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We show that the seemingly different methods used to derive non-Lorentzian (Galilean and Carrollian)
gravitational theories from Lorentzian ones are equivalent. Specifically, the pre-nonrelativistic and the pre-
ultralocal parametrizations can be constructed from the gauging of the Galilei and Carroll algebras,
respectively. Also, the pre-ultralocal approach of taking the Carrollian limit is equivalent to performing the
Arnowitt-Deser-Misner decomposition and then setting the signature of the Lorentzian manifold to zero.
We use this uniqueness to write a generic expansion for the curvature tensors and construct Galilean and
Carrollian limits of all metric theories of gravity of finite order ranging from the f(R) gravity to a
completely generic higher derivative theory, the f(g,,. R, V,) gravity. We present an algorithm for
calculation of the nth order of the Galilean and Carrollian expansions that transforms this problem into a
constrained optimization problem. We also derive the condition under which a gravitational theory

becomes a modification of general relativity in both limits simultaneously.
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I. INTRODUCTION

The Galilean limit of general relativity (GR) was first
computed in [1] as an extension of Newton-Cartan (NC)
theory by taking the limit as the speed of light goes to
infinity, ¢ — oo. Later developments were made in [2,3]
showing that the leading order (LO) in the Galilean limit
gives the Newton-Cartan structure, but the next-to-leading
order (NLO) gives the type Il torsional Newton-Cartan
(TNC) geometry [4]. With the growing interest in non-
Lorentzian geometry in recent years, there have been many
papers studying this limit [5-9]. The methods of taking the
Galilean limit of a relativistic theory are

(i) By using the pre-nonrelativistic (PNR) parametri-
zation of the metric which was introduced in [10]
and further used in [11]; for a review see [12].

(ii) By performing the Arnowitt-Deser-Misner (ADM)
decomposition, then taking the limit of the norm of
the normal vector to infinity. We call it the infinite
scaling (IS) method.

(iii) By gauging the Bargmann algebra [13]. This is
motivated by the fact that the Galilean algebra,
which on gauging gives NC geometry, can be con-
structed by the nonrelativistic Inonii-Wigner con-
traction of the Poincaré group. On extending it to the
Bargmann algebra, the gauging procedure gives
TNC geometry. This method, known as Galilean

*poula.tadros @matfyz.cuni.cz
‘ivan.kolar@matfyz.cuni.cz

2470-0010/2024/109(8)/084019(16)

084019-1

algebra gauging (GAG), was applied to study the
Galilean limit of GR in [14].
A different method was proposed in [15] where covariant
and contravariant tensors are scaled differently (by ¢~! and
c, respectively), although this method makes it easier to
take the Galilean limits of Maxwell’s theory to the LO and
NLO, it is equivalent to the PNR approach since lowering
and raising indices is done by the metric with a factor of ¢?
and its inverse with a factor of ¢~2, and the two approaches
give the same Galilean theories. The localization of Galilean
symmetries are done in [16-18]. Since then, the Galilean
limit has been used in condensed matter [19,20], fluid mecha-
nics [21,22], and string theory [23-25] where the NC and
TNC geometries are promoted to their stringy versions.
The Carrollian limit is the opposite limit to the Galilean
one. It was first considered as the ultralocal Inénii-Wigner
contraction of the Poincaré group in the mid 1960s by
Levy-Leblond [26], and independently by Sen Gupta [27]
where they considered the limit as the speed of light
approaches zero, ¢ — 0. However, there was no physical
interpretation nor application of this limit for more than
40 years. It was only considered in physics papers in
the 2000s in various but yet limited cases in conformal field
theories and ultrarelativistic fluids. The Carrollian limit
became more popular among physicists when a direct
connection with physics near black hole horizons was
established in 2019 in [28]. It allowed for defining physical
quantities on black hole horizons, while preventing the
divergences present in the membrane paradigm [29-31].

© 2024 American Physical Society
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As of today, the Carrollian limit has been applied in
various areas of theoretical physics. Specifically, the
Carrollian physics and Carrollian structures were analyzed
in the context of representations of the Carroll group,
i.e., the Carroll particles [32—-35]. In condensed matter
physics [36-38], the Carrollian limit was used to study
fractions and its continuum field limit [39,40]. It also found
various applications in field theory [41-44] and con-
formal field theory [45-48], such as the holography. The
Carrollian limit of fluids [49-54] was found particularly
interesting as it allowed nontrivial motion even in the LO.
Some cosmological applications of the limit were also
considered [55,56]. The Carrollian limit was further used
in string theory [57-59], gravity [60-68], and black
holes [28,35,69-71], particularly to analyze dynamics
of particles near black-hole horizons [72-74]. Recently,
the Carrollian limit gave rise to a new theory of holo-
graphy on null boundaries of asymptotically flat space-
times [46,75-77].

While calculating the Carrollian limit of Maxwell’s
theory, it was shown that there are two nonequivalent
Carrollian limits for any Lorentzian theory. The first one
keeps the electric part in Maxwell’s theory and so was
named the electric limit, and the other keeps the magnetic
part and so was called the magnetic limit. In gravitational
theories, the electric limit is the LO in the Carrollian
expansion of the Lagrangian and the magnetic limit is the
NLO in that expansion. There are multiple ways to take the
(electric and magnetic) Carrollian limit of a Lorentzian
gravitational theory:

(i) By parametrizing the Lagrangian using the pre-

ultralocal (PUL) parametrization, then taking
¢ — 0 [64,78].

(ii) By performing the ADM decomposition for the
Lagrangian and setting the signature of the metric
to zero [44,79], which we refer to as the zero
signature (ZS) approach.

(iii) By gauging the algebra of the theory and performing
the ultralocal Inonii-Wigner contraction [14], i.e.,
Carroll algebra gauging (CAG) approach.

Another possibility is by rescaling certain terms and taking
the appropriate limit to get the desired theory [80]. This
method was implemented for multigravity theories in [81].
Since rescaling terms will give a subset of theories given by
the PUL approach, we consider it to be a special case.
The Carrollian limit of GR was also constructed using the
Kol-Smolkin (KS) decomposition (which is dual to the
ADM decomposition), expanding the resulting quantities
in powers of ¢!, then taking the limit ¢ — 0 [82]. This
method gives the same results as the ZS approach since the
two decompositions are dual, and the limit ¢ — 0 gives the
same result as setting the signature to zero as we will show.

In this paper, we show that the PNR parametrization can
be constructed from GAG. Similarly, the PUL parametri-
zation can be constructed from CAG. We also show that the

PUL and ZS approaches of taking the Carrollian limit are
completely equivalent (and, similarly, PNR and IS).
Throughout this paper, we consider the ADM decompo-
sition with an extra real parameter ¢ which can be inter-
preted as a signature if it is 1, —1, or O; the zero signature
case is a Carrollian manifold [79]. Once we establish the
uniqueness of the Galilean and Carrollian limits (i.e., the
equivalence of the above approaches), we construct an
algorithm for computing the nth order of the Galilean, and
the Carrollian expansions of a completely generic higher
derivative gravity (HDG). The problem is transformed into
computationally easier optimization problems which upon
solving give the desired order.

The paper is organized as follows:

(1) In Sec. II, we briefly review the methods used to
construct non-Lorentzian gravitational theories from
Lorentzian ones.

(i1) In Sec. III, we give a proof that the PUL and the ZS
approaches are equivalent in the sense that they
describe the same limit of the metric with the same
variables and parameters. Naturally, the same is true
for PNR and IS approaches. Furthermore, we show
that the PUL parametrization and the Carroll com-
patible connection can be constructed by gauging
the Carroll algebra, i.e., the equivalence of PUL and
CAG. Similarly, we also prove that we can construct
the PNR parametrization and the Galilei compatible
connection from the Galilei algebra gauging pro-
cedure, i.e., the equivalence of PNR and GAG.

(iii) In Sec. IV, while making use of the uniqueness, we
write a general expansion of curvature and convert
the calculation of the Galilean and Carrollian ex-
pansions of the f(R) gravity, the f(g,.,Ruep)
gravity, as well as the most general HDG, i.e., the
S (Guw» Rueps V) gravity, into the constrained opti-
mization problems. We also present the conditions
under which a gravitational theory can be a modi-
fication of GR in both the Galilean and Carrollian
regimes.

(iv) In Sec. V, we conclude the paper by a brief summary
and discussion of our results.

II. REVIEW OF NON-LORENTZIAN LIMITS

We begin with a brief review of the methods that are used
in the available literature for the construction of non-
Lorentzian theories.

A. Pre-ultralocal parametrization

The PUL parametrization is the parametrization that is
suitable for taking the ultralocal (Carrollian) limit [64]. The
metric parametrization is given by

1
G =—CT, T, + 1, ¢¥=——SVEV' LI, (2.1)
C
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where T, and V# are the orthonormal covector and vector
while IT,, and I* are the induced metric and its inverse;
they satisfy

T,vi=-1, - VT, + 1111, = &,

T, =11, V" = 0. (2.2)

It proves useful to introduce a Carroll compatible con-
nection by demanding that II*” and T, are covariantly
constant,
Cw = =VP0, T, = VT, £yT,

1
+ 5Hﬂﬁ[aﬂnM + 0,11, — 0,11, —TI"*T,KC,;,  (2.3)

= R 4 O(ct),
VI = ot + 2M* + O(c*),

This allows us to express the Lagrangian in powers of 2.
The LO (electric limit) will define an ultralocal theory, i.e.,
a theory that does not admit a nontachyonic single-particle
motion. In contrast, the theory obtained in the NLO
(magnetic limit) allows some motion, and it also admits
massive solutions.

B. Pre-nonrelativistic parametrization

A convenient parametrization of the metric that allows
one to take the nonrelativistic (Galilean) limit is the PNR
parametrization [68]. The metric parametrization is the
same as (2.1) with the conditions (2.2), but a different
connection that is compatible with Galilean symmetries:

|

1 1
I, = h;w+?q);w + 0<C4>,

1 1
V”:v”+—2m"+0(—4>,
c c

where m, is the mass current which is conserved in
Galilean theories. (It also corresponds to the additional
generator in the extension of Galilean algebra to Bargmann
algebra in the gauging process.) The final step in the
Galilean limit is to use the formulas above to expand
the Lagrangian. The expansion to the LO will only involve
the LO fields hlw,h’“’, v#, and Ty which define the NC
structure, while the NLO should also include ®**, @, , m*
and m,, which modify it to the type II TNC structure.

where KC,; is the extrinsic curvature defined by KC = —%£VH.
This connection is defined so that the respective covariant
derivative leaves the Carrollian structure invariant (similar
to the requirement that the covariant derivative of the metric
is zero in the Lorentzian case). This can be gone by
requiring that II,, and V* (the defining quantities for the
Carrollian structure) to be covariantly constant. Such a
connection can be derived from fundamental arguments in
the gauging procedure of the Galilei algebra as we will
see below.

Assuming analyticity, we again expand all the quantities
in powers of ¢%:

= Ny + CZ(D”D + 0(c*),
T,=1,+c*N,+ O0(c*).

[

1
Ch, = =V?a,T, + EHﬂ (0,11, + 0,11, — 0,11,,). (2.5)

This connection is defined so that the respective covariant
derivative leaves the Galilean structure invariant. This can
be gone by requiring [" and 7', to be covariantly constant.
Such a connection can be derived from fundamental
arguments in the gauging procedure of the Galilei algebra
as we will see below.

Now, assuming the analyticity of all the quantities, we
expand I1,,, T1*, V¥, T, in powers of 2

Hv
1
A

r,=t,+— m’l+0<c4>

™ = b +— q)ﬂv+0<

C. Zero signature approach

The ZS approach is a method of taking the ultralocal
limit of a Lorentzian theory. It consists of performing the
ADM decomposition, and then setting the signature of the
manifold to zero. This process results in a Carrollian
manifold [79]. This is the equivalent of taking the limit
of the norm of the normal vector to zero. The first step is to
decompose the metric with Lorentzian and Riemannian
signatures. The Lorentzian metric is decomposed as
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G =~y + Ry, g =—-n'n"+ ", (2.7)
where £, is the induced metric on the spatial surfaces and
n, is the corresponding orthogonal 1-form with n,n* = —1.
The Riemannian counterpart is

G = Mty + s g =nn"+ . (2.8)
Calculating the Hamiltonian of GR in both signatures
yields

H=G

ﬂur;/)”ﬂy Al

VIR

wop™n + R — (K> — K, K*),  (2.9)

where Gy = 5.7 (9uo9ip + Guo9o = Guop)> R is the
three-dimensional Ricci scalar, K, is the extrinsic curva-
ture, and K = h*'K,,, in the Lorentzian case, and

H = G,,,m 7 + \/gR

= Gy n” — R — (K* — K, K") (2.10)
in the Riemannian case. The first term vanishes by the
Hamiltonian constraints, and we end up with the same
results as if we began with the Lagrangian.

It was shown in [79] that removing the terms that
switches sign with signature results in a quantity that
respects Carroll symmetries, i.e., KZ—KWK””. This is
effectively the same as setting the signature of the mani-
fold to zero. We will do the same procedure using the
Lagrangian formalism in the following section in a different
way, by considering the signature as a real parameter.

Contrary to the previously reviewed approaches, here
we use the usual Levi-Civita connection. Expressing the
Lagrangian in terms of the ADM variables, and then
setting the signature of the manifold to zero, we get a de-
generate metric with the Carrollian theory (on a Carrollian
manifold).

D. Infinite scaling approach

Starting from a Lorentzian theory and writing the metric
in the same form as in the ZS approach but taking the limit
of the norm of the normal vector to —oo results in a Galilean
theory. Alternatively, starting with the Riemannian theory
and taking the limit to oo results in the same Galilean
theory; the difference would be only in an overall sign in
the Lagrangian.

RW(H) = 20[}471,] - Za)[},“ep]a,
Rﬂya(G> = 20[”&)”]“ - 20)[”‘1170),/]1,,

E. Carroll algebra gauging

The gauging procedure for the Carroll algebra, the CAG
approach, was done in [14,62,83]. We will briefly review it
and show its equivalence with the PUL parametrization.
The generators of the Carroll algebra are H (time trans-
lation), P, (space translations), G, (Carroll boosts), and
J . (space rotations). We assign to each generator a gauge
field as follows:

ah
u

(2.11)

H-1, P, Jop = @

The most general connection for the resulting geometry is

1
“+ G0, + —Jaba)ﬂ“b.

A, = Hr, + Pae, >

(2.12)
Let us define an infinitesimal parameter for each gauge
field by the virtue of an infinitesimal vector field &,

¢ =¢&', {4 =Eer, A4, b (2.13)
Using these parameters we construct the infinitesimal
transform parameter

1
Il=H+PL+ G A+ EJ,I;,/I“”

1
=EA, 4+ G A+ 2 J A%

5 (2.14)

The second equality follows from &*wj; = 5"(1)‘”’ =0. Let
 be a real parameter. Consider the generators as rescaled
Poincare generators We notice that the rescaling of 7, and {
by ! and of w," and 1 by w leaves the connection A,

and the 1nﬁn1tesrmal transformation parameter I1 invarian,
in the Carrollian limit (where H and G, get rescaled by w).
This consideration will be useful to define a metric using
the scaling parameter @. The field strength tensor (curva-
ture) associated with A, as

F,,=0A -0,A, +[A, A
= HR/U/(H) + PaR;wa<P) + GaR/wa<G>
1

+5 JabR/wab (J)?

5 (2.15)

where 9, is the partial derivative with respect to a generic
coordinate system and R, (H), R%,(P), R4 (J), R4, (G) are
curvatures associated with the Carroll algebra generators,
which are given by

lea (P) = Zawey]” - 260[},“1760”]1,,
R,

ab(]) = 20[!,@”]“1’ - 20)[”(;((),/]617 (216)
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These quantities can be used to construct the torsion and the
Riemann tensor as shown in [84].

F. Galilei algebra gauging

Let us also review the gauging procedure for the Galilei
algebra, i.e., the GAG approach. The procedure is the same
as the CAG procedure but with different generators [14].
We first assign a gauge field to each generator,

where G, denotes the Galilean boosts. The general con-
nection and the infinitesimal transformation parameter are
the same as in the Carrollian case. However, as in the
Carrollian case, by considering the Galilean algebra gen-
erators as rescaled Poincare generators, the rescaling of 7,
and ¢ by o, and of w,“ and A by ™! leaves the connection
and the infinitesimal transformation parameter invariant in
the Galilean limit. The curvatures are given by

H -1, P, — e, G, » o, Jaup = a)ﬂ“”
(2.17)
|
RW(H) = 2()[”’[”], Rﬂy”(P) = Zaweb]a - Za)[ﬂ’”’e,,]h - 26()[,/7,'1,],
Rm,a (G) = Za[ﬂwy] 260[,4 @ylp» Rﬂyab(.]) = 20[}460,,]“" - Za)[ﬂ“"wy]é’, (2.18)
where 9, is the partial derivative with respect to a generic G = My + é nn,, gv = v + é nint . (3.4)

coordinate system.

III. COMPARISON OF NON-LORENTZIAN
METHODS

Let us demonstrate the equivalence between the various
approaches mentioned above.

A. Equivalence of PUL and ZS approaches

Here, we rewrite the formulas used in the ADM decom-
position with an extra real parameter €. This parameter
should be understood as a modification to the normaliza-
tion of the vector n, that is orthogonal to the space-
like slices, but not necessarily orthonormal, n,n* = €. The
metric is Lorentzian for € < 0, Riemannian for ¢ > 0, and
degenerate for ¢ = 0. Following the usual ADM decom-
position procedure, we write the metric and its inverse in an
adapted coordinate system satisfying 0, = Nn + N,

e(N* + eN'N;) —eN,
9w = —eN. no (31)
i ij
b
g;w = |\6NI N ! j‘| , (32)
% hz] +e NN

where N is the lapse function, N; is the shift vector, and £;;
is the induced metric. The vector n, in adapted coordinates
reads

n, = [—€eN,0,0,0],

= [—1 eNl] (3.3)

N N

The metric and its inverse can be written in terms of the
orthogonal (co)vector, the induced metric, and its inverse as

One can show that h%h) = hj; and hf = & — %n”nu. The
extrinsic curvature is then given by

K, = h/‘fhfvanﬂ =-V,n,+ énﬂnavanw (3.5)
It is easy to deduce that K = —%£,,h. We notice that
although (3.3) was written in some adapted coordinates,
the fact that n, has an overall factor of e while n* = O(1)
as € — 0 does not change. This is because the dependency
on the signature does not depend on the choice of the
coordinate system. Thus, we can rescale n, = —ei, where
i, = O(1) when € — 0. Writing (3.4) in terms of the
covector 7, we get

ww =y + €71, g = h —|—én"n”, (3.6)
with
i, = n'h,, =0, Aa,nt = -1,
h h? — i’ = &, (3.7)
and
K, =e(V,i, + i,n"V,i,). (3.8)

This is the PUL form that appeared in [64] with € = —c?.
Thus, the limit € — O gives the same result as the limit
¢ — 0.' This means that the two methods are equivalent.

'A Galilean analog of this limit is to take € — —oco. This limit
gives correct Galilean expansions. Given that the parameter € is
related to the norm of the normal vector, the Galilean limit
corresponds to infinite normalization of this vector.
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It was shown that the result would be a Carrollian mani-
fold in [79].

We now present the explicit calculations for GR. The
resulting formulas are the same as the formulas derived
using the PUL approach up to the renaming of quantities.
We can write the extrinsic curvature in terms of partial
derivatives instead of covariant derivatives as follows:

K/w = _K/u/ + €(6[,,I7LU] + n”n[yégn,,]), (39)
where I?m =2n°dy,h,); —n°dsh,, and 9, is the partial
derivative with respect to a generic coordinate system.
Assuming that the quantities h,,, h**, i, n* are analytic,
if we want to expand them in powers of ¢ similar to the
expansions done in the PUL approach. The LO defines a
Carrollian theory (respects Carroll symmetries), while the
NLO breaks the symmetry unless we set all the higher order
fields to zero, i.e., to assume that all the quantities do not
depend on ¢. This is similar to the truncation procedure
in [64] to get the magnetic limit from the NLO expansion.
It is worth mentioning that we use the usual Levi-Civita
connection and not the connection in [64]. Although the
covariant derivative does not preserve n# and h,,, we still
get Carrollian theories at the end.

Having shown that, we write the Gauss relation and its
contractions in terms of the parameter €. Let us begin with
the Gauss relation,

Hvs

_ 1
WSO IOR? 5y = RY 55— c (KiKsp — KK s,), (3.10)

where R”_ . is the four-dimensional Riemann tensor and

ouv
RY 5,5 1s the three-dimensional Riemann tensor on a space-
like slice. Contracting y and a and using hah% = hj =

& — én”np, we get the contracted Gauss relation

1
hyhgR 5, — " (hg hin’n°R* )

= 1
:Raﬂ_g(KKaﬂ_KgKﬁﬂ)7 (311)
1 _1,
R—=(2n'n'R,,) = R—— (K> = K"K,,),  (3.12)
€ €

where R is the four-dimensional Ricci scalar and R is the
three-dimensional Ricci scalar for a spacelike slice. After
some algebra we get

= 1
R=R-- (K* - K"K, —2V,A"),  (3.13)
where A* = —n#V, n* 4+ n*V, n*. Using (3.9) we see
that K?>=K?> K,K*"=K,K" +¢e*(dn)’> where

dn is the exterior derivative of n,. Putting it all together,
we get

1, - L -
R=-— (K*- K, K" —2V,AY) + R -2V, A, + e(dn)?,
(3.14)
where Af = —n#d,n* + n*o,n* — 3 n*n°h*(20(,h,),—
0,hao) + Wn°n*o,h,, — % n°n*h*0,h,,, and A5 =

—h*"n°d,n,, where 9, is the partial derivative with respect
to a generic coordinate system. This formula is the same
as the PUL parametrization of the Ricci scalar up to the

change of connections and renaming quantities.

B. Equivalence of PNR and IS approaches

Similar to the previous subsection, starting from (3.6)
and taking the limit € - —oo, results in the metric in [68] in
the PNR parametrization. Thus, all the curvature tensors in
both approaches must be equivalent. All the formulas
afterwards are valid for the Galilean limit provided (in
terms of a different connection) we take the limit ¢ - —co.
The limit € — oo gives the same formulas except for an
overall negative sign.

C. Equivalence of PUL and CAG approaches

Let us now reconstruct the PUL parametrization from
the CAG procedure. Using the procedure delineated in
Sec. ITE, we define inverses to the gauge fields vielbein
(z, and ¢,) by

r, = —1,

u e, =1,eM, =0, e, ety = 0%,

"
e, e’y =&, —1,0". (3.15)

Performing the redefinitions in [14], where 7,, ,“, {,
and 1% are rescaled by w~! and taking the limit @ — oo,
leaving A, and IT invariant, we can write the metric and its
inverse as

-1

9 = ZT"T" + eﬂ“e,,b5ab, ¢ = —wvFr? + et v, 0.

(3.16)

This form is the same form in the PUL approach with
@ = ¢~2. It follows from this fact that all curvature tensors
will be the same in the two approaches. Thus, any gravity
theory will be expanded similarly; i.e., the two approaches
are equivalent.

We now derive the Carroll compatible connection
presented in [64] from the CAG approach. To do that,
let us define a covariant derivative that are compatible with
the veilbein [14] by
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— P a
D,t, =0d,7, + Cut, —wy,e,* =0,

D,v* = 9,0” + C4” =0,

where Cy, is the Carroll compatible connection, ®,, and
@, act as spin connections, and d, is the partial derivative
with respect to a generic coordinate system. Defining 1, =
eﬂ”eybéab and solving for C},, we see that the simplest
connection to satisfy the conditions is

1
Chp = =00, — ' 7(,£,7,) + Ehf"’(aﬂhw +0,h,;—0,h,,)

1
+§h””ry£vhﬂ{,. (3.18)
(For more general connections see [62].) This procedure is
the generalized version of the one in Appendix B of [64]. It
is easy to see from this point using (2.16) that the torsion
and the curvature tensors match that of the PUL ones. For
example, the Riemann tensor is given by

Rr

v — vpeaaR;wa(G) + epaeﬁbR/wab(‘,)’ (319)

7
|

D, =01, — Chut, =0,

P
v v v oap ayv
D" = 9,v" + Cy v —w, e, =0,

where CZZ, is a Galilei compatible connection, w,“ and a),‘jb
act as spin connections, and d, is the partial derivative
with respect to a generic coordinate system. Defining
hy,, = eﬂ“eybéab, we can see that the simplest connection

that satisfies the above conditions is

1
Cp = —170,7, + > h’° (26(,,hy)0 - aah,w), (3.22)
which is the same connection suggested in [68]. The
respective Riemann tensor is given by

Rp;um = eo—aepr;wab(J) - epaTbRyua(G>‘

(3.23)

IV. APPLICATIONS TO HDG

Having established that all methods of taking the
Galilean and Carrollian limits are equivalent, we derive
an algorithm to calculate the nth order of the Galilean and
Carrollian expansions of a generic HDG theory.

A. f(R) gravity

Here we derive the Galilean and the Carrollian limits for a
general f(R) gravity theory to the LO and NLO. We intro-
duce an algorithm for finding any order of the expansions

_ p
D,e,* =d,e,* — Cue,”

D,e", =d,e’, + Cpel y — w0 — w,

D,e, = 0,e,* — Cye

Dye’, =0, +Cel, —w

a,b __
—w,pep =0,

b
a

e, =0, (3.17)

which, upon calculating explicitly, gives the same form as
(2.18) in [85].

D. Equivalence of PNR and GAG approaches

In a similar fashion to the previous section, we show that
the GAG procedure leads to the same theory as the PNR
parametrization. This is inspired by the Carroll-Galilei
duality which was recently found to hold to the level of
gauge fields not only the algebra [86,87]. Similar to the
previous section, the metric can be written as

_ a, b
G = —07,T, +€,“€,75,,

1
G = —— 0¥ + et ev, 5. (3.20)
®
This is the same form as in the PNR parametrization with
@ = ¢?. We can also define a Galilei compatible covariant
derivative as

¢ —w,t, — wﬂgeyb =0,

P (i
b et =0, (3.21)

"

[
using combinatorial arguments. The Lagrangian for f(R)

gravity is
L = f(R), (4.1)
where R is the Ricci scalar and f is an analytic function. We

expand f as a power series in integer powers of R, with
coefficients g;:

FR) =Y gR. (42)
=0

where g; are constant coefficients that are independent of c.

Since all methods of constructing the Galilean and
Carrollian expansions are equivalent as shown in previous
sections, we can write the Ricci scalar as a generic
expansion as follows:

1
R :?Rl +R2+C2R3, (43)

where R;, R,, R are the expansion terms shown explicitly
in (3.2) in [64]; they are also displayed in (AS5). (The use of
the connection does not affect the form of the expansion as
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shown in Sec. III; different connections will result in
different forms for R, R,, R53.)

The constants g; are considered as functions of ¢ (not
necessarily regular). Writing

[se]
= E aijC‘/,

j=

(4.4)

where a;; are constants without any ¢ dependency, and
expanding f(R), we get

Z Z a;; Z 2k— 2n+j k RanRk

i=0 j=—0o0 n.m.k=0
J n+m-+k=i

(4.5)

Here, we need to be extra careful since j can be unbounded
regardless of the value of i, and appears in the power of c.
For a theory to have consistent Galilean and Carrollian
limits, the quantity 2k —2n + j must be bounded from
above and below.

1. Carrollian limit

Let us denote / = min(2k — 2n + j). The electric limit’s
Lagrangian is given by

7!

Lo = clz > ay n;;) T ——R"RyRY

n+m+k=i
2k=2n+j=1

CIZ Z ajj Z %')RanRn—«—2

nm>0 n‘m'(n +

8
8

i=0 j=—oc0 ay
2n+m+T*1
(4.6)
while the magnetic limit’s Lagrangian reads
[+2 R'R™ k
Lug =23 Y 0y YRR
i=0 j=-o00 R /< 0.
i 2n+/ H~7
AT
aij 2=
pary it =y n'm' (n + 55701
2n+m+ 2 =
14+2—j
n+—
X R"RJ'R); (4.7)

As a specific example we now compute the Carrollian
limits of the theories f(R) = R+ cNaR?* where a is a
constant with no ¢ dependency. The Carrollian limit of
these types of theories was computed in [85]. The electric
limit can be computed from (4.6) by noticing that all the
coefficients a;; are zero except ajy = 1 and ayy = a. In this
case i =1, 2 andJ =0,N.

The term where i = 1 and j =0 have [ = -2, m =0,
and n =1, while the term where i =2 and j=N

has /=N -4, m =0, and n = 2. Putting all together
we get

L =Ry + 2acV ™R3 (4.8)
In order for the second term to couple to some higher order
of the first term, we must set N > 2; otherwise, it will be
pure quadratic gravity, i.e., not a modification of GR. This
is the same condition derived in [85]. The magnetic limit
can be derived from (4.7) by noting that the first term has
i=1,j=0,1=-2.Solving 2n + m +“2=/ = i, we get
m =1 and n = 0. The second term has i =2, j = N, and
[ = N — 4. Again, by solving 2n + m + "3~ = i, we get
m = n = 1. Putting all together we obtam

Emag = R2 + 2aCN_2R]R2, (49)
with the condition N > 2 to get a GR modification.

For the case where f(R) does not depend on ¢ explicitly,
the electric limit’s Lagrangian is given by

Lg=c § i § R"R’”Rk
nm k>0
n+m+k i
2k—2n=I1
1 i! %+n
=c g g; E —— RIR}R; (4.10)
! v A !
n.m>0 nim: 2 + I’l).
2n+m+2—
and the magnetic limit’s Lagrangian is
_ 42 : k
Linag = € E Ji E - ‘R’I’RZ’R3
: n'm'k!
i=0 rlimiiol
2k—2n=I1+2
Zoo Z i! frntl
n
— Cl+2 9; RanRz
7 A niml(54n+1)!
2n+m+l i—1
(4.11)

As a consistency check, let us calculate the electric and
magnetic limits of GR, f(R) =R. In this case g; =0
except for g; = 1; thus,

el—cl §

n.m>0
2rl+m+2 1

R”R’”R2+n (4.12)

n'm‘(l

Here the minimum value of 2k —2n is =2 ie., [ = —

(by choosing k = 0, n = 1), and since 2n + m —1—% = land

therefore m = 0, substituting in the formula we get
L = c2R. (4.13)

The magnetic limit can be derived similarly from
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2+n+1

1
L ..=c § RIRY R} 4.14
me = 2 i 1)! (4.14)

2n+m+£ 0

by solving 2n + m = 1, and in this case n must be zero and
m = 1. Thus,

Lingg = Ro. (4.15)

The nth order in the Carrollian expansion can be derived
from the same minimization problem by replacing /
with [ 4 2n.

2. Galilean limit

The Galilean limit uses the same formulas except for
setting / = max(2k — 2n + j). The LO takes the form

o0 o0
l k
Lyc =c E E aij E ! R{R'R;
i=0 j=—o00 wmiso 1011
J nm k=i
2k=2n+j=1
(o] o0
=D ;D R”R”’R"+”
& n'm‘(n 1_1)
i=0 j=—o0 n.m>0
7n+m+—7t
2
(4.16)

which is similar to the Carrollian case but with / being the
maximum rather than the minimum. The NLO reads

(o] [e] '!
Line = 72 Z:;a Z —l1+%)!

-l = nlml(n
2n+l1l+#:i+ 1
npm ”_1+%
X RTRY R, (4.17)
We will derive the Galilean limit of f(R) = R + ¢VaR? as

an example. As mentioned in the previous section, all
coefficients a;; s except for a;p = 1 and a,y = a, vanish.
The first term in the Galilean limit has i = 1, j = 0, and
[=2, ie, n=0. Solving 2n+m+5=! =i leads to
m = 0. The second term has i = 2, j—N, =N -+4,
i.e., n = 0. Solving 2n + m + %’ =i gives m = 0. Putting
all together, we get
Lnc = ¢®R3 + 2acV TR, (4.18)
For this theory to be a modification of the Galilean limit of
GR at some order, we must impose the condition N < —2.
Otherwise, it would be a theory of pure quadratic gravity.
The first terms in the NLO have i =1, j =0, [ =2.
Solv1ng2n+m—|—l =41, we get n =0, m = 1. The
second term has i =2, j =N, and /[ = N + 4. Solving
2n+m+ 2/—z+1 we get n =0, m = 1. Putting all
together we get

‘CTNC = Rz + 2“CN+2R2R3, (419)
with the condition N < -2 to get a GR modification. From
this condition and the condition for the Carrollian case, we
see that no f(R) theory with a polynomial function f can
be a modification of GR in both the Galilean and the
Carrollian regimes at the same time.

For the case where f(R) does not depend on ¢ explicitly,
the LO takes the form

[’NC_C Zgl Z

n.m.k>0
n+m+k i
2k=2n=I

7! l
_ 7N
=c g g; g n'm' T n)!R?Rg’R3 .

nm>0
2n+m+é

R”R’”Rk

(4.20)

The NLO, however, is a little different, but the general
formula can be derived in a similar way to the Carrollian
case,

o0 .
i! Lin—1
— L2 npm R
Live=¢2) g D m&&& :
i—0 wms0  n-m. 3 n :

217+m+%:i+1

(4.21)

Let us again check these expressions by applying to GR
again. The LO reduces to

Lae = ¢! R"RmRZ*" 4.22
NC Z prpTE (4.22)
2n+m+£—
where [ =2. Then by 2n+m+ (1/2) =1, we get
n=m=0, so the LO is
ENC = C2R3. (423)
The NLO can be derived from
E l 2 RanR7+" 1
™ = Z T S—T
2H+l7l+£—l+l
(4.24)

Here we have to solve 2n + m + 1 = 2. The solution is

n=0and m = 1, and we get
‘CTNC — R2. (425)

The nth order in the Galilean expansion can be derived

from the same maximization problem by replacing [
with [ —2n.
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B. f(gu-Rue,) gravity
We first consider gravity theories of the form
f(9u» Ruvop) Where f is polynomial. We consider a generic
term in the Lagrangian to apply the algorithm; the nth term
in the Carrollian or Galilean expansions is the sum of the
contributions of all terms. A generic term in the Lagrangian
can be written as
L =aR'R?, (4.26)
where R can be the Riemann tensor, the Ricci tensor with
all indices down, or the Ricci scalar; R can be the same
tensors with all indices up; and a, b are positive numbers
such that the Lagrangian terms are scalars. Using Eq. (2.8)
in [85] and raising/lowering the indices, we can write the
generic expansions

1

sRy+ Ry + Ry + ¢*Ry,
C
1
4

R = —

R

7_21 + ?7_?,2 + 7_?,3 + C27_?,4. (427)

o

The explicit expressions are in the Appendix. Raising the
expansions to the powers of a, b, and c, respectively, we
obtain

(4.28)

Assuming a = c¢¥a’ where o has no ¢ dependency and

substituting in the Lagrangian, we find

al b!
L=d Z | I Z el kol
— kil ky! £ . kil ky!

=0 i1 =09~
k=0 k20

I

=1

c2ki(1=2) +2k; (71— 3)+N(R)k, (ﬁ)li;'

-

(4.29)

~I
Il

The nth order in the Galilean or the Carrollian limit can be
obtained by solving a numerical optimization problem as
we will demonstrate below.

1. Galilean limit

The LO of the Galilean limit is given by the solution of
the optimization problem

4 4
Z = max 22]%(1—2) +221_<;(t—
=1 =1

(4.30)

subjected to the constraints

4
Zki:a,

i=0 =0

k. k. >0.

kj= b, iR

N

(4.31)

This is a constrained numerical optimization problem that
can be solved by the simplex method [88] for k;, kj given
that a, b are known. The solutionis z = 4a +4b +2 + N.
Thus, for this term to be a modification of GR, the
condition on N is N < —4a —4b. If such a term exists
in the Lagrangian, then the Lagrangian is a modifi-
cation of the Galilean limit of GR. The nth order can be
deduced by modifying the constrained optimization prob-
lem by z - z —2n.

2. Carrollian limit

The LO is given by the solution of the constrained
optimization problem

4 4
z=min|2) k(t=2)+2) k(i (4.32)
t=1 =1
subjected to the constraints
4 4
S ki=a. > ki=b k.k;>0. (433

i=0 =0

which is again solvable by the simplex method given that a,
b are known. The solution is z = N —2a — 4b — 2. Thus,
for the term to be a modification of GR, the condition
on N must be N > 2a +4b. If such a term exists in the
Lagrangian, then the Lagrangian is a modification of
the Carrollian limit of GR. The nth order is given by the
modified optimization problem with z — z + 2n.

We can see that the conditions on N in the two limits are
mutually exclusive. Thus, no such term [of the form (4.26)]
with finite a, b can be a GR modification in the two limits
simultaneously. This implies that no Lagrangian of the
form f(g,,. R,.,,) With polynomial f can be a modification
of GR in both limits simultaneously. In both limits we can
recover the results from the previous section if we set
R =R = R. We can recover quadratic gravity examples
in the previous section by setting a =2, b =0 or a =0,
b=2ora=b=1.

C. f(gu:Ruop. V,) gravity
Now we consider the most general HDG theory, i.e.,
F(Gus Ruvops Vi), where f is polynomial. Following [89],
any such theory can be recast to the form

L="Py+ ZPiHOiIQil,
i I

(4.34)

084019-10



UNIQUENESS OF GALILEAN AND CARROLLIAN LIMITS OF ...

PHYS. REV. D 109, 084019 (2024)

where P, and Q,; are tensors made up of the Riemann
tensor and the metric. The symbols O;; denote differential
operators that are constructed from contractions of covar-
iant derivatives. Notice that Py is just f(g,,. R,.q,), Which
was discussed in the previous subsection. The second term
of (4.34) can be rearranged and written in our notation as

’max /mdx

=adcV Z R4 H VbR,

where we added a constant with no ¢ dependency «'.
Moreover, here i, jmax> @i» bij» ¢ij» and N are integers.
Expanding the terms using (4.27) we get

(4.35)

4
a;!
R — 7‘1_‘[ Czkir(f—z) (Rt)kit7
2 K- k!
4 m:* ;—q
i Okm ai
kin >0
_ ci-! 4 L _
REii = _ S Hc2k[/7(f—3) (R;)kul
ki leeik,. 13
4 o Mgl ijm: =1
m=0 ijm=Cij
Kijm>0
bil  —ar —pr
Vbii = E et — VIV (4.36)
LBy
ayj i 1120 ij'Bijlrij!

@ijtPijtrij=bij
Putting everything together, we arrive at the action

imax jmax al ]

Eza’ZZHZ ZW

i=1 E “ ok =i J= ]E: ”m e CiiPipri0 il
]‘mi m 0 a;jj+Pij+rij=bij

kijm=

4 4
c;i! b;:! R
T T 1a,.! Uv |V(IIIJV§IIHH
kijt! - ki i Bijly ! =1 7=1
(2Kil1=2) 2R (1=3)2a 200N (R Yo VP9 (R o,

(4.37)
|

4
E kijm = Cjj»

As before, we will now discuss how the Galilean and
Carrollian expansions can be transformed into constrained
optimization problems.

1. Galilean limit

The LO of the Galilean limit is given by i,,, maximi-
zation problems

jmax 4 4
7; = max lz <2 Z kiy(t—2)42 Z kiji (=
=1\ = =1

subjected to the constraints

4 4
E kin = a;, E Kijm = Cijs a;; + Pij +vij = by,
n=0 m=0

kins Kijms @ijs Bijsvij = 0. (4.39)
The nth order in the Galilean expansion is given by similar
optimization problems with z; — z; — 2n. All such prob-
lems are solvable using the simplex method.

2. Carrollian limit

The LO of the Carrollian expansion is given by a similar
problem to the Galilean one but with minimization instead
of maximization, i.e.,

4

— 2@,’]' + 2]/” -+ N) N (440)
subjected to the constraints
ajj + Bij +vij = by kin, ]_Cijm, @i, Pij»vij = 0. (4.41)

The nth order is given by a similar problem with z; — z; 4+ 2n.
For this type of terms to be modifications of GR in both limits in the LO [in the case of a theory with a Lagrangian of the
form R + £, where £ is the Lagrangian in (4.37)], there must exist i; and i, such that

= =1

[

= =1

S

g%
23

—2a;,; +27i11>] =2-N,

=-N-2. (4.42)

2aglz] + 27’12]>
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If such terms exist, then the Lagrangian is a modification of
GR in both limits simultaneously. We have shown that
theories of the form (4.26) as well as quadratic gravity do
not satisfy these conditions. We will leave the search for
such a theory (if any exists) to future work.

V. CONCLUSIONS

In this paper, we reviewed the methods used to construct
non-Lorentzian gravitational theories from Lorentzian
ones. We showed that all methods of taking the non-
Lorentzian limits lead to the same metric, and thus, the
same non-Lorentzian theories. In the case of the Galilean
expansion, the GAG procedure gives the same Galilean
theories as the PNR approach. However, the PNR approach
explores more theories from expanding the PNR quantities
in powers of ¢~2. Such an expansion gives rise to an infinite
number of theories, one for each order, which are not
accounted for in other methods. However, these theories are
not Galilean till the NLO. The same Galilean theories can
be deduced by performing the ADM decomposition and
taking the infinite limit of the norm of the orthogonal
vector, the IS approach. A similar situation occurs in the
Carrollain expansion, although the ZS approach where the
limit of the norm of the orthogonal vector is sent to zero
(which gives the same Carrollian theories as the Carroll
group gauging approach) is computationally easier than the
PUL approach. The PUL approach explores a larger space
of theories, and the Carrollian theories to the NLO coincide
with the theories we get from other approaches by trun-
cating the expansions of the PUL quantities setting all
higher order fields to zero.

Having established that all approaches give the same
metric, one can write general expansions for the curvature
tensors. We explored the most general HDG theory with
polynomial f, introducing an algorithm to calculate the nth
order of its Galilean and Carrollian expansions as follows:

(1) We write the Lagrangian and identify which form it
takes [is it of the form (4.1), (4.26), or the general
(4.37)?7] and if the Lagrangian depends on c¢
explicitly.

(2) We identify the parameters in the respective section
of this paper by comparing the given Lagrangian
with the expanded one.

(3) We deduce the optimization problem equivalent to
the Lagrangian’s Galilean or Carrollian expansion
by substituting the parameters from the previous step

|

Rl - ZKA[DIC”](;,

C

into the respective optimization problem in the
relevant section.

(4) We solve the optimization problem (manually or
using a computer) to get the desired order of the
expansion.

Higher orders in the Galilean expansion are useful to get
more accurate results of dynamical systems in the post
Newtonian approximation. Thus, by transforming the prob-
lem into computationally easier optimization problems, we
can study such systems more efficiently. We leave the analy-
sis of such dynamical systems to future work. On the other
hand, although higher orders in the Carrollian expansion
have no utility at the moment, some may be discovered
in the near future given the increasing interest in Carrollian
physics, and Carrollian gravity in particular, and having an
algorithm to compute such a higher order will be benefi-
cial then.

Another interesting future direction of research is to
search for gravity theories that are viable modifications of
GR in both Carrollian, and Galilean limits at the same time,
i.e., satisfies the conditions (4.42). If such a theory exists,
it is interesting to see what significance it has. Is there
a defining property of the theory that allows this? If so,
how does it impact its solutions? It is also interesting to
apply the algorithm introduced to study its Galilean and
Carrollian limits, and see how the GR black holes get
modified.
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APPENDIX: LIST OF FORMULAS

In this appendix we list the formulas for the terms of the
expansion of curvature tensors used in the paper. The
following formulas are written in the PUL quantities. They
are derived by direct computations from the metric. Notice
that the quantities presented are not expanded in powers
of ¢, and will appear in the nth order Lagrangian.

(i) Riemann tensor with all indices down R,

R = Roiy + 2T,V Kyps 4 Ko Cl Ty 4 2T TiKE K g+ 2V (Ko T3) + 2T3CE Koo + TuBayo VKt = T Baye VK,

Rs = TalcyaT(vB/l)a - TaKyaT(yBi)a + vu(T(ﬂBv)a) - VM(T(u

Ry =T (BT (,Bn"

B,),) +2C¢

[W]T(aBi)a - T(yBa)GTAICg + T(vBa)UTA,Cza

(A1)
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c
where B,, = 0,T, — 9,1, C,y is the connection in (2.3), V,, is its compatible covariant derivative, and R, is its Riemann
tensor.
(i) Riemann tensor with all indices up R*%":

1
Ry = =VAVIVIIMY, K = 2VEVIVIITY CY K = S VEVIVIVARG B, — VEVIVIIIIY K,
— 2VAVIVIIIHCY K — VVIVPKGB,” + 2VEVP KA + VAV, K, — 2V VPV CY
= 2VIVAVPIIIOV L,y = 2V VA VPTG, CF
_ 1
Ry = VEVIVIVEBTB,, + S VEVIVIILTY,(T,B,) = VEVIVEVATLTY (T, Byy) = VEVIVIIB, CF
1
+5V VPBPK17 + VAVIVAVIIN (T, B,)") = VAVIVAVIIAV (T, B,y) = VAVIVITYB / CF
= VVIVIKPT B,y + 2VII TV K] + VaveiCl e 4 vEyrym VAPV, (T(,BY)) + 2K/ KP»
1
- VIVIVEVAIVY (T, By ) = 2VIVIIPTIIAN Y, (K T,) — 5 VIKG B = VIVERT B,

1
-2V V”H”ﬁH‘”V[ﬂ(ICZ] T,) + 5 VIveKEBee + yrveB rKeb + 2VPITIPHIIYV |, Ky

_ 1 1
Ry = R 4 1 VeVIBBY — VAVAITIV (T (,B)y) + VVIITITV K] + 1 VPVrB, P B*
- VAVEI'TIN (T (,B,y” ) + VEVFIIIIV (T, B,y ) — VI VI IV (T, B,)”)
1 1
+ VIVVIFTIY (T, Byy’) + 20TV, (K T,) — 5Bﬂﬁl@” + EBﬂ’lcaﬂ,
Ry = N¥TIWTIY (T, B,)*) — I¥IFTIV, (T, Byy). (A2)

(iii) Ricci tensor with indices down R,,:

Ry = -V, (V°K,,) —2vC,

K + KK = KK,
Ry = Ry, + V(T K5) = V,(T,K) +2C), T, K5 + K¢, B,y = VKL T, B,

Ry = —VO.(T<,,BM)U) + 2C T(GB”)‘D + T(,JBG)‘DT”ICZ,

ﬁ/ﬂ]

1
Ry =— 1 T,T,BysBY. (A3)
(iv) Ricci tensor with indices up R’:

Ry = VOVPVIV, K = 2VoVPVeCE, ﬂ]ld;,
Ry = —VOVPVEV,B,® — VPTIFV KAVP VIV, (T, K) — VP VYK B, + VoIV, K
= Vo (VEK?) = 2VeC], KO 4 K — KKK,

— Cop 1
Ry=R" - VOVPB 3B + VPVUIIFV (T, B,)*) + P VOVIV (T, B,)")
+ VTPV, (T, K5) =TTV, (T,K) + T TIPKE B,

Ry = —TI7T1V (T (,B,°). (A4)
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(v) Ricci scalar R:

R] - 7_3,1 - ’C2 - IC#VICMD - 2VD(VVIC),

Rz - 7_?,2 - —I% - VM(V"BU”),

1

R3 - 7_33 - ZB/M/B”D'

(vi) The covariant derivative V,,:

(AS)

(VI)MNL/ - —VPKW/N/,,
(VZ);;ND = aﬂNIJ + H/MTDK:;MNIN

(v3)va = _T(yBy)ﬂHMN )

where d, is the partial derivative with respect to a generic coordinate system.
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