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Abstract

We use the polar decomposition to describe the Dirac field in terms of an effect-
ive spinorial fluid. After reformulating all covariant equations in ‘spinorial’
signature (+— ——), we develop a (1 +1+2) covariant approach for the
Dirac field that does not require the use of tetrad fields or Clifford matrices.
By identifying the velocity and spin fields as the generators of time-like and
space-like congruences, we examine the compatibility of a self-gravitating
Dirac field with locally rotationally symmetric space-times of types I, II, and
III. We provide illustrative examples to demonstrate the effectiveness of our
construction.

Keywords: covariant formalisms, polar decomposition, LRS space-times,
self—gravitating Dirac field.

1. Introduction

When dealing
coordinates is

with relativistic gravitational systems, one often finds that an approach based on
not the most effective option. The reason behind the shortcoming of the initial
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choice of coordinates is connected to the fact that (i) a coordinate system carries a number
of hidden choices on the motion of the observers that use such coordinates, which might not
be suitable to describe a given phenomenon and (ii) the inherent limitations of the coordin-
ate system itself in terms of their regularity throughout the space-time manifold. A classical
example of this situation is the Schwarzschild metric written in the classical Schwarzschild
coordinates. These coordinates assume an observer that is static and very far from the source,
which is not necessarily useful for describing physical processes that involve changes in the
observer’s position, such as the Oppenheimer—Snyder collapse (i). Moreover, they are singular
on the horizon even if no true space-time singularity is present (ii).

These considerations help us to understand why the research community was led to invest-
igate alternative ways to analyze space-times that rely only marginally on the choice of a
coordinate system. One of the most famous examples is the Arnowitt—Deser—Misner (ADM)
formalism [1], in which the metric is expressed in terms of a scalar (lapse), a vector (shift), and
a three-dimensional metric, in turn, connected with the extrinsic curvature. This decomposition
enables us to write the Einstein equations, or, more commonly, to construct the Hamiltonian
that generates these equations in terms of these quantities. Another approach of this type is
the Newman—Penrose (NP) formalism [3] in which the idea is to project all tensors of the the-
ory onto a base made of four 4-vectors, two of which are null. The twelve scalars obtained in
this way, called spin coefficients, are then used to write the gravitational field equations as a
system of scalar equations. The NP formalism can be seen as a covariant generalization of the
well-known tetrad formalism, which, however, does not rely too heavily on a frame choice.

Much more recently, on the basis of Ehlers’ work on relativistic hydrodynamics [4], Ellis
and coworkers introduced the so-called covariant approaches [5—7]. These formalisms exploit
as much as possible the symmetries that a given class of space-times might have by choos-
ing up to two 4-vectors and employing a suitable foliation based on them. Two versions of
these formalisms have been employed so far. The first, called the (1 + 3) covariant approach,
uses only one time-like 4-vector, and a second one, called the (14 1+ 2) covariant approach,
employs a time-like and a space-like 4-vector. The covariant formulations have features similar
to both the ADM and NP formalisms. Similarly to the first, they employ a foliation to charac-
terize the space-time in terms of scalars, vectors, and tensors defined on a lower dimensional
subspace of the space-time manifold, and the (decomposition of) the extrinsic curvature plays
a crucial role. However, such decomposition is associated with the choice of some specific
4-vectors much in the same way as the NP formalism, albeit these 4-vectors are time-like or
space-like and are usually only one or two. Another, and probably the most important, dif-
ference between the NP formalism (and in part the ADM one) and the covariant approach
is that the choice of the 4-vectors, as well as the quantities involved, has a very clear phys-
ical interpretation, thereby helping the understanding of complex space-times, useful in both
astrophysics and cosmology.

Covariant formalisms have been employed successfully for several problems in cosmo-
logy and astrophysics in Einstein gravity, like the generalization of the Ehlers—Geren—Sachs
theorem [8], the construction of a covariant gauge-invariant theory of perturbations for
cosmology [9-12], black holes [7], and more recently relativistic stars [13—19].

Although covariant approaches are designed with the idea that the source of the gravitational
field is one or more traditional fluid continua, the extension to treat classical fields has been
attempted with success at both the exact and perturbative levels. For example, in the case of
scalar fields, both cosmological perturbations [20] and an extension of Derrick’s theorem [21]
have been proposed. The reason for this success lies in the ability to represent these fields as
effective fluids, thanks to the structure of their energy-momentum tensor.
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The situation is different for fermionic fields . In this case, the presence of Clifford
matrices and non-trivial derivatives of spinors makes the standard application of the covariant
formalism hard to develop. Things may be simpler when spinors are in plane-waves, because
in this case the covariant derivative Vi) = —iPy) is proportional to the spinor itself, all quant-
ities can be reduced to spinorial bi-linears straightforwardly, and computations become man-
ageable. However, the assumption of planar waves for spinors, interpretable with the fact that
fermionic particles are to be considered point-like, while impressively accurate to treat high-
energy scattering, is of no use for other systems (for example, the hydrogen atom itself does
not have solutions in the form of plane waves). For these general systems, the covariant deriv-
ative V1) is not simply proportional to the spinor itself [22], making the covariant splitting
impossible. This impasse may be circumvented by writing spinors in the so-called polar form.

In polar form, spinors are basically written as the product of a modulus times phases in such
a way that manifest covariance is preserved [23, 24]. When this polar form is implemented also
at the differential level, it becomes possible to perform the polar decomposition of the Dirac
equation [25, 26].

Writing spinors in polar form has several advantages. A first is that the 4 complex, or 8
real, components of the spinor are re-configured into a set of variables given by the density
distribution, the velocity, the spin, and a chiral angle, which can be recognized as an enlarged
set of hydrodynamic variables [27]. The ensuing Dirac equations in polar form can be seen as a
type of field equations for a fluid with spin [28]. A second advantage is that in polar form, there
remain no explicit tetrads, or gamma matrices, so that there is less dependence on peculiar ways
of representing spinors, and hence a higher generality. A third and most important advantage is
that the covariant derivative of the spinor can be expressed in the form Vi) = M) for some
matrix My [30]: this means that in polar form the spinor field’s covariant derivative is indeed
proportional to the spinor itself, and the covariant splitting becomes again possible [31].

By exploiting the main features and the consequent advantages offered by the polar decom-
position, we propose a preliminary attempt at a covariant formulation of the self-gravitating
Dirac field, without resorting to the tetrad formalism. The starting point of the proposed con-
struction is the chance of describing the Dirac field in hydrodynamic terms, involving only real
tensorial quantities. The next step consists of observing that the velocity and spin (pseudo) vec-
tor fields of the Dirac field naturally generate the two time-like and space-like congruences that
form the fundamental elements of the (1 + 1 + 2) covariant splitting. Before directly applying
the (1 + 1 + 2) decomposition, two preliminary steps are necessary. The first is the formulation
of the covariant equations using the signature (+ — ——), which is the one commonly adopted
in the treatment of spinor fields. The second involves performing the (1 4 1+ 2) decomposi-
tion of both the energy—momentum tensor of the Dirac field and the Dirac equation itself, after
expressing them in polar form.

Once this has been done, the entire geometrical framework of covariant approaches is ready
to be applied. In particular, here we focus on spinor fields in backreaction with locally rota-
tionally symmetric (LRS) space-times of types I, II, and III. We discuss the compatibility of
the Dirac field with LRS geometries, both in the case where the spinor fluid is perfect and in
the non-perfect case, under the assumption that the velocity and spin fields of the Dirac field
are the generators of the time-like and space-like congruences of the (14 1+ 2) covariant
splitting. We also give some examples where the resulting covariant equations can be solved

analytically.
The layout of the paper is as follows. Section 2 presents the covariant equations of the
(I+3) and (14 1+ 2) decompositions in the signature (+ — ——). Section 3 discusses the

consistency and integrability conditions for the so-obtained covariant equations. Section 4
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briefly reviews the main features of the polar formalism and implements the (1 + 1 4 2) covari-
ant decomposition of the energy—momentum tensor of the spinor field and the Dirac equations,
all expressed in polar form. Section 5 realizes the matching between polar formalism and cov-
ariant approach, providing a (1 + 1+ 2) covariant formulation of the self-gravitating Dirac
field in LRS space-times of type I, II, and III. Section 6 illustrates some exact solutions.

Throughout the paper natural units (¢ = 87 G = 1) and metric signature (+ — ——) are used.
Einstein’s equations are written as

Gab =Tuw

where G, and T, are the Einstein and the energy—momentum tensors. The Riemann tensor
for 4-dimensional space-time is expressed as

Rpea := 0L — Oul'cp® +Tep"Tan” —LgpLe”
where I';,°0, := V,05, V denoting the (Levi—Civita) covariant derivative. The Ricci tensor is

defined as R, := R,». The symmetrization and antisymmetrization of expressions with two
indexes are given by W, := % (Wap + Wha) and Wiy := % (Wap — Whpa).

2. Covariant formalism in signature (+ — ——)

Since its first formulation, the covariant formalism has been developed by adopting the signa-
ture (— + ++). On the other hand, the signature (+ — ——) is commonly used when dealing
with spinorial fields. Therefore, in order to implement a covariant approach to the Dirac field,
we need the covariant equations concerning the (14 3) and (1+ 1+ 2) splittings in the sig-

nature (+ — ——). In this preliminary section, we present such equations, which, to the best of
our knowledge, are not found in the literature. As expected, the covariant equations in signa-
ture (+ — ——) differ from those in signature (— + ++) by some signs. For brevity, we will

omit the details of the explicit deduction of these equations. Besides, calculations are straight-
forward, although somewhat lengthy in some cases. Definitions and notations are borrowed
from [5-7, 32].

2.1. (1+ 3) covariant equations in signature (+ — ——)

We denote by u“ the unit 4-vector of an assigned time-like congruence which represents the
world lines of given observers. Here indices run from O to 3 (a =0,...,3) and we have u“u, =
1. Given the space-time metric g,5, the projection operators

Uy :=uu, and h%,:=g" —u'u H

allow us to decompose vectors (or, more generally, tensors) into components parallel and
orthogonal to u“, respectively. They satisfy the relations

U, = U, U =1 and U%pu’ =u" )
as well as

Wepyht. =ht., h% =3 and h%u’=0. (3)
The space-time metric can be expressed as

8ab = hab + uquyp (4)
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where h,;, is the induced metric on the 3-spaces orthogonal to u“ at every point of space-time.
Making use of the projection operators (1), the covariant time derivative

A, =uVAC ®)

and the fully orthogonally projected covariant derivative

chamb = ]’ldc af. . .hgdeAf,_,g (6)
are defined for a generic tensor A? _ ;. Moreover, given the Levi—Civita tensor gcd e define
the alternating tensor

gbe . — ghabey  with ey, = 0. @)

According to [5], we denote by angle brackets the orthogonal projections of vectors w* and the
orthogonally projected symmetric trace-free part (PSTF) of tensors A% of rank = 2, namely

wi = ptwb and A .= h(“chb)d—%habhcd A (8)

Kinematical quantities are related to the splitting of the covariant derivative of the 4-velocity
u®. We indeed have the following identity

1 .
Valty = 0gp + g@hab + Wap + Ugltp 9)

where o4 = 0(ap) 1= ?Wtb) is the shear tensor, © := V,u¢ is the expansion scalar, w,, =
Wap) := V[altp) is the vorticity tensor and i1, = u“V ,u,, is the acceleration vector. We also intro-
duce the vorticity vector

1
Wt = 7€ab

) Cwbc <~ Wab = _gabcwc (10)

and the magnitudes

2 1 b

o= 50“ ow and w?:i= Ew“bwah. (11
The Weyl conformal curvature tensor
1 1
Cabcd = Rabcd + = (gadec - gacRbd + gbcRad - gbdRac) + —-R (gacgbd - gadgbc> (12)

2 6

written in terms of the Riemann curvature tensor R4, the Ricci tensor R, and the Ricci scalar
R, can be decomposed by making use of the so called electric part E,, = E(,;y and magnetic
part Hyp, = H ). The latter are defined as

1
Ea}, = Ccad;,ucud and Ha;, = Eeadecdebcuc (13)
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from which we have the identity
Cabcd _ {45[ak6b]15[cn6d]m _ 5abklECdnm} Eknulum + (14)
+2 |:€ahk1(5[cn(5d] m— 5[ak(5b] 1€Cdnm:| H"

Equation (14), together with the expressions for the Ricci tensor and Ricci scalar derived from
Einstein’s equations, completely determine the Riemann curvature tensor R pcq-
The energy—momentum tensor 7% = T(%?) of matter is decomposed as

Top = putgutp _phab + 2‘](11’417) + 1w (15)
where ji:= Tuu’ is the relativistic energy density, p := f%Tabhab is the isotropic pres-
sure, ¢, := Tpu"h® is the relativistic momentum density and 11, = Wpy = Teah” (ahdb> isa

PSTF tensor which describes anisotropic pressure. For a perfect fluid, we have g, = 0 = I1.
Possibly, the following energy conditions (respectively referred to as weak, dominant and
strong energy conditions)

>0 =0
{ﬁﬂ)m Coezhl {““’ (16)

can be required.
As for the field equations, a first set of six equations comes from suitable projections of the
Ricci identities for the 4-velocity u?

(vcvd - Vdvc) Ug = Rahcdub- a7

These first six equations are distinguished into propagation and constraint equations, respect-
ively. In particular, we have:

e From [(V.Vy—V4Ve) g — Rapeat”| u°g% = 0, we obtain the Raychaudhuri propagation
equation
. — d cea 2 2 1 2 1
O — Vi + ittt +2 (o —w)—&—g@ +§(/1—|—3p):0. (18)
e From [(chd VaiVe)u, abcdub] u‘e? = 0, we get the vorticity propagation equation
- (a) 1 abey  : 2 a ad
w —55 V;,ung@w —c%wy=0. (19)
e By applying the PSFT operator to [(V.Vy— V4Ve) ity — Rapea”| u =0, we deduce the
shear propagation equation
1
G (ady F i altay — V (altay + 0 (a Taye + = @Uad W(aWa) + Eaa + EHad =0. (20)
e From [(V Vi—VaVe)ug — Ropeatt ] g%h?, = 0, we obtain the constraint equation
—a ca, eab o 2
V Oda + ZEdaCu w — hdg€ Vawb — gvd@ —dqd— 0. (21)
e From [(V Vi—VaVe)ug — Ropeatt ] acd — (), we get the vorticity divergence identity
Vaw® + itqw’ = 0. (22)
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e The PSFT part of [(V.Vy— V4V,)ug — Rapeau’] €/ = 0 yields the constraint
H = 208w 4 eV ,5,9 — VW, (23)
A second set of field equations arises from the (1 + 3)-splitting of the conservation laws
Vv, T =0. (24)
In detail:
e From V,T%u, =0, we have
i+ O (p+p) —2iqq+ Vag" —aupo® = 0. (25)
e From V,T%h¢, = 0, we obtain
-a 4 a b_a b a | :{(a) —a = 11ab ab -
(u+p)u +§@q + ¢ + ¢"wp® + ¢\ — Vp + V1% — 11y, = 0. (26)
A third set of equations is derived from the Kundt-Triimper equation
ab a 1 a
which is shown to be equivalent to the Bianchi identities V[, Rpjq. = 0 [33]. In fact, by appro-
priately elaborating equation (27), two propagation equations and two constraint equations for

the electric and magnetic parts of the Weyl curvature tensor are obtained:

e By applying the PSTF operator to [V;,C[j“b + Vi (R“_,-] — %Ré“j])] u =0, we get the
propagation equation

EWD = —@E) 4 3Gl — 2e®ip iy, 4 EON I 4

N IV R | N
—|—curl(H)j—|—u<’q’> + EHW) - §V<’q’> ~3 (u+p)o+

1 | o 1 ., .
+ oI+ Enk%% + 55”‘<’H’>kw, (28)

where curl(H)¥ := e/ ,H .
e By applying the PSTF operator to [V,C;* + V|; (R*) — tR6;) | eV = 0, we obtain the
propagation equation
HY) = —curl (E)7 — Seurl (17 + 2:MED iy, — OH') 4
+ 3HY o — R 1Y — §q<’w]> - Eskmq,okﬁ (29)

where curl(E)V := eV B, and curl(I1)V := eV 117,
e From [V,C;* + Vi (R — %Ré“ ﬂ)} uau'h/y = 0, we deduce the constraint equation

?j (E,j) + EitkajO'jl + 3w H; =
lo lo oo 1,3
= gviw EVj (I7) + g@qi - quo'ij — HEiw q. (30)

7



Class. Quantum Grav. 42 (2025) 215013 S Vignolo et al

e From [V,C;® + V|; (R — tR6;)] u,e = 0, we derive the constraint equation

?j (Hi'i) —3E Wk — Ei’kEkjaj, —(u+p)w'—

1, 1. 1 .
— Eafkkaq, + Ezc-”“a,q-n,f — EW’H,’ =0. (31)

The equations presented in this subsection are the starting point for the further (1+ 1+ 2)-
splitting, which is used in the following.

2.2. (1+1+42) covariant equations for LRS space-times in signature (+ — ——)

The (1 + 14 2)-splitting relies on the introduction of an additional space-like vector field
n', orthogonal to u', with n’u; = 0 and n'n; = —1. At every point x of space-time M, the 3-
space contained in T, M and orthogonal to ' is further decomposed into the direct sum of a
1-dimensional subspace parallel to n; and a 2-dimensional subspace orthogonal to both ' and
n'. As a consequence, the metric tensor can be expressed as

&ij = Uilj — nin; +Nl] with hlj = —n;n; +N,] (32)

where N;; denotes the restriction of the metric tensor to the 2-space orthogonal to ' and n'.
The tensor

N;=g;—uuj+n'n, with Ny/ =N/ =0, N;N,=N) and N;=2 (33)

plays the role of projection operator into the 2-space orthogonal to u’ and n'. Therefore, every
3-vector V' (Viu; = 0) can be decomposed as

Vi=—Vn+)! (34)

where V= Vin; and V' = N';V7. In an analogous way, every PSFT 3-tensor Wy, = W4 can
be expressed as

1
W =W (nanb + 2Nab> — ZW(anb) +Wap 35)

where W= Wnun, = W*Ny, W, = No"n“Wy and W, = (N(,“Niy? — SNpN°Y) Weq. We
also introduce the alternating tensor

Eab ‘= Ejabnj = Eijabuin/ with €ub€Cd = NaCNbd — NadNbC. (36)

After that, making use of the fully orthogonally projected covariant derivative (6), we define
two new derivatives given by

A® ,:=nV, A" , (37)

and

SA” = NAN. . NV A (38)
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holding for every tensor A*__ ;. The covariant derivatives of the 1-forms u, and n, are expressed
respectively as

1
Vau;, = — Uy (An[, - .A;,) + n,ny <E — 3@) — Ny (Eb — 6;,CQC) —nyp (Ea + EQCQC) +
1 1
+ Ny <3@ + 22) +Qew + 2w (39a)
1
Vanp = —Augup + ugoy + (E — 3@) natty — (Xq + €402) up — ngap

1
+ §¢Nab + ggub + Cab (39b)

where the scalar, vector, and tensor components appearing in equation (39) are given by

. . 1
A:=un', L:=oun'n®, Qi=wn', ¢:=Nn,, &= Eeabéanb (40a)
A =NGib, o =N, af = NGiP, 4= N%oun, Q= Nwb (40b)
c d 1 d c d 1 d
Yab = [ N "Np)“ — iNahM ocd;  Cab = | NNy *ENabN‘ deng. (40c)

In LRS geometries, at each point of space-time the unit vector »’ indicates a preferred spa-
tial direction, coinciding with a local axis of symmetry. All observations are identical under
rotations about 7/, that is, observations are the same in all spatial directions perpendicular to 7’
In particular, this implies that all tensors having physical meaning must have null projections
into the 2-space orthogonal to both &' and n’. As a consequence, in an LRS space-time, the
covariant derivatives of u; and n; reduce to

1 1
V,-uj = E <n,-nj =+ 2Nij> =+ g@ (Nij — I’lﬂ’lj) —Auinj =+ QEij (41)
1 1
V,n_,- = qu)N,:/‘ +§8,’j —Au,-uj + Y- g@ n;u;. 42)
Moreover, denoting by
E:=En’n® and H:= H,nn’ (43)

the following identities necessarily hold

i = —An° (44q)
w? = —On? (44Db)

(44c)

(44e)

E,=FE (nanb + Nab> (44d)
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Similarly, denoting by
Q:=¢'n; and II:= H[jninj (45)

we have the following representations

1
qi = —Ql/li and Hij =11 <I’l,‘l’£j + 2N,'j> (46)

for the momentum density vector and the anisotropic pressure tensor, respectively. In the vari-

ables above, the weak and strong energy conditions take the form

(47)

=0 w+3p=0
p+p+I>0 p+p+II>0.

Summing it all up, the variables that covariantly describe LRS space-times are the scalar quant-
ities

{A7®7ZaQ7¢>§7E>H7M7qu>H}- (48)

For these variables, corresponding equations are then needed. Such equations, typically
divided into evolution, propagation, evolution-propagation, and constraint equations, are partly
derived from the (1 4 3)-equations obtained in section 2.1, and partly by working out the Ricci
identities for the vector field n'.

Evolution equations:

e By saturating equation (19) with n,, we get
. 2
Q=—-A¢— §9§2 — Q3. (49)
e By saturating equation (29) with n;n;, we obtain
3

H:3E§+%H§—®H— EHZ—QQ. (50)

e From the identity [(chd —ViV)n, — Rabcdnb] u’N“ =0, we have

. 2 1
¢>:—(2+3@> <A+2¢>+ZQ§—Q. (51)
e From the identity [(V.Vy— V4V¢)na — Rapean®| u‘e® = 0, we deduce
£=— vile £E-Q 1¢>+A + iy (52)
- 2 3 2 2

Propagation equations:

e equation (22) amounts to

O=—-QA+9). (53)
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e The identity [(V.Vy— V4V¢)na — Rapean®] n°N* = 0 yields directly
~ 1, ) 1 2 2 1
=—= 20— X — = 4= ——-pu—=II +E. 4
b= 426~ (2-50) (s430) - Su 30+ (54)
e The identity [(V.Vy— V4Ve) g — Rapean”| n°e® = 0 gives rise to
- 1
5:—(2—3@)9—(;55. (55)
e By saturating equation (21) with n, we get
24 o« 3
§@+Z:—§E¢ +2Q¢ — Q. (56)
e By saturating (30) with n’, we have
o1 1 3 1 1 1
E—-ll+-g=—=¢|E—=11) —3QH— -0+=-X . 57
2 T3k 2¢< 2) Q<3 +2> >7)
e By saturating (31) with n;, we obtain
- 3 1
H:—§¢H—Q —3E+u+p—§1_[ —+ 0¢. (58)
Evolution—Propagation equations:
e By working out the Raychaudhuri equation (18), we get
SN 1A 2 Lo 360 2 |1
O4+A=—-A¢p +A —§® —52 +2Q —E(u+3p). 59)
e From equation (25), we obtain
.o 3
M—Q=—(/~L+p)@+Q¢—2AQ+§EH. (60)
e By saturating equation (26) with n,, we have
S 3 4
Q—H—p=+§H¢>—A(u+p+H)—§Q®+QE. (61)
e By saturating equation (20) with n“n?, we get
2. 1 1 2 2 2 1
VA= ——Ap+ -2+ - A’ - 2O —E— -II. 62
3 3 o+ 2 + 3 3 3 2 (62)
e By saturating equation (28) with n;n;, we deduce
E— 11'I+ lQ— —E© — §E2—3H§ +gAQ+ 1Q<z5 - l( + )2+1®H S (63)
20 T3ET 2 37% 76 QWTPI=T 4

1
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e The identity [(V.Vy— V4V¢)na — Rapean”| unu® = 0 provides

N 1 \? 1 1
AZ+3@<E3®) +A? = 2 (n+3p) + I+ E. (64)

Equation (64) is dependent on the previous ones. Indeed, it is given by the linear combination
1

z (59)-(62).

3

Constraint equation:
e Saturating equation (23) with n.n,, we get
H=2A0+Q¢ — 3% (65)

which expresses the magnetic part of the Weyl tensor in terms of other kinematical variables.

3. Consistency of the covariant equations

Following the lines drawn in [6, 32], we discuss the conditions that ensure consistency and
integrability of the covariant equations presented in the previous section. To this end, we pre-
liminarily observe that in LRS space-times every covariantly defined scalar quantity f must
satisfy the relation

Q= (66)

Indeed, the requirement that the spatial derivatives, in the directions perpendicular to n’, must
be zero (d,f = 0) implies the identity

Vif = fu; — f; (67)
and then
VJVJ = Vj (f) U; -‘r]"Vﬂti — Vj (f) n; —fVJ-n,-. (68)

Relation (66) is then deduced by saturating equation (68) with &. Equation (66) provides
us with a consistency condition for the covariant equations. Another useful identity is the
commutation relation for the dot and hat derivatives of a scalar function f

f—f=—AF+ 3 — %@f (69)

which helps us to investigate the integrability of the covariant equations.
By applying identity (66) for f =) and f = £ separately, and using the evolution and
propagation equations for €2 and £ (equations (49), (52), (53) and (55)), as well as the expres-
sion (65) for H, we obtain the following set of two equations
{@69+EQ—¢QQ:0

(300+32Q—¢¢) ¢ =0 70

which necessarily implies that the relation

P — <2+ i@) Q (1)
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must always hold.

Another constraint is deduced by imposing the commutation relation (69) for f = E. In fact,
from equations (57) and (63) we can derive the expressions for Eand E respectively. Then,
substituting them into (69), using the covariant equations as well as the constraint (71), we get
the equation

(p+p+1)EQ=0(Q*+¢&) (72)
which has to be satisfied. In particular, from (72) we infer that
0=0 — p+p+I)eEQ=0. (73)

Applying the same procedure to the quantities {€2,£,¢,% + %@} does not result in any fur-
ther constraint. The same holds true when requiring the vanishing of the dot derivative of the
constraint (65).

Instead, the integrability condition (69) for H and the compatibility between the expres-
sion (65) of H and the propagation equation (58) give rise to two conditions that need to be
discussed. More in detail, deriving H and H from (50) and (58) and substituting into (69), we
obtain the relation

1
c {(18E+6u+6p+6ﬂ)2+ (12E —2p — 21— 2I1) © — 12AQ + 6+

« . 2 3 PO B
+6Q—12H}Q:[QZ+3Q®+3¢E—2¢H—|—p+,u—2ﬂ}§. (74)
At the same time, replacing equation (58) into the hat derivative of equation (65), we have
2 ) 4 2. 2 "
Q|—24"+2%¥° — §@E+§@ —4£°—2E+2A+

+;u+p—H]=—3§[Z¢+§é+§Q} (75)
Therefore, consistency of the covariant equations requires that conditions (66), (71), (72), (74),
and (75) must be satisfied. In order to discuss these conditions, it is convenient to distinguish
two main cases: 2§ = 0 and Q¢ # 0. In the following, we will classify LRS space-times of
types I, 11, and III based on the requirement Q2§ = 0, regardless of the type of perfect or non-
perfect fluid. This is different from the original definition given in [6], but it will be more useful
for our purposes.

3.1. The case Q¢ =0

In this circumstance, we can point out three different subcases:

1. LRS space-times of class I: {2 # 0 and £ =0.
From equation (66), it follows that f = 0 for every covariantly defined scalar function f.
Then, from equations (55), (71) and (72), we have Q = > = © = 0. In this case, the con-
straint (74) is automatically verified, whereas the condition (75) is satisfied in view of
equation (64). Also, note that all the evolution equations become trivial identities.

2. LRS space-times of class II: =0 and £ =0. Under such conditions, all the con-
straints (66), (71), (72), (74) and (75) are automatically satisfied.

13
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3. LRS space-times of class ITI: 2 =0 and £ #£0.
In this case, equation (66) implies f =0 for every covariantly defined scalar function f.
Moreover, from equations (71) and (72), we get ¢ =0 and Q = 0 respectively. In addition,
from the evolution equation (49), we have A = 0. As a consequence, equations (74) and (75)
are identically verified.

3.2. The case Q& #0

In this case, equation (66) creates a constraint between the evolution and propagation
equations. For instance, inserting the content of the evolution and propagation equations for ¢
(equations (51) and (54)) into equation (66), we can derive the following expression for E,

1 2 2 1 AQ 2 09
E=-284204+ 08+ - 20>+ Zpu+ M- — (2420 ) - =—. 76
£ 4207+ 268+ g t3uts ¢ +3 c (76)

A direct calculation shows that the equation (76), together with equations (71) and (72), makes
the constraints (74) and (75) automatically satisfied. Moreover, making use of equations (65),
(71), (72) and (76), it is easily seen that the constraint (66) holds identically for f€ {¥ +
%@,E,H,Q,f} too. Finally, we notice that equations (65), (71), (72) and (76) allow us to
éxpress the quantities {H, E, ¢, Q} as functions of the remaining variables.

4. Polar formalism

4.1. Spinor fields in polar form and (1 + 1+ 2) covariant decomposition

In this section, after briefly reviewing the main features of the polar formalism for spinor fields
[28, 30, 34], we implement the (1 + 1 4 2)-decomposition of such polar formulation.

To begin, given a set of Clifford matrices v* (u =0, ...,3) and a tetrad field eL (with dual
co-tetrad ef', el e/ = 4y, ¢},e}' = 07), we denote by ' := y*e), and by sy := [;,7,] /4 the cor-
responding generators of the complex Lorentz group. The parity-odd 4> matrix is implicitly
defined through the relation

2isab = Sahcd’ySst' (77)

Given a spinor field 1), its adjoint spinor is defined as 1) =1)T~°. In this paper, we will work
with regular spinors, defined by the requirement that either it)y>1) # 0 or 1)1 # 0 be always
verified. Regular spinors can always be written in the so-called polar form, which, in chiral
representation, reads

v =1/p/2e " L7

(78)

S = O =

where the functions p and [ are called density and chiral angle and where L has the structure
of a spinor transformation [23, 24]. The functions p and S satisfy the relations

iy p=psinf and P1p=pcosf (79)
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in such a way that the remaining independent bilinears can be expressed as
Py =ps* and  pyp=pu (80)

where the unit vector fields #* and s* meet the conditions (see, for example, appendix B in
(29D

U’ = —s,5° =1 and  wuys°=0. (81)

Therefore, the two vector fields u“ and s identify with the 4-vector fields of the velocity and the
spin axial vector fields, respectively. Their mutual orthogonality makes them natural candidates
to represent the unit tangent vectors to the time-like and space-like congruences needed in the
(1+ 1+ 2) covariant decomposition. In fact, with the identification n’ = s', the Dirac field
naturally provides the basic elements for the (1 + 1 4 2)-splitting. Systematically assuming
the identification n’ = s', we can then apply the geometrical framework illustrated in section 2
in order to formulate a covariant (1 + 1 + 2)-approach to the Dirac field.

Now, in polar formulation, the covariant derivative of a spinor field can always be expressed
in the form [30]

1 i 1
Vi = (ZVklnp]I—;Vk575—iPk]1—zRakaab> (0 (82)

where the tensors Pj and Ry = —Rpak, respectively referred to as momentum and tensorial
connection, are involved. In the particular case of plane waves in flat space-time, equation (82)
would result into 1V ;) = Py1p so that P, would be precisely the momentum of the plane wave.
The tensorial connection is related to the velocity and the spin 4-vector fields by the identities

Vksb = SaRabk and Vkub = u"Rabk (83)

as was proven in [30]. Making use of equations (83) and defining e, = £acqu’s?, we can get
the following expression for the tensorial connection

Reapm =uaV mtty —tpN g+ 55N S0 — 50V mSp+ (UaSp — tpSa) SV otk +2eVin.  (84)

Equation (84) describes the tensorial connection in terms of the covariant derivatives of spin
and velocity, as well as a further vector field V,,. The presence of the vector field V,, shows
that the covariant derivatives of spin and velocity cannot encode all the remaining informa-
tion about the spinor field in addition to the quantities p and 3. In fact, let us consider, for
instance, the spinor field in its rest frame with spin aligned along the third axis: in this case
L=Tin (78). In this frame, rotations around the third axis cannot affect the velocity (whose
spatial components are zero) and, by construction, the spin or their covariant derivatives. On
the other hand, these rotations do have an impact on the spinor field, and they must be encoded
within the covariant derivative of the spinor field itself. This means that rotations around the
spin axis must be encoded either in P,, or in V,,, which is the part of R, not given by the
covariant derivatives of velocity and spin. Furthermore, only the difference P,, —V,, has phys-
ical significance and, because P,, is the momentum of the matter distribution, P,,—V,, has to
be recognized as the effective momentum.
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Eventually, by using equation (39), the tensorial connection (84) can be written as
1
Ry" =— 2Au’”u[asb] -2 (E — 3@> sms[uub} — 2Sml/l[a (Eb] — Eb]CQC) — 2u[asb] m

1 1
+ 2umu[aAb] - 2ums[aah} + 2SmS[aa;,] + 2u[aN’”b] (3@ + 22) — (bS[aNmb]
+ 2u[a2mb] - 2S[aCmb] + 2Qu[a€mb] -2 s[aemb] - 2u[asb] e" Q4+ 2e,, VM. (85)
About the dynamical character, we have that the Dirac equation
vV p—mp=0 (86)
can also be polarly decomposed. The first step is to substitute in it the decomposition (82),
getting
[(VaB+Ba) Yy +1(Valng* +R,) ¥ +2P,v* —2ml| ¢ =0 87
in which the identity ~;v;yx="Mjx =" +'yknl;j+i5ijkqus'yq was used and where the
notations R, ::Rubb and B,:= %EadeRb"d were introduced. As second step, we multiply

equation (87) on the left, in turn, by 1~ and ¢y, each time splitting imaginary and real
parts, obtaining

Iy Im — V(Y1) —iBpy Y+ Rppp+4iP sy =0 &8)
" |Re —  2iV (¥5899) +iRPY s pg1p — 2Ppnp+2mipyinp =0

i M 2VH (s ") + Rogiths" 1y’ p+2iPpy =0 (89)
T\Re — iV} (99°0) + B+ iRpby v — 4PMps iy S+ 2mipy S =0

called Gordon decompositions [34]. By expressing all bilinears in polar form and substituting
them in the real part of (88) and in the imaginary part of (89), we obtain, after some calcula-
tions, the following equations

W (Rj+V;Inp)=0 (90a)
s (Rj+V,Inp) =2msin 3 (90b)
(Bj+V,3) =0 (90c)
P*=mcos Bu* +(B;j+V,;3) uls" + % (Rj+V;Inp)e*. (90d)

These last equations can then be substituted in (87) to prove that the Dirac equation is actu-
ally verified [35]. As a consequence, equation (90) are equivalent to the Dirac equation (86).
Making use of equation (85) and performing all the indicated projections, equation (90) assume
the final form

©+(Inp)=0 la)
¢—A+(Inp)—2msin =0 (91b)

olery —20,+6,8=0 91c¢)
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2(P—V),u' =2mcos 3 —20—f3 (91d)
2(P—V);s'= 264 Ole)
2(P—V),N*= (aj— A;j+d;Inp) * O1f)

in which we see that only the difference (P—V); is dynamically significant. This is the reason
why only the effective momentum P,, —V,, is physically meaningful.

4.2. The energy-momentum tensor for the hydrodynamic representation of the spinor field

We provide a representation of the energy—momentum tensor of the spinor field, suitable for
a hydrodynamic description of the spinor field itself. To this end, let

1= (I V4=V by V)= V) ©2)

be the usual form of the energy—momentum tensor of the Dirac field. We notice that our con-
vention for Einstein equations is G;; = T;;, where G;; denotes the Einstein tensor and T'; the
energy—momentum tensor. Compared to the convention G;; = %T,;i, used by other authors, we
include an additional factor % in the definition of the energy—momentum tensor. Due to this,
all the quantities arising from the energy—momentum tensor (92) contain this additional factor.
Another remark is about the terminology we use. Following one of the conventions in literat-
ure, we call (92) energy—momentum tensor. However, as we will see, (92) is unrelated to the
momentum P’ introduced in the previous section.

That said, by making use of the expression (82), the spinor energy—momentum tensor (92)
can be rewritten in the form

1 1 1
T#’S — Zp <Psur _|_ Prus _|_ Vr/BSS/Z‘FvSBSr/Z_ ZRanSEranmsm _ 4Ranr€mnmsm) . (93)

After that, by inserting the expression of the tensorial connection (85) as well as that of the
effective momentum (91d)—(91f), from equation (93) we get the following representation for
the spinor energy—momentum tensor

1 A . R
T =—p [(2m 0086—29—5) wu' +2 (5—1—6) sUu) — BsUs) 4 QNS
4
+2(Ac —aj—djlnp) &y —2 (En + €2+ 55')“6%) sesn — 25”(’23‘),,} . (94)

On the other hand, in the (1 4 1+ 2) framework a generic energy—momentum tensor can be
decomposed as

Tap = putatty — P (Nab — Sasp) — Q (Sattp +Splta) + (Qatts + Qplta)
1
+ EH (Nab + 2sasb) + (Hasb +Hbsa) + Hub (95)
in terms of the projections

p= Typuu® (96a)
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et
0 = Tops“u® (96¢)
e e
0 = T,yN“u? (96¢)
1" = —T,4N“s* (96f)
e — ( Naenbd % Neb ch> T, (962)

In view of this, by applying the projection procedure (96) to the tensor (94), we end up with
the quantities

,u—'Z(mcosB—f—Q) (97a)
p= —%p (B+ZQ) (97b)
H:_ép@_g) (97¢)
0=-3r(+¢) ©7d)
Q= f%psj“ (6jInp —2A; + a)) (97e)
I — % p(09B+ Se + ) 97f)
e — _ g ICR) 97g)

which represent the components of the spinor energy—momentum tensor expressed in hydro-
dynamic form. The quantities (97) are expressed in terms of the fundamental variables of the
(1 + 1+ 2) covariant formalism, together with the density p and the chiral angle 3 of the spinor
field. More information on the thermodynamical properties of the effective fluid described by
the energy momentum tensor (94) is given in [31].

5. Spinorial fluid in LRS space-times

In this section, we present a first attempt at a covariant approach to the Dirac field, without
making use of the tetrad formalism. The idea is to perform a matching between the covariant
(14 1+ 2)-splitting and the polar formalism that we described in the previous sections.

In the following, we will focus exclusively on LRS space-times, choosing the time-like
vector field ' to coincide with the velocity 4-vector field of the Dirac field, and the space-
like vector field n' to coincide with the spin 4-vector field s'. Our construction is based on
the hydrodynamic description of the Dirac field that we gave in section 4. In particular, in
accordance with the symmetries of the LRS geometry, the 2-spatial quantities (97¢)—(97g)
must be set equal to zero. In such a circumstance, the energy—momentum tensor of the Dirac
field reduces to

1
Tah = UUqUp—p (Nab *sash) *Q (saub+shua) + EH (Nah+2sasb) (98)

18
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where the quantities y, p, Q and II are given by equations (97a)—(97d). Moreover, the vanishing
of the vector fields O¢ and I1* implies that both the density p and the chiral angle 5 have to be
covariantly defined, i.e. §;p = 0 and 9,5 = 0.

The (1 + 1 4 2)-covariant equations, discussed in section 2, will now be coupled with the
Dirac equation (91). In connection with this, we notice that the Dirac equations (91d), (91¢)
and (91f) have already been used to deduce the expression of the effective momentum P’ - V'
and to obtain the expression of the hydrodynamic quantities (97a)—(97d) in terms of p, 5, {2
and &. The remaining Dirac equations (91a)-91c¢) reduce to

Inp=-6 (99)
Inp =2msinf+A — ¢.

Equation (99) give us information about the evolution of the density p along the time-like
and space-like congruences. The analogous information regarding the chiral angle 5 will be
deduced from the conservation laws (60) and (61), which in turn must be true since the Dirac
equations imply them.

As for equation (99), we need to discuss their consistency and integrability. To this end, by
applying equation (66) for f = In p and using equations (99), we obtain the relation

(Inp)2=(Inp)f <= —OQ=2msinB+A—¢)¢. (100)

At the same time, the Dirac equation (99) and the commutation relations (69) for f = In p yield
the equation

i ampeoss (5+20) (11 1e) <206 0o
—I—A@—i—(}]—;@) (2msinfB+A — ). (101)

Equations (100) and (101) provide us with the consistency and integrability conditions for the
Dirac equations (99). In particular, if £ # 0, the following expression

A:—%—l—qﬁ—stinﬂ (102)
for A is derived. In this connection, a direct check shows that equations (101) and (102)
are consistent. The dor derivative A, obtained from equation (102) and substituted into
equation (101), makes equation (101) an identity. In addition to this, evaluating the hat deriv-
ative of equation (102), it is seen that AQ = A if and only if 3Q = 3¢. The latter condition
must be verified by the derivatives of the chiral angle 5.
In the following subsections, we will discuss the coupling with the Dirac field under two
different assumptions: the case where the spinorial fluid is perfect and the non—perfect case.

5.1 Perfect spinorial fluid

Assuming that the spinorial fluid is perfect means imposing both the momentum density and
the anisotropic pressure equal to zero, i.e. ¢' = —Qs’ = 0and IT7 =TI (s's’ + 1N¥) = 0. In this
regard, directly from the expressions (97¢) and (97d), we have

=0 <= f[=-¢ (103a)
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I; =0 < pB=A. (103b)

Thus, when the Dirac field is seen to behave like a perfect fluid, the dot and hat derivatives
of the chiral angle are directly connected to twist and vorticity, respectively. However, by
applying the kinematic constraint (66) for f = /3, from the equation (103) we get the relation

BU=p = —Q=0 = Q&=0. (104)

The conclusion follows that, when the time-like and space-like congruences of the (1 + 1 + 2)-
splitting coincide with those of the 4-velocity and 4-spin of the Dirac field, a perfect spinorial
fluid is only compatible with LRS space-times of class I, II, or III. Let’s analyze the three
different scenarios in detail.

LRSI: £ =0and Q # 0.
As we have already seen in section 3, in this case, we have

¥ =0=0 and f=0 Vf covariant scalar. (105)

The constraint (101) is automatically verified, whereas the covariant equations that are not
identically satisfied are:

. 1
A¢+A7A2—292+§(u+3p):0 (106a)
p—A(p+p)=0 (106b)

2. 1 2 2

—ZA+-Ap— QP+ A+ E= 1

AT A0S+ A HE=0 (106¢)
Q+QA+¢)=0 (106d)
L1 2
¢+§¢2+§M—E=0 (106¢)
1. 3
E+§ﬂ+5¢E+3QH=0 (106f)
.3
H+§¢H+Q(—3E+u+p)20 (106g)
Inp=2msinB+A—¢ (106h)

with now
—1 Cc sﬁ—§Q (107a)
n= 2p mco > a
1

p=—7p%. (107b)

By combining the equation (106a) with (106¢), we obtain

1
E= —A¢+292—§(u+3p). (108)

20
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Substitution of equation (108) into equations (106f) and (106g) make them identically satis-
fied. So, we remain with the following set of six differential equations

=—Ap+A*+20% — Lp(mcos 8 —3Q)
—QA+9)

b= f%gbz —A¢+20% — %p(mcosﬁf%))
Inp=2msinB+A—¢

=Q

5(pQ) = —Ap(mcos § —20Q0)

A
Q

(109)

iy

for five unknowns {A,Q, ¢, 5, p}. Given appropriate initial data, the first five equation (109)
can be solved uniquely for all the unknowns. The remaining sixth and independent equation
is therefore a stringent constraint on the solutions that would thus be found. More in detail, by
working it out, we obtain the relation

¢ =msinf + — (mpcos B —2pQ) (110)

A
P

which is not automatically preserved along the solutions of the first five equation (109). This
means that the dynamics (109) is not (everywhere) tangent to the submanifold (110). A con-
straint algorithm has to be applied here. A first step identifies a further submanifold of (110)
described by

(247 = 20%0%) cos® B+ 12mQ2 (4252 A% 4 07) cos B — 2402* + (~244% 4 20r%) Q2
Q(mcos 8 —50) (mcos 8 —29Q) '

p:
(111)

Requiring that the dynamics preserves both the constraints (110) and (111) yields an additional
submanifold. The latter is described by a Cartesian equation (here omitted for brevity) for the
remaining variables A, {2, and /3, which can not be explicitly solved for any of its variables.
Therefore, we are not able to proceed further through the constraint algorithm. The conclusion
follows that certainly there are no solutions in which all variables (A, 2, ¢, p, 3) are free. The
constraint algorithm does not stabilize after the first two steps, so at most only two variables
would remain free. However, due to purely computational reasons, we are not able to establish
whether the problem admits solutions or not.

LRSI £ =Q=0
A first consequence of £ = 2 = 0 (see equation (65)) is

H=0. (112)

The equations for Hand H (equations (50) and (58)) are identically satisfied. Also the evol-
ution and propagation equations for €2 and & (equations (49), (52), (53) and (55)) are auto-
matically verified. So, we are left with the equations concerning the remaining quantities
0,3,A,0,E, p, 3. In this regard, the perfect fluid assumption gives us the condition

{§Q€OO — [ = constant (113)

21
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which implies
-1
{;—épmcosﬁ (114)

Therefore, in LRSII space-times, the perfect spinorial fluid is necessarily a dust. Moreover,
assuming g # 0, the vanishing of the pressure p =0 implies A =0 (see equation (61)). The
worldlines of the time-like congruence are then geodesics. We also notice that the Dirac
equation hip = —O entails the conservation law (60) for the energy density. In fact, we have
the identity

ﬂ:%pmcosﬁz—%pm@cosﬁ:—p@. (115)

The covariant equations for the remaining undetermined variables are

.1, 3., 1
®+§® +3X 4 Su=0 (116a)
Lol 2
N ¥4 IOT+E=0 (116b)
o1 2
5+30(5+30) =0 (116¢)
: 3 1
N N
2+7@+§2¢:o (116e)
3772
1.3
E+ 3ii+ SE¢ =0 (116f)
-1, 1 2 2
- g Py Sp—E=0 116
¢+2¢+< 3®)< +3@>+3u (116g)
Inp+© =0 (116h)
Inp—2msinfB+ ¢ =0. (116i)

In addition to equation (116), the constraint (101) has to be imposed too. In particular, the
constraint (101) assumes here the explicit form

é=—3§¢+2(2—§)>msmﬁ (117)

providing us with a propagation equation for ©. Equation (117) represents a crucial difference
compared to the covariant equations for spatially inhomogeneous LRSII dust models (116a)—
(116h), for which a general solution algorithm exists [6]. Indeed, now consistency between
equations (116a) and (117) has to be imposed. In this regard, the commutation relations (69)
together with equations (116a) and (117) yield the relation

< mpcos 3 40y  207?
3

+222—++E> sinf — 3 (E— mpcos 8

6

4m

3 5 )¢:0 (118)
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which expresses the integrability condition for equations (116a) and (117) (note that
equation (118) simplifies dramatically for 5 = km). The search for general solutions of the
system of equations (116) and (118) deserves a dedicated investigation and goes beyond the
scope of the present work. Here, borrowing ideas again from [6], we analyze some particular
cases which admit solution under appropriate simplifying hypotheses: 1) E=0, 2) ¥ =0, or
3) p=0.

1) E=0.
Continuing to suppose p # 0, from equations (113), (116d) and (116f) we obtain
=0
{ R (119)
p=0.

Inserting the content of equation (119) into equation (116), we get the further conditions

¢ =2msin
©=0 (120)
$O =0

which, together with A = ¥ = 0, satisfy the constraint (101). We can therefore distinguish two
distinct subcases: 1.a) =0 and 1.b) © =0.

l.a) =0 =3 = km. So we are left with only two variables © and p, and the set of equations

%szu:0
0+162=0 (121)
Inp+O©=0

representing a spatially flat FLRW space-time, filled with a spinorial dust. We will discuss the
solution of (121) in section 6.

1.b) ©® = 0. This subcase is only admissible under the very special condition x = 0. In this
circumstance, the energy—momentum tensor of the Dirac field is zero, even though the Dirac
field is not zero. We necessarily have 3 = 7 + kmr. The only two remaining variables are ¢ and
p, which must satisfy the equations

;D Qe
(T
S o

122
o+ 3¢* =0 (122
Inp = 2msin 3 — ¢.

Solutions of the system (122) exist and will be discussed in section 6. They describe a very
particular spinor field with a vanishing energy-momentum tensor, filling a flat space-time. In
coordinates, solutions of this kind have already been found in [37]. Although critical from a
physical point of view, such solutions are allowed by mathematics.
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2) ¥ =0.
From equation (116b), we deduce immediately that £ = (. So we fall back into case 1), which
we have already discussed above.

3) ¢=0.
The evolution equation (116c) is identically satisfied. The propagation equation (116g) yields
the expression

1 2 2

for E. The remaining covariant equations assume the form

O+102+3%2+ 1, =0

Y-1324+208+(2-10) (2+20) + 2u=0

Inp+0©=0

Inp = 2msin 3 (124)
N+20=0

E+1i=0

E=-©E—3Ex—1u3.

The consistency between expression (123) and the evolution and propagation equations for £
must be imposed. In this connection, a direct check shows that the evolution equation for E is
automatically verified. Instead, inserting equation (123) into the propagation equation for E,
we get the equation

A 2

@(E+3®> — pm?sinBcos 3 = 0. (125)
We end up with three evolution equations and three propagation equations
O+102+3x2+ 1 =0
Y-1324208+(2-10) (2+20)+2u=0
Inp+©=0
Inp = 2msin 3
S+20=0
O (2 +20) — pm?sinfcos f =0

(126)

for the variables ©, 3 and p. But the equations (126) must be coupled to the constraint (117)
which now reads as

© =2msinf3 (2—;@). (127)

Despite this additional condition, the problem admits solutions. For instance, by requiring
homogeneity (© = X = p = 0), equations (126) and (127) reduce to the system
O+ile?+3x2+1u=0
Y-1524+208+(2-10) (2+20) +2u=0 (128)
Inp+©=0
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with f =km and p = %pmcos B. As we will see in section 6, the system (128) describes a
Bianchi-I space-time, filled with a spinorial dust.

LRSII: £ #0and 2 =0
In this case, from section 3 we have

Q=¢ =0 and f: 0 Vf covariant scalar. (129)
From the evolution equation for €2, equation (49), we get immediately

Al =0 = A=0. (130)
Thus, from the Dirac equation (99) and due to the condition In p = 0, we have the condition

2msinf =0 = B =km. (131)

This implies £ = —B =0, which contradicts the LRSIII assumption. Thus, in the case of a
perfect spinorial fluid, no LRSIII solution exists.

5.2. Non-perfect spinorial fluid

In this case, both the momentum density ¢' = —Qs’ and the anisotropic pressure IV =
II (s's’ + INY) can be different from zero. The expressions of II and Q are given by
equations (97¢) and (97d). Following the lines of section 3, we can distinguish two main cases:
Q& = 0and Q& # 0. In this paper, we focus only on the case 2( = 0, so on LRS space-times of
type L, 11, and III. We are currently studying the case £2¢ # 0, which poses some difficulties of
both a conceptual and technical nature. Our future findings will be presented in a forthcoming

paper.

LRSI: Q #0,£=0.
Condition (66) implies f = 0 for every covariant scalar f. As in the case of a perfect fluid, from
equations (49) and (55) we have > = © = 0. Again, equation (72) implies g; = 0 which is
consistent with 5 = ¢ = 0. The covariant equations (49), (50), (51), (55), (56), (60) and (63)
are automatically satisfied, as well as the constraint (101) and the Dirac equation involving p.
The evolution equation (52) reduces to the constraint (65), giving us the expression for H.
That said, by combining equation (59) with equation (62), we get the following expression
for E

1 1
E:—A¢+292—§(u+3p)—iﬂ (132)

interms of A, ¢, 2, p and (. In connection with this, a direct calculation shows that the expres-
sions (65) and (132) are consistent with the propagation equations (57) and (58): by insert-
ing (65) and (132) into equations (57) and (58), we get two automatically satisfied identities.
Moreover, by replacing the expression (132) into the propagation equation (54), we obtain the
equation

b= 36~ A6+ 20— (u+p) ~TL (133)
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Summing it all up, we are left with the following set of differential equations

—Ap+A%+20% — L (n+3p)

p=—311¢ +TTA+A(u+p)

—Q(A+9) (134)
L —AG+202 — (u+p)— T

=p(2msin+A —¢)

+

™ S D :]> 0 SN
Il

for the unknowns A, €2, ¢, p and 3, and where
1
p=—1p (B+2Q) (135)
II

Because of the definitions (97), the second of the equation (134) is a differential equation of
the second order in the variable 3. Clearly, it can be reduced to a set of first-order differential
equations by introducing an additional variable o := . The system (134) is then well-posed.
Assigned suitable initial data for the unknowns, it admits (at least locally) a unique solution.

LRSII: 2=0and £=0

There are no constraints on the dor and hat derivatives of covariant scalar quantities.
Additionally, we have no restrictions on the momentum density g; and the anisotropic pressure
11;;. We immediately have

H=0. (136)
The evolution equations of (49), (50) and (52), and the propagation equations of (53), (55)

and (58), are identically satisfied. The remaining covariant equations, together with the con-
straint (101) and the Dirac equations, are given by

. . 1 1
@+A¢+A—A2+§@2+%22+5(u+3p):0 (137a)
. 3

fit (n+p)© =009 +240 — I =0 (137b)

.3 4

Q—T1— Sl +MA—p+A(p+p)+300-0%=0 (137¢)

2.1 l, 2., 2 1

B A+ A SN 4 AT+ SONH B+ ST =0 (137d)

: 2 1

bt <2+3@> <A+2¢) +0=0 (137¢)

—E—@E—§E2+1H+3AQ—1@—1Q¢>+1( + )2—1@H+1H2 (137f)

2 27 T3 T 3% T QWWTPI=T G 4

—%é—i—;m—gzo (1379)
1, 1 2 2 1 B

o+30 +<23@) (E+3@>+3N+ZHEO (137h)



Class. Quantum Grav. 42 (2025) 215013 S Vignolo et al

o1 1 3 1 1 1
E—-II+-p+=¢|E—=1II = =Y )= 137i
> +3u+2¢< > )+Q<3@+2 ) 0 (137i)
. . 2 1 A
A= —-2mfcosf3 — (2—1-3@) <A—|—2¢) —0—-0+A0+
1
+ <E— 3@) (2msinB+A — ¢) (137))
Inp+©=0 (137k)
Inp=2msinB+A—¢ (1370)
where now we have
Q=—1pB
I =—1p3
0 15) 1 ; (138)
w=3p (mcos,é’ — 56) = 5pmcos §+ 311
p=—15pB=3IL
From the expressions of Q and II in equation (138), we have the relations
. 4 A 6
f=—--Q and f=—-IL (139)
P P

In view of this, we can treat Q and II as independent variables and consider equation (139)
as the evolution and propagation equations for the chiral angle /3. If we choose to follow this
idea, we must verify the integrability conditions (see equation (69))

B—p=tAB—SB+ %@B (140)

for equation (139). In this regard, from the (139) we get

s 4 4. 56 6
B=—pQ—-0 and B=—pll—
p p p

~1IL (141)
P

Inserting equations (139) and (141) into equation (140) and making use of the Dirac
equations (137k) and (137/), we obtain the final equation

20 (— ¢+ 2msin 3) — 20 + 4011 + 311+ 40A — 3X11 = 0. (142)
Now, equation (142) results in being equivalent to equation (137b). Indeed, taking the iden-

tities u = %pmcosﬁ + %H and p+p= %pmcosﬁ + 2II into account, it is easily seen that
equation (137b) is identical to equation (142) up to a multiplication factor 1/2:

(;p'mcosﬁ — %mesinﬁ—i— ;H) +0 (;pmcosﬁ—i—ﬂ_[) —0—0d+240 — %ZH =

=2szinB+%ﬂ+2@H—Q—Q¢+2AQ—%EH:0. (143)
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The integrability conditions of equations (139) are then ensured by equation (137b). To con-
clude, making use of equations (138), (137) and (139) can be recast in the final form

O+Ap +A—A2+ 102+ 352+ L (Lpmceos B+ 311) =0

31— Q +2mQsin 3 + 2011 — Q¢ + 240 — 3XI1 =0

— 311 311¢ + 31A + LApmcos S+ 200 — 0¥ =0

—2A+ 14— 1324+ 242 1 2T+ E4+ 1T =0

6+ (3+30) (4+19) +0=0

E+EO+3EX + 1010 + 2mQsin B — 10¢ + tmpcos S+ 351 =0
20+2+3%6+0=0

o+ 162+ (2-10) (2 +20) + impcosf+ 31— E=0

E+ lmpcosB(A—¢+2msinB) +mllsinf+ 3¢ (E— 1) + 0 (16 +1%) =0
A+©+2mBeosf+ (S+20) (A+1¢) + 0 —A40 — (L — 10) (2msinf+A—¢) =0
Inp+0©=0

Inp=2msinB+A— ¢

,_ _4p

M- Q-

(144)

The differential system (144) consists of fourteen equations for nine unknowns. Given the
consistency conditions discussed in section 3, along with the integrability conditions for the
Dirac equations (137k) and (137/) and the equations (139), a general solution algorithm for the
system (144) can be borrowed from [6] and it is as follows. Given a space-like hypersurface
o, orthogonal to u', the variables A, ©, Q, and II can be freely specified on o. The seventh,
eighth, ninth, twelfth, and fourteenth equations of (144) are then used to determine the spatial
distribution on o of the variables X%, ¢, E, p, and [, respectively. All remaining equations
provide us with the expressions for the time derivatives on ¢ of all nine unknowns, from which
the evolution of the unknowns along the time-like congruence follows.

Another idea to solve the system (144) might be to freely choose some variables to obtain a
simpler system of consistent propagation and evolution equations for the remaining unknowns.
An example of such an approach is given in section 6, where we present an exact integration
of equation (144), related to an a priori choice of some variables.

LRSIIL: Q@ =0, £ #0.

Requirement (66) implies f=0for every covariant scalar f, so in particular B =0.1In view of
equations (97¢) and (98), we have necessarily II; = 0. Moreover, due to the constraint (72),
the momentum density is zero too: g; = 0. The spinorial fluid is then forced to be perfect. We
therefore return to the case that we have already discussed in the previous subsection, with the
same conclusion: there are no solutions of LRSIII type.

6. Some exact solutions

In this section, we explore some exact solutions of the differential systems discussed in
section 5.
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6.1 FLRW spatially flat solution

Let us consider the system (121), which we rewrite below for the convenience of the reader

%@2—;120
0+102=0 (145)
Inp+© =0.

Let us also remember the following conditions
B=0, A=Q=S=¢p=¢(=E=H=0 and f=0 V covariant scalar f (146)

which have been employed to deduce the final equation (145). In particular, assumptions (146)
imply that the worldlines of the time-like congruence are geodesic and surface—orthogonal,
the space-time is isotropic, homogeneous, and conformally flat. Such a set of requirements is
certainly met by adopting an FLRW spatially flat metric

ds* = dr* — a* (t) (d* + dy* + d2?) (147)

and setting ' = ¢!, in such a way that the vector field u' coincides with the vector field %. In
connection with this, it is a straightforward matter to verify that equation (145) exactly repro-
duces the content of the Einstein—Dirac equations, after evaluating them in the metric (147)
and appropriately choosing the form of the spinor field.

To see this point, choosing the Dirac representation for a set of Clifford matrices v* (v =
0,...,3) and making use of the following co—tetrad field

L =d, e =a(t)dx, =a(t)dy, & =a(t)dz (148)

the Einstein—Dirac equations result in being expressed as

o\ 2
3 (“) = Ly (149)
a 2
.. o\ 2
22 4 (“) =0 (149b)
a a
bt 2 i =0 (1490)
2a

where 1) is the spinor field, v its compex conjugate and m is the spinor mass. A solution of
equation (149) is given by

e—imt
C
a()=apt’ and o = —— 8 (150)
a)*

where ap and C are suitable integration constants, with C complex quantity satisfying §a03 =
m|C|? (from (149a)). The spinorial current 1)y and the spin pseudo—vector field 1)y'y 1)
associated with the Dirac field (150) are expressed as

i CP T CP

Py = |73|5t and  Py'yy = uf& (151)

at
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in such a way that the corresponding 4-vector fields #’ and s’ coincide respectively with %
and é 8%' Furthermore, we also have the identity 1)yt = 0, which implies 3 = 0 as a possible
choice.

Therefore, taking the non—trivial Christoffel symbols

L, =0,,=T,= g and T/=T,/=T/=aa (152)

associated with the metric (147) into account and working out the covariant derivatives V,u;
and Vs;, a direct check shows that all the requirements (146) are verified. Moreover, in view
of the identity © = 34, the field equation (149) amount to the covariant ones (145), having
solution of the form

Po 4

o) = ) == d 1) =— 153

=2 p=5 and u(0=5; (153)

2
with py = Q The conclusion follows that the LRSIl space-time, singled out by

ap

equation (145) (or (121)) together with the constraints (146), describes a FLRW spatially flat
space-time, filled with a spinorial dust.

6.2. Bianchi-I solution

Let us consider a partially isotropic Bianchi-I metric of the form

ds? =d —a()? & —a(1)* dy?* — c (1)* d2. (154)
A natural co-tetrad field associated with the metric (154) is given by

L=d, e'=a(t)dx, =a(t)dy & =c(t)dz. (155)

with the tetrad field, dual of (155), expressed as

0 1 0 1 0 1 0
_Y - “ - = . 156
o “Tanoax 2T anoy T oz (156)
The non—trivial Christoffel symbols associated with the metric (154) are
X y a C t t . t .
ry=Iy=-, I, == I'/=Ijy=aa, T =cc (157)

a (&

Once again adopting the Dirac representation for a set of Clifford matrices v*, the spinor
covariant derivative induced by the Levi—Civita connection (157) is expressed as

Dip =0 —Qup, Dyt = 0p + 9 (158)
where the spinor connection coefficients Q, are given by

- - ~ 1. 1.
=0, Q=0=5a7"", Q=z¢v"" (159)

Taking equations (157)—(159) into account, it is easily seen that the Einstein—Dirac equations
assume the form (for more details, see [38])

L\ 2 ..
(“) +2%¢ Z Lgy (160a)
a ac 2
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a ¢ ac

atetaco (1600)
. . 2

2g+ (Z) -0 (160¢)

§ 4 ot +imyp =0 (160d)

Py’ =0 (160¢)

Py’ =0 (160f)

where we have denoted 7 := a’c and o' =~/e},. A solution of the Dirac equations (160d)
which satisfies the constraints (160e) and (160f) (coming from the non—diagonal part of the
Einstein equations) is again of the form

—imt

e
| o

1/)—\7 0 (161)
0

where C is a complex integration constant. The scalar and vector bi-linears generated by the
spinor (161) are given by

7 P T CP T CP
Yip = u, U =0, Yy = u& and  9y'"y’Y = uéz (162)
T T cT
so that the corresponding 1-forms u; and s; are expressed respectively as
=0, and s; = —c(1)07. (163)

Thus, calculating the covariant derivatives V;u; and V;s; and the components of Dirac energy—
momentum tensor, we obtain the identities

A=Q=¢(=¢p=H=p=p=0=11=0. (164)
The spatial metric h;; = g;; — w;u; and the bi—spatial tensor N;; = h;; + s;s; are here of the form
hidd @ d¥ = —a* (dx®@dx+dy®dy) — *dz®dz (165a)
Njdx' @ d¥ = —a® (dx@ dx +dy®dy). (165b)

The only covariant kinematical quantities which are not zero are the expansion scalar © =
V,u' and the shear tensor o;; = Viujy — %unqh,-j. The former is given by

0=224° (166)
a c
whereas the non vanishing components of the latter are expressed as
1 1 ,¢ 2 2 5
axxzayy:—gail—l— §a2§ and crzz:—gcé‘—f— gczg. (167)
Defining the shear scalar
L . 2¢  2a

the components of the shear tensor read as

1
gjj = by <S5Sj + 2NU> (169)
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in accordance with the requirements of the LRS geometry. Now, the covariant scalar quantities
O and X have to satisfy the equation (128), namely

o1, 3, 1

Z 2y o= 17
O+36° +52" +5u=0 (170a)
.1 2 1 2 2
O 5 R C ) IS [ ) s Y4 = —_ 1

52 +30 +< 3(9)( +3®)+3u 0 (170b)
Inp+O0©=0 (170¢)

where here p = 1)1, since 2 = 3 = 0. Inserting the content of equations (166) and (168) into
equation (170), the latter assume the form

. .

28 1 gy (171a)
a ¢ 4

A0 -

a_c_qac_ 1,5y (171b)

a ¢ ac 2

Inp=—Inr. (171¢)

It is evident that the spinor field (161) verifies equation (171c). Moreover, a direct
check shows that equations (171a) and (171b) are identical to suitable linear combinations
of the Einstein equations (160). In detail, we have: (171a) = 2(160b) + (160c)-(160a)
and (171b) = (160c)-(160b)-(160a). As a last remark, we note that equation (123) is implied
by equations (160) too. Indeed, making use of equations (170b), (123) can be rewritten in the
form

.1 2
E=-Y+-%>-Z0O%. (172)
2 3
Therefore, on one side, by definition, we have the identity
- 1(¢ a a¢ [a\°
E= Cijhku'sluhsk =- < 777777 + () > . (173)
3\c a ac a
On the other side, by a direct calculation, we get
S | 2 2/(¢ a
X _Cen=C(-—-). 174
* 2 3 3 (c a) (174)
Inserting equations (173) and (174) into equation (172), we obtain the equation
a—c—ac+(a) —0 (175)
a ¢ ac a

clearly identical to the linear combination (160c)-(160b).

We conclude that the LRSII space-time, determined by the covariant equation (170)
(or (128)) and by the constraints (164) and (172) (or (123)), represents a partially isotropic
Bianchi-I space-time (154), filled with a spinorial dust.

6.3. Minkowski solutions

Let us discuss particular solutions of the system (144) under some simplifying hypotheses.
In particular, we assume A =0 and X = %9. Under such conditions, the vector fields u' and
s' commute (see equation (69)). Thus, according to the Frobenius theorem, the distribution
generated by u’ and s’ is integrable, its integral surfaces give rise to a foliation of space-time,
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the parameters of the time-like and space-like congruences can be assumed as local coordinates
on the leaves, and possibly completed to local coordinates over the entire space-time.
Under the assumptions A =0 and X = %@, the covariant equation (144) become

4@+6H+2@2+mp0056:0 (176a)
3(ﬂ+H@)+4szin6:2(Q+Q¢) (176b)
. 3 /.
Q+Q®=5(H+H¢) (176¢)
20 +6E+311+ 0% =0 (176d)
<;5+Q+%@¢:0 (176¢)
12E 4 18EO + 9110 + mOpcos 5 + 8mQsin 8 = 6Q¢ (176f)
0+0+ %@¢> =0 (1769)
6¢ + 911 + 3¢> — 6E + 2mpcos S = 0 (176h)
3 (4E+2Q@+6E¢ - 3H¢+4mHsinB) 2mpeos B (—p+2msinB) =0 (176i)
0+0+ %@d)-i—Zchosﬁ =0 (176))
p+pO =0 (176k)
p=2mpsin S — p¢o (1761)
) (176m)
P
B—-%m (176n)
P

The compatibility between equations (176g) and (1765) implies
Beosf=0 < BzOUﬁz%—i—lm. (177

Condition =0 (with /3 # 5 +km) is not allowed (details are omitted for brevity), so we
focus on the case 3 = 7 + km. From equations (176m) and (176n), we get Q=0 and II = 0.
From equations (176a) and (176d), we obtain E = (0. Moreover, we have ;1 =0 and p =0 as
well. Therefore, the energy—momentum tensor of the Dirac field is zero, although the Dirac
field itself may be non-zero. Both the Weyl and Ricci tensors are zero, and then the space-
time is flat. After denoting by 1 and x the curvilinear abscissas of the time-like and space-like
congruences respectively, the system of equation (176) reduces to

00 1

— 4+-06*=0 (178a)
on
o 1.
877+5@¢ =0 (178b)
00 1

lod — 1
o + 2@¢ 0 (178¢)
%+1¢2:0 (178d)

ox 2
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9% . 2O =0 (178¢)
n
P _ somp—pi (178f)
Ox

for the three unknown functions © (7, x), #(1, x), and p(n,x). In equation (178f) the sign +
is related to the choice 8 = 7 + 2k, whereas the sign — sign comes from § = %71’ + 2km. By
first solving the equations for © and ¢ and then solving the equations for p, we get the final
solutions

O (n,x) =32 (n,X) = ;—Ep

¢(1.X) = et (179)

 Ketimx
p(0:X) = Goeior

where C # 0, D and K > 0 are integration constants. Solutions (179) have singularities on the

hypersurface n — Cx + D = 0 and blow up for y — *o0. In the rest-frame and spin eingen-

state (L =1, and by using the Chiral representation for the Clifford matrices, the explicit form

of the spinor field is obtained from equation (78) and is given by

1—i
Kimx
w:,L 0_ (180)
2ln—Cx +D| | 1+i
0

We note that in the static case and setting © = 0, the system (178) reduces to the system (122)
with solution given by

o(X)=
(181)

+2mx
P (X) = §+D)2 .

Solutions (179) and (181) describe very particular spinor fields with a vanishing energy-
momentum tensor, filling a flat space-time. Although critical from a physical point of view,
such solutions are allowed by mathematics. As already mentioned, in (cylindrical) coordinates
and in the static case, solutions of this kind have already been found in [37].

7. Conclusion

By combining the polar decomposition with the covariant approach, we developed a covariant
formulation for a self-gravitating Dirac field in LRS space-times of types L, II, and III. In such
a formulation, the Dirac field was described entirely in hydrodynamic form as an effective
spinorial fluid, without resorting to the tetrad formalism or even to the use of Dirac matrices
and their particular representations. All covariant equations were preliminarily reformulated in
the signature (+ — ——), and the (1 + 1 4 2) decomposition of the energy—momentum tensor
of the spinor field, as well as of the Dirac equations, was carried out. By identifying the velo-
city and spin of the spinor field as the generators of the time-like and space-like congruences
required for the (1 + 1+ 2) covariant splitting, we were able to examine the Dirac field in
backreaction with LRS geometries.
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Within this framework, a first finding was that if the spinor fluid is of the perfect type, only
LRS space-times of types I, II, or III result to be compatible with the Dirac field. Conversely,
if the spinor fluid is non-perfect, more general space-times—beyond LRS types I, II, and III—
may become admissible. A more detailed analysis then showed that LRSIII space-times are
automatically ruled out in both the perfect and non-perfect spinorial fluid cases. LRSI space-
times are possible in the case of a non-perfect spinorial fluid. Instead, in the case of a perfect
spinorial fluid in an LRSI space-time, the number of the resulting equations exceeds that of
the unknowns, generating a constraint algorithm for which we are not able to say whether it
stabilizes or not. As for LRSII space-times, we proved the existence of LRSII solutions which,
in the case of perfect spinorial fluid, must necessarily be of the form of dust.

Although it may seem natural at first to identify the time-like and space-like congruences,
respectively, with the integral curves of the velocity #' and spin s’ of the Dirac field, this choice
can be restrictive and may be the source of many of the obstructions we encountered. In this
regard, a wider choice—still within the framework of LRS space-times—could be to select
the tangent vectors to the two congruences as coplanar with the vector fields #’ and s, but not
coincident with them. Moreover, space-times not belonging to LRS types I, II, and III remain
to be investigated. We will devote future papers to these further lines of research, as well as to
the study of general solutions of the covariant equations we obtained.

Another possible avenue for extending the present research is to go beyond LRS space-
times, while still working within the (1 4 14 2) decomposition framework. This line of invest-
igation will also be pursued in future work.
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