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Space-based gravitational-wave detectors such as LISA are expected to detect inspirals of stellar-mass
compact objects into massive black holes. Modeling such inspirals requires fully relativistic computations
to achieve sufficient accuracy at leading order. However, subleading corrections such as the effects of the
spin of the inspiraling compact object may potentially be treated in weak-field expansions such as the post-
Newtonian (PN) approach. In this work, we calculate the PN expansion of eccentric orbits of spinning
bodies around Schwarzschild black holes. Then we use the Teukolsky equation to compute the energy and
angular momentum fluxes from these orbits up to the 5PN order. Some of these PN orders are exact in
eccentricity, while others are expanded up to the tenth power in eccentricity. Then we use the fluxes to
construct a hybrid inspiral model, where the leading part of the fluxes is calculated numerically in the fully
relativistic regime, while the linear part in the small spin is analytically approximated using the PN series.
We calculate LISA-relevant adiabatic inspirals and respective waveforms with this model and a fully
relativistic model. Through the calculation of mismatch between the waveforms from both models we
conclude that the PN approximation of the linear-in-spin part of the fluxes is sufficient for lower

eccentricities.
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I. INTRODUCTION AND SUMMARY

A. Extreme mass ratio inspirals

Forthcoming space-based gravitational wave (GW)
detectors such as LISA, TianQin, or Taiji [1-4] will be
able to detect signals from various sources, including
extreme mass ratio inspirals (EMRIs) [5]. These systems
consist of a stellar mass black hole or neutron star in orbit
around a massive black hole with the mass ratio ¢ = u/M
of the small (secondary) mass y and large (primary) mass
M between 1077 and 107*. Because of gravitational
radiation reaction, the orbit of the small body decays,
and it inspirals into the primary body while radiating GWs
to infinity. Because the secondary body completes many
orbits in the strong gravitational field of the primary body,
the detection of GWs from such systems will give a unique
insight into the strong-field regime around massive black
holes, which will also allow us to test general relativity to
high precision [6,7]. Furthermore, the study of EMRI
populations will provide new insights in cosmology and
astrophysics [5,8].

To achieve the aforementioned goals, the parameters of
the detected systems must be estimated with high precision.
Because signals from EMRIs and other astrophysical
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sources will overlap, detection and parameter estimation
will be done through matched filtering, which is based on
the comparison of the received signal with many waveform
templates. For this purpose, the waveforms must be
generated for a wide range of parameters with the phase
accurate to fractions of radian [9]. There are several
methods for modeling binary systems, and the choice of
the most suitable method depends on the parameters of the
system, such as the mass ratio and compactness.

B. Black hole perturbation theory

In particular, for the modeling of EMRIs, black hole
perturbation theory (BHPT) is often employed, where the
spacetime is expanded in the mass ratio around a back-
ground spacetime of the primary [10]. Then, the system can
be effectively described as a point particle moving in the
background spacetime while inducing a perturbation of this
spacetime. This perturbation acts on the particle with the
so-called self-force, which can be expanded in the powers
of the mass ratio. Because the mass ratio and, therefore, the
perturbation is small, the inspiral timescale is much slower
than the orbital timescale. Thus, to efficiently solve the
problem, two-timescale expansion is often used, where the
system is described using a set of orbital parameters 7;,
which evolve slowly (J; = O(e)) and a set of phases i/’
that evolve quickly (' = O(1)) [11]. The phases are
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directly related to the phase of the GW. When we consider
an inspiral that sweeps through some finite range of
frequencies such as a GW detector band, we can use the
separation of scales to expand the phase elapsed during this
process as

Dw = €~ Do(1) + @y (1) + Oe). (1)

The first term, which is called the adiabatic term, is of the
order of ¢! radians, while the second, postadiabatic term,
is in the order of radians and cannot be neglected to achieve
subradian accuracy. The adiabatic term consists of the
contribution from the time-averaged dissipative (time-
antisymmetric) part of the first order in the mass ratio
self-force, while the postadiabatic term consists of a
number of contributions from different physical effects
[10]. Namely, the postadiabatic term requires the inclusion
of the oscillating part of the dissipative and conservative
(time-symmetric) first-order self-force, time-averaged dis-
sipative part of the second-order self-force, the force caused
by the spin-curvature coupling of the secondary, and
corrections to the dissipative self-force caused by the
secondary spin.

To find all the contributions up to the postadiabatic term,
one in principle has to find the metric perturbation up to the
second order in the mass ratio, regularize it near the
particle, and calculate the self-force from the regular part.
However, thanks to flux-balance laws, the averaged dis-
sipative part of the self-force can often be obtained from the
asymptotic GW fluxes to infinity and through the horizon
of the primary black hole [12-15]. The first-order flux-
balance laws for nonspinning secondaries were obtained by
Mino [12] and Sago et al. [13]. For spinning secondaries,
the flux-balance law was proven only for the evolution of
energy and azimuthal angular momentum [14]. Second-
order flux-balance laws for the energy and azimuthal
angular momentum of nonspinning secondaries on quasi-
circular orbits in Schwarzschild spacetime were derived by
Miller and Pound [16]; these derivations are expected to
straightforwardly generalize to generic orbits. The cur-
rently open question is a concrete formulation of some sort
of flux-balance law for the so-called Carter constant at
second order in the mass ratio and under secondary spin
corrections to the motion (see Ref. [17] for some recent
effort in this direction). A less obvious quantity that did not
have a flux-balance law to date was the aligned component
of the secondary spin s; this question is resolved by us in
Sec. 1.

The first-order adiabatic fluxes must be calculated with
high accuracy since the error will be enhanced by e~!
compared to the postadiabatic terms. As a general rule, the
error of the adiabatic term must be O(e) smaller than the
error of the postadiabatic term. This opens up the pos-
sibility of using various approximations for the calculation
of the postadiabatic effects.

C. Post-Newtonian expansions

As mentioned above, there are other techniques to model
binary systems with different mass ratios and separations.
One such technique is the post-Newtonian (PN) theory
[18], which is valid for systems with large separations and
low relative velocities. This method relies on expanding the
Einstein equations in the inverse square of the speed of light
in vacuum 1/¢?, thus assuming that quantities such as the
dimensionless speed squared v?/c? or the dimensionless
gravitational potential GM /(rc?) are small. Currently, the
state-of-the-art results for the dissipative effects in compa-
rable-mass spinning binaries on eccentric orbits are expan-
sions of the energy and angular momentum fluxes to 3PN
order [19] beyond the Newtonian quadrupole formula [20]
and for nonspinning objects on circular orbits to
4.5PN [21].

The regime in which both PN theory and BHPT are valid
offers the possibility of cross-validating the results of both
theories. In particular, when the results of BHPT are
analytically expanded in a PN parameter (see a review
of older results in [22,23]), direct comparisons can be made
with pure PN computations truncated at the first order in the
mass ratio. Furthermore, the BHPT computations can
typically be expanded to higher PN orders than the existing
PN computations at finite mass ratio. Finally, careful
considerations of the symmetries of the mass ratio expan-
sion of the PN series reveal that the BHPT results can often
have a “strategic” importance for obtaining unknown
pieces of the equations of motion of binaries at any mass
ratio [24-27].

Such results can also be utilized to calibrate effective-
one-body models, which is an approach to binary modeling
that takes input from numerical relativity, PN theory, and
BHPT [28-30]. In particular, the dynamics of spinning
test particles in black hole spacetimes proved to also be
useful in the development of effective-one-body models
(see, e.g., [31-33]).

The PN expansion of the BHPT results was first used by
Poisson [34], where the energy fluxes to infinity from
circular orbits in the Schwarzschild spacetime were
expanded to 1.5PN orders beyond the Newtonian order.
These results were then extended to higher PN orders,
to fluxes through the horizon, and to the Kerr spacetime
[35-40]. The latest results are infinity fluxes and horizon
fluxes from circular orbits in the Schwarzschild spacetime to
22PN [41] and in the Kerr spacetime to 11PN order [42].

The effects of the spin of the secondary body were first
incorporated into the fluxes from circular orbits around a
Kerr black hole by Tanaka et al. [43] to 2.5PN order, and
later by Nagar et al. [32] and Akcay et al. [14] for circular
orbits in the Schwarzschild spacetime to the 5.5PN order.

The formalism was also extended to generic orbits of
nonspinning bodies in Kerr spacetime, where one needs the
evolution of three constants of motion, namely the energy,
angular momentum, and the Carter constant [13,44,45].
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The latest results, i.e., SPN fluxes with expansions in
eccentricity to e'® were used by Isoyama et al. [46] to
generate generic adiabatic inspirals and waveforms.

Another direction in which this technique was utilized
was to calculate PN expansions of energy and angular-
momentum fluxes from highly eccentric orbits in the
Schwarzschild spacetime. In Ref. [47] the authors identi-
fied singular factors in the form (1 —e?)™* yielding
convergent series in eccentricity after the factorization
of such terms. In addition, they used highly accurate
numerical calculations to find the coefficients of the series
in eccentricity and the PN series to 7PN order. Later, an
analytical form for the leading and subleading logarithmic
terms was found by Munna and Evans [48,49]. Finally,
the energy and angular momentum fluxes to infinity
and through the horizon were found up to the 19PN order
[50-52].

These expansions not only provided validation of the
results of the PN theory, but were used by Burke ef al. [53]
in the calculation of adiabatic inspirals, where the authors
also tested the possibility of using the waveforms derived
from such inspirals for accurate parameter estimation. It
was found that the 9PN adiabatic fluxes from eccentric
orbits in Schwarzschild spacetime introduce bias on the
system parameters and, therefore, cannot be used instead of
the fully relativistic fluxes. However, in the same work, a
hybrid model with fully relativistic adiabatic (first order in
the mass ratio) fluxes and 3PN expansion of postadiabatic
fluxes (second order in the mass ratio) was used, which was
proven to be sufficient for accurate parameter estimation in
some cases.

The secondary spin corrections to the fluxes are of the
order of the mass ratio and, consequently, contribute at
postadiabatic order, the same as the PN-expanded pieces
used in Burke ef al. [53]. Therefore, it may be possible to
approximate them using PN expansion and avoid computa-
tionally expensive numerical calculations of the fully
relativistic fluxes such as was done in Refs. [14,54-58].

D. Summary of results

The main results of this work are:

(1) In this work, we PN-expanded the analytical ex-
pressions for eccentric, precessing trajectories of
spinning bodies in Schwarzschild spacetime that
were recently found by Witzany and Piovano [59].
The expanded trajectories and other relevant
quantities can be found in the Supplemental
Material [60].

(2) Then, we employed the Teukolsky equation to find
the energy and angular momentum fluxes from these
orbits as a closed-form series in the PN parameter
and eccentricity. We linearized the fluxes in the
secondary spin and found the linear-in-spin correc-
tion up to SPN and at least tenth power in eccen-
tricity. We were able to fully factorize and resum the

fluxes as a finite series in eccentricity up to 2.5PN
with partial resummation results also at higher
orders. We demonstrated that the resulting
eccentricity series converges even up to ¢ — 1 in
Figs. 1 and 2. The resulting spin corrections to fluxes
are in Eqgs. (55) and (56) and Appendix A as well as
the Supplemental Material.

(3) We tested the convergence of the PN series by
analytically integrating the phase evolution of qua-
sicircular inspirals with the result in Eq. (69). Using
this general result, we computed the phase contri-
butions of LISA-band inspirals of 100M spinning
black holes into massive black holes of mass 10°M
in Table I. This demonstrated that the SPN expansion
is not sufficiently accurate for the nonspinning part
of the flux, but it is sufficient for the spin correction
in the case of quasicircular inspirals.

(4) Hence, we then used these flux corrections in a
hybrid inspiral model, where the nonspinning part
was calculated numerically in a fully relativistic
regime and the linear-in-spin part is expressed
analytically as a PN series. To be able to do so,
we also derived that the aligned component of the
secondary spin s will stay conserved during
generic EMRIs.

(5) Using the hybrid model, we computed fiducial
LISA-band eccentric inspirals using the same binary
masses as for the quasicircular case. Additionally,
we used the FEW package [61-64] to generate
relativistic waveforms corresponding to the inspi-
rals. As a test of the formalism, we computed
mismatches of the hybrid-model waveforms with
waveforms corresponding to fully relativistic inspi-
rals. The mismatches presented in Fig. 8 imply that
the hybrid model should be adequate for the detec-
tion of the vast majority of LISA EMRIs. Addition-
ally, it should not introduce significant biases for
parameter estimates of less eccentric events.

E. Organization of paper

This paper is organized as follows. Section II reviews the
motion of spinning bodies in Schwarzschild spacetime and
introduces PN and eccentricity expansions of these trajec-
tories. This is followed by Sec. III where the self-torque
acting on the spin vector is presented, which is then used to
derive the adiabatic evolution of the parallel component
of the secondary spin. Next, Sec. IV examines the GW
fluxes from orbits described in the previous section. First,
the Teukolsky formalism is presented, which is then
used to calculate the PN expansions of the fluxes. Next,
Sec. V presents the hybrid model for the adiabatic inspirals
that includes the PN expansion of the fluxes and the
calculation of inspirals using this model. Finally, Sec. VI
provides a discussion of the importance of the results and
outlooks.
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TABLE I. Contributions of various terms to the final phase a of
a quasicircular EMRI entering band at 1 mHz at primary mass
M = 10°M, and secondary mass y = 100M, with a maximally
spinning and aligned secondary.

PN order Geodesic Ag¢ Spin A¢
0 325 402 0

1 74 454.5 0

1.5 —158135 0.629199
2 18 877.6 0

2.5 —47387.3 —2.2748

3 6578.54 0.978466
3.5 2312.36 —0.0365018
4 2420.03 0.087333
4.5 —1172.24 —0.0000844637
5 688.9 0.00572313

F. Notation

Geometrized units, where the gravitational constant and
the speed of light in vacuum are set to unity (G = ¢ = 1),
are used throughout this paper. Spacetime indices
are denoted with Greek letters, while tetrad indices are
denoted with Latin letters. The signature of the metric is
(—,+,+,+), while the Riemann tensor is defined as
Ayyep — Ay = RV ypa,,, where the semicolon denotes the
covariant derivative and a, is a covector. The sign of the
Levi-Civita pseudotensor is defined as e€,g4/\/—9 =

—er /=g = 1.

II. PN EXPANSION OF ECCENTRIC EQUATORIAL
TRAJECTORIES OF SPINNING BODIES

A. Spinning-particle trajectory

Let us briefly summarize the properties of the closed
analytical solution of the bound motion of spinning
particles near Schwarzschild black holes as presented in
Ref. [59]. We consider the motion in Schwarzschild
spacetime given as

ds? = —f(r)df* + ——dr? + r?(d6” + sin?6d¢?), (2)

1
f(r)

where f(r) = 1-2M/r. The motion of the spinning particle
is described by Mathisson-Papapetrou-Dixon equations
under the Tulczyjew-Dixon or covariant spin supplemen-
tary condition s#**P, = 0, where P, is the particle momen-
tum and s*¥ is the spin tensor per unit particle mass. The
solution is valid up to O(s) corrections to the orbital
motion, and to leading order in the spin sector. In this
truncation one has P, = uu, + O(s*), where u is the
particle mass and u, is the four velocity. One then
equivalently parametrizes the spin by the spin vector and
the spin tensor

1
st = _EGMDKASUKL’% (3)

S = MRy s (4)
where ¢#/** is the Levi-Civita pseudotensor.

Note that the definition of s* depends on the orientation
of the basis. This is further complicated by the fact that
raising or lowering indices formally changes the orienta-
tion. Here we fix the convention by

€rop = —(—g)etre¢ ==Y (5)

which yields a right-handed basis for upper-index quan-
tities under the assumption of a conventional transforma-
tion from r, @, ¢ to Cartesian coordinates. However, this
also means that our formulas have a relative minus sign in
front of any spin correction as compared to Ref. [59].
The three rotational symmetries of the Schwarzschild
spacetime around the x, y, z axes generate a conserved total
angular momentum vector of the generically inclined
spinning particle. Upon rotation of the coordinate equator
6 = x/2 into the plane perpendicular to this vector, the
generic motion becomes near equatorial in the resulting
frame, 0 = 7/2 + 60 + O(s?). As a result, the Mathisson-
Papapetrou-Dixon equations fully separate, and the solu-
tions are parametrized by the three constants of motion:

1
E = —u,&, + 5 &, (6)
Jo= &, - 52 : (7)
Y, s'u”
S| = la (3)
24/K, uuﬁ
0 9 0
P =—""__rsin® 9
ox+ sm96¢ rsin ('b ©)

where E has the meaning of total orbital and spin-orbital
energy per unit mass, J, the orbital and spin-orbital angular
momentum, and s is the component of spin aligned
with the orbital angular momentum. Furthermore, Y, =

=Yy Yye = =Yy 18 the Killing-Yano tensor of the
Schwarzschild spacetime, which means that s is related
to the more general Riidiger constants in Kerr spacetime
and the separation constant for spinning particles in Kerr
found by separation of the Hamilton-Jacobi equation
[65,66]. It should also be noted that in the aligned frame
the magnitude of the total angular momentum is by
construction equal to the single component J.

The solution is parametrized by Carter-Mino time
dA = dz/r?, where 7 is proper time. The radial solution
is then expressed in the form
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_ 2/K(k) k) — _
r(2) :”3(’”1 rz)snz(K,,k)q, ) = ra(ry V3)’ (10)
(ry = ry)sn (=~ q", k) = (r; — 13)
k2:(r1—r2)r3 (11)
(”1 —r3)r2’
¢ =12+ g, (12)

where K (k) is the complete elliptic integral of the first kind,
sn() is the Jacobi sn function, and g{ is an integration
constant determined by initial conditions. Y" is given in
Ref. [59] and represents the fundamental frequency of
motion with respect to Mino time. The radii r; > r, > r3
are then the nonzero roots of the polynomial R(r) appear-
ing in the radial equation of motion

T ++v/R(r), (13)
R(r)=r[rP(E>=1)-rJ.(J. - 2sHE)
+2M(r* +J (J, = 35 E))]
=(1=E))r(ry =r)(r=ry)(r=rs). (14)

The roots ry, r, are the physical turning points of the bound
motion and are conventionally parametrized by the orbital
parameters’ dimensionless semilatus rectum p and eccen-
tricity e defined through the relation

_ Mp _ Mp
ry = ry = .
1+e

, 15
One can then express E(p,e,sH),JZ(p,e,sH),r3(p,e,s”)
in closed form by examining Eq. (15).

The ¢, ¢p degrees of freedom are then given as

t(A) = q' + At(q"), (16)

q'=7Y'1+q. g =Y%)+ qg’,

i) =7, (an (Lriw. k) ) - 19

where am() is the Jacobi amplitude, 7, is given in Eq. (49)
of Ref. [59], Y!, Y are the t,¢p Mino frequencies, and
qb, qg’ are integration constants. It is interesting to note that
unlike in Kerr, in Schwarzschild spacetime the Carter-Mino
time A is simply proportional to ¢, which means that the ¢
counterpart of At(q") vanishes in Eq. (16).

Finally, the spin degree of freedom and 66 depend on a
precession angle y with the evolution

(17)

¥, (z)

v = + % (an(Lx0.4) ) - H22 g 19)

q”’ =YY+ q'(l)/, (20)

where YV, gy again have analogous meanings as above and

Y. is a known function.
The deviation from the equatorial plane is then given as

\/(s2 - sﬁ)(]? + r?) siny

60 = — , 21
J.r (21)
and the spin vector can be expressed as
s*=st (EJ
_ H < ccosy )
st=— +7rsiny |,  (22a)
SN VF

J i Er si
sT=— s2—s2< SESY rsmlp>7 (22b)

\/(s2 = sP)(JZ +r*) cosy

7'2 ’

s¢:_

(22¢)

N
oot

; (22d)

where i is the proper-time derivative of r expressed as
r?+/R(r). Note that even though the spin is parametrized
by s, the orientation of the spin vector is generic, and we
are thus dealing with absolutely generic bound orbits of
spinning test particles in Schwarzschild spacetime in
this paper.

B. PN expansion of the trajectory

The constants of motion, orbital frequencies, and tra-
jectory (t,r,¢) as a function of the phase ¢” can be
expanded in a formal PN parameter. In this work we use
the parameter

(23)

Other choices include, e.g., the gauge independent param-
eterx = (M. Q¢)2/ 3; however, the parameter v is convenient
when the orbit is parametrized with p and e and one can
reexpress the final result in different PN parameters. Every
order in v corresponds to one half of the PN order, that is,
the expansion to 7 orders in v next to the leading order
(NLO) corresponds to 3.5PN orders NLO.

Since the expansions of the geodesic quantities were
calculated before and are available in the literature [45],
here we present only the PN expansion of the linear-in-spin
correction of any given quantity. We write the expansion as
E=Eqg + s 0E/M and J, =J 4 + 56J,/M, where
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E(y),J (g are the geodesic expressions at fixed orbital
parameters e, v. Then it is straightforward to expand the

linear-in-spin part of energy E and angular momentum 6./,
from Egs. (32) and (33) in Ref. [59]. The results read as

(1_62)21’5 > (—3/2 2\, 2\k
SE = —fk; ) (=34 )2k, (24)
2 4
%:1_202_27+34e + 3e ”
M 8

81+ 131¢2 + 39¢* + 5
i e; I oW, (25)

SE was expanded to the order »'* which corresponds to 9
orders NLO, while 8J, was expanded to v'! (here we show
only the expansion to v° for simplicity; the full expressions
can be found in the Supplemental Material [60]).

Since the parameter of the elliptic integrals K, E, and I1
in Eqgs. (S22)~(S24) in Ref. [59] is k> ~ O(ev?), we can
expand the expression in k*. We then write the linear-in-
spin parts of the orbital frequencies in Carter-Mino time as
T =T + 5;6T/M and obtain

oY’ e2 | 9 + 8e?
_— A< A~ 6
M~ (1= )R Ll <2(1 — ) )U

9¢? 330+ 255¢% — 88e* + 9¢°\
— (48 +—- v
2 (1—e?)3?
+ O, (26)
1 2\,,2 1 4 2 4
5Y" :5(3—6 v +Z(_3e +4de* +33)v
1
g (F15¢° = 23¢* 4 357¢? + 693)0°
+ O(0%), (27)

1 1
TP = (e +3) (—5112 —1(362 +5)v*

- % (15¢* + 50¢2 + 63)05 + 0(1;8)). (28)

From the Mino time frequencies, we can calculate the
coordinate time frequencies

i
Qi - F 5 (29)
and their linear-in-spin parts
sYirt — i 5!

2 9’
(ng))

where i =r,¢. A nice special formula is that 6Q, =
—32%/2 to all orders in v for e = 0.

We expand the expressions to 9 orders in » beyond the
leading order while keeping the eccentricity dependence
exact. The results are then expanded to e'© for later
calculations. Similarly to 6J,, here we show only the
expansion to 4 orders NLO. The full expressions can be
found in the Supplemental Material [60].

By expanding the Jacobi elliptic function sn(u, k) in k*
in Eq. (10), we find the radial coordinate parametrized with
q" as a series in v and e and extract the linear-in-spin part
6r(q"). Again, due to the length of the expression, it is not
included here but can be found in the Supplemental
Material [60].

Next, we focus on At(g"), which is the oscillating part of
t=(Y"/Y")q" + At(q"). Note that the oscillating part of
¢ = (Y?/Y7)q" is zero. Since the expression for #(g") is
too long, its PN expansion is computationally expensive.
Instead, we expand the equation

dr drda dr

=— — 31
dg” didg" di " (31)

in v and e, where

dt_rzE
i f

(32)

[cf. Eq. (29) in Ref. [59]]. In this way, we obtain a Fourier
series of cos(ng”) that is trivial to integrate to obtain 7(g").
Then we extract the linear-in-spin part §Az(g"), which is
available in the Supplemental Material.

III. ADIABATIC EVOLUTION OF THE
CONSTANTS OF MOTION

The metric perturbations sourced by the spinning sec-
ondary will lead to a self-torque and a self-force, which will
drive its motion away from the motion of the spinning test
body in the Schwarzschild metric. In this section, we derive
the equations governing the leading-order secular evolution
of the spinning-secondary orbit under this perturbation.

The evolution of the secondary under self-force and self-
torque can be cast in the form of MPD equations in the
effective regularized metric g, = g,, + h,, [14,57,67,68]
(we drop the conventional “R” index on the regularized
metric perturbation 7, here for notational simplicity). As a
result, under the assumption that the spin tensor s** is
unchanged in the perturbed metric, using Eq. (3) we obtain
different definitions of the spin vector s# with respect to the
Schwarzschild metric, and §# with respect to the effective
metric. The two definitions are related as follows:

1 1
sH = §H — G(E haag'ﬂ -+ Ehaﬂuauﬂgﬂ — hMD:S\’D) . (33)
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Because the spin tensor §# is parallel transported in the
effective metric, the spin vector on the Schwarzschild
metric s# then experiences the self-torque

Ds# 1

= ——h,
dr 2 by

Nwatp, (34)

N#abp =2 greylPsrl — gy sP - g?Pup st + uuPul s, (35)

The Tulczyjew-Dixon SSC in the effective metric u#§, = 0
is conserved up to O(s?) due to the general properties of the
MPD equations in any metric. From Eq. (33) it can be seen
that § is always Of(es) close to s* without secularly
growing terms. As a result, u*s, = O(es, s?) will also
hold during evolution. Similarly, the spin magnitude with
respect to the effective metric §#5, is conserved up to
higher-order terms. The background spin magnitude
will then also be conserved up to O(se,s?) terms at
all times.

The energy and angular momentum of the spinning
secondary are generated by the Killing symmetries of the
background, so it is not surprising that their evolution
averaged over the orbital timescale balances the corre-
sponding gravitational-wave fluxes [14,57]

<<:1_f> _ _FE, <%> — _FV., (36)

In other words, to obtain the leading secular order, we do
not need to go through the computationally demanding
procedure of sourcing the full metric perturbation by the
motion of the pole-dipole particle and then regularizing it to
obtain the local equations of motion. Instead, we can use
the pole-dipole stress energy tensor of the spinning particle
evolving along the orbit described in Sec. II as a source of
curvature perturbations in the Teukolsky equation. From
these we can then compute the fluxes by reconstructing the
metric at infinity (and, starting from a certain PN order, also
at the horizon), as we will do in Sec. IV. This should allow
us to drive the evolution of the large mass ratio binary and
obtain the full spin contribution to the 1PA phase.

However, the generic bound motion of the spinning
particle has an additional degree of freedom in the form of
the direction of the spin vector s*. Specifically, it is
conceivable that the self-torque drives the spin vector
toward a more aligned, counteraligned, or orthogonal
configuration with respect to the angular momentum of
the orbit. In other words, we need to derive the evolution of
the constant s.

Using the definition of s from Eq. (8) we express the
time derivative as

l,s 1,8 l,s" .
=— - [0 37
o VR G B

S|

We now average the relation above over orbital timescales
to obtain the secular contribution to the evolution. We also
discard terms of order O(s?,€?) but keep terms of order
O(s,€s,¢€) as is consistent with the order of the scheme.

After averaging, only the parallel part of spin remains
since it can be seen from Eq. (22) that all the other
components of s# are fully oscillating on the orbital
timescale. Additionally, the third term can be written
using s:

Z st [ §Y Ky .
. vl v I
= — 1,0°). 38
) <\/zwza+ L e > (38)

The parallel part of the angular-momentum vector is
expressed as s’ﬁ = 5I*/+/1,I%, which yields
18" iy

) = s”l”lb+ 1), (39)
L1 L 1

The first and third terms above subtract. Finally, we
substitute the self-torque §# from Eq. (34) to obtain

) 1,5
N = vy
P =A\VLE
- _l <_lﬂ gbﬂ i lﬂhﬂﬁ;ﬂuﬂsp - lpha/)’;/JMQSﬂ> (40)
2 NP :

b = (ghosP — sH (g% + u”uﬂ))haﬂ. (41)

Because I* = O(e) + O(s) and b* = O(es), the first term
together with the denominator can be written as a total
derivative that does not contribute to the average.

Additionally, since s’ﬁ and /¥ are colinear, the second

and third terms cancel under the average, and we
obtain (5) =0+ O(e?, s2).

In conclusion, the leading-order adiabatic evolution of
the spinning secondary orbit will be only due to the decay
of E'and J as given by Eq. (36), and s and s/ can be treated
simply as constants for the purposes of 1PA inspirals.

This derivation holds for generic orbits in the Kerr
spacetime and extends the same result for circular orbits
in Schwarzschild spacetime in [57]. This is because [, =
Y, u” is parallel transported also along Kerr geodesics, and
thus all the derivation steps above apply without any
change also for the motion near spinning primary
black holes.

IV. GRAVITATIONAL-WAVE FLUXES
A. TeuKkolsky formalism

For the calculation of the PN expansion of GW fluxes in
the framework of black hole perturbation theory, we use a
similar approach to the one we used in Refs. [56,58,69]
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where we solved the Teukolsky equation in the frequency
domain. Because the radial motion is periodic, the strain at
infinity h = h, — ih, can be written as a sum over [/, m
multipoles and harmonic modes n and j as

2 Cfh I
h = _Z 5 Y, (0)e (1= ) Himp - (42)
Imnj wm”j
where we sum over 2</[< +o0, —[<m<I -0 <
n<-+oo,and -1 <;<1,C; - ; are the Teukolsky ampli-
tudes at infinity, @,,,,; = m€; + nQ, + j€Q,, is the frequency
of the given mode, _,Y,, (6) is the spin-weighted spherical
harmonic, (¢, r, 8, ¢) are the coordinates of the observer, and
r* =r+2Mlog(r/(2M) — 1) is the tortoise coordinate.
The orbit-averaged energy and angular momentum
fluxes to infinity can be expressed as sums over the [,
m, n, j modes in the form

|C}

?
fE _ Imnj ’ 43
IZ.4n'co2 : ( a)
mnj mnj
m|C?
Fle=y i 43b
lmznj 47ra)mn] (43b)

Because the amplitudes for j = 41 are proportional to s | =

§2— sﬁ and for j = 0 are independent of s, to linear

order in spin the fluxes are independent of s, and we can
sum only over [, m, and n with j = 0 [43,58]. Therefore, we
will write C},, = C}, o and @,,, = @,,,,0. Furthermore, as
discussed later in this section, the horizon fluxes are of
higher PN order, and we do not consider them here.

The asymptotic amplitudes can be found from the
integral over the radial phase ¢":

1 2 . R p
Cﬁnn = WlmnT’A 1;1”((] )e W (4 >dq , (44)

where I, (¢") is a certain moment of the spinning particle
source

L
Iltnn = rzz (B(t/)le;lmbn r alr )’ (45)
l//mn(qr) = a)mnAt(qr) - mA¢(qr) + nqr’ (46)

with the sum over Kinnersley tetrad legs A%, ab =
nn, nim, mm. Note that we have rearranged the expression

for 1 ;;m in Eq. (52) from [58] and introduced quantities
Lap ~diRT
Fi, =D (1)l =i, (47)

B, = A" + A4+ i(w,, B, —mB’,).  (48)

The functions Fé¢
harmonics ,Y,, through the functions fﬁ’Z defined in
Eq. (B4) in [58], and on the solution of homogeneous radial
Teukolsky equation R}, = R;,,, ~satisfying a purely out-
going boundary condition at the hOI‘lZOIl (sometimes called
the “in” solution). The quantities A’anl;d and B!, are calculated
from the dynamical stress energy tensor of the spinning
particle to the pole-dipole order as

depend on the spin-weighted spherical

Azﬂb = HuyUp,
Agb = /"stu(b}/a)dc + ﬂsc(a}’b)dcud,

Bf), = us’(4v)
with the spin coefficients

Yade = Aaﬂ pﬂﬂ/lp
In other words, the source receives contributions both from
the dipole term in the particle stress-energy computed from
the spin tensor, and the modified spinning-particle trajectory
on the level of the monopole term.

Similarly to Ref. [69], we expand the expression for C}/,
in the secondary spin 5. However, here the amplitudes and
fluxes are expanded with fixed orbital parameters p and e
as opposed to fixed orbital frequencies €2, ;. The linear-in-
spin part of the amplitude can be written as

sYt o, ,W,,..6
6CZ;M _ _<T[ + "V Imn a)mn> (2)+

Imn

(2) W;;gn)n
1 / ()
T (51—;”1 +il sm 51/’mn> lwm” dq ’
W;r%z)n’rzg) 0 : l
(49)
where
25r
+ 2 m (g)ab

Jpeab (g)ab
(B + Al 0r) A P )
(50)
S = S0 Di(g) + WISAL (51)
with
6BY, = 6A™ + A%, + i(wB', —mB”,),  (52)

SA™ = 1,1, 0, (#4228 + 2u,5u, 2L, (53)
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Then, the fluxes can be separated into the geodesic and
spin part as FEJ: = .7-" 4 5 6F5': /M to obtain

+2s
60

3 b
27wy,

Re{C¥T5C) cle
5.FE = Zwmn C{ lmn lmn} ‘ lmn WD (548.)

Imn

0m2Re{CET5CT 13|18 P50
SF/: = mn Imn Imn Imn mn
Z drwp,,

Imn

(54b)

B. PN expansion of the fluxes

The geodesic amplitude Cgmn and the linear-in-spin part

8C;, can be calculated as a PN series and series in e by
substituting the expansions of the trajectory from Sec. II B.
However, we also need a weak-field and low-velocities
expansion of the radial function R}, and Wronskian W,,,,,,.
This has been done in [35,37] where these quantities were
expanded in z = wr = O(v) and € = 2Mw = O(v?) (see
[23] for a review). Therefore, after substituting these
variables, we obtain the expansion of the function
Ry, (r(¢")) in v and e.

After the expansion in v and e, the integrals for the

geodesic part Cgmn in Eq. (44) and for the linear-in-spin

part 5C;  (49) consist of a finite Fourier series in ¢';
therefore, they are trivial to integrate. In this way, we obtain
the amplitudes with their linear-in-spin parts from which
we calculate the fluxes and their linear-in-spin parts.

In the PN approximation and after expansion in eccen-
tricity, the sums over /, m, and n in the geodesic fluxes (43)
and their linear-in-spin parts (54) are finite, since higher
terms contribute only to higher order in » and e. Unlike the

|

6FF = FR(1 -

+6f 1000 + O(v“)],

SF: = flj\f(l —e?)3? {5931)3 + 8950’ + 8gv® + Sg7v7 + Sggv® + <5gg + 6 log”(

+ 89,000 + (’)(v“)} ,

where

32 (u\?
=5 ()

geodesic parts of the /, m multipoles of the fluxes, which
start at (I —2)PN order for even / + m and at (/ — 1)PN
order for odd [+ m, the linear-in-spin parts start at
(I=1/2)PN order for both even and odd [+ m. Since
the linear-in-spin parts of the fluxes start at 1.5PN order,
which corresponds to the spin-orbit coupling, we need to
expand them to 3.5PN order NLO to obtain a 5PN
expansion. Therefore, the fluxes and their linear-in-spin
parts are summed over 2 < [ < 5 and —/ < m < [ to obtain
the geodesic fluxes in the 3.5PN order and the linear-
in-spin parts to SPN order. Because the n modes of the
fluxes ., behave as O(e?") and thanks to the symmetry
Fimn=F, > we sum over n in the range
—m < n <5" to obtain expansion to e'°.

Therefore, when the geodesic fluxes are completed to the
5PN order from, e.g., [50], we obtain the full SPN energy
and angular momentum fluxes from a spinning body
orbiting a Schwarzschild black hole up to linear order in
spin. Note that during the calculation of the linear-in-spin
part, nonzero terms appear in the 1PN position, which
cancel out, and the series then start at the 1.5PN term.
Therefore, because of the subtraction of the leading term,
the trajectory must be expanded to one order higher than is
the order of the final series. Furthermore, because the
horizon fluxes for nonspinning secondary in Schwarzschild
spacetime start at 4PN order, the linear-in-spin contribution
to the horizon fluxes starts at 5.5PN order. Thus, we do not
need to consider them here.

As discussed in [47], each PN term contains a factor with
a certain power of 1 — e%. When the fluxes are expressed
using the parameter v, this factor reads as (1 — e?)3/? for all
orders and can be factored out [45]. The resulting linear-in-
spin parts of the energy and angular-momentum fluxes
have the form

02 v 3572
)3/2[5f31) + 8f5v° + 8f6v® + f707 4+ 8f50® + <5f9+5f1g ( A v)) ’

107
(55)
3522
107; + log v))vg
(56)
s 3247

are the Newtonian fluxes, and y is the Euler—Mascheroni constant. The 5f;(e), 8g;(e) are functions of eccentricity similar to
the enhancement functions of Peters and Mathews and can be found in Appendix A.

'Modes with n = —m contribute to the fluxes with higher PN order, and we do not need to calculate them here.
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Similarly to the geodesic part, we were able to resum the
leading term 6 f5 (8g3), the 1PN and 2PN contributions 6f’s,
8f7 (89, 5g7), and the logarithmic term 5" (Sgi®") and
write them in closed form.

After expansion to e'? and factorization of (1 — €)%/, in

the functions 85, 8g3, & flgog(”), and églgog(v), some of the last
terms vanish. In particular, the series §f5 ends at %, 5g at
et éflgog(”) at ¢'%, and 5g19°g(v) at ¢%. Furthermore, after
subtracting terms proportional to V'1 — e* from &fs, 8gs,
0f7, and g7, in the remaining series, similarly, some terms
vanish. These series end at e®, %, ¢!°, and €8, respectively.
Therefore, we have not verified some of the resummations
to all orders in eccentricity, but we assume that they are true
from the similar behavior of the geodesic part [48,49].
In Figs. 1 and 2 we plot the coefficients of the PN series
of the linear-in-spin parts of the energy and angular
momentum flux. Each line shows the coefficients of the
series in e for a given PN order. The coefficients seem to
decrease with eccentricity for all PN orders, which suggests
that the truncation of the eccentricity series does not cause a

€
8
k2
@
o
o
-0 &y O fy
1 E
ofs e ofio
0.1 3
0 2 4 6 8 10
Order in eccentricity
FIG. 1. Coefficients in the PN expansion and eccentricity

expansion of the linear part of the energy flux F* from Eq. (55).

— 77—

10*

100
<
o
©
2
8 1
-@- 59 O~ 59,
0.01
605 = 6910
'1 n n n 1 n n n 1 n n n 1 n n n 1 n n n 1
0 2 4 6 8 10

Order in eccentricity

FIG. 2. Coefficients in the PN expansion and eccentricity
expansion of the linear part of the angular momentum flux
5F7< from Eq. (56).

large error. However, it may be improved by fitting and
subtracting unknown terms proportional to V1 —e? or

log(1+ V1 — e?), which we know to appear in geodesic
fluxes [48,49].

Fluxes can also be expressed using the gauge-invariant
quantity x = (MQ,)*>. Then, they can be linearized as

F(x,e,s)) = Fg(x,e) +50F|, . (x,e), (58)

where the linear-in-spin part with fixed x and e can be
obtained from the linear-in-spin part with fixed » and e as

0F 4(v,e)

5f|x,e(x7 8) = 6F|v,e(v(g)(x’ e)’ 6) + o

sv.  (59)

where vy (x, ¢) and v(x, e) can be found from Q, as an
inverse series of the series x = (M (Qfﬁg)(v(x, e),e) +
516Q4(v(x,€),€)))*3/M. The results for &v and
6F|,.(x,e) are given in the Supplemental Material.

After this transformation, the energy flux for zero
eccentricity agrees with the results of Nagar et al. [32],
where the PN expansion of energy fluxes from spinning
bodies on circular orbits of a Schwarzschild black hole was
derived.

To verify our results, we compare them with the results
of Henry and Khalil [19], where the energy and angular
momentum fluxes from eccentric spinning binaries were
calculated using the PN theory. Their results to 3PN and e®
are given as functions of x and the time eccentricity e,,
which is used in the quasi-Keplerian parametrization
described in Eq. (2.26) in [19]. Therefore, we had to
transform their fluxes to functions of x and e using a
relation between e, and e derived in Appendix B. After the
transformation, the linear parts of the energy and angular
momentum fluxes derived in [19] agree with our results up
to the 3PN order, ¢ and the first order in the mass ratio.

To further validate our results, we compare the PN series
with the fully relativistic numerically calculated linear parts
of the fluxes calculated in [69]. We calculate the relative
errors

6Fnum

- (60)

for §FF and 67+ and plot them in Fig. 3 as functions of p
for different values of the eccentricity. These plots verify
that the relative difference decreases with increasing p. For
comparison, we also plot the behavior p~ since it is the
behavior of the first neglected PN term (because the fluxes
are expanded to 3.5PN orders NLO). The relative
differences seem to decrease with a higher power of p
which is probably caused by the smaller magnitude of the
4PN NLO term compared to the 4.5PN NLO term.
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energy and angular momentum are sufficient to calculate
the evolution of p and e since s is conserved.

0-100¢ A. Analytical integration of quasicircular inspirals

To obtain a first understanding of the convergence
of the PN expansion, it is useful to examine the dynamics
analytically. This is achieved by using the PN expansion of
Schwarzschild geodesic fluxes as obtained in Refs. [50,52]
and implemented in the PostNewtonianSelfForce Mathematica
package [70] along with the spin fluxes derived here. While
it is in principle possible to analytically integrate the
dynamics at generic eccentricity, the symbolic computa-
tions become prohibitively expensive. For this reason, we
restricted ourselves to quasicircular inspirals for the ana-
lytical convergence exploration (thus essentially restricting
ourselves to the earlier flux formulas of Refs. [32,37,40];
see also Ref. [71] for a similar setup).

In that case, we can evolve the inspiral only in terms of
the PN expansion parameter v. Furthermore, we can
reparametrize the evolution with the azimuthal phase ¢

0.010

Relative difference

0.001 |

0.100 ¢

Relative difference

0.010

0.001

P
. . . % = 1 % d_E - FEQ®
FIG. 3. Relative difference between the PN expansion of the d¢ ) 3\d
. . . e=0 14 4
linear-in-spin part of the energy (top) and angular momentum

(bottom) flux §Fpy and the fully relativistic value of 6, for _do s dv
different eccentricities. The dashed lines show dependence - @ M@
O(p~*) which should be the order of the error. ®

(61)

(s)

where the relations for the fluxes, frequencies, and E(p) are

For higher p, the relative difference is dominated by the  evaluated at ¢ = 0 and receive O( s|/M) corrections as

interpolation error of the numerical fluxes. described above. For the quasicircular inspiral, one could

equivalently use the F/: flux and a J.(p) relation due to the

Ve FLUX-DRIVEN INSFIRALS identity E = J.Q? at zero eccentricity.

Once we obtained the energy and angular momentum Then, we get the equation for the evolution of the

fluxes, we can calculate the inspiral, i.e., the evolution of ~ azimuthal phase as a function of v by ¢'(v) =
the orbital parameters. As discussed in Sec. III, the fluxes of ~ (dv/d¢p)! as

SM 743 3 SH 3058673 77297 743 S” SH
O a2 4203 4_ 5 5 . 1S — 6y
3200 | 73360 7 T Tioteosa’ 672 U Tooam” TP TOTy Y

15419335x ., 3058673s) .

¢'(v)

Sl

772975 | 1541933575
_ [0 8 _ a8 [0 9 D, 9 ) 10 _ 10 , 62
1016064 © Term3re M TPV Tagg apt TR0V T Pt 0 T e Y (62)
where the @ coefficients are defined as
10817850546611 1712 32 . 3424
O = — 1 22+ 2000
6 03884313600 | 105 / Hlogv) + 3+ pslog, (63)
_ _2500489942240134443 | 9203 410 U)+9049 ) 50551 o 47385 ”
8 = T T 3600780136243200 ' 210 ¢ T8 252 "7 T g8y 05T sy OB
90036665674763 6848 64 . 13696
- _ log 1) — — 22 = 221002 ). 65
9 ”( 187768627200 105 /T logv) =5 ——gs-loe > (65)
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10270192050611 856 1712
Dy, = — I 1622 + ——"log2,
% 62580542400 35 (/T logv) #1677+ —log (66)
1417220168422461061151 6470582647 578223115 , 53992839431 5512455
D =- + (y+logv)+ n+ log2— log3. (67)

505226791983513600 110020680 12192768 220041360 87808

This relation can then be easily integrated term by term to obtain the change in ¢ between two referential values of v. We
can take the end of the inspiral to be at the innermost stable circular orbit, which is at

1 1s
VIsco = \/; +1_8% (68)

Furthermore, we want to parametrize the initial condition by a referential initial frequency where the signal enters the band,
Qy = Q?. The perturbative inversion of the relation Q,(v) yields v = Ql/ P4 sHQj)/ 3 (2M). As a result, we get the inspiral

phase as

M 3715 43 15293365 W 770966757 7,3

A — 13 _ 10 7Y A Aw .
bisco 32uw’? * 1008 0 016064 “1 T @)+ Moot + 2032128 “i
8/3 10/3 S| 5 15293365 4/3
+ A8/3(I) + A3w3 + Alo (l) :| + M 1280)12/3 |:1 + A52/3a) + 32 mwi
772971' 5/3 > 30838677[ 7/3 6/3
Mtalp 2 4 JUOIODIX O, 69
168 a)l 205 + 63504 w1 ( i ) ( )
where we have defined w; = MQf'5 as the initial frequency in units of M. The A coefficients then read as
_ 223791298249051766200631+ 377580814447 +383368458940043;z 428ny+283666058357z2
53 T 63693480602658406400v/6 | 3960744480v6° | 5407736463360 189  438939648v/6
_207r3+136763321753 o 2Jr1022397110 ,_ 5198370032377 3+516437r10 ;
27 9901861206 g 4032 ¢ 126743823360v/6 & 1728 %
38645 13
Tl . 70
+ 73 zlog(w;"”), (70)
2348611926451 1712 13 16072 3424
= - log(w;")) = —5— =" lo 71
2= 5776862720 21 ¥ Tlogl@ ) =3 0g2 (71)
2554404624135128353 9203 3., 4524572 252755 78975
= log(w!/?)) — - log2 — —"1og3, 72
83 = 5014468081745920 126 T 1og(@ ) = 2646 87T 1563 08 (72)
93098188434443 1712 13, 8072 3424
A=1l|— log(w'/* T og2|, 7
3= = 50014901760 T 21 O Hlog(@ )+ =4 (73)
A 474387630222958367413 6470582647( log(a)) 57822311572 53992830431
= - - — —
10/3 168408930661171200 110020680 ¢/ 08\ 12192768 220041360 ¢
5512455
log 3, 74
87808 O ° (74)
A 5881840409277979019197 3107138394648377z+87650862197:2 32 2,
=- - ——\/z7
$2/3 245540220903987609600  50697529344001/6 = 1975228416 81 \ 3
(112087291999 7175443968\/67)y 43923447107 o 17127 \flo 8
17823350160 17823350160 ©°~ 2835 V3 °&\3
5159694245689 743 %
T 9g3 — 1o 75
570347205120 02> ~ 56 og(@ "), (75)
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_10747149910451 _ 856
2726824089600 15

Let us now plug numbers corresponding to LISA EMRIs
into this formula to investigate its convergence (we will use
the same numbers in Sec. V C). We use a primary mass
10%M , initial frequency of the [ = 2, m = 2 mode equal to
S = ZQ?/ (2z) =1 mHz, and a secondary mass of
u = 100M, and thus € = 107*. The spin is also chosen
as s = 100M o, which corresponds to a maximally spin-
ning and aligned secondary black hole. We evaluate each
term separately and summarize the results in Table I. In
general alignment with the observations made by Burke
et al. [53] and Isoyama et al. [72] for nonspinning
secondaries, we see that even though the geodesic adiabatic
terms are far from subradian accuracy at 5PN, the spin
terms are suppressed by a mass ratio factor and have
converged well below radians in this scenario. This sup-
ports the hybrid approach which we will use for the
evolution of eccentric inspirals in the next section.

B. Evolution equations for eccentric inspirals

To evolve the orbital parameters p, e, we must first use
Eq. (36) to derive their (average) time derivatives. From the
relation between the constants of motion E and J, and the
p, e, the evolution equations can be written as

(D)=()-() o

where J is the Jacobian

0,E  0,E
J= , (78)
0,J. 0.,

which is known analytically and can be found in
Appendix C. Equation (77) can be expanded in the
secondary spin as

E
0
. - (g) J:
¢ Fle

FE E
SI( -t gqg-t (@ [ OF
+A4(J@@JJ@>(}{3 o\ sp.) ) 79
g

where we used the relation for the derivative of inverse
matrix. The geodesic energy and angular momentum

fluxes F fg’)]" can be written using the geodesic evolution
of p and e as

(v

11222 1712
+ log(w;"?)) T log 2. (76)
i 3 15
[

. . . 5E
()= (o) i b () -5 )

é e/ M\ \éy #\oF:
(80)

Note that the first term is associated with the adiabatic term
while the second term contributes only to the postadiabatic
term. Therefore, the requirements for the accuracy of the
first term are much higher than the requirements for the
accuracy of the second term. Thus, we can use the PN
expansion of the linear-in-spin parts of the energy and
angular momentum fluxes. The geodesic evolution of p and
e in the fully relativistic regime was calculated numerically
and subsequently interpolated on a grid in the p-e plane
in [69]. Therefore, the evolution equations we use in this
work read as

. pnum pnum 5FE
(- (E) il E)-2)
é e/ M €le) 5F b
(81)

where the superscript “num” means fully relativistic results,
subscript “PN”” denotes the PN expansion, and the Jacobian
and its s-derivative are fully relativistic as well because
they can contain some nontrivial behavior near the last
stable orbit. The explicit form of the matrix product J]Zgl) 6J
can be found in Appendix C.

After the evolution of p(¢) and e(z) is obtained, the
inspiral waveform from two-timescale expansion can be
calculated as

1 : .
h== A (1)Y 1y (0) e~ O 1= )50 82
r . lmn( ) lm( )e ( )

where the amplitude and phase read, respectively, as

¢t (pl0).e ()
A1) = =200 e () (83)

D, (1) = m®y(t) + n®, (1), (84)

Oglt) = [ Quglplu) e s)dn (89

C. LISA band inspirals

To verify the validity of the hybrid model (81) containing
the PN expansions, in this section we compare inspirals
calculated using this model and a fully relativistic model for
astrophysically relevant EMRIs that will be possible to
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detect with LISA. Similarly to Sec. VA, the primary mass
is chosen as M = 10°M. For this primary mass, the
frequency of the dominant mode [=m =2, n =0 in
the innermost stable circular orbit is foy = wyy/(27) =
2Q,/(27) = 4.4 mHz, which is close to the minimum
of the LISA noise curve. The mass of the secondary
and parallel spin is chosen as u=s = 100Ms.
Therefore, the mass ratio is € = 10™%, and the secondary
corresponds to a maximally spinning Kerr black hole. We
evolved the inspirals in a range where the frequency
is 2Q,/(27) > 1 mHz.

The inspirals cannot be evolved all the way to the
separatrix in our setup. This is caused by the fact that
the grid, on which we interpolated the numerical fluxes,
starts at a finite distance from the separatrix, and, also,
because some quantities linear in the secondary spin
diverge there. Therefore, we need to choose a consistent
condition to end the inspirals. In our setup, this condition
reads as

dQ,

o= 107 (86)

which corresponds to a radial inverse adiabaticity param-
eter (we draw inspiration from a similar parameter defined
in Ref. [29]). This quantity is small for adiabatic inspirals
and grows near the separatrix where the two-timescale
expansion breaks.

In this setup, we found values of p that satisfy the
condition (86) for e between 0.05 and 0.4 and evolved
the inspirals backward using the fully relativistic
model. The evolution was stopped when the condition f =
2Q, < 1 mHz was reached. Then, we used the hybrid
model (81) to evolve the inspirals from the end points of the
previous calculation. In this way, we obtained two sets of
evolutions of p and e with different models for comparison.
The results in the p-e plane are depicted in Fig. 4.

07
0.6 - -
05 - -
;
03 - -
02f ]

0.0 | | | |

FIG. 4. Adiabatic inspirals in the p-e plane. The black line
shows the separatrix p = 6 + 2e + O(s|). The two models are
indistinguishable in this plot (see Fig. 5 for phase differences).

In the next step, we used the analytic formulas for the
orbital frequencies Q, and Q to calculate the phases @,
and ®, from Eq. (85). In Fig. 5 we plot the absolute
difference between the phases calculated with the hybrid
and fully relativistic model. We can see that the phase
differences are below unity.

To calculate both the evolution of the orbital parameters
and the phases, we used the NDSolve function in
Mathematica with Adams’s method. The resulting time
series p(t), e(t), and @, ,() were then used to calculate
the waveform using the FastEMRIWaveforms (FEW) package
[61-64]. The distance of the observer was chosen as 1 Gpc,
and the viewing angle was chosen as 6 =x/3,
¢ = m/4 in the source frame. FEW calculates the waveforms

(82) with the geodesic amplitudes Cgfil): , which introduces

O(s|/M) error in the amplitudes. However, this is not an
issue, since the requirements for the accuracy of the
amplitudes are lower than the requirements for the accuracy
of the phases [73]. In Figs. 6 and 7 we show a comparison
of the waveforms calculated with the two models for two
inspirals ending at ¢ = 0.1 and e¢ = 0.3.

From the obtained waveforms we calculated the mis-
match between the fully relativistic model and the hybrid
model with PN linear-in-spin parts. Mismatch is defined
from the overlap O as

0.100 ¢

0.010¢

AD,

0.001 £

1074 E

1075 E

— 0.05 04 = 045 = 0.2

0100  —— 025 —— 0.3 — 0.35 0.4

0.010 L

AD,

0.001 ¢

1074

105 Ly ‘ ‘ ‘
0 5 10 15

t/months

FIG. 5. Absolute differences between the azimuthal (top) and
radial (bottom) phases obtained from the PN model and fully
relativistic model for different final eccentricities.
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FIG. 6. Waveforms of the + polarization of an inspiral ending
at e = 0.1 calculated with the hybrid model (blue) and with the
fully relativistic (numerical) model (yellow). The inspiral is
observed from the distance of 1 Gpc at the viewing angle
0 = /3, ¢ = n/4 in the source frame.
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FIG. 7. Waveforms of the + polarization of an inspiral ending

at e = 0.3 calculated with the hybrid model (blue) and the fully
relativistic (numerical) model (yellow). The distance and viewing
angle are the same as in Fig. 6.

M(hy, hy) =1=0(hy, hy)
— 1= <hl’h2> , (87)
<h1’h1><h27h2>

where (-, -) is the L? product. When the two waveforms are
identical, the mismatch is zero. We plot the mismatches for
different final eccentricities in Fig. 8. To test whether the
ending criterion (86) influences the mismatches, we calcu-
lated the inspirals for two ending criterion, namely
Q,/Q% =102 and 1073 and compared them in Fig. 8.
In this plot, we can see that the mismatch is consistent for
the two ending criteria and is lower than 1072 for the lower
final eccentricities.

0.050 f "
0.010 £ v
. 0005} /
i3] [
© 1
g I
£ 0.001F
E SUE -2
5x1074f =@ 1.x10
[ 1.x107°
Ve
1x107* E o
5 x 1075 El L L L L 1 L L L L 1 L L L L 1 L L L L 1‘
0.0 0.1 0.2 0.3 0.4
er
FIG. 8. Mismatches between inspirals calculated with the

hybrid model and the fully relativistic model for different final
eccentricities e;. The blue points show inspirals which end at
Q,/Q2% = 1072 while the yellow points show inspirals ending at
Q,/Q? = 1073, Small differences between these cases indicate
that the mismatches are almost independent of the ending
criterion.

VI. DISCUSSION AND OUTLOOKS

In the previous sections, we calculated the PN expan-
sions of the trajectories of spinning bodies on eccentric
orbits around Schwarzschild black holes. Then, we found
the PN expansions of the energy and angular momentum
fluxes from the aforementioned orbits. The linear-in-spin
parts of the fluxes were then used in a hybrid model, where
the subleading secondary-spin effects were analytically
approximated by using the PN series. Mismatches between
waveforms from the fully relativistic model and our hybrid
model showed that for lower eccentricities the models are
indistinguishable. This result shows that in some cases the
linear-in-spin part of the fluxes can be approximated as an
analytical PN series without the need to numerically
calculate the fully relativistic contribution.

However, we only computed the L? mismatches and did
not minimize them with respect to time shifts between the
waveforms, which could be easily improved. Nevertheless,
the insights gained by these improvements would be minor;
to accurately assess the possible biases introduced by the
hybrid model across the parameter space, a Fisher-matrix or
Markov-chain Monte Carlo analysis such as those carried
out by Burke et al. [53] and Piovano et al. [74] should be
performed with this model.

Figure 8 shows that the mismatch is greater for inspirals
with higher eccentricity. This could be improved by
expanding to higher order in eccentricity or by finding
exact (or arbitrary order in eccentricity) formulas, such as
in [48,49]. However, in Fig. 4 we can see that the inspirals
with higher eccentricity enter the LISA band in stronger
field at lower p. Therefore, expanding to higher PN order
may also improve accuracy. Nevertheless, the computations
at higher PN order increase in complexity. For example,
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modes with n = —m and higher / modes must be included
starting from 5.5PN and higher for the spin fluxes.
Additionally, the horizon fluxes will be needed as well,
since they start at 4PN for the geodesic part and at 5.5PN
for the linear-in-spin part. To extend the results to higher
PN or eccentricity order, more computational resources or
more systematic treatment of the Fourier series at each PN
eccentricity order would be needed.

Poor convergence of the PN series for higher eccen-
tricities can be caused by the fact that the secondary body
reaches a stronger field at the pericenter r, = Mp/(1 + e)
even for high p (i.e., small v). However, the convergence of
the series in v is better than the convergence of the series
in x since at fixed x the pericenter approaches zero when
e — 1 and the fluxes diverge there. This is connected to the
cancellation of the divergent factors (1 — e?)7*/? appearing
in the x series when it is reparametrized by .

Nevertheless, other nonanalytical terms of the type
(1 —€?)*2 with k > 0 systematically appear in the flux
series. The factorization of such terms on a case-to-case
basis allowed us to resum the otherwise infinite e series for
a number of terms. However, at high PN orders additional
terms with higher k appear, and the resummations con-
sequently require more and more terms in the e series to be
verified. Additionally, Figs. 1 and 2 show that the higher-
PN terms are clearly not as well converged as lower-order
terms at e'°.

On the other hand, the requirement 2Q > 10~3 Hz we
impose for the starting point of inspirals works best only for
circular or low-eccentricity inspirals; it may be too crude
for the highly eccentric cases. This is because for higher
eccentricities, higher n modes are present, thus introducing
higher-frequency harmonics into the spectrum, which then
enter the LISA band earlier than our cutoff. Thus, a more
sophisticated analysis of LISA mismatches of extended
waveforms without such simplifications is needed.

Therefore, conclusions about highly eccentric inspirals
should not be drawn from the results for quasicircular
inspirals. We see this also in Table I, where the contribution
to the phase from the last, 5PN, term is of the order of 1072,
Such a truncation error would be sufficient for LISA
waveforms, but this convergence property unfortunately
does not generalize to eccentric inspirals. We can extrapo-
late our observations using secondary spin even to the
hybrid model of Burke et al. [53], where 3PN approx-
imations of second-order fluxes and conservative self-force
were used in quasicircular inspirals of nonspinning binaries
with encouraging results (see also the earlier work of

|

5FE
FR1=&)

+ <(3f8(e) + OFEM (o) 4 550 () <7/ _

Isoyama et al. [72]). We do not expect these encouraging
results to generalize to eccentric inspirals. What is more, we
do not expect even SPN-¢'° expansions of the second-order
fluxes and conservative self-force to be sufficient for LISA
parameter estimates of highly eccentric inspirals in hybrid
models.

How could the results of this paper be further generalized
or expanded? One possibility would be to compute metric
perturbations sourced by the spinning test particle instead
of just curvature perturbations and fluxes. This was done
numerically by Mathews et al. [57] in a fully relativistic
setting, and it would be interesting to obtain PN-expanded
analytical counterparts to their work. Another possible
extension would be to calculate the PN expansion of energy
and angular momentum fluxes from generic orbits of
spinning bodies in Kerr spacetime. This could be achieved
by expanding the equations of motion obtained from the
Hamilton-Jacobi equation [66] in a PN series and solving
them order by order. We are already preparing a work in
which we solve for the fundamental frequencies of motion
of the spinning particle in Kerr in closed form and expand
them in a PN series [75] (see also [76]), but the full
trajectories pose more of a technical challenge.

Nonetheless, generic orbits of spinning test particles in
Kerr are parametrized by one additional constant of motion,
the Riidiger (Carter-like) constant K. Hence, to calculate
the inspirals, the evolution of this constant must first be
derived, similarly to the evolution of s presented here in
Sec. III. Until then, one can only evolve equatorial inspirals
as done in [69]. Another loophole possibility to drive
inspirals without the need for the evolution of Ky turns out
to be when one restricts to the inspirals of nearly spherical
orbits with e = 0; we are also working on this topic [77].
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APPENDIX A: LINEAR-IN-SPIN PARTS OF THE
PN-EXPANDED FLUXES

In this appendix, we present the results for the linear
parts of the energy and angular momentum fluxes as series
in the PN parameter v = 4/1/p and eccentricity e with
some terms expressed in closed form.

The linear part of the energy flux reads as

32— 5f3(e)v® + 6fs(e)v’ + f(e)v® + 6f7(e)v” + 5f5(e)v®

2

T 105;(11)))1;9 +8f 100" + O(v'),
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where

32 (2
f5=5<M> v

is the Newtonian flux from circular orbits and &f;(e) are functions of eccentricity which take the form

5fs — §+151e2+443e4+355e6
3T\ 4 4 16 192

2403 16435¢*  6701e*  78383¢® 108813e®  329¢!0

s =Tt 112 T o4 T 896 14336 T 512

+ O(e'?),

ofe 187 32257¢*  67141e*  9184435¢% 663581e®  1761277¢'°

_-°"_ _ _ _ _ 12
T 6 96 128 55296 110592 35389440 +0(e™),

285211  1027841¢*>  182196563¢*  187711757¢° 12275083¢8  599257¢!0

— 12
153 13 72576 145152 20024 assoag )

of7 =

Ofg 62471 1525357¢*  65526409¢*  110900285¢°  15548354173¢% 10212756310

- — _ 12
T 672 1344 * 43008 774144 49545216 117964800 Oe™),

5y _ 29174232573 799493728162 389472520471¢* 1184172237779¢5 154684204038
9= T 734927200 436590 6652800 22353408 698544
351984359281 ¢10 ;
~ 30105600 T 2)

of10 _ 86803 758931497¢>  5808116575¢*  2774132820133¢°  6683237111993¢%
216 96768 + 193536 + 83607552 * 668860416
524219611964239¢1'0 O(e'?)
1070176665600 ’

The various logarithmic terms are then given as

S = 55 10g(2) + 515V log(3) + 8155V 10g(5) + 877 Tog(7)

_ 15943 37985¢>  39804¢* 172163¢° 1088725¢* 257121
- - - -

5 log(v
f9 105 14 5 28 896 + 8960

19153 " 2438532 " 44397296¢*  3518430389¢° " 4038595503577¢%  1099970344876951¢'0
63 630 315 2268 362880 18144000
+ O(e'?),

5flog

702027e2 147191661¢* n 427378437 ¢° n 591272646381¢®  1574559880088247¢!°
140 2240 1120 573440 57344000

31138671875¢° 3 50939732421875¢8 N 56782099609375¢1°
72576 9289728 1769472

5fe*Y = +0(e"),

~56067099797765¢'°
N 5308416

sfed) +O(e™).

The term Jf5 can be resummed in eccentricity as
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1731 15399¢>  11811e* 817436  139613¢%

S5fe =
/s 112+ 112 + 224 896 14336

73 37
+6(1 —e2)3/2<1 +2462—|—96e4>, (A16)

which is consistent with the results of Henry and Khalil [19]. We managed to resum also the term Jf in the form

473 848905¢> 193342649¢*  237963833¢° B 2528937168 3 10496681¢'°

O0f7=——=
f1 648 i 1296 * 72576 - 145152 129024 258048
1781 38839¢> 21935¢*  15179¢°
1= 2\3/2 Al
+(1-e) <2gjL 1z e 448) (A17)
The angular momentum fluxes can be expressed as
sz:& (e)v + 8gs(e)v® + 8gg(e)1° + g, (e)v” + Sgs(e)v®
-7'—#(1 B e2)3/2 93 9s 96 97 g8
0 log(1) log(v) 357 9 10 1
+ | 099 + 699 () + 09y " To7 log(v) | Jv” + 6g10v™” + O(v'), (A18)
where
J 32/"2 7
P=—=— Al19
fN 5 MU ( )
is the Newtonian flux from circular orbits and the functions §g;(e) read as
19 683¢* 403¢*
63 = —————— , A20
BZTH T8 T 06 (A20)
3559 30509¢* 135161e*  1251e® 158  99¢'0
895 = - - 12 A2l
%5~ 204 T em 5376 or 3 sz O (A21)
1) 151 3671e*> 21607¢* 102199¢% 88799¢% 277790
09 _ D1 _S07%em ¢ _ ¢ 4 °_ S L OM), (A22)
z 6 24 192 13824 442368 44236800
1006711 . 2535215¢2 n 1709749¢* n 1212805¢°  795497¢% n 381490 +O(e?) (A23)
_ - e
9 18144 5184 2304 13824 18432 4096 '

ogs 100369 296213¢*  7426709¢*  620472319¢%  728183081e®  42902045527¢'°

- O(e'?), A24
o 1344 896 28672 1548288 33030144 T 2954521600 ¢ (A24)
50 _ 19353142307 258040060517¢> 39004110703¢* _ 7526116434163¢° _ 19004463748957¢*
99 = T 727941760 27941760 2540160 1117670400 5960908800
9531637105370 -
- A2
125779200 T o) (A25)
61 _ 1068677  6760111¢> | 113252009¢* | S6647762139¢° 104974004267¢*  174401161771e!”
r 3024 1344 9216 10450944 95551488 44590694400
+ O(e!?). (A26)

The various logarithmic terms are then

595" = 595%™ log(2) + 895> 10g(3) + 595 * log(5) + 595" log(7). (A27)
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) 2675  347429¢%  1090651e* 693434960 10582368
Sqelv) — : A28
90 21 T 25 T 504 T 10080 4480 (A28)
5o _ 80357 615143¢2  181175503¢*  63567501707¢° 18959825303  3138557026727¢'0 o)
= —_ —_— —_— e R
9 315 1260 2520 90720 4480 162000
(A29)
1794069¢%  21138813¢*  196801569¢° 1364878553318  1881487783393587¢'0
59190*&(3) _ e _ € € e _ ¢ +0(e'?), (A30)
560 560 1024 573440 229376000
o 14503515625¢°  877191015625¢8  503789897265625¢'°
593; 2(5) _ € _ € € 0(812), (A31)
82944 442368 49545216
log(7) _ 8289498036460823¢'° b
5 = . A32
9 2654208000 T ) (A32)
The second and fourth term in Eq. (A18) can be again resummed as
2215  33029¢> 104921e* 14018 7
8gs = - _ 1—e2)32( 14 Lle2 A
95 =204 " 672 5376 6 "o ( T3¢ ) (A33)
56743  2111585¢2 2036089¢* 1977175¢° 154951768 733 35897¢2 22156
59y = ¢ ¢ ¢ - S ] (A Rkl B O N 7))
18144 5184 2304 13824 18432 14 224 28

The linear parts of the fluxes as functions of alternate
X — e parametrization are given in the Supplemental
Material [60].

APPENDIX B: COMPARISON WITH REF. [19]

In this Appendix, we show the derivation of the trans-
formation between time eccentricity e, and Darwin eccen-
tricity e which is needed for the comparison between our
results and the results of [19].

In the quasi-Keplerian parametrization and harmonic
coordinates (ty, ry, ¢y) = (t,r — M, ¢), the orbit is given
as [19]

ry = a,(1 —e,cosu), (BI1)
Qty=u—e;sinu+ f,_,(v—u)+ f,sinv, (B2)
27 . .
6¢H = v+ ¢, sin2v + g3, sin 3v, (B3)
v l+ey u
tan~ = , tan = B4
an > [—e, an, (B4)

where a, is the semimajor axis, u is the eccentric anomaly,
@ is the total phase between two successive periastron
passages, v is the true anomaly, and f,_,, f,, 92,, and g3,
are functions given in [19].

To derive the transformation, we first find the relation
between (a,,e,) and (p,e) parametrization from the
expression for the turning points r;, and r‘ﬁz:

THi2 = ar(l :l:er) =rip,—M

=Mp/(1 Fe)—M. (BS)
The parameters a,, x = (MQ,)*3, e,, and ¢, are given
in the Supplemental Material of [19] as functions of
E=—(E—-Mc*)/u and h = L/(GMy). By inverting the
PN series to obtain £ and h, we were able to express
the time eccentricity using the Darwin eccentricity e and
the PN parameter x as

/e = (e}/eN)y +hd(e /), (B6)
2032 6(e2 =2 +2V1 = )2
Ser/e*) = >+ ( 2\3/2 :
V1-é? (I-¢)
+ O(x7/?). (B7)

The geodesic part (e7/e?),) can be found in Eq. (4.38)
of [47].

Alternatively, one can solve the equation for 7 as a
function of the eccentric anomaly « and collect all the terms
that generate e,, as was done in [51]; however, this process
is long and difficult, and we leave it for future work.
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APPENDIX C: EVOLUTION OF THE ORBITAL
PARAMETERS

In this appendix we present the formulas for the
evolution of the orbital parameters p and e used in the
hybrid model in Eq. (81). The elements of the geodesic part

(1= (P =2(p=6) + 4P, (g
peP,

0Jze = =

where we introduced the polynomials

of the inverse Jacobian P, = (p—16)> —4e?, (Co)
g1 _ (%P Orp ) Py =(p-2)% -4, (C7)
&) aEe ajze
Py=p—-3-¢°. (C8)
read as
Note that the polynomial P; vanishes at the separatrix
O — -2p3 / 2\/P5P, (€2) p = 6 4 2e; therefore the inverse Jacobian diverges there.
EP = P, ’ We can factor out some terms from the matrix product
J](‘gl)&ﬂ and express it in the form
2(p—4)°VPs
0.p = ( Pl) 2, (C3) 1
15—
: Jgdd = P PSP M, (C9)
aEe:(P—6—2€ )V PP, Ps (C4) )
eP, ’ where
J
My = —4e®p + e*(p(p(p + 8) — 36) + 96) — 4e*(p(4p*> —30p +83) —48) — (p — 6)(p — 2)(p(4p — 15) +24),
(C10)
M, = ep(—((e* —21)p?) — 8(e? + 25)p? + 4(e* + 10e? + 165)p — 768), (C11)
1-é?
My, = dep (16e®(p —3) —de*((p —4)p(p + 14) + 60) + *(p(p(p(5p — 12) — 96) + 336) — 144)
+3(p = 6)*(p —2)%). (C12)
My, = (e = 1)(4e*p — e*(p* + 16p> — 120p + 96) + 2p* — 13p> — 24p? + 228p — 288). (C13)

[1] P. Amaro-Seoane, H. Audley, S. Babak, J. Baker, E.
Barausse, P. Bender, E. Berti, P. Binetruy, M. Born, D.
Bortoluzzi, J. Camp, C. Caprini et al., Laser interferometer
space antenna, arXiv:1702.00786.

[2] M. Colpi, K. Danzmann, M. Hewitson et al., LISA
definition study report, arXiv:2402.07571.

[3] J. Luo et al., TianQin: A space-borne gravitational wave
detector, Classical Quantum Gravity 33, 035010 (2016).

[4] W.-H. Ruan, Z.-K. Guo, R.-G. Cai, and Y.-Z. Zhang, Taiji
program: Gravitational-wave sources, Int. J. Mod. Phys. A
35, 2050075 (2020).

[5] S. Babak, J. Gair, A. Sesana, E. Barausse, C. F. Sopuerta,
C.P. L. Berry, E. Berti, P. Amaro-Seoane, A. Petiteau, and
A. Klein, Science with the space-based interferometer

LISA. V. Extreme mass-ratio inspirals, Phys. Rev. D 95,
103012 (2017).

[6] L. Barack and C. Cutler, Using LISA EMRI sources to test
off-Kerr deviations in the geometry of massive black holes,
Phys. Rev. D 75, 042003 (2007).

[7] K. G. Arun et al. (LISA Collaboration), New horizons for
fundamental physics with LISA, Living Rev. Relativity 25,
4 (2022).

[8] P. A. Seoane et al. (LISA Collaboration), Astrophysics with
the Laser Interferometer Space Antenna, Living Rev.
Relativity 26, 2 (2023).

[9] LISA Consortium Waveform Working Group, Waveform
modelling for the Laser Interferometer Space Antenna,
arXiv:2311.01300.

084061-20


https://arXiv.org/abs/1702.00786
https://arXiv.org/abs/2402.07571
https://doi.org/10.1088/0264-9381/33/3/035010
https://doi.org/10.1142/S0217751X2050075X
https://doi.org/10.1142/S0217751X2050075X
https://doi.org/10.1103/PhysRevD.95.103012
https://doi.org/10.1103/PhysRevD.95.103012
https://doi.org/10.1103/PhysRevD.75.042003
https://doi.org/10.1007/s41114-022-00036-9
https://doi.org/10.1007/s41114-022-00036-9
https://doi.org/10.1007/s41114-022-00041-y
https://doi.org/10.1007/s41114-022-00041-y
https://arXiv.org/abs/2311.01300

POST-NEWTONIAN EXPANSIONS OF EXTREME MASS RATIO ...

PHYS. REV. D 110, 084061 (2024)

[10] A. Pound and B. Wardell, Black hole perturbation theory
and gravitational self-force, in Handbook of Gravitational
Wave Astronomy, edited by C. Bambi, S. Katsanevas, and
K. D. Kokkotas (Springer, Singapore, 2020), pp. 1-119.

[11] T. Hinderer and E. E. Flanagan, Two-timescale analysis of
extreme mass ratio inspirals in Kerr spacetime: Orbital
motion, Phys. Rev. D 78, 064028 (2008).

[12] Y. Mino, Perturbative approach to an orbital evolution
around a supermassive black hole, Phys. Rev. D 67,
084027 (2003).

[13] N. Sago, T. Tanaka, W. Hikida, K. Ganz, and H. Nakano,
Adiabatic evolution of orbital parameters in Kerr spacetime,
Prog. Theor. Phys. 115, 873 (2006).

[14] S. Akcay, S.R. Dolan, C. Kavanagh, J. Moxon, N.
Warburton, and B. Wardell, Dissipation in extreme mass-
ratio binaries with a spinning secondary, Phys. Rev. D 102,
064013 (2020).

[15] N. Warburton, A. Pound, B. Wardell, J. Miller, and L.
Durkan, Gravitational-wave energy flux for compact bina-
ries through second order in the mass ratio, Phys. Rev. Lett.
127, 151102 (2021).

[16] J. Miller and A. Pound, Two-timescale evolution of ex-
treme-mass-ratio inspirals: Waveform generation scheme
for quasicircular orbits in Schwarzschild spacetime, Phys.
Rev. D 103, 064048 (2021).

[17] A.M. Grant, Flux-balance laws for spinning bodies under
the gravitational self-force, arXiv:2406.10343.

[18] L. Blanchet, Gravitational radiation from post-Newtonian
sources and inspiralling compact binaries, Living Rev.
Relativity 17, 2 (2014).

[19] Q. Henry and M. Khalil, Spin effects in gravitational
waveforms and fluxes for binaries on eccentric orbits to
the third post-Newtonian order, Phys. Rev. D 108, 104016
(2023).

[20] P.C. Peters and J. Mathews, Gravitational radiation from
point masses in a Keplerian orbit, Phys. Rev. 131, 435
(1963).

[21] L. Blanchet, G. Faye, Q. Henry, F. Larrouturou, and D.
Trestini, Gravitational-wave phasing of quasicircular com-
pact binary systems to the fourth-and-a-half post-Newtonian
order, Phys. Rev. Lett. 131, 121402 (2023).

[22] Y. Mino, M. Sasaki, M. Shibata, H. Tagoshi, and T. Tanaka,
Chapter 1. Black hole perturbation, Prog. Theor. Phys.
Suppl. 128, 1 (1997).

[23] M. Sasaki and H. Tagoshi, Analytic black hole perturbation
approach to gravitational radiation, Living Rev. Relativity 6,
6 (2003).

[24] D. Bini, T. Damour, and A. Geralico, Novel approach to
binary dynamics: Application to the fifth post-Newtonian
level, Phys. Rev. Lett. 123, 231104 (2019).

[25] J. Bliimlein, A. Maier, P. Marquard, and G. Schifer, The
fifth-order post-Newtonian Hamiltonian dynamics of
two-body systems from an effective field theory approach:
Potential contributions, Nucl. Phys. B965, 115352
(2021).

[26] J. Bliimlein, A. Maier, P. Marquard, and G. Schifer,
The fifth-order post-Newtonian Hamiltonian dynamics of

two-body systems from an effective field theory approach,
Nucl. Phys. B983, 115900 (2022); B985, 115991(E) (2022).

[27] D. Bini and T. Damour, Fourth post-Minkowskian local-in-
time conservative dynamics of binary systems, Phys. Rev. D
110, 064005 (2024).

[28] A. Buonanno and T. Damour, Effective one-body approach
to general relativistic two-body dynamics, Phys. Rev. D 59,
084006 (1999).

[29] A. Albertini, A. Nagar, A. Pound, N. Warburton, B. Wardell,
L. Durkan, and J. Miller, Comparing second-order gravita-
tional self-force, numerical relativity, and effective one
body waveforms from inspiralling, quasicircular, and non-
spinning black hole binaries, Phys. Rev. D 106, 084061
(2022).

[30] M. vande Meent, A. Buonanno, D. P. Mihaylov, S. Ossokine,
L. Pompili, N. Warburton, A. Pound, B. Wardell, L. Durkan,
and J. Miller, Enhancing the SEOBNRVS5 effective-one-body
waveform model with second-order gravitational self-force
fluxes, Phys. Rev. D 108, 124038 (2023).

[31] E. Barausse and A. Buonanno, An improved effective-one-
body Hamiltonian for spinning black-hole binaries, Phys.
Rev. D 81, 084024 (2010).

[32] A. Nagar, F. Messina, C. Kavanagh, G. Lukes-
Gerakopoulos, N. Warburton, S. Bernuzzi, and E. Harms,
Factorization and resummation: A new paradigm to improve
gravitational wave amplitudes. III. The spinning test-body
terms, Phys. Rev. D 100, 104056 (2019).

[33] A. Albertini, A. Nagar, J. Mathews, and G. Lukes-
Gerakopoulos, Comparing second-order gravitational self-
force and effective-one-body waveforms from inspiralling,
quasi-circular black hole binaries with a non-spinning
primary and a spinning secondary, Phys. Rev. D 110,
044034 (2024).

[34] E. Poisson, Gravitational radiation from a particle in circular
orbit around a black hole.I. Analytical results for the
nonrotating case, Phys. Rev. D 47, 1497 (1993).

[35] H. Tagoshi and M. Sasaki, Post-Newtonian expansion of
gravitational waves from a particle in circular orbit around a
Schwarzschild black hole, Prog. Theor. Phys. 92, 745
(1994).

[36] E. Poisson and M. Sasaki, Gravitational radiation from a
particle in circular orbit around a black hole. V. Black-hole
absorption and tail corrections, Phys. Rev. D 51, 5753
(1995).

[37] T. Tanaka, H. Tagoshi, and M. Sasaki, Gravitational waves
by a particle in circular orbits around a Schwarzschild black
hole—5.5 post-Newtonian formula—, Prog. Theor. Phys.
96, 1087 (1996).

[38] M. Shibata, M. Sasaki, H. Tagoshi, and T. Tanaka, Gravi-
tational waves from a particle orbiting around a rotating
black hole: Post-Newtonian expansion, Phys. Rev. D 51,
1646 (1995).

[39] H. Tagoshi, M. Shibata, T. Tanaka, and M. Sasaki, Post-
Newtonian expansion of gravitational waves from a particle
in circular orbit around a rotating black hole: Up to O(v®)
beyond the quadrupole formula, Phys. Rev. D 54, 1439
(1996).

084061-21


https://doi.org/10.1103/PhysRevD.78.064028
https://doi.org/10.1103/PhysRevD.67.084027
https://doi.org/10.1103/PhysRevD.67.084027
https://doi.org/10.1143/PTP.115.873
https://doi.org/10.1103/PhysRevD.102.064013
https://doi.org/10.1103/PhysRevD.102.064013
https://doi.org/10.1103/PhysRevLett.127.151102
https://doi.org/10.1103/PhysRevLett.127.151102
https://doi.org/10.1103/PhysRevD.103.064048
https://doi.org/10.1103/PhysRevD.103.064048
https://arXiv.org/abs/2406.10343
https://doi.org/10.12942/lrr-2014-2
https://doi.org/10.12942/lrr-2014-2
https://doi.org/10.1103/PhysRevD.108.104016
https://doi.org/10.1103/PhysRevD.108.104016
https://doi.org/10.1103/PhysRev.131.435
https://doi.org/10.1103/PhysRev.131.435
https://doi.org/10.1103/PhysRevLett.131.121402
https://doi.org/10.1143/PTPS.128.1
https://doi.org/10.1143/PTPS.128.1
https://doi.org/10.12942/lrr-2003-6
https://doi.org/10.12942/lrr-2003-6
https://doi.org/10.1103/PhysRevLett.123.231104
https://doi.org/10.1016/j.nuclphysb.2021.115352
https://doi.org/10.1016/j.nuclphysb.2021.115352
https://doi.org/10.1016/j.nuclphysb.2022.115900
https://doi.org/10.1016/j.nuclphysb.2022.115991
https://doi.org/10.1103/PhysRevD.110.064005
https://doi.org/10.1103/PhysRevD.110.064005
https://doi.org/10.1103/PhysRevD.59.084006
https://doi.org/10.1103/PhysRevD.59.084006
https://doi.org/10.1103/PhysRevD.106.084061
https://doi.org/10.1103/PhysRevD.106.084061
https://doi.org/10.1103/PhysRevD.108.124038
https://doi.org/10.1103/PhysRevD.81.084024
https://doi.org/10.1103/PhysRevD.81.084024
https://doi.org/10.1103/PhysRevD.100.104056
https://doi.org/10.1103/PhysRevD.110.044034
https://doi.org/10.1103/PhysRevD.110.044034
https://doi.org/10.1103/PhysRevD.47.1497
https://doi.org/10.1143/ptp/92.4.745
https://doi.org/10.1143/ptp/92.4.745
https://doi.org/10.1103/PhysRevD.51.5753
https://doi.org/10.1103/PhysRevD.51.5753
https://doi.org/10.1143/PTP.96.1087
https://doi.org/10.1143/PTP.96.1087
https://doi.org/10.1103/PhysRevD.51.1646
https://doi.org/10.1103/PhysRevD.51.1646
https://doi.org/10.1103/PhysRevD.54.1439
https://doi.org/10.1103/PhysRevD.54.1439

VIKTOR SKOUPY and VOJTECH WITZANY

PHYS. REV. D 110, 084061 (2024)

[40] H. Tagoshi, S. Mano, and E. Takasugi, Post-Newtonian
expansion of gravitational waves from a particle in circular
orbits around a rotating black hole: Effects of black hole
absorption, Prog. Theor. Phys. 98, 829 (1997).

[41] R. Fujita, Gravitational waves from a particle in circular
orbits around a Schwarzschild black hole to the 22nd post-
Newtonian order, Prog. Theor. Phys. 128, 971 (2012).

[42] R. Fujita, Gravitational waves from a particle in circular
orbits around a rotating black hole to the 11th post-
Newtonian order, Prog. Theor. Exp. Phys. 2015, 033E01
(2015).

[43] T. Tanaka, Y. Mino, M. Sasaki, and M. Shibata, Gravita-
tional waves from a spinning particle in circular orbits
around a rotating black hole, Phys. Rev. D 54, 3762 (1996).

[44] K. Ganz, W. Hikida, H. Nakano, N. Sago, and T. Tanaka,
Adiabatic evolution of three ‘Constants’ of motion for
greatly inclined orbits in Kerr spacetime, Prog. Theor. Phys.
117, 1041 (2007).

[45] N. Sago and R. Fujita, Calculation of radiation reaction
effect on orbital parameters in Kerr spacetime, Prog. Theor.
Exp. Phys. 2015, 073E03 (2015).

[46] S. Isoyama, R. Fujita, A. J. K. Chua, H. Nakano, A. Pound,
and N. Sago, Adiabatic waveforms from extreme-mass-ratio
inspirals: An analytical approach, Phys. Rev. Lett. 128,
231101 (2022).

[47] E. Forseth, C.R. Evans, and S. Hopper, Eccentric-orbit
extreme-mass-ratio inspiral gravitational wave energy
fluxes to 7PN order, Phys. Rev. D 93, 064058 (2016).

[48] C. Munna and C. R. Evans, Eccentric-orbit extreme-mass-
ratio-inspiral radiation: Analytic forms of leading-logarithm
and subleading-logarithm flux terms at high PN orders,
Phys. Rev. D 100, 104060 (2019).

[49] C. Munna and C. R. Evans, Eccentric-orbit extreme-mass-
ratio-inspiral radiation. II. 1PN correction to leading-
logarithm and subleading-logarithm flux sequences and
the entire perturbative 4PN flux, Phys. Rev. D 102,
104006 (2020).

[50] C. Munna, C.R. Evans, S. Hopper, and E. Forseth,
Determination of new coefficients in the angular momentum
and energy fluxes at infinity to 9PN order for eccentric
Schwarzschild extreme-mass-ratio inspirals using mode-by-
mode fitting, Phys. Rev. D 102, 024047 (2020).

[51] C. Munna, Analytic post-Newtonian expansion of the
energy and angular momentum radiated to infinity by
eccentric-orbit nonspinning extreme-mass-ratio inspirals
to the 19th order, Phys. Rev. D 102, 124001 (2020).

[52] C. Munna, C.R. Evans, and E. Forseth, Tidal heating and
torquing of the primary black hole in eccentric-orbit, non-
spinning, extreme-mass-ratio inspirals to 22PN order, Phys.
Rev. D 108, 044039 (2023).

[53] O. Burke, G. A. Piovano, N. Warburton, P. Lynch, L. Speri,
C. Kavanagh, B. Wardell, A. Pound, L. Durkan, and J.
Miller, Accuracy requirements: Assessing the importance of
first post-adiabatic terms for small-mass-ratio binaries,
Phys. Rev. D 109, 124048 (2024).

[54] E. Harms, G. Lukes-Gerakopoulos, S. Bernuzzi, and A.
Nagar, Spinning test body orbiting around a Schwarzschild
black hole: Circular dynamics and gravitational-wave
fluxes, Phys. Rev. D 94, 104010 (2016).

[55] G. Lukes-Gerakopoulos, E. Harms, S. Bernuzzi, and A.
Nagar, Spinning test-body orbiting around a Kerr black
hole: Circular dynamics and gravitational-wave fluxes,
Phys. Rev. D 96, 064051 (2017).

[56] V. Skoupy and G. Lukes-Gerakopoulos, Spinning test body
orbiting around a Kerr black hole: Eccentric equatorial
orbits and their asymptotic gravitational-wave fluxes, Phys.
Rev. D 103, 104045 (2021).

[57] J. Mathews, A. Pound, and B. Wardell, Self-force calcu-
lations with a spinning secondary, Phys. Rev. D 105,
084031 (2022).

[58] V. Skoupy, G. Lukes-Gerakopoulos, L. V. Drummond, and
S. A. Hughes, Asymptotic gravitational-wave fluxes from a
spinning test body on generic orbits around a Kerr black
hole, Phys. Rev. D 108, 044041 (2023).

[59] V. Witzany and G. A. Piovano, Analytic solutions for the
motion of spinning particles near spherically symmetric
black holes and exotic compact objects, Phys. Rev. Lett.
132, 171401 (2024).

[60] See Supplemental Material at http://link.aps.org/
supplemental/10.1103/PhysRevD.110.084061 for a Mathe-
matica notebook containing the PN expansions of the
trajectory and the gravitational-wave fluxes.

[61] M. L. Katz, A.J. K. Chua, L. Speri, N. Warburton, and S. A.
Hughes, Fast extreme-mass-ratio-inspiral waveforms: New
tools for millihertz gravitational-wave data analysis, Phys.
Rev. D 104, 064047 (2021).

[62] A.J. K. Chua, M. L. Katz, N. Warburton, and S. A. Hughes,
Rapid generation of fully relativistic extreme-mass-ratio-
inspiral waveform templates for LISA data analysis, Phys.
Rev. Lett. 126, 051102 (2021).

[63] M. L. Katz, A.J. K. Chua, N. Warburton, and S. A. Hughes,
BlackHolePerturbationToolkit/FastEMRIWaveforms: Offi-
cial Release (2020), 10.5281/zenodo.8190418.

[64] A.J. Chua, C.R. Galley, and M. Vallisneri, Reduced-order
modeling with artificial neurons for gravitational-wave
inference, Phys. Rev. Lett. 122, 211101 (2019).

[65] R. Rudiger, Conserved quantities of spinning test
particles in general relativity. I, Proc. R. Soc. A 375, 185
(1981).

[66] V. Witzany, J. Steinhoff, and G. Lukes-Gerakopoulos,
Hamiltonians and canonical coordinates for spinning par-
ticles in curved space-time, Classical Quantum Gravity 36,
075003 (2019).

[67] S.L. Detweiler and B. F. Whiting, Self-force via a Green’s
function decomposition, Phys. Rev. D 67, 024025
(2003).

[68] A.I. Harte, Mechanics of extended masses in general
relativity, Classical Quantum Gravity 29, 055012 (2012).

[69] V. Skoupy and G. Lukes-Gerakopoulos, Adiabatic equato-
rial inspirals of a spinning body into a Kerr black hole, Phys.
Rev. D 105, 084033 (2022).

[70] N. Warburton, B. Wardell, C. Munna, and C. Kavanagh,
Post-Newtonian  self-force  (2023), 10.5281/zenodo.
8112959.

[71] N. Loutrel, S. Mukherjee, A. Maselli, and P. Pani, Analyti-
cal model of precessing binaries using post-Newtonian
theory in the extreme mass-ratio limit I: General formalism,
Phys. Rev. D 110, 024006 (2024).

084061-22


https://doi.org/10.1143/PTP.98.829
https://doi.org/10.1143/PTP.128.971
https://doi.org/10.1093/ptep/ptv012
https://doi.org/10.1093/ptep/ptv012
https://doi.org/10.1103/PhysRevD.54.3762
https://doi.org/10.1143/PTP.117.1041
https://doi.org/10.1143/PTP.117.1041
https://doi.org/10.1093/ptep/ptv092
https://doi.org/10.1093/ptep/ptv092
https://doi.org/10.1103/PhysRevLett.128.231101
https://doi.org/10.1103/PhysRevLett.128.231101
https://doi.org/10.1103/PhysRevD.93.064058
https://doi.org/10.1103/PhysRevD.100.104060
https://doi.org/10.1103/PhysRevD.102.104006
https://doi.org/10.1103/PhysRevD.102.104006
https://doi.org/10.1103/PhysRevD.102.024047
https://doi.org/10.1103/PhysRevD.102.124001
https://doi.org/10.1103/PhysRevD.108.044039
https://doi.org/10.1103/PhysRevD.108.044039
https://doi.org/10.1103/PhysRevD.109.124048
https://doi.org/10.1103/PhysRevD.94.104010
https://doi.org/10.1103/PhysRevD.96.064051
https://doi.org/10.1103/PhysRevD.103.104045
https://doi.org/10.1103/PhysRevD.103.104045
https://doi.org/10.1103/PhysRevD.105.084031
https://doi.org/10.1103/PhysRevD.105.084031
https://doi.org/10.1103/PhysRevD.108.044041
https://doi.org/10.1103/PhysRevLett.132.171401
https://doi.org/10.1103/PhysRevLett.132.171401
http://link.aps.org/supplemental/10.1103/PhysRevD.110.084061
http://link.aps.org/supplemental/10.1103/PhysRevD.110.084061
http://link.aps.org/supplemental/10.1103/PhysRevD.110.084061
http://link.aps.org/supplemental/10.1103/PhysRevD.110.084061
http://link.aps.org/supplemental/10.1103/PhysRevD.110.084061
http://link.aps.org/supplemental/10.1103/PhysRevD.110.084061
http://link.aps.org/supplemental/10.1103/PhysRevD.110.084061
https://doi.org/10.1103/PhysRevD.104.064047
https://doi.org/10.1103/PhysRevD.104.064047
https://doi.org/10.1103/PhysRevLett.126.051102
https://doi.org/10.1103/PhysRevLett.126.051102
https://doi.org/10.5281/zenodo.8190418
https://doi.org/10.1103/PhysRevLett.122.211101
https://doi.org/10.1098/rspa.1981.0046
https://doi.org/10.1098/rspa.1981.0046
https://doi.org/10.1088/1361-6382/ab002f
https://doi.org/10.1088/1361-6382/ab002f
https://doi.org/10.1103/PhysRevD.67.024025
https://doi.org/10.1103/PhysRevD.67.024025
https://doi.org/10.1088/0264-9381/29/5/055012
https://doi.org/10.1103/PhysRevD.105.084033
https://doi.org/10.1103/PhysRevD.105.084033
https://doi.org/10.5281/zenodo.8112959
https://doi.org/10.5281/zenodo.8112959
https://doi.org/10.1103/PhysRevD.110.024006

POST-NEWTONIAN EXPANSIONS OF EXTREME MASS RATIO ... PHYS. REV. D 110, 084061 (2024)

[72] S. Isoyama, R. Fujita, N. Sago, H. Tagoshi, and T. Tanaka, [75] V. Skoupy, L. Stein, S. Tanay, and V. Witzany,

Impact of the second-order self-forces on the dephasing of Actions of spinning compact binaries: Spinning particle in
the gravitational waves from quasicircular extreme mass- Kerr matched to dynamics at 1.5 post-Newtonian order (to be
ratio inspirals, Phys. Rev. D 87, 024010 (2013). published).

[73] L. Lindblom, B.J. Owen, and D. A. Brown, Model wave- [76] R. Gonzo and C. Shi, Scattering and bound observables for
form accuracy standards for gravitational wave data analy- spinning particles in Kerr spacetime with generic spin
sis, Phys. Rev. D 78, 124020 (2008). orientations, arXiv:2405.09687.

[74] G. A. Piovano, R. Brito, A. Maselli, and P. Pani, Assessing [77] V. Skoupy, G. Piovano, and V. Witzany, Adiabatic spherical
the detectability of the secondary spin in extreme mass-ratio inspirals of a spinning body into a Kerr black hole (to be
inspirals with fully relativistic numerical waveforms, Phys. published).

Rev. D 104, 124019 (2021).

084061-23


https://doi.org/10.1103/PhysRevD.87.024010
https://doi.org/10.1103/PhysRevD.78.124020
https://doi.org/10.1103/PhysRevD.104.124019
https://doi.org/10.1103/PhysRevD.104.124019
https://arXiv.org/abs/2405.09687

