = 0, reduce to éphi at ro = ry,. For Kerr parameter a = 0.8 used in
Fig. 5, this yields extreme values of b for rays seen by an observer on the horizon (in the sense of limit) ( By, Bn-) = (3.237,-6.662). Finally,

since region o)

b+ ; is adjacent to the horizon, the radii from which radiation has access to the black hole are bounded only from above: for the

parameters used in Fig. 5, maximum radii (ro,7) are (pé;),pl(;)) =(11.378,3.067).
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