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Rapidly rotating bodies moving in curved space-time experience the so-called spin-curvature force,
which becomes important for the motion of compact objects in gravitational-wave inspirals. As a first
approximation, this effect is captured in the motion of a spinning test particle. We solve the equations
motion of a spinning particle to leading order in spin in arbitrary static and spherically symmetric space-
times in terms of one-dimensional closed-form integrals. This solves the problem and proves its
integrability in a wide range of modified gravities and near exotic compact objects. Then, by specializing
to the case of bound orbits in Schwarzschild space-time, we demonstrate how to express the solution in the
form of Jacobi elliptic functions.
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Introduction.—After a track record of spectacular suc-
cesses in their first three observing runs [1–3], in May 2023
the LIGO and Virgo instruments were joined for the first
time by the Japanese detector KAGRA to start the fourth run
of observing coalescing compact objects through gravita-
tional waves [4]. The so-called LVK Collaboration is
expected to detect more events in this run than have been
amassed to date. Next-generation detectors on Earth and in
space promise to multiply the sensitivity and reach of the
detectors even further [5,6]. As the number of events grow,
we will observe binaries with different mass ranges, mass
ratios, and dynamical setups and, consequently,wewill need
a more faithful and complete picture of the two-body
dynamics in order to detect and interpret these signals
correctly.
In particular, the space-based observatory Laser Interfero-

meter Space Antenna (LISA) will detect inspirals of stellar-
mass compact objects (henceforth dubbed as secondary)
onto supermassive black holes [7]. This will allow us to
accurately test whether the supermassive objects in the
centers of galaxies are truly black holes or perhaps some
exotic compact objects, or whether their gravitational field
is described by Einstein gravity [8]. These so-called
extreme-mass-ratio inspirals (EMRIs) are best modeled in
a mass-ratio expansion [9]. At leading order, the two-body
dynamics is approximated by the adiabatic inspiral of a test
particle in the space-time of the massive compact object,
where the inspiral is driven by fluxes sourced by the
secondary [10,11]. Subleading corrections to the motion
are collectively called post-1-adiabatic and include the
effects of second order in themass-ratio fluxes, conservative
self-force, and the spin of the smaller companion [12–14].
Post-1-adiabatic corrections are fundamental to model
waveforms suited for data analysis for LISA [7,15], and

the spin of the secondary plays a crucial role [16–18]. The
effects of the latter are fully captured by the motion of a
spinning test particle in the space-time of the massive
compact object (computed to linear order to spin) and the
outgoing gravitational-wave flux it sources [19–27]. Here
we present an analytical solution of this motion near
spherically symmetric compact objects in terms of quad-
ratures. In particular, our analysis implies that the spinning
particle motion is integrable at linear order in spin in any
static, spherically symmetric space-time.We then specialize
to Schwarzschild space-time and reexpress the solution in
terms of Jacobi elliptic integrals. Even though a number of
works have treated this and similar topics previously (see,
e.g., Refs. [27–32]), this is the first time an analytic, closed-
form solution of generic bound motion of a spinning test
particle in Schwarzschild space-time is presented.
We use theG¼c¼1 geometrized units and the ð−þþþÞ

signature of the metric. Greek indices label coordinate
components.TheRiemann tensor is definedbyaν;κλ − aν;λκ≡
Rμ
νκλaμ, where “;” denotes the covariant derivative andaμ is an

arbitrary form.
Spinning particle.—The motion of a spinning particle is

given by the equations of motion [33–35]

DPμ

dτ
¼ −

1

2
Rμ
νκλẋ

νSκλ; ð1Þ

DSμν

dτ
¼ Pμẋν − Pνẋμ; ð2Þ

where Pμ and ẋν are the 4-momentum and tangent vector to
the worldline of the spinning test particle, while Sμν ¼ −Sνμ
is the spin tensor. We are only interested in the dynamics to
linear order in spin Sμν and, unless specified, all formulas
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are to be assumed at most OðSÞ accurate. This is justified
by considering a comparably light compact object in the
field of a heavy black hole, since the truncated terms can be
shown to scale as higher order in the mass ratio, as
discussed in Supplemental Material [36]. We fix the
relation of the centroid xμðτÞ and the momentum Pμ

by the Tulczyjew-Dixon supplemental spin condition
SμνPν ¼ 0, to obtain Pμ ¼ mẋμ þOðS2Þ where m is the
particle mass [35,47,48]. The spin tensor can then be
expressed as Sμν ¼ mεμνκλẋκsλ=2, where sμ is the specific
spin vector and εμνκλ is the Levi-Civita pseudotensor. The
equations then reduce to

D2xμ

dτ2
¼ −

1

4
Rμ
νγδε

γδ
κλẋ

νẋκsλ; ð3Þ

Dsλ

dτ
¼ 0: ð4Þ

Motion in static, spherically symmetric metric.—A gen-
eral static, spherically symmetric space-time metric can be
locally expressed in the form

ds2 ¼ −fðrÞdt2 þ hðrÞdr2 þ r2ðdθ2 þ sin θ2dϕ2Þ: ð5Þ

The Schwarzschild metric is contained within this class by
setting fðrÞ, hðrÞ to fðrÞ ¼ 1=hðrÞ ¼ 1 − 2M=r. The
Killing vectors of this metric are generators of time trans-
lations and rotations around the x, y, and z axes,

ξðtÞ ¼
∂

∂t
; ð6Þ

ξðxÞ ¼ − sinϕ
∂

∂θ
− cosϕ cot θ

∂

∂ϕ
; ð7Þ

ξðyÞ ¼ cosϕ
∂

∂θ
− sinϕ cot θ

∂

∂ϕ
; ð8Þ

ξðzÞ ¼
∂

∂ϕ
: ð9Þ

Dixon [49] showed that for any Killing vector the
spinning particle motion has a constant of the form
CðξÞ ¼ Pμξμ − ξρ;σSρσ=2. In this case, the Killing vectors
correspond to a conserved specific spin-orbital energy and
a formal angular momentum vector (we normalize each
CðξÞ by m),

E ¼ −fṫþ r2 sin θf0sϕθ̇ − sθϕ̇
2

ffiffiffiffiffiffi
fh

p ; ð10Þ

J x ¼ −r2ðsinϕθ̇ þ cosϕ cos θ sin θϕ̇Þ

þ
ffiffiffi
f
h

r �
sin θ cosϕhðstṙ − srṫÞ

þ r sinϕ sin θðsϕ ṫ − stϕ̇Þ
þ r cosϕ cos θðstθ̇ − sθ ṫÞ�; ð11Þ

J y ¼ r2ðcosϕθ̇ − sinϕ cos θ sin θϕ̇Þ

þ
ffiffiffi
f
h

r �
sin θ sinϕhðstṙ − srṫÞ

þ r cosϕ sin θðstϕ̇ − sϕ ṫÞ
þ r sinϕ cos θðstθ̇ − sθ ṫÞ�; ð12Þ

J z ¼ r2sin2θϕ̇

þ
ffiffiffi
f
h

r �
cos θhðstṙ − srṫÞ

þ r sin θðsθ ṫ − stθ̇Þ�: ð13Þ

The linearization in spin means that these integrals of
motion are conserved up to Oðs2Þ. Another integral of
motion is obtained by noticing that the following vector is
parallel transported along geodesics in general spherically
symmetric static space-times,

l ¼ rθ̇
sin θ

∂

∂ϕ
− r sin θϕ̇

∂

∂θ
; ð14Þ

and for spinning particles Dlμ=dτ ¼ OðsÞ. As a result, the
aligned component of the spin vector is an approximate
constant of motion,

sk ≡ lμsμffiffiffiffiffiffiffi
lνlν

p ;
dsk
dτ

¼ 0þOðs2Þ: ð15Þ

Angular momentum aligned coordinates.—For general
initial conditions, the formal angular-momentum vector

J⃗ ¼ ðJ x;J y;J zÞ keeps pointing into a constant direction.
Additionally, the orbital plane is always almost orthogonal
to this vector up toOðsÞ corrections. Hence, without loss of
generality, we can rotate into a new coordinate system
θ;ϕ → ϑ;φ such that its axis of φ rotation (ϑ ¼ 0; π) points

in the direction of J⃗ . When defined with respect to this new

system, we obtain J 0
x¼J 0

y¼0, J 0
z¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J 2

xþJ 2
yþJ 2

z

q
≡J ,

and the position of the particlewill fulfil ϑðτÞ¼π=2þδϑðτÞ,
where
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δϑ ¼
ffiffiffiffiffiffi
fh

p ðsrṫ − stṙÞ
r2φ̇

þOðs2Þ: ð16Þ

In other words, the ϑmotion of the particle is automatically
expressed in terms of the other variables. This transforma-
tion was already implicitly used in the numerical studies of
Refs. [29,50], even though the authors did not realize it also
allows one to analytically solve for the ϑ degree of freedom
at OðsÞ. More details of the computation can be found in
Supplemental Material [36].
The equations of motion for the other orbital variables

rðτÞ, tðτÞ, and φðτÞ can now be expressed in first-order
form up to Oðs2Þ,

ṙ2 ¼ 1

h

�
−1þ E2

f
−
J 2

r2

�
þ skEJ ð2f − rf0Þ

ðfhÞ3=2r2 ; ð17Þ

ṫ ¼ E
f
þ skJ f0

2fr
ffiffiffiffiffiffi
fh

p ; ð18Þ

φ̇ ¼ J
r2

þ skE
r2

ffiffiffiffiffiffi
fh

p : ð19Þ

Solving parallel transport.—As for the spin degree of
freedom, we need to solve the parallel transport equation at
leading (geodesic) order. To do so, we construct a parallel-
transported tetrad eμðAÞ, A ¼ 0;…; 3 inspired byMarck [51].
We start with the zeroth and third leg (component order
t; r;φ; ϑ),

eμð0Þ ¼ ðE=f; ṙ;J =r2; 0Þ; ð20Þ

eμð3Þ ¼
�
0; 0; 0;−

1

r

�
; ð21Þ

where ṙ is given by Eq. (17). Note that the full expression
for ṙ including OðsÞ corrections avoids singularities in the
definition of the tetrad at radial turning points. Now the first
and second legs are given as eμð1Þ ¼ cosψ ẽμð1Þ þ sinψ ẽμð2Þ
and eμð2Þ ¼ − sinψ ẽμð1Þ þ cosψ ẽμð2Þ, where

ẽμð1Þ ¼
�

ṙr
ffiffiffi
h

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðJ 2 þ r2Þ

p ;
Erffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

fhðJ 2 þ r2Þ
p ; 0; 0

�
; ð22Þ

ẽμð2Þ ¼
�

EJ

f
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J 2 þ r2

p ;
J ṙ
r

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J 2 þ r2

p
r2

; 0

�
; ð23Þ

and the precession angle ψðτÞ is obtained by integrating

ψ̇ ¼ EJ
J 2 þ r2

: ð24Þ

The components of the spin with respect to the parallel-
transported tetrad eμðAÞ are constant at leading order.

Additionally, since the spin magnitude s≡ ffiffiffiffiffiffiffiffiffi
sμsμ

p
is

conserved and sμe
μ
ð3Þ ¼ sk þOðs2Þ, the solution for the

evolution of the spin vector can be expressed as

st ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 − s2k

fðJ 2 þ r2Þ

s �
EJ cosψffiffiffi

f
p þ ṙr sinψ

�
; ð25aÞ

sr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 − s2k

q �
J ṙ cosψ

r
þ Er sinψffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

fhðJ 2 þ r2Þ
p �

; ð25bÞ

sφ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðs2 − s2kÞðJ 2 þ r2Þ

q
cosψ

r2
; ð25cÞ

sϑ ¼ −
sk
r
: ð25dÞ

One can now also reexpress δϑ from Eq. (16) as

δϑ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðs2 − s2kÞðJ 2 þ r2Þ

q
sinψ

J r
: ð26Þ

Solution by quadrature.—The motion of the spinning
test particle in any static, spherically symmetric metric is
solved by quadrature as follows. First, one integrates

τðrÞ − τðr0Þ ¼ �
Z

r

r0

dr0ffiffiffiffiffiffiffiffiffiffiffi
Rðr0Þp ; ð27Þ

RðrÞ≡ 1

h

�
−1þ E2

f
−
J 2

r2

�
þ skEJ ð2f − rf0Þ

ðfhÞ3=2r2 ð28Þ

and inverts this relation to obtain rðτÞ. This is then
substituted into the r-parametrized solutions

tðrÞ − tðr0Þ ¼ �
Z

r

r0

dr0ffiffiffiffiffiffiffiffiffiffiffi
Rðr0Þp �

E
f
þ skJ f0

2fr0
ffiffiffiffiffiffi
fh

p
�
; ð29Þ

φðrÞ − φðr0Þ ¼ �
Z

r

r0

dr0ffiffiffiffiffiffiffiffiffiffiffi
Rðr0Þp �

J
r02

þ skE
r02

ffiffiffiffiffiffi
fh

p
�
; ð30Þ

ψðrÞ − ψðr0Þ ¼ �
Z

r

r0

dr0ffiffiffiffiffiffiffiffiffiffiffi
Rðr0Þp �

EJ
J 2 þ r02

�
: ð31Þ

The aligned coordinate position ϑ ¼ π=2þ δϑ and the spin
components sμ are then obtained by substituting the
solutions for rðτÞ and ψðτÞ into Eqs. (25) and (26).
Schwarzschild space-time.—Let us demonstrate how to

use this solution near a Schwarzschild black hole by setting
f ¼ 1=h ¼ 1–2M=r. We focus on bound motion between
radial turning points r1 > r2 which are real roots of RðrÞ.
Following Darwin’s treatment of geodesics [52], we para-
metrize the motion by eccentricity e and semilatus rectum
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p such that r1 ¼ p=ð1 − eÞ, r2 ¼ p=ð1þ eÞ. The relation
between energy, angular momentum, and the orbital
elements e, p is obtained by inserting the geodesic relations
from Darwin into the equation RðrÞ ¼ 0 and computing
the spin corrections

E2¼ðp−2MÞ2−4M2e2

p½p−Mð3þe2Þ�

þsk
ðe2−1Þ2M

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Mp½p2−4Mp−4M2ðe2−1Þ�

p
p2½p−Mð3þe2Þ�2 ; ð32Þ

J 2¼ Mp2

p−Mð3þe2Þ

−sk
½2p−3Mð3þe2Þ�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Mp½p2−4Mp−4M2ðe2−1Þ�

p
½p−Mð3þe2Þ�2 :

ð33Þ
Interestingly, these shifts exactly agree with those for
a particle with spin fully aligned with orbital angular
momentum when sk ¼ s (cf. Refs. [53,54]). The bound
motion exists for e∈ ½0; 1Þ and p∈ ðpcðeÞ;∞Þ, where the
last stable orbits pcðeÞ are determined by the vanishing of
the Jacobian of the transform in Eqs. (32) and (33), which
yields (cf. the geodesic case in Ref. [55])

pc ¼ ð6þ 2eÞM þ 2sk

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ eÞ
3þ e

r
: ð34Þ

This generalizes the results for innermost stable circular
orbits of particleswith aligned spin fromRefs. [29,30,56,57]
to fully generic motion. The function RðrÞ can now be
reexpressed as

R ¼ 1 − E2

r4
ðr1 − rÞðr − r2Þðr − r3Þðr − r4Þ; ð35Þ

r1 > r2 > r3 > r4; r1;2 ¼
p

1 ∓ e
; r4 ¼ 0; ð36Þ

r3¼
2Mp
p−4M

þ2sk
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Mp½p2−4Mpþ4M2ð1−e2Þ�

p
ðp−4MÞ2 : ð37Þ

Expression as Jacobi elliptic integrals.—In Schwarzschild
space-time, the most elegant parametrization of the
motion is through Carter-Mino time [58,59] λ, dτ=dλ ¼ r2

so that

λðrÞ − λðr2Þ ¼
Z

r

r2

dr0ffiffiffiffiffiffiffiffiffi
RðrÞp

¼ 2Fðχ; kÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − E2Þðr1 − r3Þr2

p ; ð38Þ

sin χ ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr1 − r3Þðr − r2Þ
ðr1 − r2Þðr − r3Þ

s
; ð39Þ

k2 ¼ ðr1 − r2Þr3
ðr1 − r3Þr2

; ð40Þ

RðrÞ≡ ð1 − E2Þðr1 − rÞðr − r2Þðr − r3Þr; ð41Þ
where Fðχ; kÞ is the elliptic integral of the first kind. All
elliptic integrals F, K, E, Π and their inverses am, sn, cn
will be defined in the angle-modulus convention of Byrd
and Friedman [60] (see also Supplemental Material [36]).
The λðrÞ function can be inverted by the same arguments as
given by Van de Meent [61] for corresponding formulas for
Kerr geodesics to yield

rðλÞ ¼
r3ðr1 − r2Þsn2

	
KðkÞ
π qr; k



− r2ðr1 − r3Þ

ðr1 − r2Þsn2
	
KðkÞ
π qr; k



− ðr1 − r3Þ

; ð42Þ

qr ≡ϒrλþ qr0; ð43Þ

ϒr ≡ π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − E2Þðr1 − r3Þr2

p
2KðkÞ ; ð44Þ

where KðkÞ is the complete elliptic integral of the first kind
and qr0 is an integration constant determined by initial
conditions. Again, following closely the notation and appro-
ach of Ref. [61], we express the other orbital variables as

tðλÞ ¼ qt þ T̃r

�
am

�
qr

π
KðkÞ; k

��
−
T̃rðπÞ
2π

qr; ð45Þ

φðλÞ ¼ qφ þ Φ̃r

�
am

�
qr

π
KðkÞ; k

��
−
Φ̃rðπÞ
2π

qr; ð46Þ

ψðλÞ ¼ qψ þ Ψ̃r

�
am

�
qr

π
KðkÞ; k

��
−
Ψ̃rðπÞ
2π

qr; ð47Þ

qt≡ϒtλþqt0; qφ≡ϒφλþqφ0 ; qψ ≡ϒψλþqψ0 ; ð48Þ
where qt;φ;ψ0 are again integration constants and

T̃rðχÞ¼
Effiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1−E2Þr2ðr1−r3Þ
p �

2Mðr1−r3Þðr2−r3Þþr3ðr3ðr2þr3Þ−r1ðr2−r3ÞÞþ2J
EMsk

r3−2M
Fðχ;kÞ

þðr1þr2þr3þ4MÞðr2−r3ÞΠ
�
χ;
r1−r2
r1−r3

;k

�
þr2ðr1−r3ÞEðχ;kÞ

−
2Mðr2−r3Þð8M2þJ

E skÞ
ðr2−2MÞðr3−2MÞ Π

�
χ;
ðr3−2MÞðr1−r2Þ
ðr2−2MÞðr1−r3Þ

;k

�
−
ðr1−r2Þsin2χ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2ðr1−r3Þ½r2ðr1−r3Þ−r3ðr1−r2Þsin2χ�

p
r1þr2−2r3þðr1−r2Þcos2χ

�
;

ð49Þ
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Φ̃rðχÞ ¼
2ðJ þ skEÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1 − E2Þr2ðr1 − r3Þ
p Fðχ; kÞ; ð50Þ

Ψ̃rðχÞ ¼
2EJffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1 − E2Þðr1 − r3Þr2
p

ðJ 2 þ r23Þ

�
r23Fðχ; kÞ þ

J 2ðr22 − r23Þ
J 2 þ r22

Re

�
Π
�
χ;
r3 − iJ
r2 − iJ

r1 − r2
r1 − r3

; k

��

−
J ðr2 − r3ÞðJ 2 − r2r3Þ

J 2 þ r22
Im

�
Π
�
χ;
r3 − iJ
r2 − iJ

r1 − r2
r1 − r3

; k

���
; ð51Þ

ϒt ¼ ϒr

2π
T̃rðπÞ ¼

E
2KðkÞ

�
2Mðr1 − r3Þðr2 − r3Þ þ r3ðr3ðr2 þ r3Þ − r1ðr2 − r3ÞÞ

r3 − 2M
KðkÞ

þ ðr1 þ r2 þ r3 þ 4MÞðr2 − r3ÞΠ
�
r1 − r2
r1 − r3

; k

�
þ r2ðr1 − r3ÞEðkÞ

−
ðr2 − r3Þ16M3

ðr2 − 2MÞðr3 − 2MÞΠ
�ðr3 − 2MÞðr1 − r2Þ
ðr2 − 2MÞðr1 − r3Þ

; k

�
−
J sk
E

�
1 −

r1
r1 − 2M

Π
�
2Mðr1 − r2Þ
r2ðr1 − 2MÞ ; k

���
; ð52Þ

ϒφ ¼ ϒr

2π
Φ̃rðπÞ ¼ J þ skE; ð53Þ

ϒψ ¼ ϒr

2π
Ψ̃rðπÞ ¼

EJ r23
J 2 þ r23

þ EJ 2ðr2 − r3Þ
KðkÞðJ 2 þ r22ÞðJ 2 þ r23Þ

�
J ðr2 þ r3ÞRe

�
Π
�
r3 − iJ
r2 − iJ

r1 − r2
r1 − r3

; k

��

− ðJ 2 − r2r3ÞIm
�
Π
�
r3 − iJ
r2 − iJ

r1 − r2
r1 − r3

; k

���
: ð54Þ

This allows to us plot fully explicit orbital solutions, as
demonstrated in Fig. 1. It should be noted that ϒψ ; Ψ̃rðχÞ
can be evaluated at sk ¼ 0 at leading order (with no spin
correction to r3; E;J ). On the other hand,ϒr;t;φ; T̃r, and Φ̃r
need to be explicitly expanded in sk due to the spin
corrections to r3; E, and J at fixed p, e [see Eqs. (32),
(33), and (37)]. This procedure is straightforward, but the
results are lengthy and thus relegated to Supplemental

Material [36]. From the ratios of these frequencies, one can
compute coordinate-time frequencies Ωr;φ;ψ ≡ϒr;φ;ψ=ϒt

or the nodal and periastron precession rates, which is also
discussed in Supplemental Material [36].
Discussion and outlook.—The presented analytical sol-

ution for the motion of spinning test particles in
Schwarzschild space-time can be taken “as is” to source
gravitational-wave fluxes or to compute the gravitational
self-force on the particle [18–27]. Another useful output
will be to extend the solution to compute action variables
and scattering orbits in order to compare to effective one-
body models [62–65] and other approaches to the relativ-
istic two-body problem [66,67]. The formulas provided in
the notebooks along with this Letter can also be straight-
forwardly implemented into existing code bases such as the
BHPToolkit [68], thus providing an immediate impact in
gravitational-wave modeling. In particular, this solution is a
springboard to understand the radiation reaction on the
fully generic motion of spinning particles in Kerr space-
time [27,32,69]. Indeed, we have recently constructed
semianalytical orbits of spinning particles near Kerr black
holes by using the Hamilton-Jacobi formalism presented in
Ref. [69], and it is proving important to have independently
derived analytical formulas for validation, even if just for
the Schwarzschild case. An important application will also
be to use the quadratures in Eqs. (27)–(31) to study
deviations of the particle motion in modified gravities such
as in Einstein-Gauss-Bonnet gravity [70,71], Horndeski

FIG. 1. A generic inclined spinning particle orbit (left) and its
description in angular momentum aligned coordinates (right)
with p ¼ 7M, e ¼ 0.3, sk ¼ 0, s ¼ 0.3M.
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and beyond-Horndeski theories [72,73], or near boson stars
[74–77] and other exotic compact objects [78].
However, we can already use our results to draw general

conclusions about the detectability of secondary spin in
large-mass-ratio inspirals onto spherically symmetric com-
pact objects. Our solution demonstrates that time-averaged
observables depend only on the aligned component of spin
sk, independent of the compact-object model, and the
contributions of the orthogonal component s⊥;s2⊥≡s2−s2k
to any dynamical variable will oscillate with the character-
istic frequency Ωψ generically different from the orbital
frequencies. The spin contributions to the post-1-adiabatic
phase of the waveform depend only on the spin shifts to
quantities such as average orbital frequencies and the
average energy- and angular-momentum fluxes, which
are independent of s⊥ (see also Ref. [24]). Furthermore,
the Ωψ oscillation due to s⊥ ≲m only appears in the
Oðm=MÞ subdominant corrections to the waveform ampli-
tude [79,80]. As a result, waveform templates that neglect
s⊥ contributions will have a mismatch with models that
include s⊥ of order Oðm2=M2Þ. Hence, according to the
Lindblom criterion, the waveforms that either include or
neglect s⊥ for EMRIs will be indistinguishable from each
other in a matched filtering analysis unless the signal-to-
noise ratio of the EMRI signal reaches the order of the large
mass ratio M=m ∼ 104–106 [81,82]. This provides a key
insight that will vastly simplify the treatment of spin in
modified-gravity waveforms at large mass ratios.
Another consequence of this Letter is that the motion of

spinning particles in any static spherically symmetric
space-time is integrable to linear order in spin. In other
words, if there is any chaos to be observed by the numerical
integration of spinning particle motion [29,31], it is an
Oðs2Þ effect that goes beyond the validity of the equations
themselves, which is in line with the quantitative numerical
scalings of resonances observed in Schwarzschild space-
time [31].

This work makes use of the Wolfram Mathematica
package KerrGeodesics [83], which is a part of the
BHPToolkit [68].
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