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The criterion for existence of gravitational radiation at conformal infinity in the presence of a positive
cosmological constant is applied to a general family of exact solutions representing generic (pairs of) black
holes of algebraic type D. Our analysis shows that only accelerating black holes generate gravitational
radiation measurable at infinity. This very satisfactory result confirms the goodness of the criterion. To that
end, a new metric form of the family of exact type D black holes is constructed—including any
cosmological constant and a (double-aligned) non-null electromagnetic field—whose expression is suitable
for investigation of the asymptotic structure of this large family of spacetimes. The family depends on seven
physical parameters, namely m, a, I, a, e, g, and A that characterize mass, specific angular momentum
parameter, NUT parameter, acceleration, electric and magnetic charges, and the cosmological constant,

respectively.
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I. INTRODUCTION

Gravitational waves and black holes are two of the most
outstanding predictions of Einstein’s general relativity.
There is a wide acceptance in the scientific community
that these two features of Einstein’s gravity theory match
real physical phenomena in our universe. This consensus,
laying on a solid theoretical background, is strongly
supported by the first direct detection of a gravitational
wave produced by a binary black hole merger, confirmed in
2016 [1], and the observation of the shadow of super-
massive black hole at the center of MS87, reported in
2019 [2]. These two recent discoveries, milestones of a
new era of gravitational-wave astronomy and black hole
imaging, provide observational data of physical processes
under extreme conditions that are of great interest. On top
of this, there is the third crucial observational evidence that
traces back to the late nineties: the accelerated expansion of
the universe [3,4] driven by a (maybe effective) positive
cosmological constant A > 0.

For over a century now, the theory has developed a solid
description of the gravitational-radiation physics. In the full
nonlinear regime, much progress crystallized in the late
fifties and sixties [5-9], leading to a rigorous formulation
that served to understand gravitational radiation in asymp-
totically flat regions of a spacetime, bringing into a robust
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mathematical basis [10] concepts such as the energy
emitted by generic sources via gravitational waves, or
the characterization of its existence (at infinity) based
on the well-known News criterion. Unfortunately, this
mathematical formulation only applied to the case
A =0, thus excluding the description of gravitational
radiation and the asymptotic structure of spacetimes with
A > 0, which remained an open problem [11,12] until
recently—last decade—when new advances in that direc-
tion appeared [13—16].

In particular, now there is a general framework devel-
oped in [17] to study the asymptotic structure of spacetimes
with a positive A—see [18] for a review of this work,
references to other approaches and the relation to the
traditional case with A = 0. This framework provides a
neat criterion, based on the commutator of the canonical
electric and magnetic parts of the rescaled Weyl tensor at
conformal infinity J, for the existence or absence of
gravitational radiation escaping from the spacetime (reach-
ing J ). This criterion was tested on several examples to
lead to correct results, and to reduce to the traditional News
criterion in the case of vanishing Al

! Apart from that, there is further work to be done as application
of this framework. For example, to test the quadrupole formulas
with A > 0, memory effects and other works carried out in the
linearized regime [19-21], to see the connection with different
notions of mass such as the one in [14], or to test the Bondi-like
form of the metric with A > 0 [22]. All these applications are of
high interest too, but they are out of the scope of the present work.

© 2024 American Physical Society
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TABLE I. Some key symbols used in the paper. See the bullet points in the text for related definitions.
Physical Conformal Conformal infinity
spacetime M spacetime M J (A>0)

Metric Jap Gap hap
Volume form Napys Napys €ube
Covariant derivative @a V, v,
Riemann tensor Ry, Rs,° Rypc?
Weyl tensor C‘aﬂy (:Caﬂ75) Caﬁ/s = Qa’o,ﬁy‘s e
Projector e e P
Orthonormal tetrad (t.q.%.8) (t,q.r,s) e
Null complex tetrad (k,1,m) (k,1,m)

This work encompasses the investigation of the afore-
mentioned two aspects of the theory: gravitational radiation
and black-hole exact solutions with a positive cosmological
constant A > 0. Our goal here is to further test the radiation
criterion developed in [17] in a sufficiently general class
of exact black-hole solutions. Actually, the black-hole
fauna has been getting larger recently with new possibilities
[23-28]. Let us recall, however, that the simplest (and first)
identification of gravitational radiation for black-hole
spacetimes with A was obtained for the accelerated solution
called C-metric [15,29-32], extending previous studies of
radiation in the C-metric in asymptotically flat settings.
This solution is included in the wider class of type D exact
solutions found by Plebanski and Demianski [33,34]—
see [35,36] for review and further references, and thus this
wider class is a perfect arena to put our ideas to test.

To that end, a new form presented in [37,38] will be
further improved herein, so that it is amenable to a proper
analysis of future infinity 7. This new form may be of
interest on its own. The conclusion that we reach is very
satisfactory: gravitational radiation exists only if the black
holes are accelerating.

The case with A =0 can be equally studied, and is
actually implicitly included, by taking the appropriate
limit [39], while the case A <0 is postponed for later
investigation.

A. Conventions and notation

The conventions used throughout this paper are the same
ones as employed in [17], together with some notation
from [16,38]. For reader’s convenience, the key symbols
and some definitions are summarized in Table I.

Signature, indices and curvature

(i) Spacetime metric signature: (—, +, +, +).

(i) Spacetime indices: a, f, y, etc; three-dimensional

space-like hypersurfaces indices: a, b, c, etc.
(ii1)) Riemann tensor, Ricci tensor, and scalar curvature:
Raﬂ},&l)(g = (vaVﬂ - Vﬁva)’l)y,
Ryp = Ryp", R =R, g".

(iv) Orientation: in an orthonormal basis 723 = 1,
€123 = 1; in a null basis 75753 = 1.

Relevant fields and decorations

(i) Conformal factor €. Conformal infinity 7 :=
{Q = 0}. Conformal gauge-transformed quantities
T->T.

(ii) In general, quflntities in physical spacetime (M, Gap)
carry a hat (7)), to distinguish them from those in
conformal (unphysical) spacetime (M, g,4).

(iii) Conformal and physical Weyl tensor are C,
Ca/,y‘s, and the rescaled version is

6 p—
apy

dapy” = Q7' Capy”.

(iv) Normal to the hypersurfaces = const, in particular
to J,is N, == V,Q. Unit normal to those hyper-
surfaces and to J are /—N"Nﬂn"’ = No?

(v) Projector to J: P = 55 + nng| ;.

(vi) Basis of vector fields tangent to 7: {e%,}. They can
be used to pullback tensors to J.

(vii) Electric D4 := dy,pn"n” and magnetic 2C,; =
2%d g, ' 1" = dop, " ¥ n parts of the rescaled
Weyl tensor daﬂy‘i with respect to the unit, timelike n®.
Their pull-backed versions, defined only on 7, are

D, = Daﬁeaaeﬁbv Cab = C(xﬁeaaeﬁb'

II. NEW FORM OF THE METRIC AND
CONFORMAL COMPACTIFICATION

In [37,38], a convenient representation of the family of
type D black holes was found. The metric—recalled in
Appendix A as Egs. (Al)—-(A5)—mnicely represents this
large class of exact spacetimes.” Moreover, it naturally
generalizes the standard forms of famous (rotating,

*This is well defined at J and in its neighborhood, as it is
assumed that A > 0. See the main text for more details on this.

Except that it fails to include a special degenerate subcase of
accelerating purely NUT black holes because vanishing spin
parameter (a = 0) implies vanishing acceleration (o = 0) of the
black hole. An improved set of physical parameters which circum-
vents this problem has been recently found by Astorino [27,28].
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charged, accelerating) black hole solutions, with two black-
hole horizons (outer and inner) and two cosmological/
acceleration horizons, namely the Kerr-Newman-(A)dS
black holes, charged Taub-NUT-(A)dS, their accelerated
versions, and other black holes. These can immediately
be obtained as direct subcases by setting the correspond-
ing physical parameter(s) to zero. As shown in [37,38],
various physical and geometrical properties can more easily
be studied, such as their singularities, horizons, ergore-
gions, global structure, cosmic strings, or thermodynamics.

However, investigation of the asymptotic structure of this
large family of important spacetimes is quite involved. The
global extension across all horizons can be performed, and the
Penrose conformal diagrams can be constructed by employing
a sophisticated set of transformations. But the conformal
infinity, whose character is crucial for determining the radi-
ative properties of these black holes, is not readily identified
even in the improved form of the metric (A1)—(AS). Here,
an alternative metric which overcomes this problem is
presented—for its derivation from the original one and further
details see Appendix A. In coordinates {t, ¢, 6, ¢ } with ranges
t€(—0,), g€ (-0, ), 0€[0,7], and ¢ €[0,27C),’
this new form of the metric reads

1/ 0 : 0 2P
d§? = — ( —= |dr— 20 + 4lsin®~ |d “—dg?
s Q2< pz{ <asm +4/sin 2) ga} +Q q

2
p P .
+5 do? +? sin0lag®dt — (1 + (a +1)*¢?) d(p]z) ,

(2.1)
where
aa
Q(q,0)=q— e (I4+ acos0), (2.2)
p*(q.0) =1+ ¢*(1 + acos0)?, (2.3)
and
aa A
P(0) = —2<az+lzm —31) (I+acos®)
a’a? 5 A
- S R A
+<((12—|—12)2(a +e +g)+3>
X (I + acos®)?, (2.4)

“The range of ¢ is as shown for the general case with [/ # 0.
However, for some special cases with [/ = 0 the range might have
to be restricted to g € (0, o0). On the other hand, the parameter C
is related to the deficit angle along the axes, or conicity. See
[34,38] for further details on this.

0(q) = [1 =2mg + (a* = * 4+ &* + ¢*)¢*]

a-1 a—+1
\Trerap )T e

A a’ =1 5 o >

There are two independent Killing vector fields, d,, and
0,. The function Q(q) has up to 4 different roots which give
the black-hole and cosmo-acceleration horizons [38]. They
happen to be Killing horizons for a particular Killing
vector. The spacetime depends on seven physical param-
eters, whose interpretation is [37,38]

m ... mass parameter,
a ... spin parameter (or Kerr-like rotation),

[ ... NUT parameter,

3

.. electric charge,

g ... magnetic charge,

a ... acceleration parameter,
A

... cosmological constant.

For e, g nonzero the black holes are charged, with their
electromagnetic field represented by the 1-form potential

eq + g(1 + acos6)g?
1+ (I+acos6)2g?
(eq + glg*)R + gS cos 0
1+ (I + acos6)*q?

A:

d, (2.6)

see (A10) and (A11), where the auxiliary functions are

R(0) = asin®0 + 2I(1 — cos §), (2.7)
S(q) =1+ (a+1)>¢* (2.8)

Interestingly,
p? =8 -aq’R. (2.9)

Using the factorized forms (A6) and (A7) of the metric
functions, alternative expressions for P and Q are

aa

P(G) = (1 —mrA+<l+aCOSQ)>

aa
X <1 —MrA_(lJracosﬁ)), (2.10)
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0(q) = (1 =rprq)(1 = ry_q)

a-1 a-+1

X (q + aa—a2 n 12> <q —aa Py lz>
24 232

—§[1+%q4} (2.11)
a~a

where the constants r,, are defined in (AS8).

Let us remark again that, due to the form of our metric,
the vanishing of a implies the absence of a—except when
one sets [ =0 first, leading to the accelerating Kerr-
Newman-(A)dS black holes and its subcases (see
Appendix A 1), in which the parameter-space degeneracy
disappears. The generic parameter-space degeneracy,
which prevents us to identify the accelerating purely
NUT black holes, is improved in a recent new paramet-
rization and coordinate representation of the complete
family of type D black holes due to Astorino [27,28].

Now, the corresponding conformal metric g, can readily
be obtained from (2.1).

A. Conformal metric and conformal boundary J

The next task is to explicitly derive the corresponding
metric h,;, on the conformal boundary J. First, recall that
the physical metric (2.1) is related to the conformal one
through the conformal factor Q > 0,

Gap = L Gups (2.12)
so that the unphysical line-element reads
ds? = o d do)? P sin? 2d dol]?
§* = == [dt — Rdg]* + — sin°0lag”dt — Sdg]
p p
s P
—d —de-. 2.13
54 (2.13)
Conformal infinity J is located at
Q=0. (2.14)

In view of (2.2) this is now simply given by the condition
J:q=A+Bcosb, (2.15)

where the convenient combinations of the three physical
parameters are

aal aa?
= m and B:= m s (216)
implying the relations
aa
A+B:m(a+1) and aA=I1B. (2.17)

For any angular coordinate 0 € [0, x|, the value (2.15) of the
coordinate ¢ corresponding to J is thus finite. This
circumvents the problem with the original form of the
conformal factor (A2). We also immediately see that
whenever aa = 0, i.e., for black holes without acceleration
(a = 0) or without the Kerr-like rotation (a = 0), the
conformal infinity 7 is simply located at
J: q=0, (2.18)
or, in the reciprocal coordinate r := 1/¢, at r = oo. This is,
of course, the expected result for the Kerr-Newman-(anti-)
de Sitter and also NUT-(anti-)de Sitter black holes.
Evaluation on 7 of the metric functions (2.3) and (2.5),
using the condition (2.15), yields compact explicit expres-
sions (we use a subscript 7 to denote the restriction of any
object to J)

(a® + )

p%(0) =1 +-—5—5"—(A+ Bcosh)*
ata
a*a? .
:1+m(l+acos9) N (219)
A acat .
07(0)= —g/)zj(g) —mp(e)sng
A a*a?

A .
= 3@ e §(Z+a0039)4 +a’P(0)sin’0|.

(2.20)

Because P(0) is independent of ¢, it remains the same

on J,
(2.21)

It is given by (2.4), or by its special factorized form (2.10),
that is

P(0) = (1 =ry (A+Bcos))(1 —ry_(A+ Bcos0)).
(2.22)

The important relation (2.20) can be rewritten as

A

(Q + B*Psin’0) ; = _§'0~27’ (2.23)

which enables us to simplify the last two terms in the
conformal metric (2.13) to the form

2 2 4
Py P 2> _ A<p > 2
dg~ +—do =- do-. 2.24
(Q TP J 3\PQ/ 7 224)

In order to do the pullback to 7, and obtain the induced
metric there, this must be combined with the first terms
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containing d¢ and d¢ in (2.13). Using (2.15) and (2.23),
they take the form

A 0 2P
— |dr—{ asin’0+4isin® |dp| +—-sin*0
3 2 Py
2

X [82 {dt - (asin2c9 +4lsin? g) de

+[a(A+Bcos0)>dr— (14 (a+1)*(A+ Beos6)?)de)* | .
(2.25)

Employing the relations (2.17) and the identities

asin?0 + 4lsin?

NSRS

=(1-cosO)[(a+1)+ (I+acosh)| =R,
(2.26)

Bl(a+1)+ (I+acos)| = a[(A+ B) + (A+ Bcosb)],

(2.27)
a*(1 —cosf)? = % [(A+ B) — (A+ Bcos9))?,

(2.28)
(A+B)? + (a+1)*(A+ Beos0)* = aB (aaz—:ll); P

(2.29)

the big square bracket in the second and the third line of
(2.25) factorizes and simplifies considerably to

a+1)?
Py [B’zdt2 —2Baa (az n 1)2 drde + Cquoz] . (2.30)
where
1
C*=— |B*(1 —cosO)?*[(a+1)+ (I+acosh)
Py

+[1+ (a+1)*(A+ Beos 9)2]2} : (2.31)

or equivalently

RS

e =
2
Pr

a*(1 —cos0)?[(A+ B) + (A+ Bceos0))?

+[1+ (a+1)*>(A+ Bcos 9)2]2} ) (2.32)

Quite surprisingly, this complicated-looking function can
be simplified to the following constant

) (a+1)*

2 __ 2
C —1+a(1 m

(2.33)

Putting all the terms of (2.13) together, the conformal
metric hgy, on the A >0 J is

A
h= 3 [df — (asin®0 + 2[(1 — cos 0))dg)?

Ji 2
+ Psin’@ | B*dt?> — 2Baa (;2—:_ ;2 dtde + C*dg?
4
- g—Pp 5 de. (2.34)
J

The metric coefficients are thus

A
hy = 3T 32 Psin’0),

A (a+1)?
(/,:—gR—aa a*+1?

A

/’l(ﬂ(p = §R2 + C2Psin2€, hgg =

BPsin?@,

h,

A pY
3PQJ’

(2.35)

where P is given by (2.4) or in the factorized form (2.22),
pg is given by (2.19), Q7 is given by (2.20), and R is
defined in (2.7). The constants 3 and C are determined by
(2.16) and (2.33), respectively. Therefore, the metric (2.34)
can be explicitly written as

A
h= 3 [df — (asin®0 + 2[(1 — cos 0))dg)?

22

+ Psin’@ |dgp? + 5 (adt — (a + 1)*dg)?

_aa
(a* + 1)

(2.36)

This metric is everywhere regular, except on the inter-
section with the horizons (given by Q = 0) and at the axes
(given by sinf =0, that is at § =0 and 6 = ). For a
suitable choice of the physical parameters and the range of
the angular coordinate ¢, these axes of symmetry can be
regularized, as described in detail in Secs. V G-V I of [38].

The metric (2.36) can also be expressed in the following
convenient form

h = o?[(df + Adg)? + W2dg? + H2d6?),  (2.37)
with
2 N mp
W= + B*Psin“6, (2.38)
A 1)?
A= —@? §R + aa (;2—:_ 1)2 BPsin’0|, (2.39)

104029-5
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A 2
H? := _w_ngpg , (240)
J
W? := w~*Psin%6 | 3% Psin%6 + Cc? - i
(@1 2y
x [(a+1)*>+ (I +acos G)Z]R} , (2.41)

depending on @ only. The advantage of the metric form
(2.37) is that one can directly use the explicit formulas in
Lemma 4.1 of [40] to compute the Cotton-York tensor of
(J, h), which basically coincides with the magnetic part of
the rescaled Weyl tensor at 7.

Next we also need to evaluate the causal character of the
conformal infinity J. To this end we consider the normal to
the hypersurfaces Q = const, N,, := V Q. Its vector form is
just defined as N*:= g*N 5. Since the differential of Q
given by (2.2) is dQ = dg + Bsin 8d6, and the conformal
metric is (2.13), we get

N= p‘z(Qaq + BPsin0oy). (2.42)
Its norm is g,zN*N? = p~2(Q + B*Psin*0), and apply-
ing the identity (2.23) valid on J it immediately fol-
lows that

A
(gaﬂNaNﬁ>‘7 = —§ (243)

93

Thus (as is well known) the causal character of 7 is fully
determined by the sign of the cosmological constant A: it is
null for A = 0, spacelike for A > 0, and timelike for A < 0.
Since the case of interest in the upcoming analysis is A > 0,
the unit timelike normal

ni=— N (2.44)

NEP

to the hypersurfaces Q = const in a neighborhood of 7 will
be used, which is future-pointing.

B. Principal null directions and the Weyl
and Ricci scalars
Applying the transformation (A12) and the rescalings
(A14) on Egs. (85) and (86) in [38], we obtain the preferred
null tetrad for the new physical metric (2.1), namely

191
| Q 1
1= —— 2
VoY, _@(sa,Jraq a,p)+féaq],
. Lol 1 .
h=— _\/Fsine(Ra,Jra(p)ﬂ\/ﬁag], (2.45)

where R(6) and S(g) are defined by (2.7) and (2.8),
respectively. In this tetrad, the only nontrivial Newman-
Penrose scalar representing the Weyl curvature tensor is

at -2

¥, = [1 + i(l + acoSg)qP [—(m + 11)( laa lz> — 131((12 _ lz)

62+2
n (e +g°)

(2.46)

1 —i(l+acosf)q

This explicitly confirms that the spacetime is of algebraic
type D, and both vectors k and 1 are the principal null
directions (PNDs). Also, with respect to (2.45) the electro-
magnetic field, whose coordinate form is explicitly given in
Eq. (A11), has the Newman-Penrose scalars ®; = 0 = @,
and

1(e+ig)Q?

i(l +acosf)q* (2.47)

@:
T+

Hence, the electromagnetic field is non-null, and double-
aligned with both PNDs. It also follows that the Ricci
tensor is @, = 2@, ®,. Notice that this expression evalu-
ated on J depends on the acceleration of the black hole
because the condition (2.15), that is ¢ = A + Bcos0,
involves a.

; <q + azaj 7 [a cos@ +il(l 4 acos 9)4])] :

[

The null tetrad (2.45) is defined only when Q > 0. In
order to investigate the radiative properties near (A > 0)
conformal infinity 7, which is located in the region
“above” the cosmoacceleration horizon H, [38], we have
to consider the nonstationary region with Q < 0 with the
following modified version of the null tetrad

~ 1 Q[ 1
Kk=—— S0, Qo, |,
Vap |v=p S0t aain) + V- }
R 1 Q| -1
l=—— So, + —i—\/ Qo, |,
V2 V= Q( aq°0 q}
L_10e[ 1 -
m_ﬁp _\/I_)Sing(Ra,+a¢)+n/Fag]. (2.48)
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Interestingly, it is convenient to define the vector fields

T = S0, + aq?d R:=0,+Ro, (2.49)

@
for which, using the identity (2.9), it can be shown that

e

&5

p2
R R = Psin?0—
Q

T-T=-0 5, T-R=0. (2.50)

Hence, the vector field T is timelike in the regions Q > 0,
spacelike in the regions Q <0, and it is null on the
horizons where Q = 0 (these are the Killing horizons).
On the other hand, the vector field R is everywhere
spacelike, except at @ =0 and 6 =z where its norm
vanishes, defining thus geometrically the axes of axial
symmetry. Moreover, these vector fields T and R are
mutually orthogonal. For the static case a = 0 = [ we get
simply T =0, and R =4, i.e., the usual generators of
time translation isometry and the axial symmetry.

Using the relations (2.50) it is now easy to check that
both the tetrads (2.45) and (2.48) satisfy the normalization
conditions k -1 = —1 and i - m = 1 (with all other scalar
products vanishing). The null tetrad (2.48) adapted to both
double-repeated PNDs k and 1 is directly related to a
special orthonormal tetrad (f, q,t,8) via the usual alge-
braic relations

.\ 1 . ~ 1 . 1
ki=——(t+q), l:=—=(t—q), m:=—=(§-+if), 2.51
ﬂ( q) 5(t-4) 5 (8+if), (2.51)
that is explicitly
. Q Q 1
t=—+-00,, G=—-~T,
p ! p V-0
Q Q 1
# =—/Pa,, §=——F— 2.52
p 0 P V/Psinf (2:52)

For the metric (2.1) these vectors are normalized as
t-t=-1and §-G=¢f-t=§-§=1 (with all other
scalar products vanishing).

It can be concluded that the timelike unit vector t is not
collinear with the unit vector n (2.44) and (2.42) normal to
J, unless B = 0, i.e., for the vanishing acceleration a’ In
fact, n is not coplanar with the two PNDs Kk and i, unless
B = 0. This already implies that such spacetimes will have
gravitational radiation arriving at [J only if the black holes
are accelerating, as follows from the discussion in [15,17]
(see Remark IV.4 in [17]). A detailed quantitative study of
the radiative properties of these spacetimes is presented in
Sec. III.

°In order to evaluate £ at J, rescale it first with Q! obtaining

p_l \% _Qaq-

C. Strongly oriented null tetrads adapted
to the conformal boundary

Let us now consider a geometrically privileged class of
null tetrads adapted to a A > 0 scri J which has a spatial
character. Concretely, one requires two properties:

(1) The couple of null vectors k and 1 span a timelike

plane containing the normal n to 7.
(2) At least one of them is aligned with a repeated
principal null direction of the re-scaled Weyl ten-
ST dyp,°.
Such tetrads are called strongly oriented following the
nomenclature used in [17]. Of course, the second require-
ment is only possible if the spacetime is algebraically special
at J. In the particular case when the rescaled Weyl tensor
d(,/,vyﬁ has two different repeated null directions (algebraic
type D) at 7, as on the spacetimes under consideration here,
there is a general construction (see Appendix B for full
details) that can be conveniently used, as follows.

For the unphysical metric (2.13), first rescale by Q! the
elements of the natural tetrad (2.48) and invert the ori-
entation of k and 1 so that they become future-pointing,

__ 1171 2 -
kK = ﬁp{@(Sat—i—aqdw)—l-\/_Qaq],

1] -1
1= ——— |—(89, + aq*d,) + /—Q0 ]
V2p {@( A 0y) V=00,
11 { 1
m=——|——
V2p |V/Psin®
Next, the prescriptions (B1) and (B2) of Appendix B can be
applied, giving the functions

(RO, +9,) + i\/ﬁag} . (2.53)

b? = {1+ Bz%sinz& (2.54)
2 Psi
. aa sin @ (2.55)

=—i .
\/—a*a*Psin’0 — (a*> + 2)?Q

At J, using the explicit form (2.16) of B in identity (2.23),
the expression for ¢ reduces to

7 \/g V/Psin@
c=—i|B—m,
A pg

where p 7(0) is given by (2.19). Then, the related strongly
oriented tetrad is obtained by

(2.56)

k = bk,

1
l:ﬁl—l—cm + ¢m +ceh’k,

m =m + cb’k. (2.57)

®Observe that there is no freedom to do a null rotation keeping
k fixed because this is fixed by the coplanarity condition.
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Explicitly, in coordinates (where all the functions are evaluated at 7),

a*a’(1+ acos6)?
(a2+lz)2Q ¢\

AlS
sk: \/g|:§at_aq+

aa*(1 + acos ) 3 2aa*Psin 6

6

= é{ S 3a%a*Psin’d - (a’ + I°)*Q

_éa’ n
\/7)

p2(a2 + 12)2

(a*> + I*)OR + iaa® PSsin*0

q (a2+lz)Q ¢+X(a2+lz)2p2 0]

= \/E(az + lz)p |: QP sin 6

N (a* + 2)3Q +ia’a® (1 + acos 0) Psin’0

(a* + I>)?’QPsin@

with R(0) and S(0) given as

R = asin?0 + 21(1 — cos 6), (2.59)
T (a + 1)2
S=1 + azazm (l —+ a cos 9)2 (260)

Observe that, due to (2.56), a nonvanishing ¢ at J
requires a # 0. In general asymptotic type D scenarios,
¢ # 0 thus implies the presence of gravitational radiation.
This is the case for the spacetimes considered here, and it
will be shown explicitly in the following section.

1
[1+i(l+acosb)q]

by =
(e + )

+

0, — iaa*sin 0o,

8(/) + i(a2 + 12)69 s (258)

III. GRAVITATIONAL RADIATION GENERATED
BY ACCELERATING BLACK HOLES

Asymptotically, the Weyl tensor Caﬂy‘s of the unphysical
metric (2.13) vanishes—in agreement with a general result,
see for example [10,17,41]. Hence, to study the content of
gravitational radiation in the corresponding conformal
spacetime M, a rescaled version of this tensor,

1

—C

dus = (3.1)

B
afy >
has to be used.” For the metric (2.13), in the natural tetrad
(2.53) the only nonvanishing scalar of the rescaled Weyl
tensor reads

a®+ 2 3

3 {—(m +il) <1 Ciaa " lz) il -y

1 —i(l+acosf)q

Notice that it is ¥, of Eq. (2.46) multiplied by Q3. This,
together with the function ¢ of Eq. (2.56), can be used to
compute the corresponding scalars @y, P, and P, = ¢,
associated with the strongly oriented tetrad (2.53) and
(2.57) according to expressions (B8)—which are standard
known formulas (see the Appendices in [45], for instance).
Then, one can use the general formulas of [17], or those of
Appendix B, to compute the electric D, and magnetic C,,,
parts on 7 (recall the notation summarized in Sec. I) of the
rescaled Weyl tensor in terms of ¢,. The matrix commu-
tator of these two tensors,8

"It has to be pointed out that this tensor is one of the key
variables entering in the so called conformal FEinstein field
equations—see, e.g., [42—44].

8Follovying the conventions of previous works [15,17], the
notation P is adopted. Observe that (3.3) is a real quantity; the
bar should not be confused with the one used to indicate complex
conjugation of complex functions, such as the rescaled Weyl
scalars ¢;, the null tetrad vector field m?, or the function ¢ defined
in Appendix B that appears in Sec. Il A.

(q + azaj 2 [acos @ +il(l+ acos Q)q])] . (3.2)

[

P = 2e"C, DE, (3.3)
defines the asymptotic super-Poynting vector field P* on
J . This is the key object, as it vanishes if and only if there is
no gravitational radiation at J according to the gravita-
tional radiation condition introduced in [17]. Actually, P
is the tangential part to the spacelike 7 of the canonical
asymptotic supermomentum P%,

P* = Wne + Pe?,, (3.4)
where W is the canonical asymptotic superenergy
density [15], defined by

W:=D"D, + C*C, >0. (3.3)
The asymptotic supermomentum is intrinsically defined [15]
from the rescaled version of the Bel-Robinson tensor [6]
(see [46-48] and references therein for further details on
these kind of tensors)
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Daﬁy& = daﬂyydévﬂﬂ +* daﬂyb *d&/ﬂﬂ? (36)
as
P* = D% sn’n'n’.
In our case W is explicitly given by
6a2a*(a® + 12)2PQsin%0 -
W=|1- ( ) 61>, (3.7)

[@*a*Psin®0 + (a* + I?)?Q)?

while the spacetime version of the asymptotic super-
Poynting four-vector field at 7 is

Pa — Paga g S(0)(85 — Bsin05%), (3.8)
where
54 PQla*a*Psin’0 — (a* + ) Q)]
S(6) =—ad’
@) A o pPl—a2a*Psin?0 — (& + IP)2Q
X ¢, sin 6. (3.9)

It is tangential to [J, and its explicit form for the
conformal metric (2.13) can be computed by the pull-back
corresponding to the map J — oM C M. Denoting the
coordinates on 7 as y* = (7, @, 9) and the coordinates on
M as x*=(t,¢,0,q), with the natural choice =7,
@=0,0=0 and using the relation g = .4+ Bcosd

following from (2.15), the frame e%, = % reads

e =057, €5 =68 e"3=385—Bsin0s5:.  (3.10)
Using (3.8), and rewriting # on J simply as 6, we thus

obtain

P = S(6)58. (3.11)

Moreover, one can use the identity (2.23) to put these key
expressions to more compact forms

- 3162 ,PQs(-Qs+B*Psin®9) , - .
77(49):\/;[\205612 7(=0s )¢2¢251n659,

(a®+ )%
(3.12)
54 PQ ;sin’0 -
W() = {1 et 2 ey, (3.13)
A (@ + Py

where the functions p 7, Q 7, P, evaluated at 7, are given
by (2.19)—(2.21), respectively.

In this form, itis evident that W is positive (as it has to be),
given that Q < 0 at J (which is always true in the nonsta-
tionary region between J and the cosmo-acceleration

horizon, see [38]) and P > 0. From (3.12) it is manifest
that (for a generic a)

a = 0 < absence of gravitational radiation atJ  (3.14)
(recall the end of Sec. II B). Thus, in the investigated family
of exact spacetimes, only accelerating black holes generate
gravitational radiation.

This agrees with the result mentioned earlier, namely that
the repeated principal null directions given in Eq. (2.53) are
not coplanar with the normal to 7 (2.42). Equivalently, for
a type D rescaled Weyl tensor at 7, there is no gravitational
radiation if and only if the two-dimensional space orthogo-
nal to both repeated principal null directions is fully
tangential to J [i.e., when ¢ = 0, see Eq. (B2)].

For black holes without the NUT parameter (I = 0), the
key quantities (3.12) and (3.13) simplify to

_ 3162 PQ;(—Q + o®Psin0)
= — (04
6

Pa(9) = Az i b2 sin 05,
(3.15)
54 PQ ;sin’6 -
W(0) = [1 —Fa2a2J74 6¢rpy.  (3.16)
Pg

Again, for vanishing acceleration of such a black-hole source
the asymptotic super-Poynting vector is zero, and there is
no radiation at J (located at g = 0). The corresponding
asymptotic superenergy density is W = 6m?.

The norm of the asymptotic super-Poynting vector P? is
plotted in Fig. 1 for values of p := cos @ ranging from —1
to 1. It can be seen that in all the three cases there is a slight
asymmetry with respect to p = 0. This lack of equatorial
symmetry makes physical sense as there are conical
singularities that cannot be regularized simultaneously at
both poles/axes, so that if one regularizes one pole, the
other one shows a conical singularity (see [34,38] for
the description of this regularization procedure using the
conicity parameter C in the range of the coordinate ¢).

Actually, this is confirmed in Fig. 2 where the values of the
physical parameters are chosen in a very special way: they
satisfy the condition given by Eq. (190) in [38] for the
regularity of both axes. In this case the norm of the
asymptotic super-Poynting vector is symmetric with respect
to p =0, which further reinforces the goodness of the
radiation criterion employed and investigated in this work.

It can be noticed that the super-Poynting vector (3.12)
also vanishes for a = 0. However, in view of the recent
works [27,28], this seems to be rather an effect of
degeneracy of the parameters a and a in the general metric
(2.1). The acceleration parameter a always appears to be
multiplied by the spin parameter a, so that a = 0 effectively
removes a from the metric. Therefore, accelerating purely
NUT black holes are not described by the metric (2.1),
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FIG. 1. The norm |P| := \/h,, P*P" of the asymptotic super-
Poynting vector is plotted here as a function of p := cos@. The
parameters have been set such that: e = g=1/8,a=1/6,1=
1/20 for the general type-D case; e =g=1/8,a=1/6,1=0
for the accelerating Kerr-Newman metric; e = g =0,a =0,/ =
0 for the C-metric (A = 1/100, m = a = 1/4 for all of them).
Observe that the three cases feature the same type of asymmetry
with respect to p = 0. This is caused by conical singularities that
cannot be regularized simultaneously at both poles, and are the
physical cause of the acceleration.

General type-D black hole with regular axes

FIG. 2. The norm |P| of the asymptotic super-Poynting vector
plotted for a general black hole of type D with both axes regular.
Here the complete regularization is achieved by “precisely tuned”
values e = g=1/8,a=1/60,1=20, m=a=1/4 and A =
1931475/190096. The curve is perfectly symmetric with respect
to p=0.

although such black holes exist in the whole family of
type D spacetimes. Clarification of this subtle point will be
presented elsewhere.

A. Further characterization of radiation
using null directions

It is also possible to further characterise the gravitational
radiation arriving at 7 by associating its components to a

null tetrad [16]. In the language of [17,39], this can be done
in connection with the radiation condition by using the so
called radiant superenergy quantities, i.e., lightlike pro-
jections of the rescaled Bel-Robinson tensor. These objects
follow from the definition of the radiant supermomentum
for a particular future lightlike vector field 1,

Ql] = =D*,,,I"I’I?, (3.17)
whose components, denoted by
W ==1Q,[l] and Z[l] = —k*Q,[l], (3.18)

correspond to ¢4¢, and ¢35 in a null basis using (k, 1) as
the null vector fields—see Sec. 2 of [17] for general
definitions and useful formulas. In addition, one has

QN =0WN]=0=Z]l] © ¢y =0=¢s. (3.19)
In this context, there are two convenient null tetrads that

we can use. One of them ((k, (1, ;m) is the strongly oriented

tetrad (2.58); the other one (Jk, I, i) has (I as the other
(so far not used) repeated principal null direction—observe
that the corresponding |k is then rotated with respect to
Eq. (2.53) and no longer aligned with a PND. Using the
results from Appendix B, this new strongly oriented tetrad

(k. I, M) can be constructed by computing the corre-
sponding parameters of Eqgs. (B2) and (B14),

P> =/1+ 82%51n29, (3.20)
B aa*\/Psin0 (3.21)

i ,
(a* + I?)\/—Q — B?Psin’0

respectively. Observe that for this particular case b = b, but
this is not necessarily the case in general. Then, the radiant
superenergy quantities can be computed for both strong
orientations

21 = Z[k] = %832 r sir2129 bt (3.22)
p
WLI = W] = %B“ Psin't 5 (323)
p
WIK] =0 = Z[k], W =0=Z[1], (3.24)
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_ 54 2a*a*Psin®9 [ S 3 a?a*Psin®0 — (a® + 1*)?Q
QK] = -5 5 P2 |- 50 + 3 2(2 3 ) %
AN (a*+1F)p 0] A (a*+I7)°p
a’a*(l+acosf)* 6 ad’Psinf _
(a2+l2)2Q ¢ X(a2+lz)pz 0| (3~25)
542a%a*Psin’0 , __[S 3 a?a*Psin®0 — (a* + I*)2Q
Qa[sl] = % B N3 3 ¢2¢2 _5?""_ 7 2(2 5 ) Z
A (a*+P)p 0 A (a* +I°)p
a’a*(l+acosh)?* = 6 aa’Psinf
+ (a2+12)2Q 5(/’ K(a2+lz)p2 0" (3-26)

Again, these radiation quantities vanish when a =0
(implying B = 0), that is in the absence of acceleration.
The related geometrical parameter [, defined in
Eq. (B34) of Appendix B, gives the relative orientation
between the spatial parts of the radiant supermomenta
Q%[,1] and Q* [Sf(] with respect to 7. Intuitively, this can be
interpreted as measuring the angle between the spatial
components of the “tidal momentum” of gravitational
waves as experienced by an observer oriented along I,
with respect to the detection of a different observer aligned
with k. In a fully general case representing the whole
family of type D black holes, one gets the expression

_ 2(Qy + B*Psin’6)’
QJ(QJ - 382}) Sil’l29)2 ’

=1 (3.27)

Without acceleration (a = 0, so that B = 0), this parameter
reduces to

p=-1, (3.28)

while for black holes without the NUT parameter (I = 0,
implying B = a) we get

2(Q7 + a*Psin’0)?

P =100, —32Psinte)"

(3.29)

In particular, for the C-metric without rotation (a = 0)
and charges (e = 0 = g), the metric functions on 7 take the
form

A
P =1-2amcos0, Qs = -3 a’>Psin?9,  (3.30)

so that

L _ ia\/%/ﬁ sin 6.

In Fig. 3, the parameter # given by (3.29) is plotted as a
function of p := cos @ for fixed values of a and m, and three

(3.31)

|
values of the positive cosmological constant A. As one can
see, there are three possible regimes, described in
Appendix B, depending on whether S is positive (the
projected radiant supermomenta form an acute angle),
negative (the projected radiant supermomenta form an
obtuse angle) or zero (the projected radiant supermomenta
form exactly a z/2 angle).

A discussion of the gravitational radiation propagating
along the PNDs |k and I, emitted by the accelerating black-
holes, represented by the C-metric with A > 0, can be
found in [17] and, in relation to the directional structure of
radiation, also in [16,30].

IV. RELATION TO ASYMPTOTIC DIRECTIONAL
STRUCTURE OF RADIATION

Finally, we can relate these results to our previous studies
concerning the structure of radiation in spacetimes with any
cosmological constant A, presented in [16,32,49,50].

a=1/4, m=1/4

FIG. 3. The parameter  of Eq. (B34) for the C-metric with
fixed values of the mass m = 1/4, the acceleration a = 1/4, and
three distinct values of the cosmological constant A > 0. De-
pending on the strength of A, the angular parameter S takes
different values in J. If A is sufficiently large, f is always
negative. Notice also a slight asymmetry of the curves with
respect to p = 0. This is the same feature observed in the norm of
the asymptotic super-Poynting vector in Fig. 1.
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A. Supermomentum vector orientation
on J with A >0

Recall that the asymptotic super-Poynting four-vector
P* is explicitly given by (3.8), namely

IS

P=S(0,—Bsingo,), (4.1)
where S(0) is given by (3.9) and B = aa®/(a* + I?), see
(2.16). This key radiation quantity can be expressed with
respect to any null tetrad. In particular, in [17] an equivalent
statement of the radiation condition was presented in terms
of the rescaled-Weyl scalars in any null tetrad coplanar
with the normal to [J, namely

811 — 8pshs — Apahs + 4dpocpo = 0, (4.2)

$30s + o1 — 31y — 3rp3 = 0. (4.3)

Indeed, if a strong orientation such as Eq. (2.57) is chosen,
then the radiation condition for asymptotically type-D
spacetimes reduces to

P* =0 & ¢ps = 0 = ¢ (under strong orientation).

As a next task, we aim to elucidate the relation between
the spatial direction of the asymptotic super-Poynting
vector and the maximum in the directional pattern of the
dominant ¥/, scalar on 7 derived for any type D spacetime
in a suitable basis called “interpretation tetrad” in [16]. To
do so, it is convenient to start from the algebraically
privileged null tetrad (2.48) for which both vectors k and 1
are the double-repeated principal null directions of the
type D spacetime. In order to employ a frame that is
closest to the strongly oriented null tetrad adapted to the
conformal boundary [J—as introduced in Sec. Il C—we
will consider the null frame (2.53) in the unphysical
(conformal) spacetime (2.13). Such a frame is obtained
from (2.48) via k = —k/Q, 1 = —1/Q, m = m/Q. The
associated special orthonormal tetrad (t,q,r,s), is
obtained using the relations

k:\/ii(h%q), l:\%(t—q), m:\%(ﬁ—ir). (4.4)

Notice that the role of the transversal spatial vectors r, s and
t, §, as introduced in (2.51), are swapped with respect to
those employed in [32,50]—where such a special tetrad is
denoted as (tq, q.r,.s,).” This tetrad here reads

°Such a swapping corresponds to the change m < —im.

1 11
t=——1/-00,, q=--——T,
p ! P=0
1 11
r=~-VPo, s=-——R, 4.5
P 0 p\/Psind (45)

in which the spacelike vector field T = So, + aqzdw and
the spacelike vector field R =9, + Rd, are mutually
orthogonal, see (2.49)—(2.52). The vectors (4.5) are nor-
malized as t-t=—-1 and q-q=r-r=s-s=1 (all
other scalar products vanish).

Expressed in terms of this tetrad, the asymptotic super-
Poynting four-vector (4.1) has the form

P—%(r—i—lﬁ“_—éjsin@t). (4.6)

By comparing the timelike vectors t o« d, and n «
Q0d, + BPsin 80, [given by (2.44) and (4.5), respectively]
it is now obvious that t is not normal to 7, unless 3 = 0.
Because t < k + 1, and as stated in Sec. III, this means that
the plane spanned by the two (double-degenerate) principal
null directions k and 1 is not perpendicular to J when the
black holes are accelerating (« # 0) and generate gravita-
tional radiation.

To determine the spatial direction on J in which the
gravitational radiation propagates—that is to geometrically
identify the direction of the asymptotic super-Poynting
vector tangential to the three-dimensional conformal infin-
ity J—it is useful to choose another orthonormal tetrad
(to, o, Ty, S ), Which may be called a reference tetrad. It is
defined by the property that the timelike (unit) vector t, is
collinear with the normal n to 7. Such a reference tetrad
can be obtained from the special orthonormal tetrad (4.5)
adapted to both PNDs by a suitable Lorentz transformation,
namely the simple boost in the (t,r) plane

t, = coshyt 4 sinhy,r,
r, = sinhyt + coshy.r,
4o =4, So =S, (47)

where the rapidity parameter y, has a special value

P
tanh Y = B\ / z sin 9, (48)

which using the identity (2.23) on J implies

e

A (4.9)

coshy, =

Therefore,
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)
R )

and the reference tetrad in the coordinate frame explicitly

reads
\/7 (Q9, + BPsinf dy),

(4.10)

3 1 .
A_2 — Bsinfo,),
1 1 1
o — R Ta so - - R 411
4 ,0 V- Q P +/Psin 6 ( )
It is now obvious from (2.44) that
t, =n, (4.12)

as plotted in Fig. 4, and the spatial unit vectors (q,, Iy, S,)
span the tangent space to J. Moreover, in view of the
relation (4.10), the asymptotic super-Poynting four-vector
(4.6) expressed in the reference tetrad is

oA S
p— 2 2P7

BNV

This is the unique spatial direction of propagation of the
gravitational radiation in the reference frame. Notice that it
is geometrically privileged, because at any point on 7 it is

(4.13)

conformal infinity

FIG. 4. The scheme of various frames, in particular the
orthonormal reference tetrad (t,, q,, I, S,) and the orthonormal
tetrad (t, q, r,s) associated to the PNDs k and 1. Their relation is
given by the rapidity parameter v, uniquely corresponding to the
angle ©,. Coplanarity with the unit normal n to the conformal
infinity J can be seen and understood.

the intersection of the conformal infinity J with the plane
spanned by t and r, which is the “symmetry plane” of the
two PNDs k and 1, see Fig. 4.

As discussed in Sec. III, in the absence of gravitational
radiation the plane spanned by the two (double-degenerate)
principal null directions k and 1 is perpendicular to J
(s = 0). Indeed, there is the following general relation
between the fundamental complex function ¢ of Eq. (B2)
and the rapidity parameter v

¢ = —i sinhy,. (4.14)
Using Eq. (4.8) is easy to check that Eq. (4.14) gives
Eq. (2.56). There is thus no radiation when ¢ =0 <
ws = 0. Also, the asymptotic super-Poynting vector P
vanishes when $ =0 & a = 0.

B. Asymptotic structure of radiation in general
type D spacetimes with A > 0

Finally, we can relate the four-dimensional geometric
scheme of Fig. 4 to the directional spatial structure of the
specific Weyl scalar W}, at any point on 7, summarized
in [16]. To this end, let us first observe that the rapidity
parameter y, of the boost is uniquely related to the
rotational parameter O in the spatial section of 7 spanned
by the vectors (q,,r,) as

1

cos @,
(4.15)

tanhy = sin O < sinhy, = tan O & coshy, =

Clearly, y, = 0 corresponds to ®; = 0, which equivalently
occurs in the absence of acceleration, and thus no radiation.
In fact, any unit spatial direction v on the A > 0 scri J
can by parametrized by two spherical angles ® and @ via
the standard relation
v=cos®q, +sin®(cos®r, + sinPs,). (4.16)
Using such a framework and formalism, in [16,30,49]—and

in [50] specifically in more detail for type D spacetimes—the
formula

| 1|:i ‘¢2|
7 20| cos?@,

A0, 0,0,) (4.17)

was derived, where W, is the dominant part of the Weyl tensor
expressed in a parallel-propagated “interpretation” null
frame approaching 7, n is an affine parameter along the
concrete null geodesic ending at a given point at 7, and

A(®, @, ®,) := (sin ® + sin O cos ®)?

+ sin’@; cos’O sin’*® (4.18)
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To

FIG. 5. Directional pattern A(®, @), for a fixed @, of W} which is the dominant Weyl component at .7, as given by Eq. (4.17) in a
generic type D spacetime with A > 0. It applies to the class of black hole solutions studied in this paper, in particular to the C-metric
(left, ®, # 0) and the Schwarzschild-de Sitter solution (right, @, = 0). These plots alone do not demonstrate the presence/absence of
gravitational radiation at J because Vi represents the asymptotic value of the gravitational field with respect to arbitrarily oriented
interpretation null tetrad, parallel propagated along various null geodesics reaching the given point at conformal infinity. However, they
clearly show that Wi, has its maximal value along the spatial direction r,—which is caused by the asymmetry with respect to the plane
(qo,8,) When O # 0, that is for accelerating black holes. According to (4.13), r, is exactly the direction of the asymptotic super-

Poynting vector P.

is the specific function determining the directional structure
of Wi in any type D spacetime with the A > 0 conformal
infinity 7. Such a directional structure is absent in asymp-
totically flat spacetimes.

This pattern is represented on Fig. 5 (adapted from
[30,50]). The global maximum of A occurs for ©® = /2,
® = 0, that is along the spatial direction v = r,. This is
consistent with (4.13) determining the spatial direction of
the asymptotic supermomentum vector P at 7.

Let us also recall another result reviewed in [16,50],
namely that there is no radiation arriving at J from the
spatial directions exactly opposite to principal null direc-
tions. On Fig. 5, the spatial projections on J of the double-
degenerate PNDs are indicated by two bold “incoming”
double arrows @ =0, ® =0, and @ =7 -0, ® = 0.
The zeros of the function (4.18) occur at ® = 7 — Q,,
® =7, and ® = O,, ® = z, which are the two antipodal
spatial directions to these PNDs.

As shown in [50], this picture applies to any spacetime of
algebraic type D with a spacelike J. A specific exact
solution of this type, namely the C-metric with A > 0, was
studied in considerable detail [30] proving that the zeros of
the function A geometrically correspond to the two spatial
directions which are opposite to the directions of accel-
erating pair of black holes, as observed from J. Such an
analysis was subsequently generalized in [32] to a complete
family of accelerating, charged and rotating black holes
with any value of the cosmological constant (and double-
aligned non-null electromagnetic field), which belong to
the type D class spacetimes. In fact, the metrics and the

frames employed here, and those used previously, are
closely related. [For example, the tetrads (2.48) and
(2.52) are analogues of Egs. (13) and (28) in [32], the
Weyl scalar (2.46) corresponds to Eq. (14) therein, etc.]
This last conclusion is also in agreement with [15,17]
where the radiant supermomentum associated to a PND 1
by Eq. (3.17) is argued to vanish if there is no radiation
propagating along the antipodal orientation of the spatial
projection to J of 1, and indeed this happens if and only if 1
is a repeated PND.

In the present work we have employed a much more
explicit form of the general metric, leading to a clearer
physical interpretation of the whole class of such black-
hole spacetimes. Moreover, our main results, based on the
evaluation of the asymptotic supermomentum and super-
Poynting vectors, together with the new criterion for the
presence of gravitational radiation, resolve a previous
apparent “paradox” in [50], namely that the leading term
(4.17) of the Weyl tensor is nonzero even for a = 0, that is
also for nonaccelerating black holes. It is now clear that the
presence/absence of gravitational radiation cannot be iden-
tified, in general, just from the leading Weyl term ¥
(proportional to ¢,) evaluated with respect to an interpre-
tation tetrad along null geodesics arriving at 7, but
the existence of radiation actually depends on the key
parameter

¢ = —i sinh y; = —i tan Q,,
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see (B7) and (B11). The deeper geometric and physical

reason is that the new criterion is based on the more subtle

quadratic combination of the Weyl tensor (Bel-Robinson

tensor, super-Poynting vector, superenergy density), not

just on separate /inear components of the Weyl tensor.
In summary, we have demonstrated that

Pr=0oc=00y,=00,=02a=0. (4.19)

V. CONCLUSIONS

The recent covariant and gauge-invariant characteriza-
tion of asymptotic gravitational radiation [17] has been put
to test by studying an improved form of the large family of
type D black holes [38] for the case of a positive
cosmological constant A > 0. In doing so, the metric
has been conveniently adapted to investigate its conformal
asymptotic structure, deriving the induced metric of the
A > 0 conformal boundary 7.

It has been shown that the characterization in terms of the
asymptotic super-Poynting vector field P*—that had been
tested for other exact solutions [17] already—successfully
accounts for the presence of gravitational radiation
(P # 0) in this class of spacetimes, establishing that this
is only possible if the black holes are accelerating (o # 0).
Furthermore, we have shown that the asymptotic super-
Poynting vector is sensible to asymmetries of the pair of
black holes’ configurations, enhancing the relevance of this
quantity to characterize and study the existence of radiation
at infinity.

Thus, our study covers the characterization of gravita-
tional radiation at 7 for a general class of type D (pairs of
accelerating, charged, rotating, and NUTted) black holes in
the case with A > 0. The limit to A =0 can be taken
appropriately [39]. The next step is to investigate the
radiative properties of more general black-hole exact
solutions with A, including recently found type I black
holes [23-28], and also to consider the complementary
case A < 0. While this is left for a future work, we
conjecture that the result will be consistent: only accel-
erating cases will have a nonvanishing asymptotic super-
Poynting vector field.
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APPENDIX A: DETAILS ON THE DERIVATION
OF THE NEW METRIC

The recent improved form of the metric representing the
family of type D black holes, investigated here, which was
presented in [37,38], reads

1/ 0 . AV &
ds?=— (== |dr— 20 +4lsin®> |dp| +2 dr?
\) 92< p2|: (CISIH —+ Sin 2) §0:| +Q r

2
P P .
+Fd92 +p—2 sin@ladt— (r* + (a+ 1)2)d¢]2> . (A1)

where
Q(r.0) =1- %r(l tacosd),  (A2)
pH(r,0) = r* + (I + acos6)?, (A3)
P(0) :1_2<5ﬂa—jlzm_%l) (I+acos0)
+ (%(az—lz—i—ez—i—gz)—i—%) (I+acos6)?,
(A4)

o(r) = [r* =2mr+ (a* = P + &> + ¢°)]

w14 a—1 | a-+1
aa——-r —aa——-=r
a*+ 2 a’> + I

Aol a’ =P 2 2
—gr T +2aalaz—_|_12r+(a +3l) . (AS)

and the seven physical parameters m, a, [, e, g, a, A are
described in Sec. II.

When A = 0, both the metric functions P and Q are
factorized [37]. With A # 0, it is possible to explicitly
factorize the function P, and to compactify the function Q as

aa
P(G) = <1 —612——'_1er+(1+610039))
X <1—aza—flzr,\_(l—|—acose)>, (A6)
O(r) = (r—ra)(r—ra)
w1+ a—1 | a—+1
aa———r —aa———=r
a*+ I a*+ I
A (a* + I)?
A [ruazaz ] (A7)

using the two specific constants

rAi::ﬂj:\//,{2+12—a2—€2—gz—ﬂ, (AS)

where
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A 2 2 A 2 2\2
,u::m——la —|—l’ 1 (a* 4+ I7)

3 aa 3

A9
a2a2 ( )
This is achievable provided p?> + I > a*> + ¢* + ¢* + 4, in
which case the expressions (A8) yield two distinct real
|

constants (or a double root of P givenby ry, = ry_ = pin
the specific situation when u? + 1> = a®> + €*> + ¢* + A).
The general spacetime (A1) contains electromagnetic field
represented by the Maxwell tensor F,,, forming F =
1Fdx? A dx* = dA. Its 1-form potential A = A,dx is

Non-zero components of F,, = A, , — A, are thus

er + g(l+ acos ) (er + gl)(a sin®@ + 41 sin* 1 0) + g(r* + (a + 1)*) cos &
_ o ) i ’ do. (A10)

r*+ (l+ acos6) r*+ (I +acos0)

F, = p~*e(r? = (I + acos0)?) + 2gr(l + acos 0)],

Foo=p~*g(r* = (14 acos6)?) = 2er(l+ acos)](r* + (a + [)?)sin 0,

0
F, = (a sin’@ 4+ 41 sin” 5) F,.,
- (A1)

Fp=———-F ,.
o r?+ (a+1)? ¢0

The electromagnetic field thus vanishes if (and only if)
e=0= g.10

To derive the new form (2.1) of the metric, convenient for
investigation of an asymptotic structure of this large family
of black-hole spacetimes, first we relabel the metric
functions Q, p, Q to Q',p’, Q’, and then perform a simple
transformation from r to its reciprocal coordinate

1
q=-, (A12)
,

so that the metric (A1) becomes

ds2:L ¢ dr— asin26’+4lsin2€ de 2—}-idqz
Q/z p/2 2 q4Q/

2 P )
+% do? +W sin’flaq® dt—(1+(a+1)*q*) d(p]z) )
(A13)

Next we introduce new metric functions by the following
rescaling

Q= qQ/, P2 = qulz, Q = q4Q’. <A14)

"It should be emphasized that the correct complete version
of the electromagnetic field potential (A10) including both the
electric and magnetic charges was first presented in paper [25] by
Astorino and Boldi, see Eq. (3.31) and more detailed explanation in
Appendix A therein. Explicit relation to (A10) is obtained by the
identification p = g, x = cos @, R*> = p>, A, = Q, A, = Psin? 0,
and also (A11) agrees with (A.8)—(A.11) in [25] when the opposite
convention F,, — —F,, is taken into account.

[
A straightforward calculation then leads to the metric

1 0 2 2
ds = o5 <—p% [dr - <a $in26 + 4/ sin’ 5) d(p} + %dqz
P P
+ Fdez +— sin*Qlag*dr — (1 + (a +1)*q?) d¢]2> ,
p
(A15)
with the functions (2.2)—(2.5).

1. Particular subcases of the metric
on the conformal boundary J

The particular subcases of the metric h given by
Eq. (2.34), equivalent to (2.36) or (2.37), are:
(i) For a = 0: Kerr-Newman-NUT-(A)dS black hole
without acceleration

B=0, C? = 1.
(i) For a = 0: charged-NUT-(A)dS without acceleration
B=0, c=1.

(iii) For I = 0: accelerating Kerr-Newman-(A)dS black
hole
B=a, C? =1+ a*a’.
(iv) For a = 0 = [: Kerr-Newman-(A)dS black hole
B =0, =1

An important special case is the class of Kerr-(A)dS
black holes (a, [, e, g = 0), for which g; =0, pzj =1,
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Q7 =—% P=1+%a%0s%, so that the metric (2.36)
reduces to

A A A
h = gdt2 + (1 + §a2> sin’0 dg? — 2§a sin0 dt de

A -1
+ (1 +§a2 c0529) de?. (A16)

Another prominent metric is the C-metric with A (a, [, e,
g=20). In such a case g; = acosd, pf7 =1, Q7=
—4&—a?Psin®0, P =1-2am cos 6, and (2.36) thus sim-
plifies to

A
h= <3 + a?P sin29) dr? + P sin?0 dg?

-1 d92

A (A
+= < +a*P sin29> > (A17)

31\3

Without acceleration a = 0, we get the Schwarzschild-
(A)dS metric on 7, namely

A
h = —df* + d6” + sin?0 dg?.

3 (A18)

APPENDIX B: GENERAL CONSIDERATIONS
FOR TYPE D SPACETIMES

For spacetimes with algebraically special, double-
degenerate type D rescaled Weyl tensor daﬂy‘s at J—as it
is the case of the metric (2.13)—it is possible to prescribe a
general construction of strongly oriented tetrads. Let n be
the unit (n-n = —1), future-pointing normal to 7,
cf. (2.44),11 and consider the tetrad (k,1,m), where k
and | are future-oriented and aligned with the two double
PNDs. Next, we define a real and a complex scalar, b and
c, as

1 1
b2 :=_ﬁk = (B1)
¢ =V 2mn" (B2)

With the scalar b, let us perform a boost of the null directions
to an auxiliary tetrad

k = bk,
1
al = ?l,
Jm=m, (B3)

"Which is well defined at 7 and in its neighborhood.

and subsequently, with the complex scalar ¢, apply a null
rotation around K,

sk = ak’
J=,14cm+cm+ cck,
= m+ ¢ k. (B4)
Since
n——(k+1) (B5)
\/z )

at J the strong orientation is given by the space-like unit
vector field

<

Nia

M: (sl_sk):sn_ zska MM:I, nMZO

(B6)

From here, one can already make an observation about the
content of gravitational radiation at J. As follows from
results of [17], for a type D rescaled Weyl tensor at 7, the
gravitational radiation condition is equivalent to the copla-
narity of the normal to J and the two PNDs. Hence,

P* =0 < no gravitational radiation at 7 < ¢ =0. (B7)
This shows that the complex scalar ¢ of Eq. (B2)—or,
equivalently, the components of the normal n projected
to the two-dimensional plane orthogonal to the PNDs—
encodes the information about gravitational radiation.

To see more explicitly the role played by c¢ in the
radiation condition, one can write the Cotton-York tensor—
which up to a constant factor coincides with the magnetic
part C,p of the rescaled Weyl tensor of da[,»y‘s—and the
electric part D,4. First observe that in the “natural” tetrad
(k,1,m) the only nonvanishing Weyl scalar of dg,° is ¢,.
Then, in the strongly oriented tetrad (. k,,1,,m), the non-
vanishing scalars are'?

Pa = 6024’2,
P3 = 3¢,
P2 = ¢ (B8)

Following the formulas of Sec. II and Appendix D of [17],
we can write'’

>The boost b does not affect ¢», whereas the null rotation ¢
pr01(31uces the rest of the scalars.
Latin indices could be used instead, as the fields involved in
these expressions are all completely tangent to 7.
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Dap = 0(ths) BM My = hog) + [=3V2c2M 0,y
- 3\/55(;52M((,J71/;) + 3y mg my

+ 32y g g, (B9)
Cop = S(h2) BM My — hyp) + i[—3\/§C¢2M(a M)

+ 3\/§Esg)2M(a J’hﬁ) + 3Cz¢25mmmﬂ

— 362, 1y ). (B10)

Notice that (M, ;m, ;i) is a basis on 7. A couple of results
from [17] implies that for type D spacetimes there is no
gravitational radiation if and only if D,; and C,4 are
proportional to (3M M — h,;). From Eqs. (B9) and (B10)
we thus conclude that this occurs if and only if ¢ = 0—
excluding the conformally flat type O case. Thus, whenever
¢ = 0 the electric and magnetic parts of the rescaled Weyl
tensor are proportional, implying the vanishing of their
matrix commutator—that is the vanishing of the asymptotic
super-Poynting vector P°.

Observe that ¢, on its own does not contain the
information about gravitational radiation at 7. It is possible
to have no gravitational radiation with ¢p, # O at J if ¢ = 0.
The case ¢, =0 is trivial and corresponds to vanish-
ing dz°.

Indeed, the asymptotic super-Poynting vector field reads

Pt = =92y s (1 + 2¢8)[cm® + en® + V2ceMA).
(B11)

It is thus clear that, for ¢, # 0 (i.e., daﬁy’s #0), P* = 0 iff
¢ = 0. Hence, in agreement with [17], the superenergy
cannot propagate in directions orthogonal to M“. Observe
also that

M, P <0. (B12)

The expression for the asymptotic super-energy density is

W: 6452&52(1 +6CE‘+6C252), (Bl3)
which can be different from zero for ¢ = 0. In particular, for
the Schwarzschild-de Sitter black hole (the solution by
Kottler), we get W = 6m?. This is completely fine, as the
gravitational radiation is determined by the super-Poynting
vector.

One could also choose the other strong orientation
complementary to (B1), by defining

. 1
P (B14)

and keeping the same c. Thus, the tetrad adapted to such
strong orientation reads

k =Kk +cm+eam+cel,

J=1
J = 1 +¢,l, (B15)
where now
. 1
ak = ?k9
I=0r1,
Jn =m. (B16)
One defines the new vector field tangent to 7 as
71 . _
Mi=—(I-.k)=n-Vv2k,
ﬁ(. k) =, .
M-M =1, n-M=0. (B17)

Using Eq. (B5) and its version with tildes, it follows that

1-2 1
e td=29)+1 (B18)
r(1+2y)
where the coefficient
y = (bb)*€(0,1] (B19)

has been introduced. The range follows from the normali-
zation condition on the lightlike PNDs, namely k - 1 = —1.
With Eq. (B18), it is possible to write

M-M=2y-1. (B20)

Notice that y =1 is the only root of the numerator in
Eq. (B18) allowed by the range of y, and thus

M-M=1ley=1&P" =0, (B21)

as expected.

1. Radiant superenergy

Using the same definitions from above, the radiant
superenergy associated with the lightlike directions read,
respectively

Z[1] = Z[K] = 36cth . (B22)
W] = W[K] = 144282 ps, (B23)
Q[J] = 0 = Q" K], (B24)

QK] = 36¢Chyrgpy (4cT I® +, k* — 2cgn® — 2¢4m),
(B25)
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Q[ 1] =36¢E¢hrpy (4cT k% + 17— 2c.m® —28m%). (B26)

It can be easily verified that the radiant supermomenta
Q“[1] and Q“[ (k]| are lightlike. Their tangent part to .7,
denoted here with an overline, can be expressed as

QK] = 18V2cehrp,[(1 — 4eT) M — 2/ 2¢ in®

- 2V2e ./, (B27)
Q1] = 18V2cedrp|(1 — 4ce)M® — 21/ 2¢,m®
- 2V2¢em?). (B28)

It is a matter of direct calculation using the relations
between the different tetrads to arrive at
OSRI[OMNY

= —(36cthrhr)’r <0, (B29)

equality holding if and only if there is no gravitational
radiation. Also,

T = n, Q*[k] = n, Q“[ 1] =36\ 2cchr by G—%) ., (B30)

and then
QM[SR] QM[SE] = Qﬂ[sl] Qu[sl] =T (BSI)
One can write
Qa[sl] - _T(Na + Z]a[sl])’ qﬂ [sl]qM[Sl] =1,
7"[JJN,[JJ] = 0, (B32)
Qa[sf(] = _T(Na + Zla[sf(])v q" [SE]Z]y [@f(] =1,
g"[;kIN, 1] = 0. (B33)

where the unit vector fields q[,1] and q[;k] give the spatial
component of propagation of the tidal momentum as
measured by .1 and |k, respectively. To characterise their
relative orientation, it is useful to introduce the coefficient

2}/3

B=q'Ng,[k] =1- Gy =47 (B34)

Observe that f€[—1,1). The condition f = 0 gives only
one real root, namely y = 0.918....
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