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Optical properties of black holes in regularized Maxwell theory
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Regularized Maxwell electrodynamics is a recently discovered theory of nonlinear electrodynamics,
with a minimally regularized field strength of a point charge, that is very close to the Maxwell theory in
many aspects. In this paper we investigate some of the optical properties of its black holes. Namely, we
study geodesics, gravitational redshift, black hole shadow, as well as investigate the relationship between
the behavior of (null geodesic) Lyapunov exponents and the existence of thermodynamic critical points in

both canonical and grand-canonical ensembles.
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I. INTRODUCTION

The first (fully covariant) theories of nonlinear electro-
dynamics (NLE) were formulated in the 1930s as a
classical attempt at regularizing the field of a point charge
in Maxwell’s theory [1-4]. The key idea was to modify
the corresponding electromagnetic Lagrangian, making it
sufficiently nonlinear, so that the point charge could be
characterized by a finite field strength and finite self-
energy. Since then, many other theories with various
characteristics were constructed—nowadays NLE provides
a general framework for studying classical electrodynamics
with improved properties—while maintaining the second-
order equations of motion and covariant action, see [5] for a
recent review.

Among many NLEs, perhaps the most prolific to date is
the Born-Infeld theory, developed by M. Born and L. Infeld
in [2,3]. This theory yields a finite point charge self-energy,
possesses an electromagnetic duality [6], and approaches
Maxwell’s electrodynamics in the weak-field limit. It finds
applications in string theory [7], D-brane physics [8,9], or
cosmology [10]. Moreover, as found by Plebafisky [11]
(see also [12,13]), it is the unique NLE (apart from
Maxwell), in which light rays propagate without birefrin-
gence, that is, the two electromagnetic modes in vacuum
have equal phase velocities. Other NLEs thus suffer from
birefringence, which can in some cases lead to pathologies,
such as superluminal photons, providing a basis for
excluding the corresponding NLE. As we shall review in
this paper, a common approach to deal with the birefrin-
gence is to formulate an effective geometry, which governs
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the propagation of the corresponding mode in the geo-
metric optics approximation, e.g., [14].

The current interest in NLEs, however, goes well beyond
the original Born-Infeld theory. For example, it was shown,
that the framework of NLEs can naturally provide physical
sources for regular black hole spacetimes. In this spirit, the
famous regular Bardeen black hole [15] has been identified
with a magnetically charged black hole in due NLE [16],
see also [17-19] for other regular black hole models
interpreted as solutions of nonlinear electrodynamics.
Another example of a very interesting NLE is the so called
ModMax theory [20,21], which is the most general NLE
that admits the same symmetries as Maxwell’s theory,
namely, the conformal invariance and the electromagnetic
duality (see [22] for a recent discussion of causal NLEs
with electromagnetic duality).

In this paper, we focus on yet another recently formulated
theory of NLE, called the regularized Maxwell (RegMax)
theory [23]. This theory is in many aspects very close to the
linear Maxwell electrodynamics. It gives rise to a minimally
regularized field strength of a point charge, replacing the 2
behavior with (r 4+ r,)~2, for some positive constant r.
At the same time, many of its self-gravitating solutions
are remarkably Maxwell-like. Namely, it is the unique
NLE theory, whose radiative solutions can be (similar to
Maxwell) found in the Robinson-Trautman class [23] and
are (contrary to Maxwell) well-posed [24]. Moreover, it is
the unique NLE apart from Maxwell whose slowly rotating
charged solutions are fully characterized by the electrostatic
potential [25]. A general overview of the basic properties of
RegMax theory, including black hole thermodynamics,
phase transitions, and a novel C-metric solution, were
shown in [26].

The aim of the present paper is to study optical properties
of RegMax black holes, such as photon spheres, gravita-
tional redshift, or the black hole shadow (see, e.g., [27-30]
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for similar studies in various settings). Such an investiga-
tion is especially interesting because of the birefringence
phenomena present in these spacetimes. As we shall see,
one of the electromagnetic modes propagates along the
background geometry, while the other mode follows the
effective metric. As a consequence, such black holes for
example admit two photon spheres. Apart from astrophysi-
cal applications, we shall also use the opportunity to
investigate further a potential connection between the black
hole thermodynamic phase transitions and the Lyapunov
exponents for unstable circular geodesics, as suggested in
recent works [31-35] (see also [36] for an alternative
investigation). This might be especially interesting for
RegMax anti—de Sitter (AdS) black holes, which are known
to have involved thermodynamic behavior in both the
canonical and grand-canonical ensembles, including vari-
ous phase transitions and critical points [26]." Such
Lyapunov exponents are potentially measurable by future
space-based detectors, e.g., [40,41].

Our paper is organized as follows. In the next section,
we review the basic properties of NLE theories and the
associated birefringence, and introduce the RegMax
theory. The corresponding RegMax AdS black hole
solutions, together with their basic characteristics, are
summarized in Sec. III. Section IV is devoted to the
study of geodesics and Lyapunov exponents. Optical
properties of asymptotically flat RegMax black holes
are studied in Sec. V. The connection between thermo-
dynamic phase transitions of AdS RegMax black holes
and the corresponding Lyapunov exponents in both
canonical and grand-canonical ensembles is investigated
in Sec. VI. We conclude in Sec. VII. Appendix summa-
rizes a derivation of the central formula for Lyapunov
exponents used in the main text.

II. INTRODUCING THEORIES OF NLE

A. RegMax theory

Theories of NLE generalize Maxwell’s theory by
allowing their Lagrangian to be an arbitrary function of
the two electromagnetic invariants,

1
S=5F, ",

1
PZEFW(*F””), (1)
constructed from the corresponding electromagnetic field
strength F,,, or in terms of the vector potential A,
F,, =0d,A, —d,A, RegMax belongs to the restricted class

of NLEs where only the invariant S is taken into account,

'Although Lyapunov exponents are primarily used to analyze
dynamics of chaotic systems and to determine divergence/
convergence of nearby trajectories in the phase space, multiple
other uses were presented in the literature, see, e.g., [37] for a
study of quasinormal modes, or [38,39] for a novel holographic
conjecture.

i.e., L = L(S). Namely, its Lagrangian reads [23,26],

L==2a"

1-3In(1-s)+

N

s+ 352 —45-2
2(1—=ys) |

4
s = -

e (0,1). (3)

SN

The theory is characterized by a dimensionful parameter «,
whose square has a dimension of inverse length, and the
Maxwell theory is recovered at the limit,

a — oo. (4)
Upon denoting
oL
ij = W - Z‘CSF/,U/? (5)

the generalized (vacuum) Maxwell equations read,

dF =0, d+D =0. (6)
When minimally coupled to gravity, the corresponding
Einstein equations, endowed with a (negative) cosmologi-
cal constant A = —3/£2, read

G;w + Ag/,w = 8”T;4w (7)

setting the Newton’s constant G = 1. Here, the (restricted)
NLE energy momentum tensor 7, takes the following
form:

1
" = —— (2LgFH°FY, — Lg™). (8)
47

B. Birefringence

A characteristic property of all NLE theories, apart from
the Maxwell and Born-Infeld cases, is the presence of
birefringence. Namely, in the geometric optics approxima-
tion the two modes, corresponding to the two degrees of
freedom encoded in the field, effectively propagate with

In this paper we will be concerned only with the purely
electric case, where it holds that S < 0; see [26] for a discussion
of the magnetic case. Moreover, we assume that a® plays the
role of maximal field strength (similar to the Born-Infeld
parameter [2,3]), so that we necessarily have s & (0,1). Con-
sequently, the Lagrangian (3) is well-defined. Moreover, the
following derivatives:

oL 1 L 1

Ls=5s=ap-17 L5055 ava iy

2)

can never vanish. In particular, this implies that the optical
metric (15) is also well-defined.

084061-2



OPTICAL PROPERTIES OF BLACK HOLES IN REGULARIZED ...

PHYS. REV. D 109, 084061 (2024)

respect to two distinct metrics. These may depend on the
actual NLE field distribution, and can be found by
describing the characteristic surfaces of propagation of
field discontinuities [14].
Namely, let X = const be a wave front surface and

k, =0, 9)
be the corresponding wave one-form. Then, for a given
mode one can construct an effective geometry iy, with
respect to which k, becomes null,

Gegekyk, = 0. (10)
Defining further the inverse effective geometry gj?;f by the
standard relation,

Geir9y = O, (11)

one finds [14] that the photon path, x*(4), follows null
geodesics with respect to the effective metric, namely,

5/dseff = 0 (12)

In particular, defining

dx*

kﬂ = g/el;fky - W, (13)

(with a proper choice of the affine parameter 1), it obeys the
null geodesic equation,

KV = 0, (14)

where VT is compatible with the effective metric.

It turns out that in the special case of the restricted class
of NLE theories, £ = £(S), one mode propagates with
respect to the standard background metric ¢**, while the
other one follows the effective metric [14]:

) 2L
Gor = 9 + —Ejs FrAFY,. (15)

Note that the effective metric is defined up to a conformal
rescaling; all conformally related metrics yield the same
null geodesics, e.g., [42]. In general, the birefringence in
NLEs may lead to various pathologies, such as the

existence of optical horizons, or closed lightlike curves,
e.g., [14].

III. CHARGED BLACK HOLE SOLUTION

A. Solution

The charged black hole solution in the RegMax theory
has been constructed in [26]. It takes the following standard

form:
v 2 dr? 2102
g = gudx'dx’ = —fdt —|——f + r=dQ-, (16)

where dQ? = dé” + sin’Ad¢g? and the metric function f
reads,

4 3/2_6 2
f:1_2a2|Q|+M+r

3r 72
+4a°r\/|Q| —4r?a*In (1 —|——V|Q|>
ra
2m  Q* r? 2, 4 —\/@ "
_1_7+7+ﬁ+7;n+4 ar - (17)

The metric is accompanied by the following vector poten-
tial:

Ao Q0 g (18)

ra+/|0|

which yields the corresponding field strength,

F=E&rnd:, & 0 (19)
- r 9 =—F——5>
(ra++/10])?
and is characterized by the following two invariants:
S=-&, P=0. (20)

The above solution is static, spherically symmetric, and
singular at »r=0. In a certain range of parameters
{m, Q,a,¢}, it describes a charged black hole, with the
horizon radius r_, given by the largest root of f(r,) = 0.
In particular, switching off for a moment the cosmological
constant, A =0, we display the mass dependence of
f=f(r) in Fig. 1 (cf. Fig. 2 in [26] for the case of
nontrivial A). For small masses m, the behavior of f(r)
resembles that of the Reissner-Nordstrom solution.
Namely, as the mass increases from zero, we move from
having no roots corresponding to a naked singularity, to one
degenerate root of the extremal black hole, and finally to
two roots characteristic of a nonextremal black hole with
inner and outer horizons. For even larger masses,

_ 20|QP
m > Mmarginal = ?’

(21)
the behavior of the metric function switches from the
Reissner-Nordstrom mode to the Schwarzschild-like mode,
characterized by the existence of a single nonextremal
horizon, see Fig. 1.
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FIG. 1. Black hole horizons. We display the behavior of the
metric function f(r) for fixed valuesa = 1, Q = l,and A = 0, as
it depends on the mass parameter m. Namely, from top to bottom,
we set m =0.5137, m=0.6156, m=0.6497, m = mpyygina = 2/3,
and m = 0.7771; pure Schwarzschild with m = 2/3 is shown in
dashed red. We observe two distinct regimes: the Schwarzschild-
like regime denoted by red curves that occurs for m > myarginats
and the Reissner-Nordstrom-like regime, for m < mipginal, i0-
dicated by blue curves. The two regimes are separated by the
marginal case, denoted by a solid black curve.

B. Physical properties

As demonstrated in [26], the above solution is charac-
terized by the physical properties; the asymptotic mass M,
and the electric charge Q,

1

M: s = —
" 471' S2?

*D, (22)

the black hole temperature 7, and entropy S,

(ry)

T =——=+
4z
ar,(60]e + 1) = 2|0 e + /[OI(1 + 12412
drr, (ar, ++/|0])
3r,at V10| 3ry
-—1 1 , 23
/4 0g< * roa +471'L”2 (23)
A
S = —Zea = ﬂ'ra_’ (24)

and the electrostatic potential,

aQ
=-¢(AlL, =———, 25
pe e e e W

where in the last formula we used that the horizon is
generated by the Killing vector field £ = 0,. Finally, since
the solution is asymptotically AdS, we can consider the

corresponding pressure-volume term [43,44],

A3 oM 4
P=——=—"_ V=|— =—ar, 26
87 812 <0P>S,Qﬂ 37 (29)

and the “a-polarization potential” [45],

()
Ho = | 5
aa S,Q.P

_ 22|0P%ar, - 0* - 1227 \/|0] — 6|Qa*r2
3 ria+/10

—8a’r3 log <1 - —'|Q|> . (27)

r.o

reflecting the fact that a is a dimensionful quantity.
It is then easy to verify that the above quantities obey the
extended first law and the corresponding Smarr relation [26],

SM = T5S + ¢p50 + VSP + pyda, (28)
1
M =2TS + ¢Q —2VP — 7 HaO (29)

Moreover, the corresponding canonical (fixed charge) and
grand canonical (fixed potential) ensembles feature various
critical points and phase transitions, see [26]. We shall return
to this feature in Sec. VI where we demonstrate that the
corresponding critical points can be discovered by studying
the Lyapunov exponents of the RegMax photon trajectories.

IV. GEODESICS

A. Effective metric

In what follows we want to study various optical
properties of the above black holes. To this purpose let
us first turn to describing geodesics in these spacetimes.
Namely, we shall be interested in null geodesics in the
effective geometry (15), describing the propagation of one
mode of nonlinear RegMax photons, as well as the timelike
and null geodesics in the background metric, describing the
motion of massive test objects, and the propagation of the
second mode of nonlinear photons and of other massless
particles.

To simultaneously treat the background metric g, and

the effective metric g¢if (defined as the inverse to gif;), let us

use a shorthand for both possibilities, namely a new metric

background metric g

= g, dxtdx’ = . 30
9= 9 {effective metric Jeff G0)

dependent on which situation we want to study. That is,
q = g, (16) for the case of the background metric, and,
inverting (15),
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h
q = Gert = —fhdr* + ?er + r2dQ2,

po1 VEIL_ o €(0,1) (31)

a  ar++/]0]

for the case of the effective metric. As we approach spatial
infinity, & — 1, and both metrics g, are asymptotically
flat/AdS.”

Because of the spherical symmetry, the motion of the
massive and massless particles is effectively three-dimen-
sional, and without loss of generality takes place in the
60 = n/2 plane. The corresponding effective Lagrangian
then reads,

1, .
L= 2 (q”tz + eri'z + r2¢2)’ (32)
where the dot denotes a derivative with respect to an affine
parameter characterizing the geodesic. Employing further
the static and axisymmetric Killing vectors,

§=0, (=0, (33)

together with the normalization of the 4-velocity,
w = (t,1,0,¢), we have the following three integrals of
motion:

E=~=¢ u=qut,

L=Cu=rp,

K= u2 = qtli‘2 + qrri/.2 + r2(rb2’ (34)
where k = —1, 0 for timelike, null geodesics. Plugging the

first two expressions into the last one, we then obtain the
radial equation,

1 [(E* 72
i +V,=0, Vr——<—+—2— ) (35)
9rr \41r T

governing the motion of test particles in the equatorial
plane of the spherically symmetric spacetime with met-

TiC g,

B. Circular geodesics

Let us first focus on circular geodesics. These are given
by

Vi(re) =0, (36)

Vi(re) =0, (37)

In particular, this implies that we can use the same Killing
vectors d; and d,, to denote the asymptotic symmetries for both
these metrics.

2L

FIG. 2.  Circular orbits: Timelike geodesics. In this figure, we
display the dependence of the first derivative of the effective
potential on particle’s angular momentum L; a V). — L diagram.
The dot-dashed line corresponds to L = 30, the solid line to
L =18, and the dashed one to L = 10, with other parameters
taking values a =1, Q = 1, P = 0.01, r, = 2. As is clear from
the plot, function V/.(r) admits nontrivial roots only for suffi-
ciently large L; in that case, the larger root corresponds to the
stable circular trajectory and the smaller root to the unstable
circular trajectory.

where r, is the corresponding radius. Stable/unstable orbits
are characterized by V’(r.) being positive/negative,
respectively.

Let us first consider timelike (x # 0) geodesics. The
dependence of the first derivative of the effective potential
V' on particle’s angular momentum L is displayed in Fig. 2.
We see that for sufficiently large L, there are two possible
roots; with the smaller one corresponding to unstable
circular orbits, and the larger one giving the stable ones.
More concretely, the conditions (36) and (37) yield,

202
- L I (38)
294 — rgu r=r,
3./
2 — " Gu (39)
204 = 191 r:r(,,’
or, introducing the impact parameter b,
L 3./
b=p=H\ 5 (40)
E 293 r=r,

Let us next turn to the null geodesics (x = 0), see Fig. 3.
As obvious, the circular (photon sphere) radius is inde-
pendent of L; it can be determined from

g (r) = 247e) (41)

Te
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V'(r)
150

10

FIG. 3. Circular orbits: Null geodesics. This figure depicts the
dependence of the first derivative of the potential V/(r) on
angular momentum L for null effective (red) and null background
(blue) geodesics; the dependence on E for null effective geodesics
was eliminated via the condition, (36), V,.(r.) = 0. Values of
angular momentum are L = 5 for solid curves, L = 10 for dashed
curves and L = 20 for dashed-dot curves; other parameters take
valuesa=1,0 =1,r, =0.5, P = 0.01. We can see that L only
affects prominence of local minima while the root of V'.(r) stays
the same; the circular radius r, is independent of L in the case of
null geodesics. While in both cases we observe two roots, the
smaller one is below the black hole horizon and is unphysical. We

eff beg

thus observe r&" > r,

and corresponds to (real) b,, given by

e

- 9t (ch) (42)

b ==

L,
, =L
E,

Here, + corresponds to left, right moving photons, moving
on the photon sphere. For a nonextremal RegMax black
hole, Eq. (41) yields exactly two photon spheres outside the
black hole horizon. One is connected with the background
metric (where photons of one polarization orbit), and the
second one is due to the effective metric (where photons of
the second polarization orbit). It would be interesting to see
whether this could give rise to some observable signatures
(see, e.g., [46] for a recent discussion of interferometric
signatures of black holes with multiple photon spheres).4

4Considering generic beam of electromagnetic radiation, and
neglecting its backreaction on the geometry and the background
electromagnetic field, one can always split the beam into the
corresponding two polarizations, each propagating according to
its own effective metric.
Note also that the horizon of an extremal black hole trivially
satisfies the condition (41) for both electromagnetic modes. The
extremal horizon therefore becomes another photon sphere that
also corresponds to a minimum of the effective potential V, i.e.,
stable circular null geodesics. Such behavior seems generic for
extremal black holes, e.g., [47,48]. For restricted NLEs, this photon
sphere is ‘universal’ i.e., present for both electromagnetic modes.

While suffering from birefringence, the propagation
of photons in RegMax theory is rather nice and intuitive
i.e., no pathologies, such as the existence of electromag-
netic trapped surfaces, or closed lightlike curves, that may
arise [14] in more complicated theories of NLE, occur for
spherical black holes in RegMax theory.

In what follows, it would be useful to find algebraic
expressions for the radii of the above circular geodesics.
Unfortunately, due to the logarithmic term in the metric
function f, this becomes difficult for the case of timelike
geodesics or null effective geodesics. [When needed, we
will have to determine these radii numerically, using
Egs. (36) and (37).] The situation is different for null
geodesics in the background metric, for which the loga-
rithmic term in (41) vanishes, and its roots can be found
explicitly,

_ 3ma—+/|0] N \/|Q| —6m+/|0| + a*(9m* —8Q?)
o 2a 2a

9m? — 80?)

g(“%)*o@)

:(BiB)%—i—(—lil)@

(B3m+

N =

+

20
20? 2|02 ;
- <i—3m> + (i oy ) +0(QP). (43)

The root p_ has to be excluded, as it lies below the horizon
and corresponds to imaginary b,. It is the p, root that
corresponds to the photon sphere radius outside the
horizon,

Fe=p,. (44)

The first term in the expansion for large a agrees with the
Reissner-Nordstrom photon sphere radius, while the
Schwarzschild photon sphere radius is recovered upon
setting O — 0 in the latter expansion.

C. Lyapunov exponents

Test particles near the black hole can move along
different trajectories. Lyapunov exponents can measure
how divergent or convergent these trajectories are in the
phase space. Namely, positive value of Lyapunov exponent
indicates that nearby trajectories are divergent and thus
depend strongly on initial conditions. Motion of particles
then bears a close resemblance to chaotic systems [37].
However, Lyapunov exponents proved to be useful beyond
the realm of chaotic systems investigation. In [37], they
were used for studying quasinormal modes. It was shown
that in asymptotically flat, spherically symmetric black hole

084061-6
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spacetimes, quasinormal modes in geometrical optics
approximation can be understood as slowly leaking par-
ticles trapped at the unstable circular null geodesic with
leaking timescale given by the principal Lyapunov expo-
nent. More recently, a proposal for a holography of a
photon sphere was made in [38,39]. Namely, it was
suggested that the classical Lyapunov exponents are dual
to the quantum Ruelle resonances describing the late-time
approach to thermal equilibrium of the quantum microstate
dual to a given asymptotically flat black hole. Since such
Lyapunov exponents are potentially measurable by the near
future space-based detectors, e.g., [40,41], this could be a
starting point for a bottom-up approach to holography for
astrophysical black holes.

There were also recent attempts at using the geodesic
Lyapunov exponents to analyze thermodynamic phase
transitions in black hole spacetimes, e.g., [31-35]. In our
paper, we exploit Lyapunov exponents for this purpose.
Concentrating on trajectories that are nearby to an unstable
circular trajectory at radius r., the Lyapunov exponent
takes the following form (see Appendix for a derivation of

this formula):
V//
A=1/-=%
2t

To evaluate this for timelike geodesics, we employ the
effective potential (35), together with (34), and eliminate
E? and L? by using (38) and (39) giving,

i [ @),
20, GuYrr
Similarly, for null geodesics, we employ (35), (34), and (41)
together with (42), to obtain

/1}/ _ qr _ zqtt
\ 2¢, 7y

In particular, using the explicit form of our metrics, the
photon Lyapunov exponents take the following explicit
form:

(45)

r=re

39u

46
2rg,, (46)

r=r,

(47)

r=r,.

2 frm)”
A=\ T, ’ (48)
for the effective metric, and
o ff
/12 - ? - B ) (49)

for the background metric.

V. OPTICAL PHENOMENA

Let us now study some optical phenomena associated
with RegMax black holes. These are particularly interesting
due to birefringence in our theory. In this section we focus
on astrophysically more relevant asymptotically flat black
holes, setting A = 0.

A. Phase velocities

Let us consider the light wave vector,

k,= (—a), ki)v

i

ki = (kr’kfhk(/))v (50)

with @ > 0, and define the phase velocity as [49] (see
also [50,51])

w
Ik

v

, (51)

where we defined the spatial magnitude |/2 | in terms of the

background metric, that is |k| = /g% kik;. Such v carries
the meaning of velocity of the surface of constant phase in a
particular direction k. Since we have

0 = g"k,k, = w*q" + q'k;k;. (52)

we can easily evaluate the phase velocity for purely radial
or purely angular wave vectors. Namely, for radial geo-

desics we have k, = (—w. k,,0,0). Then k| = w?/f for
both effective and background metrics, and we find

o) = £./F. (53)

for both types of modes. Obviously, for purely radial
motion, there is no birefringence effect on phase velocities.
The situation is, however, different when angular motion
comes into play; if the wave vector has nonzero ky or k,
component, phase velocities will differ for the two metrics.
In particular, consider the motion in the ¢-direction, that is,
k, = (-,0,0,k,). Then k]2 = w?/(fh) for the effective

mode and |k|? = w?/f for the background mode. Thus, in
this case, we get two different phase velocities, namely

v = +\/fh, (54)

for the effective mode and

@ = +./F. (55)

for the background mode, and similarly for the motion in
the 6-direction. Note that in this case, and since 4 € (0, 1),
the angular motion wave fronts in the effective metric
travel slower than the modes in the background metric.
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0.8
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0.2f

0.0 1 1 1 1 oy
0 2 4 6 8 10

FIG. 4. Phase velocities: In this figure we can clearly see the
birefringence for the case of motion in the azimuthal direction;
red curve stands for Ug'f), blue curve for v(@). In the case of motion
in radial direction, phase velocities for both effective and back-
ground metric are the same and coincide with v(®), Here, we have
setm =1, Q = 0.5, and a = 0.75. Note that the curves emerge
from r = 1.90567 which is the horizon radius.

We display the corresponding phase velocities as a function
of radial coordinate r in Fig. 4.

To summarize, birefringence is observable every time the
wave vector has a nonzero angular component kg or k,,. On
the other hand, if angular components vanish and we are
left only with the radial one, phase velocities for both
metrics are the same and there is no splitting. This is a
feature of any restricted theory of NLE with £ = £(S). In
particular, this will be true on the horizon; radial photons
emitted from the horizon propagate in the same way as
gravitons.

Recently, there was some speculation, e.g., [52], that
if such velocities were different, it might lead to a
modification of the Hawking temperature. However, this
is clearly not the case for black holes in nonlinear
electrodynamics, for which the first law should then
take on the standard form, with Hawking temperature
identified with surface gravity. In particular, this will be
true for regular black holes identified as solutions
corresponding to a magnetic monopole in due nonlinear
electrodynamics.

B. Light trajectories

We have seen, that due to birefringence, there are two
photon spheres (at two different radii) around RegMax
black holes. When slightly perturbed inwards, such pho-
tons will inspiral into the black hole. Here we describe their
trajectories in the equatorial plane.

The radial part of the inspiral is described by the effective
potential (35) (with ¥ = 0), while the azimuthal part is
given by the second equation (34). For the trajectory of the
inspiral this yields,

ar i, Y,

"A_
dp ¢ L?

1 1 1
:—}'2 ——<—2—2—>, (56)
qrr \T byqtt

where for the impact parameter b, we plug the unstable
circular orbit value, (42). Here, r, is given by (44) for the
case of photons following the background geometry, and r,.
has to be determined numerically for the photons following
the effective metric.

We display the corresponding numerically constructed
inspirals in the vicinity of RegMax black holes in Fig. 5,
where they are also compared with similar inspirals in
Schwarzschild and Reissner-Nordstrom spacetimes. In
these figures, in order to compare different black hole
spacetimes, we choose to fix one black hole parameter,
common to all spacetimes considered. Namely, we
present four pictures of the inspirals; choosing the same
horizon radius for all black holes [Fig. 5(a)], the same
photon sphere radius [Fig. 5(b)], black holes with
the same innermost stable circular orbit (ISCO) radius
[Fig. 5(c)], and black holes with the same mass parameter
[Fig. 5(d)].

In particular, in Fig. 5(a), we compare the inspirals for a
fixed RegMax black hole for the effective (red) and
background (blue) cases. We observe that, while the
effective metric photon sphere is bigger (lies outside the
background metric photon sphere), giving the effective
photons more space to inspiral further, the effective pull is
stronger and so, in fact, the photons following the effective
metric reach the horizon sooner. On the other hand, from
Fig. 5(b), where the inspiral is studied for the same fixed-
photon sphere radius, the background photons seem to
inspiral faster than the effective ones. While this seems
strange, there is no contradiction between these two figures,
as in the later case, the black hole horizons are different (we
are comparing two distinct RegMax black holes), with the
background RegMax black hole bigger and more massive
than the effective RegMax black hole.

When interpreting all these pictures, however, one needs
to be a bit cautious. The curves in Fig. 5 correspond to
several different spacetimes and/or metrics, and even in the
cases where we take RegMax black holes with the same
mass parameter and horizon radius, the meaning of the
radial coordinate r is not exactly the same in the effective
and background cases. However, we have fixed the Weyl
conformal factor so that all metrics governing the light
behavior are written in the area gauge, for which the radial
coordinate is constructed in such a way that a sphere of
radius 7 has a surface given by 4zr% In particular, this
implies that a photon sphere at larger r is bigger in the sense
that it has larger area. This does not, though, imply that, for
example, the proper distance to the horizon has to also be
larger. Another ground where one must tread with care is
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(c) (d)

FIG. 5. Light trajectories around black holes. In this figure we display trajectories of light rays emerging from the vicinity of the
photon sphere, as they inspiral towards the black hole for Schwarzschild (solid black), Reissner-Nordstrém (dashed black), and RegMax
black holes in the case of effective (red) and background (blue) metrics. In all figures, the RegMax black holes are characterized by
a=1/+v/2and Q = 1/2, the Reissner-Nordstrém black holes by Q = 1/2, and the light ray is sent along the null geodesics just below
the particular photon sphere, at ry = 0.999r.. Moreover, if different, we display the black hole horizons with circles
of the corresponding color. (a) Equal horizon radius. In this subfigure we fix r, = 2 for all black holes. Other parameters are as
follows. Schwarzschild (r, = 3, M = 1), Reissner-Nordstrom (r, = 3.0022, M = 1.0625), and RegMax (M = 1.0448) with back-
ground (r, = 3.010) and effective (r. = 3.1492). (b) Equal photon sphere radius. In this subfigure all cases share the same photon
sphere radius r. = 3; other parameters are Schwarzschild (r, =2, M = 1), Reissner-Nordstrom (r, = 1.997, M = 1.055), and
RegMax background (r, = 2.006, M = 1.0417) and effective (r, = 1.9011, M = 0.9970). (¢) Equal ISCO radius rigco = 6 for
Schwarzschild (r, =2, r. =3, M = 1), Reissner-Nordstrom (r, = 1.9977, r. = 3.0186, M = 1.0614), and RegMax background
(rp =2.0063, r. =3.0191, M = 1.0478) and effective (r, = 1.9981, r. =3.1463, M = 1.0439). (d) Equal mass M =1 for:
Schwarzschild (r, =2, r. = 3), Reissner-Nordstrom (r, = 1.8660, r. = 2.8229), and RegMax (r, = 1.9073) for background
(r, = 2.8708) and effective (r. = 3.0094).

the choice of the inward perturbation of r. in order to get
the light inspiraling onto the black hole. In Fig. 5, we
always send the light signal from the same percentage of
(respective) r. (namely at ry = 0.999r.). However, since
the photon sphere radii are distinct for distinct metrics, the
impact of this perturbation can also differ and some of the
photons may experience stronger kick than others.

Having the above in mind, let us also calculate
the deflection angle for the light passing our black hole
at the closest approach at ry. This is simply given by the
following integral:

.
piro) =2 [~ Lar, (57)
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FIG. 6. Deflection angle for Schwarzschild. The deflection
angle f(ry) is calculated using formula (57) for the Schwarzs-
child solution with M =1, i.e., r. = 3.

B—Bsch
0.2
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-0.2%

FIG. 7. Deflection angle for RegMax black hole. The difference
P — Pscn, Where fis, is for reference plotted in Fig. 6, is displayed
for background metric (blue), effective metric (red), and Re-
issner-Nordstrom (dashed black) solutions with parameters fixed
sothatr, =3,Q0 =1/2,anda =1/ /2. Other parameters for the
situation where r, = 3 are presented in Fig. 5(b).

where % is simply given by 1/ g—(/’] from (56) as the derivative
of the inverse function. Since at the closest approach 7 = 0,
so by the normalization of the null wave four-vector k* (34),
b, in (56) is given by (64) with r, = r,. For reference, we
display the deflection angle for Schwarzschild with r, = 3
in Fig. 6. This is then compared to the RegMax deflection
angles in the effective and background metrics in Fig. 7.

C. Gravitational redshift

The gravitational redshift determines the decrease of
frequency of photons as measured by an emitter ¢ moving
with four-velocity U%, and an observer o moving with U%.
These frequencies w;, where i € {e, 0}, are determined by

the projections of the photons’ wave four-vectors k* onto
the respective four-velocities,

w; = —(k”U”)i. (58)
The redshift is then defined as
=P W0 Loy (59)

In what follows, we focus on determining the redshift of a
photon traveling along null geodesics in the equatorial
plane emitted and observed on circular timelike geodesics
orbiting the black hole, ie., U = (U!0,0,U?) and
k, = (k;.k,,0,k,), in which case we can write,

(kU + k,U?)|,

I fg= 0l
(kU + k,U?)],

(60)

Employing further the two Killing vectors (33), we have
Ey = _qﬂyfﬂky = _kt’ (61)

L, = q, 0"k = q,,k" = k,. (62)

P
Introducing the test-particle angular velocities Q; = % and

again the impact parameter b, = L,/E,, and using that all
three of these are integrals of motion, we can rewrite (60) as

—U! » to/_
1+Z:( U'+b,U%)], :ﬂ< 1+b7§2€>. (63)
(_Ut+b7U¢)|o Uﬁ) -1 +byQo

In particular, when a photon is emitted tangentially to the
circular geodesic of the emitting test particle, we have
k, = 0, from which, by the normalization of four-velocity
of the null wave four-vector k¥, (34) follows an additional
relationship between E? and L2,

L2 2
= =2, (64)
E qu(re)

This effectively generalizes the formula (42) to this
situation.

For massive test particles on a circular trajectory, the
conserved quantities E; = —g,,(r;)U and L; = g,,,(r;)U?
can be calculated from the conditions on circular timelike
geodesics as in (38) and (39) with k = —1 (thus, ¢, = g,,)
and replacing r. by r;. This gives the following relation:

SRR

Also, for U%, upon using (38), we get

084061-10



OPTICAL PROPERTIES OF BLACK HOLES IN REGULARIZED ...

PHYS. REV. D 109, 084061 (2024)

U E; _ -1 ‘ -242 1 (66)
" =gu(r) 9u(ri) \ 2901l \JH(r)
where
H(r;) = f(r;) _%f/(ri)' (67)
Plugging this in (63), we finally get
-1 Q
i Crena)

This formula gives the total redshift of a light ray emitted
tangentially from a timelike geodesic at a point where its
radial velocity vanishes. If the sign of b, matches that of
Q,, the light is emitted in the direction of the orbiting
massive particle. Moreover, if the sign of b, matches that of
Q,, the light is observed as approaching the observing test
particle in its direction. Thus, z given by (68) accounts for
the gravitational redshift and relativistic Doppler effect

depending on the signs of b,, Q,, and €,.
z
0_ 1 1 1 1 1 1 1 J re
1 2 3 4 5 6 7 8
-0.25}
-05f
-0.75
-1.
FIG. 8. Gravitational redshift: Prograde emission. In this

picture, we display gravitational redshifts of photons emitted
tangentially and in the direction of motion of a massive test
particle moving on a circular orbit and observed by a static
observer at infinity as they depend on emitter’s radius r,. The red
curve corresponds to the RegMax (M = 1,0 = 0.95,a = 1/\/5)
effective metric, the blue curve to the RegMax background
metric, solid black to Schwarzschild (M = 1), and dashed black
to the Reissner-Nordstrom (M = 1, Q = 0.95). Evidently, the
kinematic blueshift, due to the relativistic Doppler effect of the
light being emitted in the direction of the orbiting test particle
outcompetes the effect of pure gravitational redshift. The point in
the red line where z = —1 corresponds to the radius r; ~ 2.9597
where the photon following the effective metric appears static to
the emitter and w, changes sign. The blue curve terminates at the

background photon sphere radius 2%, while the red curve
terminates at the effective photon sphere radius, r°T

c -

The dependence of z on r, cannot continue below the
background metric photon sphere of the black hole given
by r. in (43), since its position is given by a root of the
function H(r), where the energy and angular momentum of
the emitting test particle diverge as per (38) and (39).

In the case of a distant observer r, — oo we get naturally
Q, > 0and H(r,) — 1 since H(r)=1-M/r+0(1/7).
So, the formula then reduces to

_1-b8.

69
Hr,) (©9)

<

A plot of the frequency shift in the distant observer scenario
where the light ray is sent in/against the direction of the test
particle is shown in Figs. 8 and 9, respectively.

In fact, there is the following subtlety. The redshift
z=—1 in Fig. 8 corresponds to an infinite blueshift;
photons emitted with infinitely small frequency are
observed at infinity with a finite frequency. In all cases
except for the effective metric this happens precisely on the
photon sphere where the energy of a timelike test particle
on a circular orbit diverges due to it approaching the
(background metric) speed of light. However, in the
effective metric, the photon with appropriate polarization
has timelike propagation vector k& and effectively moves
slower than regular (background metric) light in this
direction on this radius, as is evident from the photon
phase velocities in the ¢ direction given by (54) and (55).
At some radius r,, greater than <, the emitter’s velocity
precisely equals the photon’s in effective metric—photons
emitted with vanishing frequency, @, =~ 0, will be measured
with finite frequency w,, further away—we have an infinite

100

50

——

05 1 1 1 1 1 J re
2 3 4 5 6 7 8

FIG. 9. Gravitational redshift: Retrograde emission. We dis-
play the gravitational redshift of a photon emitted in the direction
opposite to the direction of motion of a massive test particle on a
circular orbit, as observed by a static observer at infinity, as a
function of emitter’s position r,. The legend and the parameters
of black holes are identical to Fig. 8.
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FIG. 10. Gravitational redshift: Radial motion. This picture
shows the gravitational redshifts z of a photon emitted radially
outward and observed at infinity, displayed as function of static
emitter position r, for the two RegMax metrics (shown in blue),
fixing M =1, a=1/v/2, and Q =0.9. These two curves
coincide, as radial geodesics are not affected by the birefringence
(cf. Fig. 4). For comparison we also show the Schwarzschild case
(M = 1) in solid black, and the Reissner-Nordstrom case (M = 1,
Q = 0.9) in dashed black. The vertical asymptotes mark the black
hole horizons, as expected.

relative blueshift z = —1. The position of r, is simply given
by 1 = (b,Q,),_, or

rf’ B
(Zf—h_ 1) ~0. (70)

Below this radius the frequency of light measured by the
emitter, defined as oscillations in the electromagnetic field
per unit time, starts increasing again as the emitter velocity
is required to increase. However, w, as defined by (58)
measures phase frequency of the plane wave and since the
wave phase is decreasing as the emitter below r; moves
past it, w, turns negative. Thus, Fig. 8 displays z with
regards to how the emitter experiences the light,
with 1 4 z = |w,|/@,.

In the case of a static emitter the redshift follows directly
from the definition of z, the Killing symmetry conserving

E, = —k, = —q,k" and the normalization of four-velocity,

due to which it holds that U' = \/g Then,

ktUt Ut
I 4zo @ kUl _Ue _

— — == gll<r0) (71)
w, q.k'U|, U,

gtt(re)'

Note that z would in principle diverge, as r diminishes

b . .
towards ro°. However, photons emitted below ¢ will never

reach infinity, and for this reason, we truncate the red curve at r<it,

Note that this is independent of whether the light travels
with respect to the background or effective metric and it
only depends on the four-velocity of the static test particles;
this is consistent with the conclusion that for radial geo-
desics there is no birefringence. For a distant observer this
formula reduces to

1

Static redshift for RegMax black holes is shown in Fig. 10,
where it is also compared to the Schwarzschild and
Reissner-Nordstrom cases.

D. Black hole shadow

Each black hole casts a shadow. If the black hole is
nonrotating, its shadow is circular and is produced by
photons which escape from their unstable circular orbit to
infinity due to small perturbations. Because of this fact,
shadow radius coincides with the critical impact parameter
which is a quantity with dimensions of length interpreted as
the radial distance of the asymptotic photon trajectory from
the scattering center and, in accordance with (42), it is in
our simplified case (of spherically symmetric asymptoti-
cally flat spacetime and distant observer) given by [30]

2
q,,(rc)' 73)

rsh = be =/ —

rsh

1 1 1 1 J Q
0.0 0.2 0.4 0.6 0.8 1.0

FIG. 11. Black hole shadow: Comparison. We display the
shadow radius as a function of electric charge Q, for various
black holes with M = 1/2 (and « = 0.75). Namely, the results for
background (blue line) and effective (red line) RegMax metrics are
compared to the Reissner-Nordstrom case (dashed black line). On
a given RegMax curve, to the left, we start with the Schwarzschild-
like branch of black holes. As Q increases, there is a transition to
the Reissner-Nordstrom-like branch, which eventually terminates
at O corresponding to an extremal black hole.
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FIG. 12. Black hole shadow: Mass dependence. In this picture
we display the radii of the black hole shadows as functions of
black hole charge for various black hole masses and fixed
a = 0.75. Results for the background metric are represented
by blue curves, results for the effective metric by red curves.
From bottom to top, masses are M = 1/3 (thin curves), M = 1/2
(dashed), M = 4/5 (dotted), and M = 1 (dot dashed). Similar to
the previous figure, charge Q goes from zero to its maximal value
corresponding to extremal black hole.

For our two metrics we can write explicitly,

2
=\ Fron(r) ™
and
r2
Ishp = f(’ic) (75)

We need to be careful though, since the photon sphere
radius r, is different for the effective and background
metrics. In the latter case, it can be expressed explicitly as
shown in Eq. (43), however, for the effective metric, it must
be calculated numerically. In Fig. 11, we can see the results
for the RegMax theory compared with Reissner-Nordstrom
case. The dependence of the shadow radii on the black hole
mass for RegMax black holes is displayed in Fig. 12.

VI. LYAPUNOV EXPONENTS AND
THERMODYNAMIC PHASE TRANSITIONS

As shown in [26], the RegMax AdS black holes feature
rather interesting thermodynamic behavior and phase struc-
ture, including the existence of critical points, first-order
phase transitions, and so on. As conjectured in [31-35],
some of this behavior should be encoded in the correspond-
ing behavior of the Lyapunov exponents. In this section,
after reviewing the main thermodynamic features of
RegMax black holes, we shall test this hypothesis.

Importantly, the RegMax black holes provide an ideal
testground to test this conjecture for two reasons: (i) The

interesting thermodynamic behavior prevails in both the
canonical (fixed charge) and the grand canonical (fixed
potential) ensembles, allowing us to test whether the
Lyapunov exponents can know about/distinguish the two
cases; (ii)) Due to birefringence, one has two kinds of
Lyapunov exponents; one associated with the background
metric and another with the effective metric. Is the
information about thermodynamics encoded in both of
these? In this section we focus on the AdS case, A < 0. We
start with the canonical ensemble.

A. Canonical ensemble

In the canonical ensemble the free energy,
F=M-TS=F(T,Q,P,a), (76)

is the key quantity. The global minimum of F corresponds
to the equilibrium phase; its nonanalyticity indicates the
presence of various phase transitions. For RegMax black
holes the behavior of F was studied in [26]. We shall first
review these results and then investigate whether they can
also be reproduced by studying the Lyapunov exponents.

It turns out that the thermodynamic behavior of
RegMax black holes is characterized by two regimes,
Schwarzschild-like and Reissner-Nordstrom-like, depend-
ing on the value of parameter a. Namely, there exists a
critical a,

a. = b (77)

V2101

independent of P, that separates these two regimes. Such a,.
can be determined [26] from the behavior of the metric
function f near the origin, and separates the corresponding
Schwarzschild-like and Reissner-Nordstrom-like horizon
structure of RegMax black holes (cf. Fig. 1). Naturally, the
horizon structure is also reflected by the corresponding
thermodynamics.

Namely, for a > a, we get the Reissner-Nordstrom
regime, known from the study of charged-AdS black holes
in Maxwell’s theory [53], with a characteristic swallowtail
behavior of the free energy and the corresponding Van der
Waals-like P — T phase diagrams. This regime features a
first-order phase transition between small and large black
holes and the associated critical point where the first-order
phase transition coexistence line terminates and the phase
transition becomes second-order. On the other hand, for
a < a,, the thermodynamic behavior is Schwarzschild-like
and features no black hole regions and regions with large
stable black holes. The detailed discussion of these (and the
marginal, @ = «,) cases, including the corresponding free
energy and P — T phase diagrams diagrams, can be found
in [26].

To capture all of the above thermodynamic features, we
can simply probe the thermodynamic phase space, fixing

084061-13



HALE, KUBIZNAK, and MENSIKOVA

PHYS. REV. D 109, 084061 (2024)

0.7

0.6

0.5

0.4

0.3

0.2

01 1 1 1 1 1 T
0.00 0.05 0.10 0.15 0.20 0.25 0.30

FIG. 13. F — T diagram: Free energy of the RegMax black hole
is displayed for fixed Q =1 and fixed P = 0.023. Depending
on the value of a, we observe two Reissner-Nordstrom-like (blue)
and Schwarzschild-like (red) regimes. In the red regime, repre-
sented by a red curve for « = 0.4 < a,. the free energy features a
temperature gap, two branches of black holes, and a simple cusp;
there is only one stable black hole phase corresponding to the lower
branch of large black holes. The marginal case, @ = a., is displayed
by a black curve, for which the upper branch of (small) black holes
has a termination point. Slightly above «,., we have two stable black
hole phases (of large and small black holes) separated by a first-
order phase transition, associated with the characteristic swallow-
tail behavior shown by a solid blue curve for a = 0.76. As «
increases further, the swallowtail diminishes, and eventually
terminates at a critical point, where a second-order phase transition
occurs, see blue dashed curve for « = 0.82. For even higher values
of a, one cannot distinguish between the two phases and the free
energy is smooth, as shown by a blue dot-dashed curve for a = 1.

the charge QO =1 and the thermodynamic pressure P =
0.023 (corresponding to £ = 2.3), and varying the param-
eter . We display the corresponding F — T diagram in
Fig. 13. Here, the Reissner-Nordstrom regime is denoted by
blue curves, Schwarzschild regime by red curve, and
marginal case by black curve.’ Namely, for @ = 0.76 (solid
blue curve), slightly above «,., we observe the characteristic
swallowtail behavior of the free energy, associated with the
small black hole/large black hole phase transition. The
choice a = 0.82 corresponds to the critical point, where the
swallowtail degenerates into a single point. Beyond the
critical point (for even larger ) the F — T curve becomes
smooth and we can no longer distinguish large from small
black holes.

®Alternatively, for fixed @, Eq. (77) determines critical charge
Q.. Thus, instead of fixing O and varying a, one could equally fix
a and vary Q. Q > Q. would then correspond to the Schwarzs-
child-like regime, and Q < Q. to the Reissner-Nordstrom-like
regime. Since varying Q seems more physical than varying a, one
could then also construct the corresponding Q — 7' phase dia-
gram, similar to what was done in [54] for the Maxwell case.

0.0 1 1 1 1
0.10 0.15 0.20 0.25

FIG. 14. A —T diagram: Timelike geodesics. Displayed curves
correspond to a =04, a = 1/\/§, a=0.76, a=0.82, and
a =1, from right to left. Cusps in the F — T diagram are here
represented by single bends, the presence of first-order phase
transitions by double-bent curves and the second-order phase
transition by an inflection point in the T = T'(4) behavior. Note
that the quickly dropping branch (of large black holes) terminates
at A = 0, corresponding to finite r, . We have set L = 50, and as
in Fig. 13, 0 =1 and P = 0.023.

On the other hand, for a < a, (red regime), the F — T
diagram features two branches of black holes meeting at a
cusp. The lower branch corresponds to a stable phase of
large black holes, while the upper (small black hole) branch
is unstable. We also have a no black hole region, associated
with the temperature gap in the F — 7T diagram. Let us
finally notice the special termination point for the upper
branch of small black holes that occurs for the marginal,
a = a,, case. Its temperature coincides with the finite
asymptotic temperature in the corresponding P — T phase
diagram, see [26].

1. Timelike geodesics

The crucial question now is are we able to restore these
results and find phase transitions using Lyapunov expo-
nents? To that end, we will study 1 — T diagrams, starting
with the case of massive particles displayed in Fig. 14. To
plot these, we first numerically determine r, =
ro(re,Q,a, P, L) from Eq. (39). This then allows one to
express A= A(r.,Q,a, P,L), employing Eq. (46), and
sinceweknow 7' = T'(r,, Q, a, 1), (23), we effectively have

A=MT,Q,a,P, L), (78)

which can be plot parametrically, fixing Q, a, P, and L, and
varying r, .

The curves in the 4 — T diagram in Fig. 14 have the same
coloring and values of Q, P, a, as those in the F' — T diagram
in Fig. 13. For a = 0.4, there is a cusp in the F' — T diagram;
this maps onto the red curve bend in the A — T diagram.
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The branch of large black holes corresponds to the quickly
dropping to 4 = 0 branch in the 4 — T diagram. Since the
upper red branch (of small black holes) in the F — T diagram
goes to infinity, also the red curve in A — 7" diagram extends
to arbitrary large temperatures. We get a similar feature also
for @ = a, (black curve) but since its /' — T diagram has
an endpoint from where small black hole branch emerges,
also its A — T diagram ends at the corresponding finite
temperature.

For ¢ = 0.76, we observe a swallowtail in FF— T dia-
gram. In the 1 — T diagram, it corresponds to a blue curve
with two bends whose temperatures match with temper-
atures of outer points of the swallowtail. At a= 0.82,
represented in A — T diagram by a blue dashed curve, the
second-order phase transition occurs. It corresponds to an
inflection point in the 7 = T(4) behavior, determined from

oT T

T 0= PR (79)
The temperature of this inflection point is the correspond-
ing temperature of the thermodynamic critical point.
Finally, for @ > 0.82, F — T diagram is smooth without
any features and so is the 1 — T diagram.

One can be concerned about the effect of angular
momentum L on the shape of the above -curves.
Nonetheless, it turns out that L only influences how quickly
the curves go down to 4 = 0, but the choice of L (as long as
it is sufficiently large) has no impact on the features
connected with phase transitions, as shown in Figs. 15
and 16. In particular, the critical point in RegMax depends
on the choice of Q and a, which uniquely determine the
critical black hole radius r,., see Eq. (85) below, the critical

1 1 1 1 1 T
0.04 0.06 0.08 0.10 0.12 0.14

FIG. 15. Effect of L on A —T diagram. Here, we display the
effect of various choices of L on the shape of A — T diagram for a
representative (critical point) case of @ ~ 0.82. Namely, L = 10
corresponds to solid curve, L = 50 to dashed curve, and L = 100
to dot-dashed curve. As obvious, the critical temperature remains
the same irrespective of which L we choose; the choice of L only
affects where our curves finally go down.
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FIG. 16. Critical point Lyapunov exponent: dependence on L.
For timelike geodesics (black curve), the value of the Lyapunov
characteristic exponent 4 at the critical point, 7 = T ., depends on
the angular momentum L. In particular, note that an unstable
circular timelike geodesic only exists for particles with L greater
than some minimum value, cf. the behavior of the corresponding
effective potential in Fig. 2. The dependence on L of course
disappears for null effective (red curve) or null background (blue
curve) geodesics, cf. Fig. 3. The plot is shown for values Q = 1,
ax~1,and P = P_.~0.01.

temperature 7', and the critical pressure P.. In the A —T
diagram, it corresponds to the inflection of 7 = T'(1) in the
blue dashed curve, determined from (79). This point always
lies on T = T, however the value of 4 is not given by the
black hole thermodynamics, and depends on the angular
momentum L of the test particle. For a particular case, such
a dependence is shown in Fig. 16. We see that for timelike
geodesics there exists a minimal value of L, below which
there are no unstable circular geodesics, cf. Fig. 2. Of
course, for both effective null (red) and background null
(blue) geodesics, the critical value of 4 is independent of L,
as displayed in Fig. 16 (see also Fig. 3).

2. Null effective geodesics

Let us next turn to the null geodesics in the effective
metric. The corresponding A — 7 diagram for different
values of « is displayed in Fig. 17. In this case, the
Lyapunov exponent is given by (48); however, now r, is
determined from (41), and it is manifestly independent of L,

Ay =24,(T.Q.a,P). (80)
Although the 1—T dependence seems to display all
interesting thermodynamic features, it is now rather com-
plicated. In particular, for @ = a, the dependence develops a
hook (solid black curve). This causes the A — T curve for
a> a., a very close to a,., to self-intersect. Such inter-
section, however, does not correspond to the bottom of the
swallowtail and the associated first-order phase transition is
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0. ; ; T
0. 0.1 0.2 0.3

FIG. 17. A —T diagram: effective null geodesics. While the
A — T dependence for null effective geodesics seems to capture all
interesting thermodynamic behavior, it is rather complicated. In
particular, for @ = a,, we develop a hook (black curve) and for
slightly higher «, there is a self-intersection (solid blue curve). In
this plot, we have set Q = 1, [ = 2.3, and displayed a = 0.5
(dashed red), a = 0.7 (solid red), a = 1/\/§ (black), a = 0.708
(solid blue), a = 0.75 (thin blue), @ = 0.822 (dashed blue), and
a = 1 (dot-dashed blue). Although it is not obvious, solid and
dashed blue curves display both cusps of the swallowtail; the
corresponding first-order phase transition temperature is, how-
ever, greater than 7(1 = 0).

not located in that intersection, although the latter is present
whenever A(T) is triple valued, as is the case of solid blue and
dashed blue curves. Note also that, as r, increases, the
curves quickly fall to 4 = 0, similar to what happens for
timelike geodesics, only now A is independent of L’

3. Null background geodesics

Finally, we study the Lyapunov exponents for the null
geodesics in the background metric, as displayed in Fig. 18.
It corresponds to A, given by (49) where, again, r. is
determined from (41), and it is manifestly independent of
L, namely formally we get again the expression (80). The
resultant A — T diagram looks significantly simpler than in
the effective or timelike cases. In particular, for large black
holes A continues parallel with the T axis without collaps-
ing to zero at some specific point, as it happens for timelike
or null effective geodesics. The presence of critical point,
first-order phase transition, or the cusp are now apparent
from this figure.

"While this is not the case with the present figures, it remains to
be seen whether the restriction 4 > 0, translated to the restriction
on how large r, can be captured by 41— T timelike or null
effective diagrams, can effectively erase some important thermo-
dynamic features (that would have been present for large enough
black holes). In fact, the first-order phase transition for the blue
curves displayed in Fig. 17, occurs for temperatures greater than
T(A=0).

0.10 0.15 0.20 0.25

FIG. 18. A—T diagram: Null background geodesics. The
values of os and coloring are the same as in Fig. 14. Since
(for large black holes) the curves do not go down but continue to
large temperatures, in this case we can clearly identify all
thermodynamic features, including the critical point (inflection),
first-order phase transition (triple-valued curves), and the cusp
behavior.

B. Grand-canonical ensemble

The RegMax model has also been shown to have
interesting thermodynamic behavior in the grand canonical
(fixed electric potential ¢) ensemble [26]. In the following,
we investigate whether this can also be linked to the
Lyapunov exponents of unstable circular geodesics, similar
to what happens in the canonical case. In order to fix the
potential ¢, we invert (25) and obtain,

Q:%<za2r++|¢|+ $ +4lplair.). (81)

The potential governing the thermodynamic behavior is
now the following (grand-canonical) free energy:

W=M-TS—$Q = W(T.$.P.a). (82)

whose global minimum determines the equilibrium phase.
Note, however, that in this case, we have also a radiation
phase, characterized by W = 0. In contrast to the canoni-
cal case, where the phase behavior switched between
Schwarzschild-like and Reissner-Nordstrom-like for the
critical @, in the grand-canonical case there exists a
critical ¢,

1
=, 83
be="7 (83)
which causes the switch.® In order to gauge the effect
black hole phase transitions have on the Lyapunov

¥To derive this, one simply plugs (81) in formula (23) for the
temperature 7', and expands for small r,.
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exponents, we compare cases of ¢ corresponding to those
discussed in Fig. 15 in [26]. For reader’s convenience, the
associated W — T diagram is reproduced in Fig. 19.
Corresponding to this diagram we plot the Lyapunov
exponents for null geodesics in background metric in
Fig. 20, and null effective metric in Fig. 21.

As was the case with the canonical ensemble, the null
background Lyapunov exponents can be used for phase

w
021

T
025

-~

-0.6

FIG. 19. W — T diagram: Here, we display the grand-canonical
free energy W as a function of temperature 7 for ¢ =1 and
P = 0.01, and various values of ¢: ¢ = 0.5 (solid red), ¢ = 0.67
(dashed red), ¢ = % (thin black), ¢ = 0.725 (dashed black),

¢ = 0.76 (solid black), and 0.85 (solid blue). Similar to the
canonical ensemble, the diagram features cusps, swallowtails, a
termination point, or a critical point. When interpreting the
corresponding phase diagram, however, one also has to take
into account the possibility of the radiation phase, characterized
by W =0, see [26] for details.

0.0 1 1 1 1 1 T
0.00 0.05 0.10 0.15 0.20 0.25 0.30

FIG. 20. Grand-canonical ensemble: 1 — T diagram for back-
ground null geodesics. The figure is displayed for the same values
of parameters and with the same coloring as in Fig. 19. We clearly
see the presence of the critical point (solid black), as well as the
first-order phase transition (triple valued dashed black), and
minimal temperature cusps.

transition analysis even here. A single bend in the 1 —T
diagram (red curves in Fig. 20) corresponds to a cusp in
W — T diagram, double bending is an indicator of the first-
order phase transition (swallowtail in W — T diagram) and
the inflection point of 7' = T(4) is related to the critical
point of the second-order phase transition. Interestingly,
similar structure is also observable (although in a bit more
complicated manner) for the null effective Lyapunov
exponents displayed in Fig. 21. Note in particular the
presence of the hook and the corresponding self-intersect-
ing curve, similar to what happens in Fig. 17.

As discussed above, the triple valued curves indicate the
presence of the swallowtail and the associated first-order
phase transition. However, the A — 7 diagram does not

0. N L L T
0. 0.1 0.2 0.3

FIG. 21. Grand-canonical ensemble: 1 — T diagram for effec-
tive null geodesics. The values of parameters and the coloring is
the same as in Fig. 19 except for an additional dot-dashed black
line with ¢ = 0.7072 to show the intersection behavior near ¢,.

0.6
04+
0.2
0. . : T
0. 0.02 0.04 0.06
FIG. 22. Is there a Maxwell’s equal area law? Focusing on the

null background metric A — T diagram, we display the first-order
phase transition coexistence curve (shown in black) in the grand
canonical ensemble corresponding to ¢ = 0.76,a = 1, and
various pressures; P = 0.001 (red curve), P = 0.0055 (green),
and P = 0.0111 corresponding to the critical point (blue). The
presence of some kind of Maxwell’s equal area law for Lyapunov
exponents does not seem obvious from this figure.
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seem to be governed by some sort of equal area law, as
would be expected if we were able to interpret A as some
kind of thermodynamic potential. In order to show this we
can construct the coexistence curve using the regular
formalism of black hole thermodynamics as done in [26]
and plot the corresponding points in the A — 7' diagram.
This is done in Fig. 22 for null geodesics in background
metric in the grand canonical ensemble for ¢ = 0.76, ¢ = 1
with regular 1 — T curves for three different values (the
colorful lines) of the pressure P. Intersections of the
colorful lines lie directly above each other (equal 7') and
mark the phase transition temperature for the particular P.
The point of maximum temperature of the coexistence
curve marks the critical point which lies on the unfolding
point of the A—7T curve with P =P_~0.0111 (blue
curve). It is evident that the phase transitions do not follow
an equal area law in such a diagram.

C. Universality of critical point criterion

As we have seen above, the temperature of the critical
point can be determined from the A—7 diagrams; it
corresponds to the temperature of 7'(1) inflection points,
characterized by (79). Let us briefly comment here as to
why this is possible.

For fixed pressure, the critical point can be determined
from the following two conditions:

or
or,

0T
6& '

0 (84)

Solving the second equation for r, (third-degree poly-
nomial; we take the only real positive solution) gives the
critical horizon radius r, .(a, Q),

VIol

a

—-1/3
+22/3a‘/3|Q|7/6<\/1 —2a*|0| - 1)
1/3
+ 218313076 <, /1-2a%|0| - 1) ) (85)

The equation is solvable due to the fact that the third
derivative of the metric function f with respect to r,
[f®(r,) < T"(r,)] no longer contains the logarithmic
term. r, . immediately gives the critical volume V.(a, Q)
by (26). Solving the first equation for # and substituting r_.
for r . yields the critical AdS radius Z. (a rather long
expression), which gives the critical pressure by (26).
Inserting the solutions into 7 finally determines the critical
temperature T, fully characterizing the critical point.

Consider now a quantity @ (for example, the Lyapunov
exponent 4, the circular radius r,., or the ISCO radius) that
is a function of the horizon radius r, . Then, by using (84),
we have

e =

9

=

or o T

200 —gr‘b 0] (86)
T OT-Td

= =0, 87
oG 3 (87)

provided ® and @ exist and @ is nonzero. Hence, the
critical point conditions (84) imply in particular the con-
ditions (79), relevant for the 4 — T diagrams. The Lyapunov
exponents are a convenient choice of scalar function @, as
there is an effort to measure them for nearly bound
geodesics of the photon ring of the MS87 black hole,
e.g., [40,41].°

D. Summary

The maximal Lyapunov exponents A of null and timelike
geodesics can be used to expose features of black hole
thermodynamics such as the critical point if A > 0 for r
large enough so that the feature in question is present. For
timelike geodesics this is a restriction on a minimal angular
momentum L of the test particle, for null geodesics in
effective metric this means the feature may not be possible
to observe. For null background geodesics this imposes no
restriction and, e.g., the critical point should always be
present in the 1 — 7 diagram as an 7'(1) inflection point.
However, this is to be expected simply by the critical point
criterion as discussed in the previous subsection. Thus, it
seems that the Lyapunov exponents of null geodesics in
background metric are, out of the presented cases, the
simplest ones to study the thermodynamic features of
RegMax black holes.

A natural question is whether 1 can be thought of as
some sort of thermodynamic potential and so if there is
some analog of an equal area law that would govern the
location of a phase transition. Unfortunately, we were
unable to find any sort of transformation of A so that
information about the phase transitions could be obtained
in such a way.

Finally, from our investigation it seems that one can use
the same Lyapunov exponents (without performing a
Legendre transformation) to encode the thermodynamic
behavior of both canonical and grand-canonical ensembles.

°In fact, the correspondence between the maximal Lyapunov
characteristic coefficient 1 and black hole thermodynamics is
deeper than the position of the critical point [31]. It enables one to
connect physics that is associated with the horizon (such as black
hole thermodynamics) with physics in the vicinity of the photon
sphere. For example, since —¢,(r.) > 0 from (41), and in our case
h > 0and i’ > 0, we have 57{ > (0. Moreover, since T > 0, i.e.,

of or,
or, or,

> (0, by chain rule we have

correspondence between ddTZ and ddTZ, where 7 can be for example
+ ¢

the Lyapunov coefficient 4, the temperature 7', or the Ruppeiner

scalar curvature [36]. In particular, the Lyapunov exponents have

been studied in this context, for example in [32-34].

> 0, which implies a direct sign
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In this respect, the Lyapunov exponents are simpler objects
than the corresponding thermodynamic potentials.

VII. CONCLUSIONS

In this paper, we have studied various optical properties
of recently constructed RegMax black holes. These are
particularly interesting because of the presence of birefrin-
gence, a generic property of theories of NLE, due to which
the two electromagnetic modes propagate along two dis-
tinct (effective and background) metrics.

Consequently, we have identified two distinct photon
spheres (one for each metric) and thus also two different
black hole shadow radii; for a given black hole mass the
effective photon sphere lies outside the background
photon sphere, cf. Fig. 5. Especially interesting is the
behavior of redshift for effective metric modes observed in
Fig. 8. It is related to the fact that circular observers in a
certain region can move faster than the effective light
modes, giving raise to a peculiar behavior displayed by the
red curve in this figure. Nevertheless, the effects con-
nected to birefringence can be observed only when the
motion is not entirely restricted to radial direction, that is,
the corresponding propagation vector has nontrivial angu-
lar components. This is also why we should expect that
standard thermodynamics (with the Hawking temperature
given by surface gravity) should remain valid for black
holes in NLEs.

Equally interesting is the thermodynamic analysis,
exploiting the maximal Lyapunov exponent 4. Depending
on the values of parameters of the theory, RegMax black
holes feature Schwarzschild-like behavior with no phase
transitions or Reissner-Nordstrom-like behavior, where
first-order phase transition between small and large black
holes is present and its coexistence curve terminates at a
critical point.

All these kinds of different behavior could be identified
from A — T diagrams for timelike as well as null geodesics.
In this respect, the study of null geodesics in the back-
ground metric proved to be the most convenient choice. In
particular, the critical point presents itself in the A — 7" curve
in both the canonical and grand-canonical ensembles in a
manner to be expected of any function of r, as discussed in
the last section. Nonetheless, we could not reproduce the
entire coexistence curve; an analog of Maxwell’s area law
for Lyapunov exponents seems missing.

Finally, we hint that Lyapunov exponent is not the only
scalar function which can be used for the purpose of
thermodynamic analysis. In fact, the information about the
critical point temperature is encoded in the event horizon
radius r, so basically any function of the horizon radius
can do the trick. The main selection criterion is therefore to
choose such a function, which can be directly measured or
easily calculated from experimental data, as is the case of
Lyapunov exponents.
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APPENDIX: DERIVATION OF THE FORMULA
FOR LYAPUNOV EXPONENTS

Here, following the path given in [37], we rederive the
formula (45) for Lyapunov exponents used in the main text.
Let us start with the Lagrangian,

L= (%tiz + er"’2 + r2¢2>7 (Al)

1
2
describing a geodesic motion in the equatorial plane, (32).
Let X; = (p,.q); denote a set of pairs of conjugate
variables, obeying the following equations of motion:

X; = Fi(X), (A2)
where the dot denotes the derivative with respect to proper
time z. By linearizing the above equations about some orbit
of interest, X;(z), we get

§Xi(7) = K;;()6X(z), (A3)
with
dF,
Kii(7) = — A4
i (A4)

being the linear stability matrix. Its eigenvalues are called
characteristic Lyapunov exponents; they are associated
with a given point in phase space [55]. In the case of
nonlinear systems, they can be used to distinguish stable
and unstable equilibrium points. If the system is linear, the
analysis is even simpler; the eigenvalues of K;; characterize
the stability of the whole system.

We can find solution of our linearized equation in terms
of the evolution matrix L;;(z) as follows:

8X,(z) = Ly (1)8X;(0). (AS5)

The evolution matrix must satisfy the following conditions:

B

Lij(T) = Kinm (T)Lmj(f)- (A7)

Eigenvalues of the evolution matrix lead to the Lyapunov
exponent,
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1 (16X (@] 1 (Li(7)
4= tm e o) = tm s voe(2) 49
which measures how much two nearby trajectories in phase
space diverge; negative Lyapunov exponent means con-
vergence whilst positive value indicates divergence of
trajectories and zero Lyapunov exponents thence corre-
spond to stable, nonchaotic situations. The linear stability
matrix K is constant when evaluated on the circular
geodesic, so Eq. (A7) has the formal solution,
L(z) = exp(K7), (A9)
which enables us to calculate Lyapunov exponents as
eigenvalues of K. Each eigenvalue corresponds to one 4;
(which do not have to be distinct). These form the
Lyapunov spectrum [56]. They can be ordered by size
and the biggest one of them is known as maximal (or
principal) Lyapunov exponent.
Now, let us calculate it explicitly for our case of interest.
Since we are interested in radial motion, we take

X = (p,,r). It is useful to recall the Euler-Lagrange
equations and the formulas for canonical momenta,
oL
- A10
d /o d 0
d (9L _dpy oL (A1)
dz \ 9¢ dz  dq

Thus, we can see that for our X = (p,, r), we can rewrite
Eq. (A2) as

= Al2

pr=g (A12)
. D

=L (A13)
qrr

Finally, if we want to express the quantities in coordinate
time ¢ rather than the proper time z, we can make use of the
relation,

d drd .d

& dedr ldr (Al4)
which enables us to switch between proper and coordinate
time derivatives. If we use this and linearize (A12)
and (A13) about a trajectory with constant radius [consid-
ering Egs. (A3) and (A4)], the corresponding linear
stability matrix takes the following form:

0 K,
K, 0
with
d d (1oL
Ki=—p,=—-—], Al
T arl dr(tar) (A16)
1 1
ORI . /2 N SN U0
dp,  dp,\1q,) 1q,

Since Lyapunov exponents are given by the eigenvalues
of matrix K;; we need to diagonalize it. Applying the
standard procedure, our characteristic equation takes the

form,
1 d /1oL
P=KKy=——-—], Al18
152 tq,,.dr <t 0r> ( )
hence,
ﬂ =\ Kle, (A19)

where we are only keeping the root with 4 sign as the
principal Lyapunov exponent corresponds to the biggest
eigenvalue.

All that is left is to calculate explicitly K| and K,. To that
end, we use the Euler-Lagrange equations of motion, in
particular,

1 d

dc  ddc d d B
© 2q,,dr

5—55—5(%@:’”—(%’)

2 :2
” (q77).

(A20)

Using also the definition of the effective potential V, one
gets,

¢ _1.4d
dr  2g,,dr

(~ZV,), (A21)

From that and the fact that circular geodesics satisfy (36)
and (37), we finally obtain,

V//
A=\]—=5.
212

which is exactly the formula (45) used in the main text.

(A22)
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