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Toward regular black holes in sixth-derivative gravity
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We study spherically symmetric static solutions of the most general sixth-derivative gravity using series
expansions. Specifically, we prove that the only solutions of the complete theory (i.e., with generic
coupling constants) that possess a Frobenius expansion around the origin, » = 0, are necessarily regular.
When restricted to specific branches of theories (i.e., imposing particular constraints on the coupling
constants), families of potentially singular solutions emerge. By expanding around r = r, # 0, we identify
solutions with black hole horizons. Finally, we argue that, unlike in fourth-derivative gravity, the conditions
R =0 and g,9,, = —1 are too restrictive for sixth-derivative gravity solutions.
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I. INTRODUCTION

In the last decade there has been a renewed interest in the
important yet ambiguous role of higher derivatives in
gravity. The perturbative quantization of Einstein gravity
and even the quantization of matter fields on a curved
background require the introduction of higher-derivative
terms in the gravitational sector to renormalize loop
divergences [1-3]. Such terms also appear in the low-
energy regime of string theory [4,5]. Alternatively, by
considering higher-derivative terms at the fundamental
level, one can formulate renormalizable and superrenorma-
lizable models of quantum gravity [6,7]. This comes with
the drawback of having ghostlike particles in the spectrum,
traditionally associated with violation of unitarity and other
instabilities. Recently, however, considerable effort has
been made to analyze scenarios in which the effect of
ghosts can be controlled (at classical and quantum levels)
and unitarity can be recovered [8—13]. Some of these
constructions depend on more complicated actions, with
metric derivatives higher than fourth [7,13] or in the form of
nonlocal operators [14-17].

Among the main issues that a quantum theory of gravity
is expected to address is the resolution of the spacetime
singularities that occur in general relativity. In the absence
of a satisfactory theory and an underlying regularization
mechanism, phenomenological models of quantum-cor-
rected regular black holes abound in the literature. The
question of whether higher derivatives could solve the
problem has been considered in different contexts [16-26],
but owing to the complicated equations of motion
and the humongous amount of possible higher-derivative
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correction terms, such studies most often involve a lineari-
zation of field equations. In this simplified setup it was
shown that there is a significant difference between theories
defined by actions with four and with more than four metric
derivatives. For instance, the latter models have a regular
nonrelativistic limit when coupled to normal matter, while
the former still displays curvature singularities [21,22].

Nevertheless, results concerning exact solutions of
higher-derivative gravities are nearly absent in the liter-
ature. An important exception is the case of fourth-
derivative gravity, for which several families of exact
solutions are known (see, e.g., [27-43] and references
therein). It turns out that this model might not offer a
resolution of the singularity problem at the classical level.
Indeed, it admits singular static spherically symmetric
solutions—and the asymptotically flat solutions that couple
to normal ghost-free matter appear to contain a naked
singularity [31].

A suggestion that the situation could be different for
gravity models with more derivatives was provided in the
work [28], which reported finding regular solutions, but a
systematic study of the models and their solutions remained
open. Recently, exact solutions for the Einstein gravity
augmented by the six-derivative term C’“’aﬂCO’ﬂ 26C"
have been obtained [44]. While this term can be regarded
as a two-loop correction based on the quantization of
general relativity [3], it is not the only one at this
perturbative order. Moreover, taken alone it does not shed
light on the features of the solutions of superrenormalizable
gravity models, nor does it offer an immediate insight into
the singularity problem, as divergent solutions also seem to
exist [45].

Exact solutions are also known for the Einsteinian cubic
gravity and higher-dimensional quasitopological theories
of gravity [46—49]. Both classes of models are based on
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actions with very specific combinations of higher-deriva-
tive terms in order to yield second-order field equations for
static spherically symmetric metrics. However, owing to the
uniqueness of such constructions, their solutions ought to
be the exception rather than the rule for higher-derivative
gravities. For instance, regular black holes have been
recently obtained in this framework, but only in higher-
dimensional theories with an infinite tower of higher-
derivative terms [50,51].

Our goal in this short paper is to present results regarding
the static spherically symmetric vacuum solutions in
gravity models defined by actions with up to six derivatives
of the metric, especially concerning the occurrence of
regular spacetime configurations. The basic assumption
is that such higher-derivative action is the relevant one at
some energy scale, regardless of whether it is a funda-
mental theory or an emergent one. We shall not attempt to
discuss the complicated problem of ghosts and stability of
the solutions, as this lies beyond the scope of this work.

The gravity model we study is the most general exten-
sion of the Einstein-Hilbert action that includes terms with
four and six derivatives of the metric, namely,

S= / d*x\/=g|aR+p\R> + B, R%, +y,ROR+y,R,, IR

+ ]/3R3 + y4RR;wRHD + ySRMDRMpR/w + yﬁR;praRWw”
+ Y7RR;41//)0R”WM + y8Ryup6RMW“lew] ’ ( 1 )

‘‘‘‘‘ g are, respectively, the
coefficients of the terms with a total number of 2, 4, and 6
derivatives. Any other four- or six-derivative term can be
cast as a combination of the terms in (1) and boundary or
topological terms (that do not contribute to the equations of
motion) [52,53].

The variation of the above action with respect to the
metric yields the field equations

1 68
H,=——

H /—_g 5g;w

which we calculated using the package xACT [54-56] for

Mathematica [57]. For a generic metric in the standard
spherically symmetric coordinates,

=0, (2)

ds? = —B(r)df* + A(r)dr? + r*(d6? + sin® 6d¢?), (3)

the field equations assume a diagonal form. Moreover, the
generalized Bianchi identity VVH,, =0 acts as a con-
straint, and we end up with only two independent equations
that can be taken to be H,, = 0 and H,, = 0. Together, they
form a system of coupled differential equations that is of
sixth order for B(r) and fifth order for A(r). The terms of
highest differential order are originated from the structures
proportional to y; and y, in (1), as these are the ones that

contain the largest number of derivatives acting on a single
metric component.

Solutions of the field equations around a certain point
r = ry can be obtained by assuming that the functions A(r)
and B(r) are represented by Frobenius series. For expan-
sions around r = 0, we use the ansatz

A(r)=r° ianr", Bb(r) = r’(l + ”io;bnr”) (4)

n=0 0

with 5,7 € R yet to be determined, while around a generic
point ry # 0 we use the more convenient representation in
terms of F(r) =1/A(r),

F(r) = A" f: F.,A",
n=0

B(r) ( - )

PU A1+ b,am),
n 2

A=r—r, (5)

with w,t€R to be determined. We assume that
ag, by, fo 70, so that the powers s, f, and w define the
leading terms of the series. The corresponding expansion of
the field equations at the lowest order comprises the system
of indicial equations, for they determine the admissible
values of s (or w) and ¢. This is a first constraint on the
space of possible solutions. After fixing this pair of
parameters, a solution might be obtained by solving the
field equations order by order. We refer to the families of
solutions by the pair of indexes (s, 1), and (w., 1), , with the
subscript label indicating whether this is a solution around
r=0orr=ry#0.

From the differential order of the field equations, one
might expect that solutions could have up to 11 free
parameters [this counting includes the parameter b,, which
is not physical for it corresponds to the time rescaling
freedom of the metric (3)]. Although the field equations
form a nonlinear system, the reasoning based on the
differential order seems to work in quadratic gravity
[31]. As we show below, all the solutions we found satisfy
this upper bound.

II. SOLUTIONS AROUND r=0

The expanded field equations at the lowest order using
the ansatz (4) have the general structure

H,(r) p(s) :
=Pt ig; (s, t, ...=0,
B(}") r ;Ytgl(s aO) +
8
H,.(r) = ri®) Zyihi(s, t,ap) + ... =0, (6)
=1

where the powers p and ¢ depend on s, the coefficients g;
and h; only depend on s, ¢, and a,, and the ellipsis denote
terms of higher order in r. The explicit expressions for all
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these quantities are presented in the Appendix. Notice that,
to the lowest order, (6) only receives contributions from the
six-derivative terms in the action (1).

The requirement that the field equations are solved for
arbitrary values of the parameters y; g, results in the
system of indicial equations

.....

gi(s,t,a9) = hi(s,t,ay) =0, Vi=1,...,8. (7)
A detailed consideration of this system is carried out in the
Appendix, where we also prove that its only solution is
s=1t=0, ay=1. (8)
In other words, there is only one family of solutions of the
type (4) around r = 0, with indicial structure (0, 0),,.
After solving the equations H, =0 and H,, = 0 up to
nine orders in r, we are convinced that the solutions in this
family are characterized by six parameters, which can be
taken to be a,, a; (or b3), ay, by, by, and by. Among these,
only five parameters are physical, for b, corresponds to the
time rescaling freedom of the metric. The free parameters
appeared within the first five orders of the expansion;
beyond this, at each new order we found two equations for
two new parameters. The general structure of the solution is

a +b3)6_15
A(r)=14ay* +asr’ +a r4+(37r5+0 r°),
") ’ ’ Y T nBr+n) L
B(r) (a3+bg>l_75
——= =1+ by +byr’ + by +————"=1r"+ 0(r%),
by ’ ’ ! 72371 +12) )
9)
where the parameters a; and b5 are related through
(871 +3r2)az = 3(4y1 +r2)bs, (10)

and the quantities s and bs depend polynomially on a, and
b, and on the parameters of the model. The coefficients of
the terms O(r%) are determined from the lower-order ones.

A remarkable feature of these solutions is that the
geometry is regular at r =0 in the sense that all the
curvature invariants constructed by contracting an arbitrary
number of Riemann and metric tensors are bounded. This
happens because the solution in Eq. (9) satisfies aq = 1 and
a; = by = 0. In particular, for the Kretschmann and Ricci
scalars we have

RuapR = 12(a3+13)+0(r), (1)
R :06(a2—b2)+0(r). (12)
It is also interesting to notice that the solution (9)

explicitly requires y,(3y; + y,) # 0. This is precisely the
condition for the model (1) to have sixth-order derivatives

in both the spin-2 and spin-0 sectors. If this condition is not
satisfied, the structure of the solution family (0, 0), can be
different from the one of the most general model. For
instance, if y; = y, = 0 the field equations contain at most
four derivatives acting on a single metric function, and one
might expect a reduction of the number of free parameters
in a solution. In Sec. V we shall discuss some important
cases of incomplete sixth-derivative models, i.e., in which
some coefficients y; are null or assume other particular
values.

III. SOLUTIONS AROUND r=ry # 0

In contrast to the solutions around r =0, we have
identified several families of solutions around a finite point
r=ry# 0. This diversity is indicative of the various
possibilities for the point r(, which can be, e.g., a horizon
or a generic point, depending on the indicial structure of the
solution (5).

The solutions around a generic point are in the
class (0, 0),0. After solving the field equations up to three
orders in r — r(, we are convinced that such solutions are
characterized by 11 free parameters (f, ..., f4, bg, ---, ba,
and r), which appear already at first order. This is precisely
the maximal number of free parameters (including the
nonphysical parameter b;) that we expected for a solution
of the type (5), taking into account the differential order of
the field equations. The situation here is analogous to the
fourth-derivative gravity, where the family of solutions
(0,0),, around a generic point also has the maximal
number of free parameters [31]. This counting of free
parameters is confirmed by the analysis using the metric
written in conformal-to-Kundt form [45].

Expansions around a horizon r = r, correspond to the
family (1, 1), . Similar analysis reveals that these solutions
are characterized by five physical parameters (which can be
taken to be f, f1, b1, by, and ry) and their existence allows
us to conclude that there are black holes in sixth-derivative
gravity. The general structure of the solution is

F(r) = foA + [1A% + [A° + f3A% + 0(A%),
B(l’) = bo(A + blAz + b2A3 + b3A4) + 0<A5), (13)

where four parameters among fo, f{, f2, by, by are
independent, b, represents the residual gauge freedom,
and the subsequent parameters f, and b, forn € {3,4, ...}
can be expressed as functions of those and of r(. Different
from the solution (0,0),, in this case we refrain from
displaying the structure of the first terms of the solution
because the expressions are considerably longer.
Nevertheless, Eq. (13) is enough to verify that the solutions
of type (1, 1), have regular curvature scalars at the horizon
r = rg. In fact, the Kretschmann and Ricci scalars are
bounded,
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16 + 16313 + (3b1fo + f1)*rg

R, R = o(A),
uvap oty 4’_8 + ( )
(14)
4 — 8+3b
R = [ 0( + 212r0)+f1r0}r0+0(A)' (15)
r—rg o

Since asymptotically flat regular black holes must have
an even number of horizons, one expects also to encounter
families of solutions expanded around a double (extreme)
horizon. The search for such solutions is more complicated
precisely because of their extremal nature, which makes
them completely determined by the parameters of the
model (with the only free parameters being the gauge
one). More details about these and other solutions around
r = ro # 0 will be provided in a separate work [45].

IV. SOLUTIONS WITH R =0 AND WITH g,g,, = -1

There are two classes of solutions that, although promi-
nent in general relativity and quadratic gravity, do not seem
to be very relevant for a generic sixth-derivative grav-
ity model.

In fourth-derivative gravity, metrics with vanishing Ricci
scalar (R = 0) played an important role in the identification
of certain classes of asymptotically flat solutions [31].
Here, nevertheless, the trivial flat spacetime is the
only solution in the form of Egs. (3) and (4) that satisfies
this condition. This can be verified by comparing the
solution (9) with the expansion of the equation R =0
order by order. The lower-order equations generate con-
straints between the free parameters of (9) and, at order %,
it forces a; =0 = b, for i > 1.

Also, solutions such that g,,g,, = —1—i.e., defined by a
single metric function, A(r) = 1/B(r)—can be shown to
have no free parameters, with all the coefficients in (9)
being determined by the constants in the action. Simply
put, under these conditions the constraints between the free
parameters in (9) are such that b; = 0 fori = 3,4, ..., butit
might happen that b, is a nonzero fixed constant. Although
the assumption A(r) = 1/B(r) is often employed in the
construction of phenomenological models of regular black
holes, our result implies that it might be too restrictive in
gravity models with more than four derivatives, in line
with statements in [46,58]. Indeed, the lack of free
parameters makes it difficult to associate solutions of this
type with matter sources. This observation might serve as a
motivation for further studies of regular geometries with

9u9- # —1 (see, e.g., [26,59]).
V. EFFECT OF THE TERMS REQUIRED BY
RENORMALIZABILITY

Up to this point, the discussion concerned the most
general (complete) sixth-derivative gravity model. There

are various branches, though, that can be analyzed if some
of the coefficients in the action (1) are switched off or
taken in particular combinations. A more detailed con-
sideration of these specific scenarios will be carried out in
a separate work [45], but here we would like to address the
question of the effect of the terms required by renormaliz-
ability. In fact, while the action (1) emerges in its most
general form from quantum corrections to general rela-
tivity, it need not contain all those six-derivative structures
if it is taken to be the action of a superrenormalizable
gravity.

From the point of view of renormalizability, a sixth-
derivative gravity model must have sixth-order derivatives
in its spin-2 and spin-0 sectors. In terms of the action (1),
this corresponds to the requirements y, #0 and
3y1 + v, #0. Also, since the counterterms can have up
to four metric derivatives [7], for multiplicative renorma-
lizability we must have a, 1, #, # 0, and a cosmological
constant. We omit the latter, for our interest is in the
higher derivative’s effects. Therefore, the terms in the first
line of Eq. (1) with the restrictions mentioned above
suffice to yield a superrenormalizable model; omitting or
including cubic-curvature structures will not affect the
renormalizability.

In this spirit, superrenormalizable models can be for-
mulated in terms of other structures quadratic in curvature
and with two covariant derivatives, such as RﬂmﬂDR/"’“ﬁ or
CﬂmﬂDC”’““ﬂ, because they also yield sixth-order deriva-
tives of the metric. Although they only differ from
combinations of R[IR and R,,,[1R* by cubic and boundary
terms, such models are not equivalent if the action does not
contain all the terms present in (1).

In Table I we summarize the families of solutions
that exist around r = 0 for a superrenormalizable action
with all the two- and four-derivative structures and different
combinations of six-derivative terms (with arbitrary

TABLE I. Summary of solutions around r = 0. The arrow in
the counting of the number of parameters indicates the reduction
of parameters after taking into account the freedom to rescale the
time coordinate.

Six-derivative terms in the (s, ), solution =~ Number of free

action family parameters
ROR, R, OIR™, (0,0), 6—-5
R OR™
ROIR, R, [IR™ (0,0), 6—5
,— —

(1,-1), 352

ROIR, RﬂmﬂDRﬂ”“/f (0,0), 6—5

ROR, C,,,00CHP (0,0), 6-5
(2,2), 8 -7
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coefficients). Here we restrict considerations to integer
values of s and t.

Some models admit a family of solutions with indicial
structure (1,—1), or (2,2),, in addition to the family
(0,0),. The latter is described as a particular case of (9),
by adjusting the coefficients y; according to the terms
present in the action. Solutions with indicial structures
(0,0)y, (1,=1),y, and (2,2), also occur in the fourth-
derivative gravity, but with a different number of free
parameters [27,31].

The family of solutions (1, —1), here is defined by two
physical parameters, so it is smaller than the one of fourth-
derivative gravity, which has three parameters [31]. This
family contains the Schwarzschild solution, which turns out
to be the only solution in this class that satisfies R = 0 (and,
besides that, ¢,,9,, = —1). Solutions in this family are
singular, with the Kretschmann scalar behaving like ¢
as r — 0.

On the other hand, the family (2,2), here is larger than
in fourth-derivative gravity, for it has two more free
parameters. These solutions are also singular, with the
Kretschmann scalar behaving like r~8 as r — 0. However,
they are only present in some models constructed with the
Weyl tensor [60].

VI. CONCLUSIONS

There is an important difference between fourth- and
sixth-derivative gravity in what concerns the space of
static spherically symmetric solutions. In fact, while the
former admits families of singular solutions, with indicial
structure (1,-1), and (2,2), [27], in a generic sixth-
derivative gravity described by the action (1) (with
arbitrary and unrelated couplings) all the solutions of
the form of Egs. (3) and (4) belong to the family (0,0),
and are regular at » = 0. This possibility was suggested
in [28], and our analysis corroborates the result. A similar
contrast between these higher-derivative gravities had
already been noticed for the linear version of the models
[21], and it is rewarding to see that it has a counterpart at
the nonlinear level.

We have also identified solutions that contain a
horizon. The fact that we only found regular solutions
around r = 0 might suggest that these black hole solutions
are regular. In order to confirm this statement, however, it
would be necessary to use numerical methods or to prove
that the solutions with a horizon also have a representation
in terms of Frobenius series around the origin. Indeed,
there may still exist singular solutions of non-Frobenius
type, or regular solutions at r = 0 may possess singular-
ities for finite values of r # 0. The study of numerical
solutions to sixth-derivative gravity is still in the early
stages (see, e.g., [61]), and we expect that our work will
motivate further research on this important topic for
the understanding of the role of higher derivatives in
gravity.

Regarding incomplete sixth-derivative models, we
discussed the influence of the terms required by renorma-
lizability on the space of solutions. In particular, we
identified renormalizable models that have singular solu-
tions of the type (1,—1),, and others admitting solutions
(2,2),. Nevertheless, since these models are obtained by a
special tuning between the coefficients in the general action
(1), we conjecture that the solution that is equivalent to the
Schwarzschild one in general relativity is in the class
(0,0),—because it is the one common to all such models
with sixth-order field equations. The situation here is
similar to fourth-derivative gravity, for which the asymp-
totically flat solution that couples to normal ghost-free
matter is in the (2, 2), class, although the model admits the
Schwarzschild black hole as solution [31].

Last but not least, we found that solutions satisfying the
constraints R = 0 or g,,9,, = —1 do not seem to be of much
relevance in gravity theories with more than four metric
derivatives (with generic couplings). Therefore, like in [26],
it might be necessary to relax those conditions to construct
phenomenological models of regular black holes aimed at
reproducing aspects of solutions of higher-derivative
gravity.
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APPENDIX: SYSTEM OF INDICIAL EQUATIONS
AND ITS SOLUTION

The system of indicial equations for the Frobenius series
solutions of sixth-derivative gravity around r =0 is
obtained by substituting the ansatz for the metric,
Egs. (3) and (4), into the field equations originated from
the action (1) and expanding to the lowest order in r. The
resulting expressions have the general form of Eq. (6), but
here we shall split the analysis into three cases: s > 0,
s =0, and s <O.

1. Case s > 0

If s > 0, the expansion of the field equations at lowest
order yields

H,(r) 1 8 |
pu— . . ’t O ’
B(r) 32agr6+ss;ng,(s )+ 0( s
_ 1 8 |
Hrr(r)_W;yihi(s’tHO =) (AD
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where the coefficients g;(s, ) and h;(s, t) depend on the quantities s and ¢ through
gi(s, 1) =4(s +2)[s(t+4) — t(t +2) —4][(6s — 1)(10s> — st — 1*) + 2(118s> — 34st — 12) + 4(69s — 141 + 22)], (A2)
hy(s,t) =4(s +2)[s(t+4) — t(t +2) — 4][t(10s — st — £2) + 2(20s> + 65t — 3£*) + 4(31s — 61 + 14)], (A3)

Gr(s, 1) = 2[st(60s* — 765%t + 115%1% + 6583 — 1*) + 2(60s> + 1465*t — 2085°1> + 355213 + 8st* — 17 + 328s* + 152s%¢
—2635%1% + 96513 — 31*) + 8(124s3 — 69521 — 1551 + 2113 — 552 — 110st + 212) —96(9s + 2t + 3)],  (A4)

hy(s,t) = 2[st?(10s® — 115%¢ + £3) + 2t(20s* + 653t — 215212 + 2583 + 1*) + 2(60s* + 5653t — 71522 — 4s8> + 211%)

+ 8(64s> — 952t — 335> — 713 + 4757 — 265t + 612) + 96(2t — 55 — 3)], (A5)
g3(s, 1) = 4[s(t +4) — t(t +2) — 4?[30s% + st — 1> + 2(47s — t + 37)], (A6)
hs(s,t) = 4[s(t +4) — 1(t + 2) — 4*[t(5s + 1) + 2(10s + 41 + 23)], (A7)

ga(s, 1) = 2[2(s — 1)2(30s? + st — 12) + 2¢(80s* — 5553t — T1s21> + 47583 — t*) + 2(140s* + 1465°t — 1935%1> + 225
+ 251%) + 8(59s3 — 2052t + 235> + 1213 — 395? + 285t + 561%) — 32(8s — 211 — 19)], (A8)

hy(s,t) = 2[63(s — 1)?(55 + 1) + 812(55% — 65t + 13) + 2£(70s> — 355t — 34s1> + 278) + 8(30s> + 552t — 235> + 148
+ 1952 — 2851 + 4812) — 32(21s — 16t — 17)), (A9)

gs(s,1) = 2(s — 1)>(30s% + st — 12) + 125t(10s> — 352t — 145> + 763) + 6(40s* + 8453t — 23521 — 8513 + Tt*)
+ 8(71s> + 6952t + 2451> + 8£3) + 24(65% + 165t + 11£2) — 32(35 — 9t — 10), (A10)

hs(s, 1) = £3(s —1)>(5s + 1) + 61>(5s> — 552t — 512 + 1) + 61(20s> + 35?1 — 1251 4+ 983) + 8(255° + 2757t — 351>
58 4+ 24(1052 + 857+ 922) — 32(9s — 157 — 14), (A11)

ge(s,1) = 12(s — 1)?(30s2 + st — 12) + 21(40s* + 19531 — 975?1> + 375> + 1*) + 4(20s* + 24531 — 225%1% — 43513
+ 11#*) + 8(10s® — 552t 4 235> — 10£° — 2552 + 545t + 391%) — 32(5s — 18t = 7), (A12)

he(s,t) = 3(s — 1)>(5s + 1) + 4£2(55% = 352t — 351> + 13) + 4st(10s> — 9st — 31%) + 8(20s — 7s%t — 145> + 19¢3
+ 1152 — 1451 + 217%) — 32(15s — 41 — 11), (A13)

G7(s.1) = 4[> (s — 1)*>(30s> + st — 12) + 2£(40s* + 1953t — 975%£> + 37583 + 1*) + 2(40s* + 128531 + 435%1> — 92513
+ 211%) + 16(15s% — 352t 4 2751> — 483) + 8(465% — 3651 + 4517) + 32(155 + 13)], (A14)

hy(s, 1) =4[ (s — 1)2(5s + 1) + 412 (55 = 352t = 3522 + 12) + 21(20s> + 1751 — 20s1> + 1173) + 8(20s> — 25°¢
+ 551 — £ +26s% — 8st + 311%) — 32(6s — 3t — 11)], (A15)

gs(s, 1) =4[ (s — 1)>(30s® + st — 12) + 612(31s> — 4152t + 9s1* + 12 + 705> — Sdst + 417) — 8(s* — 665> + 19¢°)
132092 1 1), (A16)

hg(s, 1) =4[ (s — 1)*(5s + 1) + 2453 (s — 1) + 1263 (3s — 1) + 8(10s> — 352t + 713) + 144s% + 160]. (A17)
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Hence, for the field equations to be solved at lowest order
in r for any values of y; g, we must have

.....

gi(s,1) = hy(s,1) = 0, (A18)
which constitute the system of indicial equations for s > 0.
To prove that the system (A18) does not admit solutions
with s > 0, consider the following observations:
(i) The subsystem g3(s,?) = h3(s,t) = 0 only admits
the one-parameter family of solutions

P+2t+4
=, t#—4. A19
) # (A19)
Indeed, it is straightforward to verify that
?+2t+4
h3(S,t>:O<=>S:H_44 or
2 + 8t + 46
=———. A20
g 5(t+4) (A20)
The latter option yields
1728(¢ — 2) (> + 3t + 11)°
t),t) = — =0,
teERe =2, (A21)
forcing s=-11/5<0, which violates the

assumption on the sign of s. On the other hand,
the former option, given by Eq. (A19), solves
g3(s,t) = 0 for any value of t # —4.

|

(i) The only admissible solution for the subsystem

g3(s, 1) = h3(s,t) =0 and  hy(s,1) =0 s

—t = 1. In fact, substituting (A19) into the
expression for h,(s, 7) we obtain

641+ 1) (> + 3t + 11) (> + 41+ 12)

hals.1) = (1 +4)

’

(A22)

whose roots can be easily obtained using Bhaskara’s

formula. The only real solution is t = —1, which
yields s = 1.
Finally, it is immediate to verify that s = —f =1 is not a

zero of any of the functions in Eqs. (A14)—(A17). This
completes the proof that the system (A18) does not have
solutions with s > 0.

2. Case s=0

In this case, the expansions of H,, and H,, have the form

1
32 3 GZ}/lg,Oldo)—FO( )
H,\(r) = 32a262y, ,Orao>+0( )

(A23)

now with coefficients ¢;(0,1, aq) and h;(0,1, ay) that also
depend on a,, namely,

10,1, a9) = =8[4(1 — ag) + t(t + 2)][ — 21> — 56t + 8(ay + 11)], (A24)
hy(0,1,a0) = 8[4(1 — ag) + (1 + 2)][> + 61> + 241 — 8(ay + 7)), (A25)
92(0,1,ag) = =4[ + 3t* — 841 — 8(ag + 1)1* + 96(ay + 1)t — 48(a} + 2a, — 3)], (A26)
hy(0,t,a9) =4[ + 216* — 281 + 8(ag + 3)1* + 32(3 — Sag)t + 48(af + 2ag — 3)]. (A27)
30,1, a9) = —4[4(1 — ag) + t(t + 2)]2[> + 2t + 2(ay — 37)), (A28)
h3(0, 1, ay) = 4[4(1 — ap) + t(t + 2))?[> + 8t + 2(ag + 23)], (A29)
94(0,1,a9) = =2[1° + 2° = 2(ag + 25)t* — 8(ag + 12)* + 32(5ay — 14)> + 672(ay — 1)t + 32(ag — 1)*(ay — 19)],
(A30)
hy(0,2,a9) = 2[t° + 8 —2(ag — 27)t* + 8(14 — 3ay)? +32(12 — Tag)* +32(ad — 17ay + 16)t +32(ag — 1)*(ay + 17)],

g5(0,1, ag) = —[t° — 42* — 641

—24(ag + 11)2 + 288(ag — 1)t + 32(ay — 1)?(ay — 10)],

(A31)

(A32)
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hs(0, 1, ay) = 1° + 612 + 541* — 401 — 24(ay — 9)1> — 480(ag — 1)t + 32(ag — 1)*(ay + 14),
g6(0’ 1, Clo) = —[t6 - 2t5 - 44t4 - 8(@0 - 1O)t3 —+ 24(610 - 13)t2 + 576((10 - 1)[ + 32(&0 - 1)2(00 - 7)],
he(0, 1, ay) = 1+ 48 — 8(ag — 19)t3 —168(ay — l)t2 —128(ay — 1)t + 32(ag — 1)2(610 +11),

g7(0, t, Clo) = —4[t6 - 2t5 - 2((10 + 21)t4 + 8<a0 + 8)t3 + 72(610 - 5)t2 + 32((10 - 1)2((10 - 13)},

(A33)
(A34)
(A35)

(A36)

hy(0, 1, ag) =4[ + 485 = 2(ag — 11)1* = 8(ag + 1) + 8(31 = Tag)2 + 32(ad — 4ag + 3)1 + 32(ap — 1)*(ap + 11)].

93(0,1,a9) = —4[1° — 61° — 241* + 15217 — 2881* + 32(ay — 1)7],

I’lg(o, t, ao) = 4[16 — 12l4 + 56l3 + 32(00 - ])2(00 + 5)]

Therefore, for the field equations to be solved at lowest
order in r for any values of y; g, we must have

gi(0.1.a0) = hy(0. 7, a) = 0, (A40)
Notice that this system of indicial equations for s =0
might also act as constraint to the value of the parameter a,
in Eq. (3).

To prove that the only solution of (A40) is t = 0 and
ag = 1, we proceed like in the previous case and start by
considering the coefficients related to the parameter y;. We
have the following results:

(i) The only admissible solutions of the subsystem

93(0,2,a9) = h3(0,1,a9) =0 are either = —20

and ag = —143 or in the form
1o
aozz(t +2t+4), teR. (A41)
In fact, it is straightforward to verify that
1
h3(0,t,a0)=0¢>a0:4—1(t +2t+4) or
1
ay=—3 (> + 8t + 46). (A42)

The latter option yields

50,1, ay(1)) = 216(t + 20)(£> + 61 + 32)2 = 0,

teR &t =-20, (A43)

(A37)

(A38)

(A39)

which results in @y, = —143. On the other hand, the
former solution, Eq. (A41), solves ¢5(0,7,ay) =0
for any real ¢.

(i) The only admissible solution for the subsystem
93(0, 1, Clo) = h3(0, 1, Clo) =0 and ]’l4(0, 1, Clo) =0
is t =0 and ay = 1. Indeed, by direct substitution
one can verify that t = —20 and aq = —143 does not
solve hy(0,¢,ay) = 0. As for solutions in the form
(A41), substituting into (A31) we obtain
hy(0, 1, ao(t)) = 262(2 + 2) (2 + 61 +32), (Ad4)

whose only real root is t = 0, which yields ay = 1.

It is immediate to verify that r = 0 and ay = 1 is a zero of

all the functions (A24)—(A39), being, therefore, the only

solution of the system (A40).

3.Cases <0

Finally, the lowest-order term of the expansion of H,,
and H,, for negative values of s reads

H dys+2 4y, +4
n("):_ r3t+ 74+75";7/6+ Y7+ 78_’_0(’,—5)’
B(r) r
dys+2 4y, +4
Hrr(r): Y3+ 74+75i3/6+ v7+ ygao—l—O(rs_S,r_G),
=

(A45)

Therefore, the field equations cannot be solved at lowest
order for arbitrary values of the parameters y; if s < 0.
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