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In this work we study static spherically symmetric solutions of effective field equations related 
to local and nonlocal higher-derivative gravity models, based on their associated effective delta 
sources. This procedure has been applied to generate modifications of the Schwarzschild geometry 
in several contexts (e.g., modified gravity, string theory, noncommutative geometry, generalized 
uncertainty principle scenarios), but a general analysis of the possible equations of state and 
their influence on the solutions was still lacking. Here, we aim to fill this gap in the literature 
and investigate whether these metrics might be able to reproduce features of the solutions of 
higher-derivative gravity models. In particular, we present an equation of state such that the 
solution matches the Newtonian-limit one in both regimes of large and small 𝑟. A significant part 
of the work is dedicated to studying the curvature regularity of the solutions and the comparison 
with the linearized solutions. Explicit metrics are presented for effective sources originating from 
local and nonlocal models. The results obtained here might be regarded as possible links between 
the previous research on linearized higher-derivative gravity and the solutions of the nonlinear 
complete field equations, which remain unknown at the moment.

1. Introduction

Higher-derivative gravitational theories attract considerable attention due to their numerous applications in quantum gravity. 
Indeed, the simple integration of vacuum bubble diagrams of matter fields in curved spacetime produces curvature-squared terms in 
the effective action [1], while the inclusion of the same type of structures in the classical gravitational action of general relativity 
renders the quantum theory renormalizable [2]. Adding more derivatives to the action enhances the ultraviolet (UV) behavior of the 
quantum theory even more. In fact, terms quadratic in curvatures and polynomial in derivatives can make the theory superrenormal-
izable [3]. Theories with an infinite number of derivatives may also be (super)renormalizable depending on the choice of the action 
nonlocal form factor [4–7].
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The literature on models with more than four metric derivatives in the gravitational action has increased substantially in the 
last decade. This is motivated by the possibility of solving the contradiction between renormalizability and unitarity present in the 
original formulation of fourth-derivative gravity. Even though the quantum properties of these models are well understood nowadays, 
the same cannot be said about their classical solutions.

The aim of the present work is to systematically study a procedure for generating modifications of the Schwarzschild geometry 
inspired by higher-derivative gravity models and discuss the main features of the resulting metrics. Although these metrics are not 
solutions to the complete field equations of those models, they might reproduce characteristic properties of the fundamental solutions.

The underlying higher-derivative models we focus on belong to a large class of theories quadratic in curvatures, described by the 
action

𝑆 = 1
16𝜋𝐺 ∫ d4𝑥

√
−𝑔
[
𝑅+𝑅𝜇𝜈𝐹1(□)𝑅𝜇𝜈 +𝑅𝐹2(□)𝑅

]
, (1)

where 𝐺 is the Newton constant and 𝐹1,2(□) are form factors, analytic functions of the d’Alembert operator subjected to the con-
straint1 𝐹1 ≠ −3𝐹2. In what follows we list some popular choices of form factors and their respective quantum properties regarding 
renormalizability2 and the presence of ghost-like degrees of freedom:

(i) 𝐹1(𝑧) = 𝐹2(𝑧) ≡ 0 corresponds to the trivial case where we recover general relativity, which is a unitary but nonrenormalizable 
theory [8–11].

(ii) If 𝐹1,2(𝑧) are nonzero constants we meet the fourth-derivative theory, also known as Stelle gravity [2]. This model is renormal-
izable, but it is nonunitary due to the presence of a spin-2 massive ghost (if quantized using the standard techniques of quantum 
field theory). Recent proposals for solving the problem of the ghost in the context of fourth-derivative gravity can be found, e.g., 
in [12–16].

(iii) If 𝐹1,2(𝑧) are polynomials of degree 𝑁 ⩾ 1 the theory is superrenormalizable [3]. The unitarity problem in these models can be 
tackled by choosing form factors such that all ghost-like degrees of freedom have complex masses and performing the quantization 
à la Lee–Wick [17–22]. This subclass of polynomial-derivative gravity is also known as Lee–Wick gravity [20,21].

(iv) For nonlocal form factors of the type

𝐹2(□) = 𝑒𝐻2(□) − 1
□

, 𝐹1(□) = − 𝑒𝐻1(□) − 1
□

− 3𝐹2(□), (2)

where 𝐻1,2(𝑧) are entire functions, the propagator of the theory only contains the massless pole corresponding to the graviton. 
Thus, these models are ghost-free at tree level and, depending on the choice of the functions 𝐻1,2(𝑧), they can be (super)renor-
malizable [4–7].

Quadratic structures of the type 𝑅𝜇𝜈𝛼𝛽𝐹3(□)𝑅𝜇𝜈𝛼𝛽 and 𝑂(𝑅3
⋯) terms could also be included in the action (1) without substantially 

changing the general results concerning (super)renormalizability. Since the latter type of terms only affect the interaction vertices 
(and not the propagator), provided that they do not contain more derivatives than the curvature-quadratic part, they cannot spoil the 
renormalizability. On the contrary, by a judicious choice of these structures, the theories described in (iii) and (iv) may even become 
finite at quantum level [3,23]. As for the term quadratic in the Riemann tensor, it modifies both propagator and vertices in a very 
similar way to the structures in (1), and the analysis of renormalizability can be performed in an analogous manner (see, e.g., [3]). 
Nonetheless, the space of classical solutions can be significantly affected by the presence of these two kinds of terms in the action. 
For the sake of simplicity, we do not consider such terms in the present work; instead, we focus only on a particular class of the 
model (1).

The systematic search and study of spherically symmetric solutions in theories quadratic in curvature dates back to the 1970s [24–
27] (see also [28,29] and references therein for earlier considerations). Some authors have argued that the Schwarzschild solution is 
the only static, spherically symmetric, and asymptotically flat solution of fourth-derivative gravity in four dimensions (see, e.g., [30,
31]). However, in [32] it was demonstrated the existence of other solutions that deviate from the Schwarzschild one. After that, the 
properties of static spherically symmetric solutions in Stelle gravity became an active research topic [33–52]. The main results can be 
summarized very briefly as follows: In the complete fourth-derivative gravity, the solution that couples to a delta source contains a 
naked singularity; other solutions, corresponding to regular metrics, could describe wormholes. Event horizons may be present only 
in the particular case of Einstein–Weyl gravity.

With respect to the models with more than four derivatives in the action or with nonlocal form factors, most of the solutions found 
in the literature are in the linear approximation [53–76].3 The study of the theory in the Newtonian limit is certainly interesting, 
for it gives the large-distance behavior of the metric—which should coincide with the asymptotic limit of the non-approximated 
solution. The small-distance behavior of the linearized solutions has also been the subject of intensive studies, and it was shown 

1 This assumption ensures that the theory contains higher derivatives both in the spin-2 and spin-0 sectors, which is a necessary condition for renormalizability. 
Throughout this paper, unless otherwise stated, we always assume that 𝐹1 ≠ −3𝐹2 . Moreover, it is always assumed that 𝐹1,2 are such that the theories do not contain 
tachyons.

2 In general, for renormalization considerations, the action (1) should also include the cosmological constant and two terms that do not affect the classical equations 
of motion, namely, □𝑅 and the Gauss–Bonnet topological invariant.
2

3 See also, e.g., [77–81] and references therein for considerations of exact solutions, and [82] for a recent discussion on nonlocal modifications of the Kerr metric.
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that the modified Newtonian potential is bounded and the curvature scalars are regular in most of the higher-derivative theories. 
To be more precise, all models of the type (1) with nonzero 𝐹1(𝑧) and 𝐹2(𝑧) have a finite Newtonian potential [53,54]; while if 
𝐹1,2(𝑧) are nontrivial polynomials (i.e., the action has six or more derivatives) the model admits a regular Newtonian-limit solution, 
without singularities in the curvature invariants [55]. The generalization of these statements to nonlocal theories can be found in [56]. 
Basically, what is important for the absence of singularities is the UV behavior of the form factors [56,57]. If 𝐻1,2(𝑧) in (2) is such 
that 𝐹1,2(𝑧) behave like a polynomial of degree 𝑁 at high energies (like in the cases of Kuz’min and Tomboulis form factors [5,6]), 
the nonlocal theory reproduces the regularity properties of the corresponding (local) polynomial model. If 𝐹1,2(𝑧) grow faster than 
any polynomial (for large 𝑧), not only the curvature invariants are regular at 𝑟 = 0, but so are all the invariants that are polynomial 
in derivatives of curvature tensors (collectively known as curvature-derivative invariants [56,83,84]). For the detailed consideration of 
curvature-derivative invariants, see [56,83].

Even though the linear version of the theory does not seem to be the appropriate setting to investigate whether higher derivatives 
could resolve the singularity, it has been speculated that the solution of the full nonlinear theory might be regular as well. It was even 
ventilated that close to 𝑟 = 0 the gravitational field may be weak enough so that one could trust the linearized solution in a small 
region around the origin [85]—or, under certain circumstances, from far away up to the origin [76].

To the best of our knowledge, static spherically symmetric solutions of the full nonlinear equations of motion of curvature-quadratic 
gravity theories with more than four derivatives of the metric have been considered only in [86], based on the Frobenius method 
and numerical analysis of the field equations in models with up to ten derivatives.4 The conclusion of this study can be summarized 
as follows:

(I) All the solutions found are regular at 𝑟 = 0.
(II) There is a critical mass 𝑀c for the formation of a black hole. If 𝑀 <𝑀c the solution does not have an event horizon. On the 

other hand, for 𝑀 >𝑀c the solution possesses more than one horizon.

Moreover, it was speculated whether some appealing properties of the regular solutions of fourth-derivative gravity could be shared 
by their higher-derivative counterparts, namely:

(III) Nonlinearities are suppressed sufficiently close to 𝑟 = 0; the solutions behave like the weak-field ones.
(IV) The gravitational field is strong near the position of the horizons; in these regions, there is a transition between the linear and 

nonlinear regimes.

Last but not least, owing to the complexity of the equations of motion of higher-derivative gravity, the works [7,90–92] considered 
a truncated form of the field equations associated to specific models defined by the action

𝑆 = 1
16𝜋𝐺 ∫ d4𝑥

√
−𝑔
[
𝑅+𝐺𝜇𝜈𝐹 (□)𝑅𝜇𝜈

]
, (3)

where 𝐺𝜇𝜈 is the Einstein tensor. The action (3) corresponds to a particular class of theories of the type (1), namely, the ones whose 
form factors satisfy the relation

𝐹1(□) = −2𝐹2(□) ≡ 𝐹 (□). (4)

The truncation of the equations of motion is sometimes referred to as the propagator approximation, or smeared delta source approxi-

mation. Since the present work is devoted precisely to solutions of this type, the remaining part of this introductory section describes 
the procedure and the underlying assumptions.

Simply put, the procedure consists in a curved-spacetime generalization of the method for calculating the Newtonian potential 
of a pointlike source in higher-derivative models. It can be shown (see, e.g., [84] or Sec. 3 below) that in the Newtonian limit, the 
solution of the equations of motion associated to (3) only depends on one potential, 𝜑(𝑟). In fact, the linear limit metric written in 
Schwarzschild coordinates is given by

d𝑠2 = −[1 + 2𝜑(𝑟)] d𝑡2 +
[
1 + 2𝑟𝜑′(𝑟)

]
d𝑟2 + 𝑟2dΩ2, (5)

where dΩ2 = d𝜃2 + sin2 𝜃d𝜙2 and primes denote differentiation with respect to the coordinate 𝑟. The potential for a pointlike source 
is thus the solution of the modified Poisson equation (see, e.g., [55,84])

𝑓 (Δ)Δ𝜑 = 4𝜋𝐺𝜌, 𝜌(𝑟) =𝑀𝛿(3)(𝑟), (6)

where

𝑓 (𝑧) = 1 + 𝑧𝐹 (𝑧). (7)

In an equivalent form, 𝜑(𝑟) can be obtained by solving the equation
3

4 After the completion of the present work, aspects of solutions of such sixth-derivative gravity models were studied in [87–89].
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Δ𝜑 = 4𝜋𝐺𝜌eff , (8)

where

𝜌eff (𝑟) =
𝑀

2𝜋2𝑟

∞

∫
0

d𝑘 𝑘 sin(𝑘𝑟)
𝑓 (−𝑘2)

(9)

is the smeared delta source, which follows from the inversion of the operator 𝑓 (Δ) in (6).5 Therefore, Eq. (6) can be cast as a standard 
Poisson equation (8) with the effective delta source (9) (see, e.g., [57,84]). Hence, in flat spacetime, the effect of the higher derivatives 
may be regarded as inducing a smearing of the original delta source, through the nonconstant function 𝑓 (𝑧) in the integrand of (9).

The main idea, now, is to obtain a curved-space generalization of (8) to static spherically symmetric spacetimes in the form

𝐺𝜇
𝜈 = 8𝜋𝐺 �̃� 𝜇

𝜈 , (10)

where �̃� 𝜇
𝜈 is an effective energy-momentum tensor reproducing the effects of the higher derivatives with

�̃� 𝑡
𝑡 = −𝜌eff , (11)

being 𝜌eff the smeared delta source (9). In this way, like Eq. (8) yields the modified Newtonian potential, the metrics which follow 
from (10) can be interpreted as higher-derivative modifications of Schwarzschild, through the function 𝑓 (𝑧). In fact, if the higher 
derivatives are switched off, 𝑓 (𝑧) ≡ 1 and Eq. (10) results in the Schwarzschild solution.

The formula (10) can also be seen as a truncation of the full equations of motion for the theory (3) sourced by a pointlike source. 
Indeed, owing to the specific form of the higher-derivative structure in (3), it is possible to factor the operator 𝑓 (□) together with 
the Einstein tensor in the equations of motion, namely,

𝑓 (□)𝐺𝜇
𝜈 +𝑂(𝑅2

⋯) = 8𝜋𝐺𝑇 𝜇
𝜈, (12)

where 𝑇 𝜇
𝜈 is the matter usual energy-momentum tensor. Therefore, by discarding the terms 𝑂(𝑅2

⋯) of higher order in curvatures 
in (12) and taking the d’Alembertian in 𝑓 (□) in the flat-spacetime form, from the inversion of the operator 𝑓 (□) one can recast (12)
into (10) [7,85,90–95]. Although frequently used in the literature, this procedure of truncating the d’Alembertian (to obtain the 
invertible form that does not depend on the metric) is seldom discussed. In this respect, it was argued that these truncations of the 
original equation (12) might be compensated by imposing the conservation of the effective energy-momentum tensor, i.e., ∇𝜇�̃�

𝜇
𝜈 = 0

(see, e.g., [7]). This leads to the introduction of effective radial (𝑝𝑟) and tangential (𝑝𝜃) pressures in the effective energy-momentum 
tensor,

�̃� 𝜇
𝜈 = diag(−𝜌eff , 𝑝𝑟, 𝑝𝜃, 𝑝𝜃). (13)

As we show in the present work, although the spacetime configurations constructed in this framework are not likely the solutions of 
the complete field equations, they reproduce relevant aspects of the findings of [86].

In the present work, we study static spherically symmetric solutions to the system of equations (10), with the general line element

d𝑠2 = −𝐴(𝑟)𝑒𝐵(𝑟)d𝑡2 + d𝑟2
𝐴(𝑟)

+ 𝑟2dΩ2, (14)

where 𝐴(𝑟) and 𝐵(𝑟) are two functions to be determined. Differently from previous works [90,92], here we are interested in solutions 
with a nontrivial shift function, 𝐵(𝑟) ≠ 0. The motivation comes from the observation that the identity 𝜑(𝑟) = −𝑟𝜑′(𝑟) (which is 
valid in Einstein gravity) for the Newtonian potential does not hold in general for higher-derivative models, thus to reproduce the 
weak-field behavior (5) we need a metric with 𝑔𝑡𝑡 ≠ −𝑔𝑟𝑟.6

We mainly focus on form factors that grow at least as fast as 𝑓 (𝑧) ∼ 𝑧2 for large 𝑧. This corresponds to the smeared delta sources 
associated to models whose actions have at least six derivatives of the metric tensor [see (3) and (7)]. In the main part of this paper, 
we show that under some reasonable assumptions, the modified Schwarzschild metric that follows from the simple equation (10)
can reproduce the properties (I)–(IV) of the static spherically symmetric solutions of [86]. By imposing some physical requirements 
on the spatial part of �̃� 𝜇

𝜈 , we also show that for all form factors such that 𝑓 (𝑧) ∼ 𝑧2 or faster for large 𝑧, the solutions of (10) have 
curvature invariants without singularities. This result is at the core of a procedure to generate a large amount of regular black hole 
metrics.7

5 Some conditions must be imposed on the function 𝑓 (𝑧) for the integral (9) to be well defined. Namely, we assume that 𝑓 (−𝑘2) > 0 for 𝑘 ∈ℝ, 𝑓 (0) = 1, and that, if 
𝑓 (−𝑘2) is not trivial, it diverges at least as fast as 𝑘2 for 𝑘 →∞. These conditions represent constraints on the form factor 𝐹 (□). In particular, the former one avoids 
tachyonic poles in the propagator, and the latter ones restrict the type of weakly nonlocality (they are immediately satisfied in local models); see [57,84] for details.

6 See [88,89,96] for further evidences that solutions in higher-derivative gravity models might require a nontrivial shift function.
7 Several definitions of “spacetime regularity” exist in the literature, e.g., referring to the regularity of metric components or Christoffel symbols in a given coordinate 

chart, to the regularity of a set of curvature invariants, or to the geodesic completeness of the spacetime (see, e.g., [97–100] and references therein). As a matter of 
convention, in this work, we characterize a regular black hole by the absence of singularities in its Kretschmann scalar 𝑅𝜇𝜈𝛼𝛽𝑅

𝜇𝜈𝛼𝛽 . For static and spherically symmetric 
geometries, this also implies in the regularity of all the curvature invariants constructed contracting an arbitrary number of Riemann and metric tensors [101]. An 
extended definition of regularity, which also considers the absence of singularities in curvature invariants containing covariant derivatives of curvatures, will be 
4

discussed in Sec. 4.
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It is worth pointing out that the metrics we obtain here, regarded as higher-derivative modifications of Schwarzschild, are similar 
in spirit to the nonlocal modifications of the Kerr and Schwarzschild metrics recently studied in [82]. In fact, they are not solutions 
of higher-derivative gravity models, but encode higher-derivative modifications at equations whose original forms would result in 
the Schwarzschild metric. Our procedure, however, differs from the one of [82]; for instance, their modification of the Schwarzschild 
metric takes the form 𝐴(𝑟) = 1 + 2𝜑(𝑟) and 𝐵 ≡ 0 (in our notation).

Finally, let us mention that the formulation of the problem in terms of the effective field equations (10) with smeared delta 
sources is standard in several other approaches to quantum gravity such as noncommutative geometry, generalized uncertainty 
principle models, and string theory (see, e.g., [69,102–112]). Therefore, the detailed study of the solutions of Einstein’s equation (10)
with the effective source (9) is relevant not only for higher-derivative gravities but also for alternative models of quantum gravity.

The paper is organized as follows. In Sec. 2 we present the equations for the metric components 𝐴(𝑟) and 𝐵(𝑟), which follows from 
the effective field equations (10), and obtain their formal solutions depending on a generic form factor 𝑓 (𝑧). Then, a brief review of 
the linearized field equations and their solutions is carried out in Sec. 3. In Sec. 4 we discuss the curvature regularity of the solutions of 
the effective field equations on general grounds, i.e., without particularizing to specific form factors. We also discuss the effect of the 
nonlinearity of the field equations on the regularity of the solutions. From Sec. 5, the considerations start to become model-dependent. 
In that section, we study the general properties of the solution for 𝐴(𝑟), showing how the form factor 𝑓 (𝑧) can define the regularity of 
𝐴(𝑟) and the possible structure of horizons of the metric. The similar analysis for the function 𝐵(𝑟) is carried out in Sec. 6, where we 
discuss several choices of equations of state for the effective pressures and their influence on the solutions. In particular, in Sec. 6.4
we introduce an equation of state such that the solution of the effective field equations interpolates between a regular core, for small 
𝑟, and the Newtonian-limit solution at large 𝑟. Examples where the scenarios described in the previous sections can be explicitly 
visualized are presented in Sec. 7, which contains one case of nonlocal form factor and three cases of local higher-derivative gravity 
with increasing complexity (up to the case of the most general polynomial form factor, including an arbitrary number of complex 
and multiple roots). Finally, Sec. 8 contains a summary of the results and our conclusion. Throughout this paper, we use the same 
sign conventions of [84], and we adopt the unit system such that 𝑐 = 1 and ℏ = 1.

2. Effective field equations: the general solution for 𝑨(𝒓) and 𝑩(𝒓)

As mentioned in the Introduction, our discussion of the higher-derivative modifications of the Schwarzschild metric is based on 
the system of equations (10). On the left-hand side we have the Einstein tensor, whose nonzero components evaluated for the generic 
metric (14) are

𝐺𝑡
𝑡 =

𝐴′

𝑟
+ 𝐴

𝑟2
− 1

𝑟2
, (15)

𝐺𝑟
𝑟 =𝐺𝑡

𝑡 +
𝐴𝐵′

𝑟
, (16)

and

𝐺𝜃
𝜃 =𝐺𝜙

𝜙 = 𝐴′

𝑟
+ 1

2
𝐴𝐵′

𝑟
+ 3

4
𝐴′𝐵′ + 1

4
𝐴𝐵′ 2 + 1

2
𝐴′′ + 1

2
𝐴𝐵′′. (17)

Therefore, using the effective energy momentum tensor (13), the field equations (10) are equivalent to

𝐴′

𝑟
+ 𝐴

𝑟2
− 1

𝑟2
= −8𝜋𝐺𝜌eff , (18)

𝐴𝐵′

𝑟
= 8𝜋𝐺(𝜌eff + 𝑝𝑟) (19)

and

𝐴′

𝑟
+ 1

2
𝐴𝐵′

𝑟
+ 3

4
𝐴′𝐵′ + 1

4
𝐴𝐵′ 2 + 1

2
𝐴′′ + 1

2
𝐴𝐵′′ = 8𝜋𝐺𝑝𝜃. (20)

The first and the last equations are just the 𝑡𝑡 and 𝜃𝜃 components of (10), while (19) is obtained from the 𝑟𝑟 equation by subtracting (15)
from (16).

The formal solution for 𝐴(𝑟) can be directly obtained from Eq. (18). It only depends on the effective delta source, and it is given 
by

𝐴(𝑟) = 1 − 2𝐺𝑚(𝑟)
𝑟

, (21)

where the mass function

𝑚(𝑟) = 4𝜋

𝑟

∫
0

d𝑥𝑥2𝜌eff (𝑥) (22)
5

represents the effective mass inside a sphere of radius 𝑟.
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Given the solution (21) for 𝐴(𝑟), the function 𝐵(𝑟) can be obtained through (19). The formal solution reads

𝐵(𝑟) =𝐵0 + 8𝜋𝐺

𝑟

∫
𝑟0

d𝑥
𝑥
[
𝜌eff (𝑥) + 𝑝𝑟(𝑥)

]
𝐴(𝑥)

. (23)

The constant 𝐵0 = 𝐵(𝑟0) is responsible for a nontrivial time delay between the position 𝑟 and an observer at 𝑟0 (for more details, see 
the discussion in [97]). Of course, one can always fix 𝐵0 by imposing the asymptotic condition lim𝑟→∞𝐵(𝑟) = 0, so that the metric 
reproduces the Minkowski geometry at infinity—provided that the effective pressures tend to zero sufficiently fast for large 𝑟. The 
constant 𝐵0 can also be changed by a redefinition of the time coordinate 𝑡, and for these reasons hereafter we shall take its value 
according to the convenience without further elaborations.

Finally, since the solution for the function 𝐵(𝑟) depends on the choice of the pressure components of the effective energy-
momentum tensor 𝑇 𝜇

𝜈 , it is mandatory to comment on these other components. One of the simplest possible choices is to fix the 
effective radial pressure 𝑝𝑟 via an equation of state involving this component and the effective source 𝜌eff . In this case, both 𝐴(𝑟) and 
𝐵(𝑟) are directly determined in terms of the source 𝜌eff . Then, the component 𝑝𝜃 is given by the last equation of motion (20). This is 
completely equivalent to fixing 𝑝𝜃 using the effective conservation equation ∇𝜇�̃�

𝜇
𝑟 = 0, namely,

𝑝′𝑟 = −1
2

(
𝐴′

𝐴
+𝐵′
)(

𝑝𝑟 + 𝜌eff
)
− 2

𝑟

(
𝑝𝑟 − 𝑝𝜃

)
, (24)

from which one can easily determine 𝑝𝜃 once 𝜌eff and 𝑝𝑟 (and, consequently, 𝐴 and 𝐵) are specified. Indeed, if this equation is 
satisfied, the 𝑡𝑡 and 𝑟𝑟 components of (10) imply in (20). In Sec. 6, we discuss possible choices of equations of state in the form 
𝑝𝑟 = 𝑝𝑟(𝜌eff ), their motivations, and the properties of the corresponding function 𝐵(𝑟).

As a conclusion of this section, the solution of the effective field equations (10) can be expressed as

d𝑠2 = −
(
1 − 2𝐺𝑚(𝑟)

𝑟

)
exp
⎛⎜⎜⎝𝐵0 + 8𝜋𝐺

𝑟

∫
𝑟0

d𝑥
𝑥
[
𝜌eff (𝑥) + 𝑝𝑟(𝑥)

]
𝐴(𝑥)

⎞⎟⎟⎠d𝑡2 +
(
1 − 2𝐺𝑚(𝑟)

𝑟

)−1
d𝑟2 + 𝑟2dΩ2. (25)

3. Newtonian limit

Here we make a brief digression to show how to reproduce the Newtonian-limit metric (5) using the field equations (18)–(20). In 
the linear approximation we write

𝐴(𝑟)⟼ 1 + 𝑎(𝑟), 𝐵(𝑟)⟼ 𝑏(𝑟) (26)

and only keep quantities up to the first order in 𝑎(𝑟), 𝑏(𝑟) and their derivatives. Also, in the nonrelativistic limit, one sets 𝑝𝑟 = 𝑝𝜃 = 0. 
Thus, the linearized Eqs. (18) and (19) are

𝑎(𝑟)
𝑟2

+ 𝑎′(𝑟)
𝑟

= −8𝜋𝐺𝜌eff (𝑟), (27)

𝑏′(𝑟)
𝑟

= 8𝜋𝐺𝜌eff (𝑟), (28)

whose solutions are the functions entering the linearized version of the metric (14), i.e.,

d𝑠2 = −[1 + 𝑎(𝑟) + 𝑏(𝑟)]d𝑡2 + [1 − 𝑎(𝑟)]d𝑟2 + 𝑟2dΩ2. (29)

Since Eq. (18) is already linear in the metric function 𝐴(𝑟), there is actually no approximation involved in (27), which is only a 
rewriting of the former in terms of the function 𝑎(𝑟) = 𝐴(𝑟) − 1. Its solution is

𝑎(𝑟) = −2𝐺𝑚(𝑟)
𝑟

, (30)

with 𝑚(𝑟) defined in (22), while 𝑏(𝑟) is easily obtained from (28),

𝑏(𝑟) = 𝑏0 + 8𝜋𝐺

𝑟

∫
𝑟0

d𝑥𝑥𝜌eff (𝑥). (31)

Finally, since 𝜌eff , 𝑎(𝑟), and 𝑏(𝑟) are proportional to 𝑀 , the nontrivial component (24) of the continuity equation,

∇𝜇�̃�
𝜇
𝑟 =

1
2

(
𝐴′

𝐴
+𝐵′
)
𝜌eff =

1
2
(𝑎′ + 𝑏′)𝜌eff , (32)

is already 𝑂(𝑀2), implying that it is verified within the approximation.
The Newtonian potential 𝜑(𝑟) is defined through the relation
6

𝑔𝑡𝑡 = −[1 + 2𝜑(𝑟)] , (33)
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thus from (29) we obtain

𝜑(𝑟) = 𝑎(𝑟) + 𝑏(𝑟)
2

. (34)

Taking the derivative of the previous equation, we find

𝜑′(𝑟) = 𝑎′(𝑟) + 𝑏′(𝑟)
2

= −𝑎(𝑟)
2𝑟

, (35)

where we used (27) and (28). Therefore,

𝑎(𝑟) = −2𝜑′(𝑟)𝑟 and 𝑏(𝑟) = 2
[
𝜑(𝑟) +𝜑′(𝑟)𝑟

]
. (36)

Substituting these expressions in (29), we obtain the Newtonian metric in the form (5), presented in the Introduction.

4. Curvature regularity and suppression of nonlinearities near 𝒓 = 𝟎

Before discussing the general properties of the solutions for 𝐴(𝑟) and 𝐵(𝑟) obtained in Sec. 2, it is instructive to review what 
conditions such functions should satisfy to regularize the curvature and curvature-derivative invariants. We also elaborate more on 
the appealing idea that nonlinearities are suppressed close to 𝑟 = 0. We show that under some general assumptions on 𝐴(𝑟) and 𝐵(𝑟), 
the behavior of the curvature invariants for sufficiently small 𝑟 is, indeed, well approximated by the Newtonian-limit solutions.

4.1. Regularity of curvature invariants

The regularity analysis of the curvature invariants constructed only by contracting an arbitrary number of Riemann and metric 
tensors can be greatly simplified by noticing that any of such scalars can be expressed as a combination of the components 𝑅𝜇𝜈

𝛼𝛽 (i.e., 
as a sum of products of these components only, without the need of using the metric tensor) [101]. For a static spherically symmetric 
metric, 𝑅𝜇𝜈

𝛼𝛽 has only four independent components, which in the case of a metric in the form (14) are given by

𝐾1 ≡𝑅𝑡𝑟
𝑡𝑟 = −𝐴′′

2
− 1

2
𝐴𝐵′′ − 3

4
𝐴′𝐵′ − 1

4
𝐴𝐵′ 2, (37a)

𝐾2 ≡𝑅𝑡𝜃
𝑡𝜃 =𝑅𝑡𝜙

𝑡𝜙 = −𝐴′ +𝐴𝐵′

2𝑟
, (37b)

𝐾3 ≡𝑅𝑟𝜃
𝑟𝜃 =𝑅𝑟𝜙

𝑟𝜙 = −𝐴′

2𝑟
, (37c)

𝐾4 ≡𝑅𝜃𝜙
𝜃𝜙 = −𝐴− 1

𝑟2
. (37d)

If the four functions 𝐾𝑖(𝑟) are regular, all the curvature invariants without covariant derivatives are bounded as well.
In an equivalent way, one can use the Kretschmann scalar,

𝐾 ≡𝑅𝜇𝜈𝛼𝛽𝑅
𝜇𝜈𝛼𝛽 = 4𝐾2

1 + 8𝐾2
2 + 8𝐾2

3 + 4𝐾2
4 , (38)

to investigate the regularity of a whole set of curvature invariants. Indeed, since it is the sum of squares, for its regularity it is necessary 
and sufficient that all functions 𝐾𝑖(𝑟) are finite. Thus, if 𝐾 is bounded, all the 𝐾𝑖(𝑟) are bounded as well and, as a consequence, so 
is any scalar formed only by curvature contractions [101] (e.g., the scalar curvature 𝑅, the square of the Ricci tensor 𝑅𝜇𝜈𝑅

𝜇𝜈 , the 
square of the Weyl tensor 𝐶𝜇𝜈𝛼𝛽𝐶

𝜇𝜈𝛼𝛽 or any polynomial scalar constructed with them). However, from the practical point of view, 
in order to verify the regularity of a given metric, it is simpler to work with the short expressions in (37) rather than the one in (38).

To analyze the behavior for small 𝑟, let us assume that 𝐴(𝑟) and 𝐵(𝑟) are analytic8 around 𝑟 = 0 and apply the power series 
expansion,

𝐴(𝑟) =
∞∑
𝑛=0

𝑎𝑛𝑟
𝑛, 𝐵(𝑟) =

∞∑
𝑛=0

𝑏𝑛𝑟
𝑛, (39)

into the expressions for the functions 𝐾𝑖(𝑟):

𝐾1 = −𝑎2 − 𝑎0𝑏2 −
𝑏1(3𝑎1 + 𝑎0𝑏1)

4
+𝑂(𝑟), (40a)

𝐾2 = −
𝑎1 + 𝑎0𝑏1

2𝑟
− 𝑎2 −

𝑎1𝑏1
2

− 𝑎0𝑏2 +𝑂(𝑟), (40b)

𝐾3 = −
𝑎1
2𝑟

− 𝑎2 +𝑂(𝑟), (40c)

8 This is true for the solution (25) in the models this paper concerns, as shown in Secs. 5 and 6 below. For a discussion of the regularity of invariants with non-analytic 
7

metrics see, e.g., [83].
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𝐾4 = −
1 − 𝑎0

𝑟2
−

𝑎1
𝑟

− 𝑎2 +𝑂(𝑟). (40d)

Therefore, the regularity of the curvature invariants requires

𝑎0 = 1 and 𝑎1 = 𝑏1 = 0, (41)

or, in other words,

𝐴(0) = 1, (42)

𝐴′(0) = 𝐵′(0) = 0. (43)

In the next sections we show that these conditions are fulfilled for the general solution (25) in any theory whose form factor is such 
that 𝑓 (−𝑘2) ∼ 𝑘4 or faster for large 𝑘—for example, for effective sources of models that contain six or more metric derivatives.

To close this section, we briefly comment on the regularity of curvature-derivative invariants. As highlighted in Refs. [56,83], 
scalars that are polynomial in curvature tensors and their covariant derivatives can display a singular behavior at 𝑟 = 0 if the regular 
metric of the form (14) contains odd powers of 𝑟 in the Taylor expansion (39) of its components. Thus, some of the considerations 
can be stated in a simple form by using the definition of order of regularity of a function, as introduced in [56]:

Definition 1. Given a continuous bounded function 𝜉 ∶ [0, +∞) →ℝ, we say that 𝜉(𝑟) is 𝑝-regular for an integer 𝑝 ⩾ 1 if 𝜉(𝑟) is at least 
2𝑝-times continuously differentiable and the first 𝑝 odd-order derivatives of 𝜉(𝑟) vanish as 𝑟 → 0, namely,

0 ⩽ 𝑛 ⩽ 𝑝− 1 ⟹ lim
𝑟→0

𝜉(2𝑛+1)(𝑟) = 0. (44)

If these conditions are satisfied, we shall also say that 𝑝 is the order of regularity of 𝜉. This extends the definition of a regular, continuous 
function (which can also be called 0-regular) in a way that is convenient for studying the regularity of the spacetime.

Indeed, if a function 𝜉 ∶ [0, +∞) →ℝ is 𝑝-regular, this means that also the map Ξ ∶ℝ3 →ℝ given by Ξ(𝑟) = 𝜉(|𝑟|) is of class 𝐶2𝑝. 
On the other hand, if lim𝑟→0 𝜉(2𝑝+1)(𝑟) ≠ 0, then (switching to Cartesian coordinates) we have

lim
𝑥→0

𝜕2𝑝+1𝑥 Ξ(𝑥,0,0) = ±𝜉(2𝑝+1)(0), (45)

depending on whether 𝑥 = 0 is approached from the left or the right. This means that Ξ is not (2𝑝 +1)-times differentiable, and if we 
take one of the metric functions 𝐴(𝑟) or 𝐵(𝑟) for 𝜉, this implies that the metric is not smooth at 𝑟 = 0.

General evidences of a relation between the order of the first odd power of 𝑟 in the series and the minimal number of covariant 
derivatives in a divergent curvature-derivative scalar were presented in the works [56,83]. (See [56] for a complete treatment of the 
problem at linear level, and [83] for the detailed consideration of invariants of the type □𝑛𝑅 at nonlinear level and further examples.) 
Taking into account these results, if the first odd power of 𝑟 in the series expansion of the functions 𝐴(𝑟) and 𝐵(𝑟) is at order 𝑟2𝑛+1
for some 𝑛 ∈ ℕ, then there might exist curvature-derivative scalars with 2𝑛 covariant derivatives of curvature tensors that diverge at 
𝑟 = 0. All local curvature-derivative scalars are expected to display a nonsingular behavior only if 𝐴(𝑟) and 𝐵(𝑟) are ∞-regular, i.e., 
if the metric components are even functions.

A simple useful example is provided by the scalar □𝑅, which for the metric (14) reads

□𝑅 = 1
4𝑟4

(
16𝐴− 16𝐴2 − 16𝑟𝐴′ + 32𝑟𝐴𝐴′ + 8𝑟2𝐴′ 2 − 8𝑟𝐴𝐵′ + 8𝑟𝐴2𝐵′ + 12𝑟2𝐴𝐴′𝐵′

− 8𝑟3𝐴′ 2𝐵′ + 4𝑟2𝐴2𝐵′ 2 − 8𝑟3𝐴𝐴′𝐵′ 2 − 2𝑟4𝐴′ 2𝐵′ 2 − 𝑟4𝐴𝐴′𝐵′ 3 − 8𝑟2𝐴𝐴′′ − 16𝑟3𝐴′𝐴′′

− 28𝑟3𝐴𝐵′𝐴′′ − 6𝑟4𝐴′𝐵′𝐴′′ − 5𝑟4𝐴𝐵′ 2𝐴′′ − 44𝑟3𝐴𝐴′𝐵′′ − 10𝑟4𝐴′ 2𝐵′′ − 12𝑟3𝐴2𝐵′𝐵′′

− 17𝑟4𝐴𝐴′𝐵′𝐵′′ − 2𝑟4𝐴2𝐵′ 2𝐵′′ − 16𝑟4𝐴𝐴′′𝐵′′ − 4𝑟4𝐴2𝐵′′ 2 − 24𝑟3𝐴𝐴(3) − 4𝑟4𝐴′𝐴(3)

− 8𝑟4𝐴𝐵′𝐴(3) − 16𝑟3𝐴2𝐵(3) − 18𝑟4𝐴𝐴′𝐵(3) − 6𝑟4𝐴2𝐵′𝐵(3) − 4𝑟4𝐴𝐴(4) − 4𝑟4𝐴2𝐵(4)
)
.

(46)

Once more, to investigate the behavior of the invariant near 𝑟 = 0 we use the power series representation (39), already assuming 
𝑎0 = 1 and 𝑎1 = 𝑏1 = 0. The result is

□𝑅 = −
8(5𝑎3 + 3𝑏3)

𝑟
+𝑂(𝑟0). (47)

Hence, the scalar □𝑅 diverges like 1∕𝑟 unless 5𝑎3 +3𝑏3 = 0; in particular, it is regular if 𝑎3 = 𝑏3 = 0—in other words, if 𝐴(𝑟) and 𝐵(𝑟)
are 2-regular, as noted in [56,83]. In the following sections, we show that there exist equations of state for the effective pressures 
such that this condition is fulfilled in any theory whose form factor is such that 𝑓 (−𝑘2) ∼ 𝑘6 or faster for large 𝑘 [see, e.g., Eqs. (72)
and (76) below], i.e., for smeared delta sources of models with eight or more derivatives. We remark, however, that the regularity of 
curvature-derivative scalars, which depend on higher-order derivatives of the metric, can be very sensitive to the choice of equation 
8

of state; an example of this is presented in Appendix A.
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4.2. Suppression of nonlinearities

As stated in the Introduction, some authors have argued that close to 𝑟 = 0, the gravitational field may be very weak, so the 
linearized solution reproduces the fate of the singularities. Now, we elaborate more on this idea, showing that this can be the case 
under some assumptions on the form of the metric components.

First, let us suppose that the spacetime is asymptotically flat such that we can write

𝐴(𝑟) = 1 + 𝑎(𝑟), (48)

with lim𝑟→∞ 𝑎(𝑟) = 0. We also assume that 𝑎(𝑟), 𝐵(𝑟), and their derivatives are proportional to a parameter such that the term 
“linearization” is understood as the evaluation of quantities at leading order in these functions, since they are already linear in the 
parameter (i.e., there is no linearization inside these functions). In the explicit examples we consider in Sec. 7, this parameter can be 
taken, e.g., as the mass9 𝑀 .

The next step is to apply this procedure and calculate the linearized version of the curvature tensor, (𝑅𝜇𝜈
𝛼𝛽 )lin. Using (37), its 

components read

𝐾 lin
1 = −𝑎′′ +𝐵′′

2
, (49a)

𝐾 lin
2 = −𝑎′ +𝐵′

2𝑟
, (49b)

𝐾 lin
3 =𝐾3, (49c)

𝐾 lin
4 =𝐾4. (49d)

Notice that since 𝐾3 and 𝐾4 are already linear in 𝐴(𝑟) and do not depend on 𝐵(𝑟), their linearized expressions coincide with the 
original ones.

The nonlinear part of 𝑅𝜇𝜈
𝛼𝛽 is then proportional to the differences

𝐾non−lin
𝑖 ≡𝐾𝑖 −𝐾 lin

𝑖 , (50)

which turn out to be proportional to the derivatives of 𝐵(𝑟):

𝐾non−lin
1 = 1

4
[
3𝑎′𝐵′ + (1 + 𝑎)𝐵′ 2 + 2𝑎𝐵′′] , (51a)

𝐾non−lin
2 = 𝑎𝐵′

2𝑟
, (51b)

𝐾non−lin
3 =𝐾non−lin

4 = 0. (51c)

In the same spirit as before, using the power series representation (39) for 𝐴(𝑟) and 𝐵(𝑟) we find, around 𝑟 = 0,

𝐾non−lin
1 = 1

4
𝑏1(3𝑎1 + 𝑎0𝑏1) + (𝑎0 − 1)𝑏2 +𝑂(𝑟), (52a)

𝐾non−lin
2 =

(𝑎0 − 1)𝑏1
2𝑟

+
𝑎1𝑏1
2

+ (𝑎0 − 1)𝑏2 +𝑂(𝑟). (52b)

Therefore, if the curvature invariants are regular, i.e., if the relations in (41) are true, we get

𝐾non−lin
𝑖 =𝑂(𝑟), (53)

showing that for small 𝑟 the nonlinearities in 𝑅𝜇𝜈
𝛼𝛽 are suppressed. Since all the invariants polynomial in curvatures and metric 

tensors can be build using combinations of the functions 𝐾𝑖 , it follows that, for small 𝑟, such scalars behave approximately like the 
linearized ones.

Furthermore, if the functions 𝑎(𝑟) and 𝐵(𝑟) approach the Newtonian solution for small 𝑟, not only are the nonlinearities suppressed, 
but the value of the curvature invariants evaluated at 𝑟 = 0 is equal to the Newtonian one. This happens, indeed, with the general 
solution (25) if the effective pressures tend to zero sufficiently fast for small 𝑟. As shown in Sec. 3, the solution 𝑎(𝑟) of the Newtonian 
equation of motion (27) is the same one entering 𝐴(𝑟) = 1 + 𝑎(𝑟) that solves the nonlinear equations of motion (10); while for 𝐵(𝑟), 
given that 𝐴(0) = 1, it is always possible to find a small enough 𝑟 such that 1∕𝐴(𝑟) ≈ 1 and, as a result, the solution (23) approaches (31)
if 𝑝𝑟 vanishes sufficiently fast as 𝑟 → 0.

It is also worthwhile to note that if 𝐵(𝑟) = 0, then 𝐾non−lin
𝑖

= 0 always, even for singular metrics. This explains why in general 
relativity the Kretschmann invariant evaluated using either the Schwarzschild solution or the Newtonian-limit metric gives the same 
result

9 Note that this criterion is not satisfied, e.g., for the Hayward metric [113], because it is not linear in 𝑀 , namely,

𝑎(𝑟) = − 2𝑀𝑟2

𝑟3 +𝑀2𝐿
, 𝐵(𝑟) = 0.
9



Nuclear Physics, Section B 1007 (2024) 116674T.d.P. Netto, B.L. Giacchini, N. Burzillà et al.

𝐾Sch. =
48𝐺2𝑀2

𝑟6
. (54)

In what concerns the curvature-derivative invariants, the situation is slightly different. Using once more □𝑅 as an example and 
proceeding in the same way as before, we split (46) in terms of the linear and nonlinear parts,

(□𝑅)lin = −4𝑎
𝑟4

+ 4𝑎′

𝑟3
− 2𝑎′′

𝑟2
− 6𝑎(3) + 4𝐵(3)

𝑟
− 𝑎(4) −𝐵(4), (55)

(□𝑅)non−lin ≡ □𝑅− (□𝑅)lin

= 𝑎

(
−4𝑎
𝑟4

+ 8𝑎′

𝑟3
− 2𝑎′′

𝑟2
− 6𝑎(3)

𝑟
− 𝑎(4)

)
+ 𝑎′
(
2𝑎′

𝑟2
− 4𝑎′′

𝑟
− 𝑎(3)

)
−𝐵′
[
2𝑎′ 2
𝑟

+ 1
2
𝑎′ 2𝐵′

+ 3
2
𝑎′𝑎′′ − (1 + 𝑎)

(
2𝑎
𝑟3

+ (1 + 𝑎)𝐵′ + 3𝑎′

𝑟2
− 2𝑎′𝐵′ − 7𝑎′′

𝑟
− 1

4
𝑎′𝐵′ 2 − 5

4
𝐵′𝑎′′ − 2𝑎(3)

)]
−𝐵′′

[
5
2
𝑎′ 2 + (1 + 𝑎)

(
11𝑎′ + 3(1 + 𝑎)𝐵′

𝑟
+ 4𝑎′′ + 17

4
𝑎′𝐵′ + 1

2
(1 + 𝑎)(𝐵′ 2 + 2𝐵′′)

)]
−𝐵(3)

[
4𝑎(2 + 𝑎)

𝑟
+ 9

2
𝑎𝑎′ + 3

2
(1 + 𝑎)2𝐵′

]
−𝐵(4)𝑎(2 + 𝑎),

(56)

and using the series representation (39) for regular metrics (i.e., with 𝑎0 = 1, 𝑎1 = 𝑏1 = 0) we get

(□𝑅)lin = −
8(5𝑎3 + 3𝑏3)

𝑟
− 60(3𝑎4 + 2𝑏4) +𝑂(𝑟), (57)

(□𝑅)non−lin = −12𝑏2
(
6𝑎2 + 𝑏2

)
+𝑂(𝑟). (58)

Therefore, if □𝑅 is finite, that is it, if 5𝑎3 + 3𝑏3 = 0, we see that its linear and nonlinear parts approach a constant when 𝑟 → 0. 
The behavior of (□𝑅)non−lin marks a difference between curvature-derivative and curvature invariants since the nonlinear part of the 
latter goes to zero when 𝑟 → 0. Note, however, that if (□𝑅)lin is finite at 𝑟 = 0, the entire □𝑅 is also finite (because its nonlinear part 
cannot generate a singularity).

It is also interesting to notice that, because of the covariant derivatives, (□𝑅)non−lin contains terms that do not depend on the 
function 𝐵(𝑟) [see Eq. (56)]. This is different from what happens in the case of scalars without covariant derivatives. Therefore, even 
if 𝐵(𝑟) = 0, □𝑅 can receive a contribution from the nonlinear part of the metric.

5. General properties of 𝑨(𝒓)

In this section, we discuss some properties of (21) at a general level, without particularizing to any gravitational model effective 
source. As discussed in the Introduction, by just considering the asymptotic behavior of the action form factor 𝐹 (𝑧) [or, equivalently, 
𝑓 (𝑧) in (7)], we can explain many important physical properties of the solutions that hold true for large classes of higher-derivative 
effective sources. For instance, we are particularly interested in the absence (or the presence) of an event horizon, of singularities 
in the curvature invariants, as well as in the behavior of the solution for large 𝑟. All the results presented in general form in this 
section can be seen realized in concrete examples in Sec. 7, where we choose some representative form factors and obtain the explicit 
expressions.

To start, let us recall some relevant results on the smeared delta source 𝜌eff (𝑟); afterward, we analyze the consequences of these 
properties to the mass function (22) and, finally, to 𝐴(𝑟). The properties of the effective sources in higher-derivative gravity theories 
have been intensively studied in the works [56,57] (see also [84] for an introduction and review). For this reason, we do not repeat 
their derivation here; we summarize the results as follows.

(1a) If 𝑓 (−𝑘2) → 1 when 𝑘2 → 0 (in other words, if general relativity is recovered in the IR limit), then

lim
𝑟→∞

𝜌eff (𝑟) = 0. (59)

In particular, this is related to the solution being asymptotically flat.

Under the assumption (1a) one can also prove that:

(2a) If there exists a 𝑘0 such that 𝑓 (−𝑘2) grows as 𝑘2 for 𝑘 > 𝑘0, then 𝜌eff (𝑟) is integrable but it is not bounded. In fact, it diverges 
at the origin,

𝜌eff (𝑟) ∼
𝑟→0

1
𝑟
. (60)

This case corresponds to the smeared delta sources for Stelle gravity and nonlocal theories that behave as the fourth-derivative 
theory in the UV. This type of source was also considered in the study of black holes in models with generalized uncertainty 
10

principle [112].
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(3a) On the other hand, if 𝑓 (−𝑘2) grows at least as fast as 𝑘4 for sufficiently large 𝑘, the effective source is integrable and finite 
everywhere, i.e., 𝜌eff (𝑟) is at least 0-regular. In this situation, 𝜌eff (𝑟) has an absolute maximum at 𝑟 = 0,

max
{
𝜌eff (𝑟)

}
= lim

𝑟→0
𝜌eff (𝑟). (61)

This is the case of local models with six or more metric derivatives and most nonlocal models (namely, those whose propagator 
is suppressed in the UV at least as fast as in the sixth-derivative gravity).

(4a) If the function 𝑓 (−𝑘2) asymptotically grows at least as fast as 𝑘4+2𝑁 for an integer 𝑁 ⩾ 1, then the effective source 𝜌eff (𝑟)
is (at least) 𝑁 -regular (see Definition 1 in Sec. 4.1). In other words, it is 2𝑁 times differentiable and their first 𝑁 odd-order 
derivatives vanish at the origin,

d2𝑛+1

d𝑟2𝑛+1
𝜌eff (𝑟)

|||𝑟=0 = 0 for 𝑛 = 0,⋯ ,𝑁 − 1. (62)

(5a) As a corollary of the previous statement, if 𝑓 (−𝑘2) asymptotically grows faster than any polynomial, then 𝜌eff (𝑟) is ∞-regular, 
i.e., it is an even function of 𝑟. This happens, e.g., in the nonlocal models with exponential form factors, 𝑓 (−𝑘2) = 𝑒(𝑘

2∕𝜇2)𝓁 for 
𝓁 ∈ ℕ.

From the above results it follows that, for any higher-derivative model form factor, the mass function satisfies [57]

lim
𝑟→∞

𝑚(𝑟) =𝑀. (63)

Therefore, for a distant observer, the solution (21) for 𝐴(𝑟) reduces to Schwarzschild10 with mass 𝑀 . On the other hand, for small 𝑟, 
the limits (60) and (61) together with the definition (22) imply that

𝑚(𝑟) ∼
𝑟→0

{
𝑟2, if 𝑓 (−𝑘2) ∼ 𝑘2 for large𝑘 ,
𝑟3, if 𝑓 (−𝑘2) ∼ 𝑘4 (or faster) for large𝑘 .

(64)

As consequence, combining (63) and (64) with (21) we get

lim
𝑟→0

𝐴(𝑟) = lim
𝑟→∞

𝐴(𝑟) = 1. (65)

Notice that this proves the regularity condition of Eq. (42). Being a continuously differentiable function, and given (65), it follows 
that 𝐴(𝑟) is bounded for any higher-derivative model effective source. Thus, there is a certain critical mass 𝑀c such that 𝑀 <𝑀c
implies 𝐴(𝑟) > 0 for all 𝑟.

The existence of 𝑀c means that there is a mass gap for the solution to be a black hole. Indeed, the presence of an event horizon 
is related to the invariant

(∇𝑟)2 =𝐴(𝑟), (66)

that only depends on the function 𝐴(𝑟). The event horizon is given by the largest root of 𝐴(𝑟) = 0, and the metric does not describe a 
black hole if 𝐴(𝑟) is strictly positive.

A direct way of verifying the existence of the critical mass 𝑀c for effective sources is to consider the unitary mass function, defined 
by

�̃�(𝑟) = 𝑚(𝑟)
𝑀

, (67)

which does not depend on 𝑀 [see Eq. (9)] and it is such that lim𝑟→∞ �̃�(𝑟) = 1. Notice that the function �̃�(𝑟)∕𝑟 must assume a maximum 
value at some point 𝑟∗ (since it tends to zero in the limits of large and small 𝑟, see Eq. (65), and there is a region where it is positive). 
Thus, if 𝑀 is such that

2𝐺𝑀
�̃�(𝑟∗)
𝑟∗

< 1, (68)

the function 𝐴(𝑟) is strictly positive, and the metric does not have horizons. The critical mass is, therefore,

𝑀c =
𝑟∗

2𝐺�̃�(𝑟∗)
. (69)

To summarize, if 𝑓 (−𝑘2) grows at least as fast as 𝑘2 for sufficiently large 𝑘, that is it, for smeared delta sources of any higher-derivative 
gravity theory, there exists a mass gap for a solution describing a black hole.

In what concerns the solutions that do describe black holes (i.e., if 𝑀 >𝑀c), we notice that, because of (65), the function 𝐴(𝑟)
changes sign an even number of times. This means that the solution also contains at least one inner horizon besides the event horizon. 
11

10 In Sec. 6 we show that, under these circumstances, 𝐵(𝑟) tends to a constant; hence, not only 𝐴(𝑟), but the geometry itself actually reduces to Schwarzschild.
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The exact number of horizons depends on the function 𝑓 (−𝑘2) and on the value of 𝑀 , but it is always an even number. In the limiting 
case 𝑀 =𝑀c, a pair of horizons merge into one extremal horizon.

In addition, it is worth noticing that if �̃�(𝑟) ⩽ 1 for all 𝑟, then 𝑚(𝑟) ⩽𝑀 and the position of the event horizon 𝑟+ is bounded by 
the Schwarzschild radius,

𝑟+ ⩽ 𝑟s = 2𝐺𝑀. (70)

In general, if 𝜌eff (𝑟) is positive, the inequality (70) is always true. This statement can be proved by observing that if 𝜌eff (𝑟) is positive, 
then the mass function 𝑚(𝑟) is monotone. In fact,

𝜌eff (𝑟) ⩾ 0 ⟹ 𝑚′(𝑟) = 4𝜋𝑟2𝜌eff (𝑟) ⩾ 0, (71)

whence 𝑚(𝑟) is a monotonically increasing function. Then, from Eq. (63) it follows 𝑚(𝑟) ⩽𝑀 . On the other hand, if there is a region 
where 𝜌eff (𝑟) < 0, then 𝑚(𝑟) must have oscillations, and it may assume values larger than 𝑀 (see [7,91,92,114] for explicit examples).

The value of the critical mass 𝑀c is related to the massive parameters of the model (see Sec. 7 for explicit examples). If 𝑀 ≫𝑀c
and those parameters are such that the smearing of the source is negligible at the scale 2𝐺𝑀 , then we expect the solution to be very 
close to the Schwarzschild solution at the outer horizon. In particular, in the context of Eq. (70), 𝑟+ approaches 𝑟s from below.

It is important to keep in mind that the linearity of the function 𝐴(𝑟) in the mass parameter 𝑀 plays a central role when deriving 
the above conclusions regarding the number of horizons, oscillations of the effective mass function, and the existence of a black 
hole mass gap. This underlying assumption can be traced back to Eq. (18) and the form of the effective source (9). An intriguing 
question is whether such features of the effective solutions are also present in the solutions of the complete field equations of the 
original higher-derivative/nonlocal gravity. The results on exact solutions of sixth- and higher-derivative gravities so far available 
in the literature are not enough to clarify the situation, for they mainly concern either the weak-field regime outside a horizon or 
local aspects of the solutions [86–89]. Nevertheless, we remark that even for general functions 𝐴(𝑟), asymptotically flat, everywhere 
regular geometries must have an even number of horizons [86].

To close this section on general features of the function 𝐴(𝑟), we present some of the properties of its derivatives, which are related 
to the occurrence of singularities in the curvature invariants at 𝑟 = 0, as discussed in Sec. 4.

Applying Taylor’s theorem and taking into account the results (3a) and (4a) on the behavior of the effective delta source near 
𝑟 = 0, it follows that: If the function 𝑓 (−𝑘2) asymptotically grows at least as fast as 𝑘4+2𝑁 for an integer 𝑁 ⩾ 0, then 𝐴(𝑟) is at least 
(𝑁 + 1)-regular, i.e., it is 2𝑁 + 2 times differentiable and

d2𝑛+1

d𝑟2𝑛+1
𝐴(𝑟)|||𝑟=0 = 0 for 𝑛 = 0,… ,𝑁. (72)

Notice that this result also covers the cases of the nonlocal form factors by Kuz’min and Tomboulis [5,6], which behave like polyno-
mials in the UV. In particular, if 𝑓 (−𝑘2) asymptotically grows at least as fast as 𝑘4 (like in any polynomial model), we get 𝐴′(0) = 0, 
which is a necessary condition for the absence of curvature singularities at 𝑟 = 0 [see the discussion involving Eq. (43)].

Finally, as a corollary, if 𝑓 (−𝑘2) asymptotically grows faster than any polynomial, 𝐴(𝑟) is an even function—which also implies 
that the effective mass 𝑚(𝑟) is an odd function. This can be proved, alternatively, from the result (5a) on the effective delta source:

𝜌eff (−𝑟) = 𝜌eff (𝑟) ⟹ 𝑚(−𝑟) = −4𝜋

𝑟

∫
0

d𝑥𝑥2𝜌eff (−𝑥) = −𝑚(𝑟), (73)

where we made the change of variable 𝑥 ↦ −𝑥 in the integration; thus, 𝐴(−𝑟) = 𝐴(𝑟). As recently discussed in [56,83], if 𝐴(𝑟) and 
𝐵(𝑟) are even analytic functions, not only the curvature invariants are finite at 𝑟 = 0, but also all the curvature-derivative invariants. 
The analogous result for 𝐵(𝑟) is going to be derived in the next section.

6. General properties of 𝑩(𝒓)

In this section, we analyze several choices for fixing the effective pressures and underlying motivations. For each, we present the 
general properties of the function 𝐵(𝑟) associated with it.

6.1. Case of null pressures

Considering

𝑝𝑟 = 𝑝𝜃 = 0, (74)

the solution (23) for 𝐵(𝑟) becomes

𝐵(𝑟) =𝐵0 + 8𝜋𝐺

𝑟

d𝑥
𝑥𝜌eff (𝑥)

. (75)
12

∫
𝑟0

𝐴(𝑥)
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The properties of the function 𝐵(𝑟) defined in (75) can be directly deduced from the results concerning the effective source 
(mentioned in Sec. 5 and proved in [56,57]) and the results obtained for 𝐴(𝑟) in the previous section. Namely, if 𝐴(𝑟) > 0 ∀ 𝑟 then 
𝐵(𝑟) is bounded for any higher-derivative model. Moreover, if 𝑓 (−𝑘2) ∼ 𝑘2 for large 𝑘, then 𝐵(𝑟) is differentiable but it is not 1-
regular, as 𝐵′(0) ≠ 0; while if 𝑓 (−𝑘2) grows at least as fast as 𝑘4+2𝑁 for a certain 𝑁 ⩾ 0 and sufficiently large 𝑘, 𝐵(𝑟) is at least 
(𝑁 + 1)-regular, hence,

d2𝑛+1

d𝑟2𝑛+1
𝐵(𝑟)|||𝑟=0 = 0 for 𝑛 = 0,⋯ ,𝑁. (76)

In particular, for any model with six or more derivatives, i.e., if 𝑓 (−𝑘2) ∼ 𝑘4 or faster for large 𝑘, 𝐵′(0) = 0. Together with (72), this 
last result is responsible for canceling the curvature singularity at 𝑟 = 0 for models with 𝑓 (−𝑘2) growing at least as fast as 𝑘4 [see 
the discussion involving Eq. (43)]. Moreover, if 𝑓 (−𝑘2) grows faster than any polynomial, there exists a neighborhood of 𝑟 = 0 where 
𝐵(𝑟) is an even function. This can be proved by setting 𝑟0 = 0 in (75), making the change of integration variable 𝑥 ↦ −𝑥, and using 
that for this type of form factor 𝜌eff (𝑟) and 𝐴(𝑟) are also even functions.

The solution (21) together with (75) corresponds to the case where Eq. (10) serves as a “small-curvature approximation” of the 
full nonlinear equations of motion for the theory (3) sourced by a pointlike mass,

𝑇𝜇𝜈(𝑟) =𝑀𝛿𝑡𝜇𝛿
𝑡
𝜈𝛿

(3)(𝑟). (77)

Indeed, if the original source is a pointlike particle, the inversion of the operator 𝑓 (𝑧) in (12), ignoring the terms 𝑂(𝑅2
⋯) of higher 

order in curvatures, automatically gives the effective energy-momentum tensor (13) with 𝑝𝑟 = 𝑝𝜃 = 0. However, a careful reader will 
notice that in this situation the effective energy-momentum tensor 𝑇 𝜇

𝜈 is not conserved [or, equivalently, the equation 𝐺𝜃
𝜃 = 0 is 

not satisfied, see (20)]. In other words, this choice of effective pressures makes the system (18)-(20) over-determined. Approximate 
solutions can occur, nevertheless: The conservation equation (24) might hold only under the approximation, namely, in regions where 
the spacetime curvature is small—that is, in the whole spacetime (if 𝑀 <𝑀𝑐) or in the limits of short and large distances (if 𝑀 >𝑀𝑐 ), 
as we discuss in what follows.

Firstly, for 𝑀 <𝑀𝑐 , the situation is similar to what happens in the Newtonian approximation (see the discussion in Sec. 3) since 
the conservation equation (24) for 𝑝𝑟 = 𝑝𝜃 = 0 reduces to

−1
2

(
𝐴′

𝐴
+𝐵′
)
𝜌eff =𝑂(𝑀2). (78)

Similarly, using (21) and (75) in (17), it is possible to prove (after some manipulations) that

𝐺𝜃
𝜃 =𝑂(𝑀2), (79)

which means that the field equations are satisfied in a good approximation in the whole spacetime if the mass 𝑀 is sufficiently small. 
How small the mass needs to be depends on the critical mass 𝑀𝑐 , because for 𝑀 <𝑀𝑐 the functions 𝐴(𝑟) and 𝐵(𝑟) are bounded, and 
so are the curvatures. Indeed, in this case, the spacetime curvature is limited by a certain value and might not grow too much. This 
will become more evident in the specific examples of Sec. 7.

On the other hand, for 𝑀 >𝑀𝑐 the solution (75) is ill-defined at the position of the horizons, given the occurrence of the term 
1∕𝐴(𝑟) in the integrand. The dominance of the singular structure 1∕𝐴(𝑟) in (75) characterizes the high-curvature regions of the 
spacetime, where the “small-curvature approximation” breaks down. Hence, the expression (23) can be used as long as the interval 
[𝑟0, 𝑟] does not cross any horizon. Assuming that 𝐴(𝑟) and 𝐵(𝑟) are analytic functions,11 far from the horizons and near 𝑟 = 0 we can 
use their power series representation (39), which substituted into (17) give

𝐺𝜃
𝜃 =

1 − 𝑎0

𝑟2
−

𝑎0𝑏1 + 2𝑎1
2𝑟

+ 1
4
(
𝑎0𝑏

2
1 + 𝑎1𝑏1

)
+𝑂(𝑟). (80)

But, from Eqs. (65), (72) and (76) we have 𝑎0 = 1 and 𝑎1 = 𝑏1 = 0, such that

𝐺𝜃
𝜃 =𝑂(𝑟). (81)

This means that the effective field equations are satisfied in a good approximation for a sufficiently small 𝑟 around the point 𝑟 = 0 for 
any value of the mass 𝑀 . Note that this is true only for the effective sources of models with more than four derivatives of the metric 
in the action. In fourth-derivative gravity, we have 𝑎1, 𝑏1 ≠ 0; therefore, the effective equations (10) will not reproduce the properties 
described in [32,33] of Stelle gravity for small 𝑟. Finally, the angular equations are also approximately satisfied for large 𝑟 because 
lim𝑟→∞ 𝜌eff = 0 implies lim𝑟→∞𝐺𝜃

𝜃 = 0 through the functions 𝐴(𝑟) and 𝐵(𝑟).

11 As stated in the Introduction, in this work we mainly focus on cases where the form factor 𝑓 (−𝑘2) is an analytic function that grows at least as fast as 𝑘4 for large 
13

𝑘. In this context, from the above results, 𝐴(𝑟) and 𝐵(𝑟) are analytic indeed.
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6.2. Case 𝑝𝑟 = 𝛼 𝜌eff

If one sets

𝑝𝑟 = 𝛼 𝜌eff (82)

for a certain constant 𝛼, but leaves the tangential pressure to be determined by the conservation equation (24), the result for 𝐵(𝑟) is

𝐵(𝑟) =𝐵0 + (1 + 𝛼)8𝜋𝐺

𝑟

∫
𝑟0

d𝑥
𝑥𝜌eff (𝑥)
𝐴(𝑥)

, (83)

while 𝑝𝜃 is given by

𝑝𝜃 =
1 + 𝛼

4

(
𝐴′

𝐴
+𝐵′
)
𝑟𝜌eff +

𝛼

2
(
2𝜌eff + 𝑟𝜌′ef f

)
. (84)

Therefore, the functions 𝐴(𝑟) and 𝐵(𝑟) can be obtained from the equations (18) and (19) alone, and the quantity 𝑝𝜃 is constructed 
afterward. (It is straightforward to verify that, with 𝑝𝜃 defined above, the remaining equation (20) is also satisfied.) Note that the 
general properties of (83) are the same as described in the previous Sec. 6.1 because this solution only differs with respect to (75) by 
a multiplicative factor in front of the integral.

A drawback of this choice of equation of state is the occurrence of the term 1∕𝐴(𝑟) in the expression of the tangential pressure (84), 
for 𝑝𝜃(𝑟) is likely to diverge if the metric contains horizons. For example, with the simplest choice12 𝛼 = 0, using the field equations 
one gets

𝐴′(𝑟)
𝐴(𝑟)

+𝐵′(𝑟) = 2𝐺𝑚(𝑟)
𝑟2𝐴(𝑟)

. (85)

Thus, if the metric has a horizon at 𝑟 = 𝑟𝐻 , it follows 2𝐺𝑚(𝑟𝐻 ) = 𝑟𝐻 > 0, showing that the term in (85) certainly diverges at the 
horizon. The only possibility for the tangential pressure [see (84)]

𝑝𝜃(𝑟) =
𝐺𝑚(𝑟)𝜌eff (𝑟)

2𝑟𝐴(𝑟)
(86)

to be regular is if it happens that 𝜌eff (𝑟) vanishes at 𝑟𝐻 . In general, the singularity of the tangential pressure at the horizons is related 
to the singularity of 𝐵′(𝑟) at 𝑟 = 𝑟𝐻 , see Eq. (83). These singularities are physical and cannot be removed by changing coordinates, 
for they also manifest in the curvature invariants.

One possible way to avoid the obstacles caused by the divergences at the horizons is to choose 𝛼 = −1. Indeed, for this particular 
value of the parameter, the effective tangential pressure [see (84)],

𝑝𝜃 = −𝜌eff −
𝑟𝜌′ef f
2

, (87)

is regular for any higher-derivative gravity model such that 𝑓 (−𝑘2) grows at least as fast as 𝑘4 for sufficiently large 𝑘.
However, the right-hand side of the equation (19) vanishes with this choice, so that 𝐵 = 0 [see also Eq. (83)]. Therefore, the 

metric (14) assumes the Schwarzschild-like form

d𝑠2 = −𝐴(𝑟)d𝑡2 + d𝑟2
𝐴(𝑟)

+ 𝑟2dΩ2. (88)

As mentioned in the Introduction, the disadvantage of (88) is that, since 𝐵 = 0, these types of solutions cannot reproduce the asymp-
totic Newtonian-limit behavior of the higher-derivative gravities.

Another starting point for obtaining this solution can be imposing (88) as Ansatz for the metric (which makes the system (18)-(20)
consistent) and then finding

𝑝𝑟 = −𝜌eff (89)

as the solution of (19), and (87) as solution of (20). This approach was adopted in the frameworks of noncommutative gravity, 
generalized uncertainty principle, and other UV completions of gravity, e.g., in Refs. [90,109–111], as well as in some local and 
nonlocal higher-derivative models [7,91,92].

6.3. General case of regular pressures

As it was evident in the preceding discussion, the main difficulty in defining 𝐵(𝑟) is the presence of 𝐴(𝑟) in Eq. (19) if the metric 
has horizons. We also saw that the choice of radial pressure 𝑝𝑟 = −𝜌eff was capable of curing pressure divergences at the horizons, 
with the side effect that 𝐵 ≡ 0. Moreover, it was argued that the curvature singularity at the horizons was related to a divergence in 
14

12 This type of energy-momentum tensor is similar to the ones used in Refs. [106,107] in the context of vector ungravity.
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the effective pressures. So, another possibility of regularizing these horizon physical singularities, but with a nontrivial 𝐵(𝑟), is with 
an equation of state in the form

𝑝𝑟(𝑟) =𝐴(𝑟)𝜎(𝑟) − 𝜌eff (𝑟), (90)

where 𝜎(𝑥) is an 𝑁𝑏-regular continuous function (for an integer 𝑁𝑏 ⩾ 0) such that the function 𝜉(𝑥) = 𝑥𝜎(𝑥) is integrable on [0, +∞).
Indeed, this choice eliminates the term 1∕𝐴(𝑟) in Eq. (23), so that the solution for 𝐵(𝑟) becomes

𝐵(𝑟) = 8𝜋𝐺

𝑟

∫
∞

d𝑥𝑥𝜎(𝑥). (91)

By definition, this integral is well defined for all values of 𝑟, and for convenience, we set 𝑟0 = ∞. With the assumptions about 𝜎(𝑥), 
it follows that 𝐵(𝑟) is (𝑁𝑏 + 1)-regular.

To verify that the equation of state (90) makes the effective pressures regular, first we notice that if 𝜌eff (𝑟) is 𝑁𝑎-regular and 𝜎(𝑥)
is 𝑁𝑏-regular, then 𝐴(𝑟) is (𝑁𝑎 + 1)-regular (see Sec. 5) and 𝑝𝑟(𝑟) is at least 𝑁 -regular, with 𝑁 ≡min{𝑁𝑎, 𝑁𝑏}. In what concerns the 
tangential pressure defined by the conservation equation (24),

𝑝𝜃 = −𝜌eff +𝐴𝜎 + 𝑟

4
(
3𝐴′𝜎 +𝐴𝐵′𝜎 + 2𝐴𝜎′ − 2𝜌′ef f

)
, (92)

it is straightforward to verify that the order of regularity of each of the terms in the right-hand side of (92) is either 𝑁𝑎 or min{𝑁𝑎 +
1, 𝑁𝑏}; therefore, 𝑝𝜃(𝑟) is at least 𝑁 -regular, just like 𝑝𝑟(𝑟).

Of course, in principle, there is a huge freedom to choose regular functions 𝜎(𝑟) capable of yielding regular black hole solutions. 
For example, Ref. [108] in the context of noncommutative geometry used 𝜎(𝑟) ∝ 𝑟𝜌eff (𝑟). However, since for effective sources coming 
from higher-derivative gravity this function is only 0-regular, 𝐵(𝑟) cannot be more than 1-regular—regardless of the order of regularity 
of 𝜌eff . Further discussion about this choice of 𝜎(𝑟) is carried out in Appendix A. On the other hand, the multiplication for higher 
powers of 𝑟 can enhance the regularity of 𝐵(𝑟); for instance, if 𝜌eff (𝑟) is 𝑁𝑎-regular, the choice 𝜎(𝑟) ∝ 𝑟2𝑛𝜌eff (𝑟) (for a positive integer 
𝑛) makes 𝐵(𝑟) to be (𝑁𝑎 + 𝑛 + 1)-regular. We shall consider another form for the function 𝜎(𝑟) in what follows.

6.4. Case 𝑝𝑟 = [𝐴(𝑟) − 1]𝜌eff

As a particular case of the equation of state presented in the previous subsection, let us consider a function 𝜎(𝑟) such that the 
resultant pressure components have the following physical properties:

(1b) The effective pressures vanish asymptotically for large 𝑟.
(2b) The effective pressures are finite at the horizons.
(3b) The effective pressures vanish at 𝑟 = 0.

While (1b) and (2b) are natural in the framework of Sec. 6.3, (3b) actually imposes restrictions on the form of 𝜎(𝑟).13 The physical 
motivation for these requirements is to guarantee that the solution is asymptotically flat, everywhere regular and that it matches the 
small-𝑟 behavior of the solution obtained in Sec. 6.1 (which approximates the solution whose original source is a pointlike mass).

In the most interesting case (for this work) of a regular 𝜌eff , a simple equation of state satisfying the conditions (1b)–(3b) is

𝑝𝑟(𝑟) = [𝐴(𝑟) − 1]𝜌eff (𝑟), (93)

which follows from the choice 𝜎(𝑟) = 𝜌eff (𝑟) in the context of Sec. 6.3. Accordingly, the solution (91) for 𝐵(𝑟) reads

𝐵(𝑟) = 8𝜋𝐺

𝑟

∫
∞

d𝑥𝑥𝜌eff (𝑥), (94)

while the tangential pressure (92) is

𝑝𝜃 =
[3
4
𝐴′𝑟+𝐴

(
1 + 2𝐺𝜋𝑟2𝜌eff

)
− 1
]
𝜌eff +

𝐴− 1
2

𝑟𝜌′ef f . (95)

It is straightforward to verify that (93) and (95) indeed vanish as 𝑟 → 0 if 𝜌eff is regular.14 Also, from the general results of Sec. 6.3, 
we know that if 𝜌eff is 𝑁 -regular, 𝑝𝑟 and 𝑝𝜃 are bounded and (at least) 𝑁 -regular. A finer result is obtained in the case 𝜌eff (𝑟) is 
analytic15 at 𝑟 = 0—in that case 𝑝𝑟 and 𝑝𝜃 are actually (𝑁 + 1)-regular and, as a consequence, near the origin they are 𝑂(𝑟2) even 
for 𝑁 = 0. This statement can be proved by direct calculation, using the Taylor series expansion of Eqs. (93) and (95) [with (21)
and (22)] and noticing the cancellation of the term of order 𝑟2𝑁+1 .

13 A slightly less stringent set of conditions was considered in [108], with the specification for the effective pressures to be only finite (instead of vanishing) at 𝑟 = 0, 
like in Sec. 6.3.
14 On the other hand, if 𝜌ef f ∼ 1∕𝑟, like in the case of fourth-derivative gravity [see Eq. (60)], the effective pressures tend to a nonzero value.
15

15 This is the case, for example, of the effective delta sources originated from local polynomial-derivative gravity and certain classes of nonlocal gravity [56,57].
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From the features of 𝜌eff mentioned in Sec. 5, it follows that the function 𝐵(𝑟) in (94) is bounded for any higher-derivative model. 
Moreover, from the considerations of Sec. 6.3, if 𝜌eff is 𝑁 -regular (or, equivalently, if 𝑓 (−𝑘2) grows at least as fast as 𝑘4+2𝑁 for a 
certain 𝑁 ⩾ 0 and sufficiently large 𝑘), 𝐵(𝑟) is (𝑁 + 1)-regular. In particular, the identity (76) also holds, showing that the behavior 
of 𝐵(𝑟) in (94) near 𝑟 = 0 is very similar to the one of (75), as expected.

Other choices of equations of state can also reproduce the same aforementioned physical effect on the solutions. Indeed, this 
procedure has considerable ambiguity; for example, any equation of state in the form

𝑝𝑟(𝑟) =
[
𝐴𝓁(𝑟) − 1

]
𝜌eff (𝑟), 𝓁 = 1,2,… , (96)

following from 𝜎(𝑟) = 𝐴𝓁−1(𝑟)𝜌eff (𝑟), would also lead to the above properties (1b)–(3b). In this work, for the sake of simplicity, we 
adopt (93).

∗ ∗ ∗

As a conclusion of this section, here we presented a recipe, based on Eq. (10), of how to construct black hole solutions that are 
regular everywhere. First, choose a form factor that behaves as 𝑓 (−𝑘2) ∼ 𝑘4 (or faster) for large 𝑘; then, choose effective pressures 
satisfying the conditions (1b) and (2b)—for example, through the function 𝜎(𝑟) defined in Sec. 6.3.

In addition, if 𝑝𝑟 and 𝑝𝜃 vanish sufficiently fast for large 𝑟 and at the origin [condition (3b)], those solutions reproduce the 
asymptotic behavior of the corresponding linearized higher-derivative model in the limits 𝑟 →∞ and 𝑟 → 0. At the same time, near 
the horizons the metric is regularized by the regular pressures. One might even argue that these nontrivial pressure components can 
mimic the effect of the omitted higher-order terms when passing from Eq. (12) to (10). In our opinion, however, a proper address of 
this issue ultimately involves the study of the complete equations of motion, which exceeds the scope of this work.

Finally, for the equation of state (93) the metric is given by

d𝑠2 = −
(
1 − 2𝐺𝑚(𝑟)

𝑟

)
exp
⎛⎜⎜⎝8𝜋𝐺

𝑟

∫
∞

d𝑥𝑥𝜌eff (𝑥)
⎞⎟⎟⎠d𝑡2 +

(
1 − 2𝐺𝑚(𝑟)

𝑟

)−1
d𝑟2 + 𝑟2dΩ2, (97)

with 𝑚(𝑟) defined in (22), as usual.

7. Selected examples

In the previous sections we presented general results, which depended only on the asymptotic behavior of the form factor 𝐹 (𝑧) of 
the model (3). This section aims to provide concrete examples where the results above can be explicitly verified and other particular 
features of the solutions discussed. In Sec. 7.1 we present an example of nonlocal ghost-free gravity, while in Secs. 7.2 and 7.3 we 
discuss the cases of local higher-derivative gravity with simple poles. The general case of local higher-derivative gravity models, 
including degenerate poles, is considered in Sec. 7.4. A detailed analysis of the sixth-derivative Lee–Wick gravity is carried out in a 
separate publication [114].

7.1. Nonlocal ghost-free gravity

One of the simplest nonlocal higher-derivative models is defined by the form factor [7,69–72]

𝐹 (𝑧) = 𝑒−𝑧∕𝜇
2 − 1
𝑧

, (98)

for which

𝑓 (𝑧) = 𝑒−𝑧∕𝜇
2
, (99)

where 𝜇 > 0 has dimension of mass and defines the nonlocality scale. In this case, performing the integration (9), the smeared effective 
delta source has a Gaussian profile [69],

𝜌eff (𝑟) =
𝑀𝜇3

8𝜋3∕2 𝑒−
1
4 𝜇

2𝑟2 , (100)

and the mass function is given by

𝑚(𝑟) =𝑀

[
erf
(𝜇𝑟
2

)
− 𝜇𝑟√

𝜋
𝑒−

1
4 𝜇

2𝑟2
]
. (101)

In Fig. 1 we show the behavior of the effective source and mass function, where the properties described in Sec. 5 can be explicitly 
verified.

Given (101), the function 𝐴(𝑟) in (21) reads

2𝐺𝑀
(𝜇𝑟) 2𝐺𝑀𝜇 − 1

4 𝜇
2𝑟2
16

𝐴(𝑟) = 1 −
𝑟

erf
2

+ √
𝜋

𝑒 . (102)
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Fig. 1. Plot of the dimensionless forms of the effective delta source (100) (left panel) and the mass function (101) (right panel) in terms of the variable 𝑥 = 𝜇𝑟. It is 
immediate to verify that the graphs are in agreement with Eqs. (59) and (61) for the effective source, and (63) and (64) for the mass function. Also, because 𝜌ef f (𝑟)
takes only positive values, the mass function is monotonic and 𝑚(𝑟) ⩽𝑀 ; see the discussion around (71).

Fig. 2. Plot of 𝑍(𝑥) in Eq. (104).

In order to evaluate the black hole mass gap, it is convenient to rewrite Eq. (102) in terms of the dimensionless function 𝑍(𝑥), namely,

𝐴(𝑟) = 1 − 2𝐺𝑀𝜇𝑍(𝜇𝑟), (103)

where

𝑍(𝑥) = 1
𝑥

erf
(
𝑥

2

)
− 𝑒−

𝑥2
4√
𝜋

. (104)

The plot of (104) is shown in Fig. 2, where one can verify that 𝑍(𝑥) is bounded, as expected from the general discussion in Sec. 5. 
Indeed, lim𝑥→0𝑍(𝑥) = lim𝑥→∞𝑍(𝑥) = 0, and it has an absolute maximum 𝑍max = 0.263 at the point 𝑥∗ = 3.02. Hence, the critical 
mass (69) in this case is given by

𝑀c =
1

2𝐺𝜇𝑍max
= 1.9

𝑀2
P

𝜇
, (105)

where we used 𝐺 = 1∕𝑀2
P .

Accordingly, if 𝑀 <𝑀c, 𝐴(𝑟) is always positive and the metric has no horizon. On the other hand, for 𝑀 >𝑀c, there exists a 
region where 𝐴(𝑟) takes negative values. Since the function 𝑍(𝑥) in (104) only has one local maximum, the equation 𝐴(𝑟) = 0 can 
have at most two roots, 𝑟− and 𝑟+, with 𝑟+ ⩾ 𝑟−. The values 𝑟± are the positions of the event horizon and an inner horizon. In Fig. 3
we show the plot of 𝐴(𝑟) for the two possible scenarios. Moreover, because 𝑚(𝑟) ⩽𝑀 , the position of the event horizon is bounded 
by the Schwarzschild radius, i.e., 𝑟+ ⩽ 𝑟s = 2𝐺𝑀 .

7.1.1. Solution for 𝐵(𝑟) with 𝑝𝑟 = 𝑝𝜃 = 0
Firstly, let us analyze the framework of Sec. 6.1, i.e., with the effective pressures 𝑝𝑟 = 𝑝𝜃 = 0, corresponding to the case in 
17

which (10) is the small-curvature approximation for the full equations of motion of the theory (3), sourced by a pointlike mass. 
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Fig. 3. Plot of 𝐴(𝑟) for 𝜇 =𝑀P = 1 with 𝑀 = 2.5 >𝑀c (solid line, two horizons), 𝑀 = 1.9 =𝑀c (dashed line, one extremal horizon) and 𝑀 = 1.4 <𝑀c (dotted line, 
no horizon).

The solution for 𝐵(𝑟) is obtained by substituting (100) and (102) in the integral (75), which can be evaluated numerically (if the 
integration interval does not cross a horizon). However, in order to study the curvature tensor components (37) it suffices to consider 
the quantity

𝐵′(𝑟) = 8𝜋𝐺
𝑟𝜌eff (𝑟)
𝐴(𝑟)

, (106)

because the curvature components (37) depend only on the derivatives of 𝐵(𝑟).
By using (100) and (102) into (106) we can evaluate each component in (37). For simplicity, in what follows we focus only on 

the scalar curvature,

𝑅 = 2𝐾1 + 4𝐾2 + 4𝐾3 + 2𝐾4, (107)

but similar results also hold for the other invariants, such as the Kretschmann scalar (38). The explicit expression for (107) is

𝑅(𝑟) = 𝑆(𝑟)
𝐴(𝑟)

, (108)

where

𝑆(𝑟) = 𝐺𝑀𝜇3√
𝜋

[
1 − 3𝐺𝑀

𝑟
erf
(𝜇𝑟
2

)]
𝑒−

1
4 𝜇

2𝑟2 + 3𝐺2𝑀2𝜇4

𝜋
𝑒−

1
2 𝜇

2𝑟2 . (109)

It is easy to verify that lim𝑟→∞𝑅(𝑟) = 0 and

lim
𝑟→0

𝑅(𝑟) = 𝐺𝑀𝜇3√
𝜋

. (110)

At intermediate scales, although 𝑆(𝑟) is a continuous, analytic even function of 𝑟, owning to the term 1∕𝐴(𝑟) in (108), the behavior 
of 𝑅(𝑟) depends on the value of 𝑀 compared to the critical mass 𝑀c.

In Fig. 4 we show the typical behavior of (108) for 𝑀 <𝑀c and 𝑀 >𝑀c. We also compare both graphs with the Newtonian-limit 
solution (5), with the potential associated to the form factor (99) [7,69–72],

𝜑(𝑟) = −𝐺𝑀

𝑟
erf
(𝜇𝑟
2

)
, (111)

for which the linearized Ricci scalar reads

𝑅 lin =
𝐺𝜇3𝑀√

𝜋
𝑒−

1
4 𝜇

2𝑟2 . (112)

As one can see from the graphs, in both cases, the linearized and nonlinearized solutions match pretty well for very small and large 
𝑟, i.e., for 𝑟 ≪ 1∕𝜇 and 𝑟 ≫ 1∕𝜇. Also, if 𝑀 is sufficiently small, the two solutions do not deviate too much; we elaborate more on 
this in what follows.

As discussed in Sec. 6, if 𝑀 <𝑀c we have 𝐴(𝑟) > 0 everywhere and the scalar curvature (108) is bounded. To be more precise, 
if 𝑀 < 0.66𝑀c the function 𝑆(𝑟) is positive and 𝑅 achieves the maximum value at 𝑟 = 0, see Eq. (110) and Fig. 4a. For larger values 
of 𝑀 within the range 0.66𝑀c <𝑀 <𝑀c, the negative term in (109) becomes more relevant. It dominates for 0.95𝑀c <𝑀 <𝑀c
(Fig. 4b)—in this range, |𝑅(𝑟)| can assume arbitrarily large values as 𝑀 approaches the critical mass. In fact, for 𝑀 >𝑀c the equation 
18

𝐴(𝑟) = 0 has two roots, and the scalar curvature diverges at the horizon positions 𝑟± (see Fig. 4c). Therefore, combining these results 
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Fig. 4. Comparison between 𝑅 (solid line) and 𝑅 lin (dashed line), respectively given by Eqs. (108) and (112). The panel (a) shows the case in which the mass is 
considerably smaller than the critical mass: 𝑅 is positive and achieves its maximum at 𝑟 = 0; the two solutions have the same qualitative behavior. For larger values of 
the mass (but still smaller than 𝑀c), 𝑅 may achieve arbitrarily large negative values [panel (b)]. The maximum of |𝑅| can occur at 𝑟 ≠ 0, which shows a significant 
difference between the two solutions; this marks the approximation breakdown. The panel (c) illustrates the typical case when 𝑀 >𝑀c , for which 𝑅 diverges at the 
horizons.

with the numeric factors in Eq. (110) one can show that, even though 𝑅 is bounded for any value of 𝑀 smaller than 𝑀c, the 
small-curvature condition stated in the form |𝑅|∕𝜇2 < 1 actually requires a slightly more stringent constraint, namely, 𝑀 < 0.93𝑀c.

Analogous results can be formulated for the other curvature-squared invariants, 𝑅2
𝜇𝜈 and 𝑅2

𝜇𝜈𝛼𝛽
. This explicitly shows that there 

exists a value for the mass 𝑀 < 𝑀c such that the small-curvature condition 2∕𝜇4 < 1 holds ( is a generic curvature tensor). 
The 𝑂(𝑅2) corrections in (12) might be irrelevant in these circumstances. We emphasize, however, that the approximation holds for 
sufficiently small 𝑟 even when 𝑀 >𝑀c because the nonlinearities in curvatures are suppressed in this limit, as discussed in general 
grounds in Sec. 4.

As explained before, since the form factor (99) grows faster than any polynomial, the metric components 𝐴(𝑟) and 𝐵(𝑟) are even 
functions. This makes all curvature invariants to be singularity free at the origin, even those constructed with derivatives of the 
curvature tensors. Below, we present some values of these invariants at 𝑟 = 0 [see also (110)]:

𝑅𝜇𝜈𝛼𝛽𝑅
𝜇𝜈𝛼𝛽 (0) = 5𝐺2𝑀2𝜇6

3𝜋
, 𝑅𝜇𝜈𝑅

𝜇𝜈(0) = 𝐺2𝑀2𝜇6

𝜋
, (113)

□𝑅(0) = −𝐺𝑀𝜇5

2𝜋

(
3
√
𝜋 + 2𝐺𝜇𝑀

)
, □2𝑅(0) = 𝐺𝑀𝜇7

12𝜋3∕2

(
45𝜋 + 138

√
𝜋𝐺𝜇𝑀 − 52𝐺2𝜇2𝑀2). (114)

It is remarkable that with the very simple equation (10), one can obtain the same qualitative results of [86]. Namely, the curvatures 
are regular at 𝑟 = 0 and weak around the origin, there exists a mass gap for the black hole formation, and the curvatures abruptly 
grow close to the horizon positions (if there are horizons).

7.1.2. Solution for 𝐵(𝑟) with 𝑝𝑟 = [𝐴(𝑟) − 1]𝜌eff
Let us now obtain the solution associated with the equation of state (93), of Sec. 6.4, which regularizes the divergences of the 

pressures at the horizons. The quadrature (94) for 𝐵(𝑟) can be explicitly evaluated in this case,

𝐵(𝑟) = −2𝐺𝜇𝑀√
𝜋

𝑒−
1
4 𝜇

2𝑟2 . (115)

So, the metric is given by

d𝑠2 = −

[
1 − 2𝐺𝑀

𝑟
erf
(𝜇𝑟
2

)
+ 2𝐺𝑀𝜇√

𝜋
𝑒−

1
4 𝜇

2𝑟2
]
exp

(
−2𝐺𝜇𝑀√

𝜋
𝑒−

1
4 𝜇

2𝑟2
)
d𝑡2

+

[
1 − 2𝐺𝑀

𝑟
erf
(𝜇𝑟
2

)
+ 2𝐺𝑀𝜇√

𝜋
𝑒−

1
4 𝜇

2𝑟2
]−1

d𝑟2 + 𝑟2dΩ2,

(116)

which is consistent with the Newtonian approximation described in Sec. 3. Indeed, expanding the temporal part of (116) in powers 
of 𝑀 , at leading order we get 𝑔𝑡𝑡 = −[1 + 2𝜑(𝑟)], with 𝜑(𝑟) given by (111).

In consonance with the discussion of Sec. 4, in this case the curvature invariants are regular everywhere. Indeed, in Fig. 5 we show 
the typical behavior of the scalar curvature 𝑅 for 𝑀 >𝑀c; comparing with Fig. 4c, we notice that this choice of effective pressures 
regularizes the singularities at the horizons. Moreover, the values of the curvature invariants at 𝑟 = 0 are the same as in Eqs. (110)
and (113), because both equations of state lead to solutions that have the same behavior for sufficiently small 𝑟, as explained in 
Sec. 6.4. (However, curvature-derivative invariants calculated at the two solutions might differ, as they involve higher-order metric 
derivatives.) We do not plot the case where 𝑀 <𝑀c since it is very similar to the one shown in Fig. 4a.

Finally, we point out that the metric (116) differs from the one obtained in Ref. [108] inspired by noncommutative geometry. 
Although both come from the same Gaussian effective source (100), the underlying equations of state are different, which leads to 
19

different shift functions 𝐵(𝑟). In Appendix A, we carry out a more detailed comparison of the two solutions.
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Fig. 5. Behavior of the Ricci scalar for the metric (116) when 𝑀 >𝑀𝑐 . The scalar curvature is finite everywhere, even at the horizons 𝑟± .

7.2. Sixth-derivative gravity with real poles

As a second example, let us consider the case where the form factor 𝑓 (𝑧) is a polynomial of degree two with simple real roots 𝑚2
1

and 𝑚2
2, namely,

𝑓 (𝑧) =
(𝑚2

1 − 𝑧)(𝑚2
2 − 𝑧)

𝑚2
1𝑚

2
2

, (117)

which corresponds to a sixth-derivative gravitational action. The effective delta source (9) for this model was calculated in [57] and 
it reads

𝜌eff (𝑟) =
𝑀𝑚2

1𝑚
2
2

4𝜋
(
𝑚2
2 −𝑚2

1
) 𝑒−𝑚1𝑟 − 𝑒−𝑚2𝑟

𝑟
. (118)

Ordering the masses such that 𝑚1 < 𝑚2, it is easy to see that 𝜌eff (𝑟) > 0 for all 𝑟. According to the discussion involving Eq. (71), it 
follows that the mass function,

𝑚(𝑟) =𝑀

[
1 +

𝑚2
1(1 +𝑚2𝑟)𝑒−𝑚2𝑟 −𝑚2

2(1 +𝑚1𝑟)𝑒−𝑚1𝑟

𝑚2
2 −𝑚2

1

]
, (119)

is monotone and also positive; this can be explicitly verified by checking that 𝑚′(𝑟) > 0 and 𝑚(0) = 0.
It is worth mentioning that the limit 𝑚2 →𝑚1 of the expressions (118) and (119) is smooth, and it results in the formulas for the 

case of sixth-derivative gravity with degenerate masses, namely,

𝜌eff (𝑟)
|||𝑚2=𝑚1

=
𝑀𝑚3

1
8𝜋

𝑒−𝑚1𝑟, 𝑚(𝑟)|||𝑚2=𝑚1
=𝑀
[
1 −
(
1 +𝑚1𝑟+

1
2
𝑚2
1𝑟

2
)
𝑒−𝑚1𝑟

]
. (120)

Since the UV behavior of the form factor does not depend on the multiplicity of the roots, the effective sources in (120) and (118)
have the same order of regularity, as it can be easily checked by comparing their Taylor series. For further discussion regarding the 
limit 𝑚2 →𝑚1 in linearized sixth-derivative gravity, see [67].

The expression for 𝐴(𝑟) is obtained from combining (21) and (119), and it can be cast in the form16

𝐴(𝑟) = 1 − 2𝐺𝑀
𝑚1𝑚2

𝑚2
2 −𝑚2

1

[
𝑚2𝑍(𝑚1𝑟) −𝑚1𝑍(𝑚2𝑟)

]
, (121)

where we defined the dimensionless function

𝑍(𝑥) = 1
𝑥
[1 − (1 + 𝑥)𝑒−𝑥]. (122)

Since 𝑍(𝑥) is bounded (see Fig. 6), 𝐴(𝑟) is also bounded. Moreover, the function 𝑍(𝑥) is positive for any 𝑥 > 0 and takes the maximal 
value 𝑍max = 0.298 for 𝑥∗ = 1.79. Therefore,

max
𝑟

{
𝑚2𝑍(𝑚1𝑟) −𝑚1𝑍(𝑚2𝑟)

}
⩽max

𝑟

{
𝑚2|𝑍(𝑚1𝑟)|+𝑚1|𝑍(𝑚2𝑟)|} ⩽ (𝑚1 +𝑚2)𝑍max, (123)

16 In particular, in the degenerate case 𝑚2 =𝑚1 we obtain

𝐴(𝑟)|||𝑚2=𝑚1
= 1 − 2𝐺𝑀

𝑟

[
1 −
(
1 +𝑚1𝑟+

1
2
𝑚2

1𝑟
2
)
𝑒−𝑚1𝑟
]
.

20
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Fig. 6. Graph of 𝑍(𝑥) in Eq. (122). The function is positive for every 𝑥 > 0 and it has a maximum 𝑍max = 0.298 at 𝑥∗ = 1.79.

which leads to the conclusion that 𝐴(𝑟) is positive if 𝑀 is small enough such that

2𝐺𝑀
𝑚1𝑚2

𝑚2 −𝑚1
𝑍max < 1. (124)

This yields a lower-bound estimate to the critical mass 𝑀c of Eq. (69),

𝑀c ⩾ 1.68
𝑀2

P
�̃�

, �̃� ≡ 𝑚1𝑚2
𝑚2 −𝑚1

, (125)

where again we used 𝐺 = 1∕𝑀2
P . We remark that 𝑀c might actually be considerably bigger than the estimate (125), which is only 

a lower bound. Nevertheless, if 𝑀 < 1.68𝑀2
P∕�̃� the solution describes a horizonless compact object regardless of the choice of the 

equation of state in the framework of Sec. 6.3.
On the other hand, for 𝑀 >𝑀c, the solution has exactly two horizons. To prove this statement, it suffices to show that the function 

𝐴(𝑟) in Eq. (121) has only one local minimum. In particular, this is true if the equation 𝐴′(𝑟) = 0 has only one solution17 for a given 
pair of masses 𝑚1 and 𝑚2. If we define the dimensionless variables

𝑞 ≡ 𝑚2
𝑚1

and 𝑦 ≡𝑚1𝑟, (126)

the equation 𝐴′(𝑟) = 0 can be cast as

1 − 𝑞2 + 𝑞2
(
1 + 𝑦+ 𝑦2

)
𝑒−𝑦 − [1 + 𝑞𝑦(1 + 𝑞𝑦)] 𝑒−𝑞𝑦

1 − 𝑞2
= 0. (127)

The numerical solution of this equation in the 𝑞𝑦-plane is shown in Fig. 7, where one can see that it has only one solution for each 
value of 𝑞. In other words, given a pair (𝑚1, 𝑞)—or, equivalently, (𝑚1, 𝑚2)—the function 𝐴(𝑟) has only one minimum.

Fig. 7 can also be regarded as the graph of a function 𝑦min(𝑞), which is related to the position 𝑟∗ of the minimum18 of 𝐴(𝑟), namely,

𝑟∗ =
𝑦min(𝑞)
𝑚1

. (128)

Therefore, in Fig. 7 we can identify two special distinct regimes, namely, 𝑞 → 1 and 𝑞→∞. The former corresponds to the degenerate 
case 𝑚1 =𝑚2, for which 𝑦min assumes its maximal value 𝑦min(1) = 3.38. As 𝑞 increases, the function 𝑦min(𝑞) monotonically decreases, 
and it tends to the constant value 𝑥∗ = 1.79 [the same position of the extremum of 𝑍(𝑥), see Eq. (122)]. This latter regime corresponds 
to the case in which 𝑚2 ≫𝑚1, i.e., the massive mode 𝑚2 is too heavy and has a very short range; consequently, for larger distances, the 
model behaves similarly to the fourth-derivative gravity with only the scale 𝑚1 . Both situations are analogous to what was described 
in [67] about the weak-field limit of sixth-derivative gravity. Since the outer (event) horizon 𝑟+ is bounded from below by 𝑟∗, and 
by the Schwarzschild radius from above [see Eq. (70)], we conclude that

1.79
𝑚1

⩽ 𝑟+ ⩽ 2𝐺𝑀. (129)

17 The point where 𝐴′(𝑟) = 0 is a minimum, and not a maximum, because (121) gives 𝐴′′(0) = − 4
3
𝐺𝑚2

1𝑚
2
2∕(𝑚1 +𝑚2) < 0, i.e., 𝐴(𝑟) is concave downward near 𝑟 = 0.

18 The quantity 𝑟∗ defined here is the same one that appeared in the general discussion of Sec. 5 [see Eq. (69)], because the minimum of 𝐴(𝑟) corresponds to the 
21

maximum of �̃�(𝑟)∕𝑟.
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Fig. 7. Numerical solution of Eq. (127), which shows that it has only one solution for each 𝑞 ⩾ 1. In the limit 𝑞 → 1 the equation is solved for 𝑦 = 3.38, while for large 
𝑞 the solution for 𝑦 tends to 1.79.

Let us stress that the case of sixth-derivative gravity in which the masses 𝑚1 ≠ 𝑚2 in (117) are complex conjugate is completely 
different from the one studied here, for the effective source is not positive and the mass function has oscillations. For instance, this 
allows the metric to have more than two horizons, as we showed in detail in [114].

In what concerns the nontrivial possibilities for 𝐵(𝑟), let us only discuss the solution with regular pressures in the framework of 
Sec. 6.4, i.e., with the equation of state (93) (the case of null pressures is very similar to Sec. 7.1.1). In this case, Eq. (94) yields19

𝐵(𝑟) = −
2𝐺𝑀𝑚1𝑚2

𝑚2
2 −𝑚2

1

(
𝑚2𝑒

−𝑚1𝑟 −𝑚1𝑒
−𝑚2𝑟
)
. (130)

Combining (121) and (130) we obtain the explicit expression for the metric,

d𝑠2 = −

{
1 − 2𝐺𝑀

𝑚1𝑚2

𝑚2
2 −𝑚2

1

[
𝑚2𝑍(𝑚1𝑟) −𝑚1𝑍(𝑚2𝑟)

]}
exp

[
−
2𝐺𝑀𝑚1𝑚2

𝑚2
2 −𝑚2

1

(
𝑚2𝑒

−𝑚1𝑟 −𝑚1𝑒
−𝑚2𝑟
)]

d𝑡2

+

{
1 − 2𝐺𝑀

𝑚1𝑚2

𝑚2
2 −𝑚2

1

[
𝑚2𝑍(𝑚1𝑟) −𝑚1𝑍(𝑚2𝑟)

]}−1

d𝑟2 + 𝑟2dΩ2.

(131)

It is easy to check that to the leading order in 𝑀 , the above metric reduces to the Newtonian-limit form (5), where

𝜑(𝑟) = −𝐺𝑀

𝑟

(
1 −

𝑚2
2 𝑒

−𝑚1𝑟 −𝑚2
1 𝑒

−𝑚2𝑟

𝑚2
2 −𝑚2

1

)
(132)

is precisely the modified Newtonian potential [53,67], in agreement with the general discussion of Sec. 3.

7.3. Polynomial gravity with simple real poles

As a more general but less explicit example, let us consider the case where the form factor 𝑓 (𝑧) is a generic polynomial of degree 
𝑁 ⩾ 2 with real distinct roots, i.e.,

𝑓 (𝑧) = 1 + 𝑧𝐹 (𝑧) =
𝑁∏
𝑖=1

𝑚2
𝑖
− 𝑧

𝑚2
𝑖

, (133)

with 𝑚𝑖 ≠ 𝑚𝑗 if 𝑖 ≠ 𝑗. (The more general case in which the roots can be complex and/or degenerate is discussed in Sec. 7.4 below.) 
The expression for the effective source can be obtained by expanding the integrand of (9) in partial fractions, using

1
𝑓 (𝑧)

=
𝑁∑
𝑖=1

𝐶𝑖

𝑚2
𝑖

𝑚2
𝑖
− 𝑧

, (134)

19 In the degenerate scenario 𝑚2 =𝑚1 this expression reduces to

𝐵(𝑟)|||𝑚2=𝑚1
= −𝐺𝑀𝑚1(1 +𝑚1𝑟)𝑒−𝑚1𝑟.
22
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where the coefficients 𝐶𝑖 are given by

𝐶𝑖 =
𝑁∏
𝑗=1
𝑗≠𝑖

𝑚2
𝑗

𝑚2
𝑗
−𝑚2

𝑖

(135)

and satisfy the identities [56,115,116]

𝑁∑
𝑖=1

𝐶𝑖 𝑚
2𝑘
𝑖 =

{
1, for 𝑘 = 0,

0, for 𝑘 = 1,2,… ,𝑁 − 1.
(136)

Substituting (134) into (9) it follows [57]

𝜌eff(𝑟) =
𝑀

4𝜋𝑟

𝑁∑
𝑖=1

𝐶𝑖 𝑚
2
𝑖 𝑒

−𝑚𝑖𝑟. (137)

Hence, the effective mass function (22) reads

𝑚(𝑟) =𝑀

[
1 −

𝑁∑
𝑖=1

𝐶𝑖 (1 +𝑚𝑖𝑟)𝑒−𝑚𝑖𝑟

]
. (138)

We did not encounter any effective source (137) that assumes negative values; therefore, we conjecture that 𝜌eff(𝑟) above is strictly 
positive, which makes 𝑚(𝑟) to be a monotonic function and the horizons to be bounded by the Schwarzschild radius, according to 
the discussion involving Eq. (71). Let us remark once more that the situation with complex quantities 𝑚2

𝑖
is entirely different, and in 

that case 𝜌eff(𝑟) can achieve negative values, with important implications for the black hole solutions [114].
The combination of (21) and (138) yields

𝐴(𝑟) = 1 − 2𝐺𝑀

𝑟

[
1 −

𝑁∑
𝑖=1

𝐶𝑖 (1 +𝑚𝑖𝑟)𝑒−𝑚𝑖𝑟

]
. (139)

From the identity (136) with 𝑘 = 0, it is easy to see that the property (65) is satisfied, in particular, lim𝑟→0𝐴(𝑟) = 1. The equation (139)
can be rewritten in terms of the same dimensionless function 𝑍(𝑥) in (122),

𝐴(𝑟) = 1 − 2𝐺𝑀

𝑁∑
𝑖=1

𝐶𝑖 𝑚𝑖 𝑍(𝑚𝑖𝑟). (140)

Since 𝑍(𝑥) is bounded by 0 ⩽𝑍(𝑥) ⩽𝑍max = 0.298, 𝐴(𝑟) is also bounded. Therefore, the same reasoning we adopted to estimate the 
mass gap in Sec. 7.2 leads to the conclusion that 𝐴(𝑟) is positive provided that 𝑀 is small enough such that

2𝐺𝑀�̃�𝑍max < 1, (141)

where

�̃� ≡
𝑁∑
𝑖=1
|𝐶𝑖|𝑚𝑖. (142)

This yields the lower-bound estimate to the critical mass 𝑀c in Eq. (69),

𝑀c ⩾ 1.68
𝑀2

P
�̃�

. (143)

Notice that Eqs. (143) and (125) are essentially the same, the only difference being the mass scale �̃�. This is expected, for the previous 
section’s model is the particular case 𝑁 = 2 of the model considered here.

Finally, the equation of state (93) in the framework of Sec. 6.4 results in the solution (94) for 𝐵(𝑟), namely,

𝐵(𝑟) = −2𝐺𝑀

𝑁∑
𝑖=1

𝐶𝑖 𝑚𝑖 𝑒
−𝑚𝑖𝑟. (144)

The complete metric, thus, reads

d𝑠2 = −

{
1 − 2𝐺𝑀

𝑟

[
1 −

𝑁∑
𝑖=1

𝐶𝑖 (1 +𝑚𝑖𝑟)𝑒−𝑚𝑖𝑟
]}

exp

(
−2𝐺𝑀

𝑁∑
𝑖=1

𝐶𝑖 𝑚𝑖 𝑒
−𝑚𝑖𝑟

)
d𝑡2

{
2𝐺𝑀

[ 𝑁∑
−𝑚𝑖𝑟
]}−1

2 2 2

(145)
23

+ 1 −
𝑟

1 −
𝑖=1

𝐶𝑖 (1 +𝑚𝑖𝑟)𝑒 d𝑟 + 𝑟 dΩ .
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In agreement with the general discussion of Sec. 3, in the leading order in 𝑀 this metric reduces to the Newtonian form (5) with

𝜑(𝑟) = −𝐺𝑀

𝑟

(
1 +

𝑁∑
𝑖=1

𝐶𝑖 𝑒
−𝑚𝑖𝑟

)
(146)

being exactly the modified Newtonian potential evaluated in [53].

7.4. General polynomial gravity

Finally, let us consider the most general case of polynomial gravity, where we allow the mass parameters 𝑚𝑖 to be complex and/or 
degenerate. The form factor reads

𝑓 (𝑧) =
𝑛∏

𝑖=1

(
𝑚2
𝑖
− 𝑧

𝑚2
𝑖

)𝛼𝑖

, (147)

where we assume that the polynomial 𝑓 (𝑧) has degree 𝑁 ⩾ 2 and it has 𝑛 ⩾ 1 distinct roots 𝑚2
1, 𝑚

2
2, … , 𝑚2

𝑛, each of which has a 
multiplicity 𝛼1, 𝛼2, … , 𝛼𝑛, such that

𝑁 =
𝑛∑

𝑖=1
𝛼𝑖 . (148)

Similarly to the previous example, we can use the partial fraction decomposition to write

1
𝑓 (𝑧)

=
𝑛∑

𝑖=1

𝛼𝑖∑
𝑗=1

𝑖,𝑗
(

𝑚2
𝑖

𝑚2
𝑖
− 𝑧

)𝑗

, (149)

where the coefficients can be determined by the residue method (see, e.g., [117]) and are given by

𝑖,𝑗 = (−1)𝛼𝑖−𝑗

𝑚
2𝑗
𝑖
(𝛼𝑖 − 𝑗)!

d𝛼𝑖−𝑗
d𝑧𝛼𝑖−𝑗

(𝑚2
𝑖
− 𝑧)𝛼𝑖

𝑓 (𝑧)

|||||𝑧=𝑚2
𝑖

. (150)

These coefficients satisfy identities that generalize the ones in (136), in particular,

𝑛∑
𝑖=1

𝛼𝑖∑
𝑗=1

𝑖,𝑗 = 1 and
𝑛∑

𝑖=1
𝑖,1𝑚2

𝑖 = 0. (151)

Calculating the effective delta source 𝜌eff from (9) using (149), we find [57]

𝜌eff(𝑟) =
𝑀

4𝜋3∕2

𝑛∑
𝑖=1

𝛼𝑖∑
𝑗=1

𝑖,𝑗 𝑚
2𝑗
𝑖

(𝑗 − 1)!

(
𝑟

2𝑚𝑖

)𝑗− 3
2
𝐾

𝑗− 3
2
(𝑚𝑖𝑟), (152)

where 𝐾𝜈 is the modified Bessel function of the second kind [117]. As shown in [57], the latter identity in (151) is responsible for 
the 0-regularity of the above effective source.

It is also useful to write explicitly the expression of the modified Newtonian potential 𝜑(𝑟), obtained from the modified Poisson 
equation (6) and calculated in [55],

𝜑(𝑟) = −𝐺𝑀

𝑟

[
1 − 2√

𝜋

𝑛∑
𝑖=1

𝛼𝑖∑
𝑗=1

𝑖,𝑗

(𝑗 − 1)!

(𝑚𝑖𝑟

2

)𝑗− 1
2
𝐾

𝑗− 3
2
(𝑚𝑖𝑟)

]
, (153)

where the coefficients 𝑖,𝑗 are defined such that20

1
𝑧𝑓 (𝑧)

= 1
𝑧
+

𝑛∑
𝑖=1

𝛼𝑖∑
𝑗=1

𝑖,𝑗

𝑚2
𝑖

(
𝑚2
𝑖

𝑚2
𝑖
− 𝑧

)𝑗

, (154)

namely,

𝑖,𝑗 =
(−1)𝛼𝑖−𝑗

𝑚
2(𝑗−1)
𝑖

(𝛼𝑖 − 𝑗)!
d𝛼𝑖−𝑗
d𝑧𝛼𝑖−𝑗

(
𝑚2
𝑖
− 𝑧
)𝛼𝑖

𝑧𝑓 (𝑧)

|||||𝑧=𝑚2
𝑖

. (155)

Hence, comparing (149) and (154) one can show that
24

20 Comparing to the notation used in [55], the correspondence between the coefficients 𝐴𝑖,𝑗 (used there) and 𝑖,𝑗 (used here) is through 𝑖,𝑗 = (𝑗 − 1)! 𝐴𝑖,𝑗∕𝑚
2(𝑗−1)
𝑖

.
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𝑖,𝑗 =
𝛼𝑖∑
𝑘=𝑗

𝑖,𝑘. (156)

At this point, we can use relations (30), (36) and (153) to obtain compact expressions for the mass function and the function 𝐴(𝑟),

𝑚(𝑟) =𝑀

[
1 − 4√

𝜋

𝑛∑
𝑖=1

𝛼𝑖∑
𝑗=1

𝑖,𝑗

(𝑗 − 1)!

(𝑚𝑖𝑟

2

)𝑗+ 1
2
𝐾

𝑗− 5
2
(𝑚𝑖𝑟)

]
, (157)

𝐴(𝑟) = 1 − 2𝐺𝑀

𝑟
+ 8𝐺𝑀√

𝜋𝑟

𝑛∑
𝑖=1

𝛼𝑖∑
𝑗=1

𝑖,𝑗

(𝑗 − 1)!

(𝑚𝑖𝑟

2

)𝑗+ 1
2
𝐾

𝑗− 5
2
(𝑚𝑖𝑟) . (158)

One can easily check that the formulas (153), (157), and (158) reduce to the simple pole ones of Sec. 7.3 if we set 𝛼𝑖 = 1 ∀ 𝑖. For 
instance, in this case, (150) coincides with (135).

Finally let us consider the solution described in Sec. 6.4, with an effective pressure defined by the equation of state (93). From 
Eq. (94), we obtain the nontrivial shift function

𝐵(𝑟) = −4𝐺𝑀√
𝜋

𝑛∑
𝑖=1

𝛼𝑖∑
𝑗=1

𝑖,𝑗 𝑚𝑖

(𝑗 − 1)!

(𝑚𝑖𝑟

2

)𝑗− 1
2
𝐾

𝑗− 1
2
(𝑚𝑖𝑟). (159)

Putting together the expressions for 𝐴(𝑟) and 𝐵(𝑟) we can write the metric (88) in explicit form,

d𝑠2 = −
[
1 − 2𝐺𝑀

𝑟
+ 8𝐺𝑀√

𝜋𝑟

𝑛∑
𝑖=1

𝛼𝑖∑
𝑗=1

𝑖,𝑗

(𝑗 − 1)!

(𝑚𝑖𝑟

2

)𝑗+ 1
2
𝐾

𝑗− 5
2
(𝑚𝑖𝑟)
]
exp
[
− 4𝐺𝑀√

𝜋

𝑛∑
𝑖=1

𝛼𝑖∑
𝑗=1

𝑖,𝑗𝑚𝑖

(𝑗 − 1)!

(
𝑚𝑖𝑟

2

)𝑗− 1
2
𝐾

𝑗− 1
2
(𝑚𝑖𝑟)
]
d𝑡2

+
[
1 − 2𝐺𝑀

𝑟
+ 8𝐺𝑀√

𝜋𝑟

𝑛∑
𝑖=1

𝛼𝑖∑
𝑗=1

𝑖,𝑗

(𝑗 − 1)!

(𝑚𝑖𝑟

2

)𝑗+ 1
2
𝐾

𝑗− 5
2
(𝑚𝑖𝑟)
]−1

d𝑟2 + 𝑟2dΩ2.

(160)

8. Summary and conclusions

In the present work, we studied static spherically symmetric solutions of the effective field equations (10) sourced by an effective 
energy-momentum tensor containing the smeared delta source. In particular, we discussed the role played by the effective pressure 
components, several possible ways of defining them, and their consequences to the solution. Throughout the analysis, we kept the 
effective delta source as general as possible, relating our results to certain generic properties of such sources; this guarantees the 
generality of the considerations and their applicability to a broad family of models defined by form factors 𝑓 (−𝑘2) that grow at least 
as fast as 𝑘4. A summary of the results can be formulated as follows.

If 𝑝𝑟 = 𝑝𝜃 = 0, the system of field equations is over-determined; nevertheless, it can admit an approximate solution in the regimes 
of small and large values of 𝑟. The relevance of this solution is its correspondence to the case in which the original source is a Dirac 
delta function. Indeed, recalling that the equivalent solution in general relativity would be the Schwarzschild one [118], it follows that 
(under the approximations considered) the solution with 𝑝𝑟 = 𝑝𝜃 = 0 can be regarded as an analogous of Schwarzschild for nontrivial 
form factors.

On the other hand, the effective field equations can be solved in the whole spacetime if one considers nontrivial effective pressures 
𝑝𝑟 and 𝑝𝜃 . However, there is considerable arbitrariness in the choice of pressure components if one considers equations of state without 
a guiding physical motivation. In Sec. 6, we discussed some possibilities of equations of state and the solutions associated. In particular, 
we argued that the choice 𝑝𝑟 = −𝜌eff makes the shift function 𝐵(𝑟) be identically zero and, as a consequence, for large 𝑟, the resultant 
metric does not recover the modified Newtonian potential. We also showed that the Newtonian-limit behavior can be matched with 
the equation of state 𝑝𝑟 = [𝐴(𝑟) − 1]𝜌eff . The explicit solution of the effective field equations with this equation of state was obtained 
for effective sources originating from local and nonlocal higher-derivative gravity models, as summarized in Table 1.

We remark that all the solutions found, regardless of the choice of the effective pressures, present a black hole mass gap. In other 
words, the metric does not have an apparent horizon if the mass is smaller than a critical value.

A significant part of the work was dedicated to studying the regularity of the solutions and how they compare with the Newtonian 
limit metric. We showed that if the form factor 𝑓 (−𝑘2) of the model grows at least as fast as 𝑘4 , there are choices of equations of 
state that result in the curvature invariants being singularity-free. The same result is generalized to guarantee the regularity of sets 
of curvature invariants containing covariant derivatives; however, in this case, the behavior of the form factor should be improved 
accordingly. The whole set of invariants that are polynomial in curvature tensors and their covariant derivatives can be regular if 
𝑓 (−𝑘2) grows faster than any polynomial (i.e., in some nonlocal gravity models).

Regarding the comparison with the nonrelativistic limit, we showed that the solutions related to the equation of state 𝑝𝑟 =
[𝐴(𝑟) − 1]𝜌eff match the Newtonian-limit solutions not only in the regime of large 𝑟 but also for small 𝑟 (if the effective source is 
regular). This means that the curvature invariants show the same leading behavior in these regions; however, higher-order derivative 
25

invariants may differ at 𝑟 = 0.
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Table 1

Solutions obtained in this work for several form factors 𝑓 (𝑧); the shift function 𝐵(𝑟) presented follows from the equations of state of 
Sec. 6.4, namely, 𝑝𝑟 = [𝐴(𝑟) − 1]𝜌ef f . The function 𝑍(𝑥) is defined in Eq. (122), while the coefficients 𝐶𝑖 , 𝑖,𝑗 , and 𝑖,𝑗 are defined, 
respectively, in Eqs. (135), (150), and (156). The last column refers to the section where the solution is discussed.

𝑓 (𝑧) 𝐴(𝑟) 𝐵(𝑟) Sec.

𝑒−𝑧∕𝜇
2 1 − 2𝐺𝑀

𝑟
erf
(

𝜇𝑟

2

)
+ 2𝐺𝑀𝜇√

𝜋
𝑒−

1
4 𝜇

2𝑟2 − 2𝐺𝜇𝑀√
𝜋

𝑒−
1
4 𝜇

2𝑟2 7.1

(𝑚2
1−𝑧)(𝑚

2
2−𝑧)

𝑚2
1𝑚

2
2

1 − 2𝐺𝑀
𝑚1𝑚2
𝑚2
2−𝑚

2
1

[
𝑚2𝑍(𝑚1𝑟) −𝑚1𝑍(𝑚2𝑟)

]
− 2𝐺𝑀𝑚1𝑚2

𝑚2
2−𝑚

2
1

(
𝑚2𝑒

−𝑚1𝑟 −𝑚1𝑒
−𝑚2𝑟
)

7.2

(𝑚2−𝑧)2

𝑚4 1 − 2𝐺𝑀

𝑟

[
1 −
(
1 +𝑚𝑟+ 1

2
𝑚2𝑟2
)
𝑒−𝑚𝑟
]

−𝐺𝑀𝑚(1 +𝑚𝑟)𝑒−𝑚𝑟 7.2

∏𝑁

𝑖=1
𝑚2

𝑖
−𝑧

𝑚2
𝑖

1 − 2𝐺𝑀

𝑟

[
1 −
∑𝑁

𝑖=1 𝐶𝑖 (1 +𝑚𝑖𝑟)𝑒−𝑚𝑖𝑟
]

−2𝐺𝑀
∑𝑁

𝑖=1 𝐶𝑖 𝑚𝑖 𝑒
−𝑚𝑖𝑟 7.3

∏𝑛

𝑖=1

(
𝑚2

𝑖
−𝑧

𝑚2
𝑖

)𝛼𝑖
1 − 2𝐺𝑀

𝑟
+ 8𝐺𝑀√

𝜋𝑟

∑𝑛

𝑖=1
∑𝛼𝑖

𝑗=1
𝑖,𝑗

(𝑗−1)!

(
𝑚𝑖𝑟

2

)𝑗+ 1
2
𝐾𝑗− 5

2
(𝑚𝑖𝑟) − 4𝐺𝑀√

𝜋

∑𝑛

𝑖=1
∑𝛼𝑖

𝑗=1
𝑖,𝑗 𝑚𝑖

(𝑗−1)!

(
𝑚𝑖𝑟

2

)𝑗− 1
2
𝐾𝑗− 1

2
(𝑚𝑖𝑟) 7.4

We highlight that even though our discussion was centered on smeared sources from higher-derivative gravity models, the same 
effective delta sources can originate from other quantum gravity approaches, e.g., noncommutative geometry, generalized uncertainty 
principle models, and string theory [69,90,102–112]. Hence, the general results derived here can also be applied in other frameworks.

It has yet to be determined if the singularities of the classical solutions of general relativity can be resolved at a more fundamental 
quantum level. Nevertheless, our results may suggest that they can be regularized by higher-derivative structures in the gravitational 
action. Indeed, the higher-derivative modifications of the Schwarzschild metric presented here are nonsingular and display the same 
qualitative behavior of the solutions reported in [86]. Although a rigorous analysis of the complete field equations in the case of 
models with six or more derivatives is still pending, this work can motivate and be useful for further research on this important topic.
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Appendix A. Case 𝒑𝒓 =
[
𝝁𝒓

𝟐 𝑨(𝒓) − 𝟏
]
𝝆𝐞𝐟𝐟

For the sake of completeness, here we discuss the case of the equation of state that comes from the choice 𝜎(𝑟) ∝ 𝑟𝜌eff (𝑟) in the 
framework of Sec. 6.3. This example is interesting for at least three reasons: i) The pressure components are regular, but they do not 
vanish as 𝑟 → 0, ii) the equation of state introduces an odd power of 𝑟 in the effective pressures, and iii) the same equation of state was 
used in Ref. [108] in the context of noncommutative geometry with the Gaussian effective source (100), motivating a comparison of 
that solution with our metric (116).

Hence, let us choose the equation of state

𝑝𝑟 =
[𝜇𝑟
2
𝐴(𝑟) − 1

]
𝜌eff , (A.1)

where 𝜇 is a parameter with dimension of mass, which could be linked to the massive parameters of the higher-derivative model. In 
this case, the conservation equation (24) defines

𝑝𝜃 =
𝜇𝑟

8
{
3𝑟𝜌eff𝐴′ +

[
(6 + 𝑟𝐵′)𝜌eff + 2𝑟𝜌′ef f

]
𝐴
}
− 1

2
(
2𝜌eff + 𝑟𝜌′ef f

)
. (A.2)

Both pressures satisfy the criteria (1b) and (2b) of Sec. 6.4—but not (3b).
An advantage of using (A.1) is the simplicity of the expression for 𝐵(𝑟), since it makes Eq. (19) become the same equation defining 

the effective mass 𝑚(𝑟). Therefore, together with the condition of matching Minkowski at infinity, it gives
26

𝐵(𝑟) =𝐺𝜇 [𝑚(𝑟) −𝑀] . (A.3)
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Fig. A.8. Kretschmann scalar 𝐾 and the ratio 𝐾∕𝐾Sch. with 𝐾 evaluated at the metrics (A.7) (solid line), (116) (dashed line), and at the Newtonian-limit metric (29)
(dotted line) with potential (111).

Notice, however, that since the effective pressures do not vanish at the origin, the behavior of this solution near 𝑟 = 0 might be 
very different from the ones presented in the main part of the paper (see Sec. 6). As a simple example, recall that the mass function 
𝑚(𝑟) is an odd function for nonlocal models defined by form factors that grow faster than any polynomial [see Eq. (73) and the related 
discussion]; hence, aside from a constant, the series representation of (A.3) has only odd powers of 𝑟, whereas, for the same models, 
the solutions (75), (83), and (94) have only even powers. Let us remind that the absence of odd powers in the series expansion of the 
metric is crucial to the regularity of scalars containing derivatives of curvature tensors [56,83], as discussed also in Sec. 4.

The presence of odd powers of 𝑟 in the series of (A.3) is generally expected for higher-derivative models. In fact, from the small-𝑟
behavior of the mass function in Eq. (64) we obtain the expansion of (A.3) around 𝑟 = 0,

𝐵(𝑟) =𝐺𝜇𝑀

[
−1 +

4𝜋𝜌eff (0)
3𝑀

𝑟3
]
+𝑂(𝑟4), (A.4)

if 𝑓 (−𝑘2) ∼ 𝑘4 (or faster) for large 𝑘. Thus, for the higher-derivative gravity models considered in this paper, one can always guarantee 
the presence of the term 𝑟3 in the series expansion of 𝐵(𝑟) if the equation of state (A.1) is used. Moreover, the term linear in 𝑟 is 
always absent, which ensures the regularity of curvature scalars without covariant derivatives (see Sec. 4).

Taking into account the relation between the asymptotic behavior of 𝑓 (−𝑘2) and the lowest odd power of 𝑟 in the series of 𝐴(𝑟)
[see Eq. (72)], the Eq. (46) guarantees that the scalar □𝑅 is singular at 𝑟 = 0 for any model with 𝑓 (−𝑘2) ∼ 𝑘6 (or faster) for large 𝑘
(e.g., eighth- and higher-derivative gravity), if the equation of state (A.1) is used. In fact, the explicit calculation gives

□𝑅 = −
32𝜋𝐺𝜇𝜌eff (0)

𝑟
+𝑂(𝑟0). (A.5)

In the terms of [83], this happens because, while the first odd power in the series expansion of 𝑔𝑟𝑟 is at least 𝑂(𝑟5) [see Eq. (72)], for 
𝑔𝑡𝑡 it is for sure 𝑂(𝑟3), see Eq. (A.4).

Only in the case of 𝑓 (−𝑘2) ∼ 𝑘4 (like in sixth-derivative gravity) □𝑅 might be regular [83]. This occurs because 𝐴(𝑟) contains a 
term 𝑎3𝑟3 in the series expansion [𝑎3 = −2𝜋𝐺𝜌′ef f (0) ≠ 0], which opens a possibility for □𝑅 be regular if

−40𝑎3 − 32𝜋𝐺𝜇𝜌eff (0) = 0, (A.6)

as it can be deduced from the comparison of (A.5) and (46). One can also verify that under this exceptional condition, the other 
scalars with two covariant derivatives (such as (∇𝜆𝑅𝜇𝜈𝛼𝛽 )2 and 𝑅𝜇𝜈□𝑅𝜇𝜈) are also regular.

Last but not least, in what concerns the comparison with the Newtonian limit, we notice that the higher powers of 𝑟 entering 
the equations of state considered in this Appendix make the effective pressures vanish more slowly than the ones of Sec. 6.4, as 𝑟
increases. Thus, the solution in the regime of large 𝑟 might likely converge to the Newtonian-limit metric in a more slow way.

As a concrete example, let us consider the case of the Gaussian effective source (100). The main choice of equation of state used 
in this paper yields the metric (116), while the choice (A.1) results in

d𝑠2 = −

[
1 − 2𝐺𝑀

𝑟
erf
(𝜇𝑟
2

)
+ 2𝐺𝑀𝜇√

𝜋
𝑒−

1
4 𝜇

2𝑟2
]
exp

{
−𝐺𝜇𝑀

[
1 − erf

(𝜇𝑟
2

)
+ 𝜇𝑟√

𝜋
𝑒−

1
4 𝜇

2𝑟2
]}

d𝑡2

+

[
1 − 2𝐺𝑀

𝑟
erf
(𝜇𝑟
2

)
+ 2𝐺𝑀𝜇√

𝜋
𝑒−

1
4 𝜇

2𝑟2
]−1

d𝑟2 + 𝑟2dΩ2.

(A.7)

As anticipated, the metric (A.7) coincides with the one obtained in [108] through the replacement 𝜇 = 1∕
√
𝜃 and a straightforward 
27

manipulation involving the lower incomplete gamma function 𝛾(𝑎, 𝑥) using the formula
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𝛾
(
3
2 ,

𝜇2𝑟2

4

)
= 1

2

[√
𝜋 erf

(𝜇𝑟
2

)
− 𝜇𝑟𝑒−

1
4 𝜇

2𝑟2
]
. (A.8)

In Fig. A.8a, we plot the Kretschmann scalar for the metrics (116), (A.7), and for the Newtonian solution with the potential (111). 
It shows that the solution (A.7) differs significantly from the others as 𝑟 → 0. In Fig. A.8b, we compare the Kretschmann scalar 
evaluated at all the three solutions mentioned above with the one for the Schwarzschild solution, Eq. (54). The three solutions satisfy 
𝐾∕𝐾Sch. → 1 as 𝑟 → ∞, i.e., in the IR they tend to the Schwarzschild solution, but the presence of the higher powers of 𝑟 in the 
equation of state (A.1) makes the solution (A.7) converge slightly more slowly.
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