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ARTICLE INFO ABSTRACT

Editor: Neil Lambert We construct a new rotating solution of Einstein’s theory in vacuum by exploiting the Lie point symmetries of
the field equations in the complex potential formalism of Ernst. In particular, we perform a discrete symmetry
transformation, known as inversion, of the gravitational potential associated with the Kerr metric. The resulting
metric describes a rotating generalization of the Schwarzschild-Levi-Civita spacetime, and we refer to it as the
Kerr-Levi-Civita metric. We study the key geometric features of this novel spacetime, which turns out to be free
of curvature singularities, topological defects, and closed timelike curves. These attractive properties are also
common to the extremal black hole and the super-spinning case. The solution is algebraically general (Petrov-
type 1), and its horizons lie at the horizon radii of the Kerr black hole. The ergoregions, however, are strongly
influenced by the Levi-Civita-like asymptotic structure, producing an effect akin to the magnetized Kerr-Newman
and swirling solutions. Interestingly, while its static counterpart permits a Kerr-Schild representation, the Kerr—
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Levi-Civita metric does not admit such a formulation.

1. Introduction

To date, only two exact solutions with well-defined static limits are
known to describe the exterior gravitational field of a spinning mass in
vacuum. The first is the Kerr metric [1], which remains the most astro-
physically relevant solution to Einstein’s field equations, underpinning
much of our theoretical understanding of rotating black holes. The sec-
ond is its less familiar generalization, the Tomimatsu—Sato metric [2].
Unlike the Kerr metric, the Tomimatsu-Sato solution does not reduce to
the Schwarzschild geometry in the limit of vanishing angular momen-
tum, but to a class of Weyl metrics known as Zipoy—Voorhees spacetimes
[3,4].

The circular, stationary, and axisymmetric Einstein and Einstein—
Maxwell field equations become remarkably integrable in the complex-
potential formalism of Ernst [5,6]. That formalism reveals a hidden set
of Lie point symmetries which, under appropriate conditions, serves as
a powerful tool for generating sophisticated solutions [7-10].

* Corresponding author.

In this letter, we construct a novel rotating solution to Einstein’s field
equations in vacuum by “inverting” the gravitational potential associ-
ated with the Kerr metric in magnetic Weyl-Lewis—Papapetrou (WLP)
form. The new metric, dubbed Kerr—Levi-Civita (Kerr—LC) metric, is also
a solution to the field equations, because inversion is a discrete sym-
metry of the Ernst equations. In the static limit, it reduces to a metric
describing a Schwarzschild black hole embedded into a Levi-Civita (LC)
cylindrical background [11].

The Kerr-LC spacetime features a notable amount of attractive prop-
erties: it is entirely free of curvature singularities, conical defects, spin-
ning strings, and closed timelike curves. Such properties hold in all
regimes (non-extremal, extremal, and super-spinning). According to the
Petrov classification [12], the spacetime is algebraically general. Its in-
ner and outer horizons are located at the radii of the respective horizons
of the Kerr black hole, while the ergoregion has a frame-dependent pro-
file quite different from the usual Kerr ergosphere, rather reminiscent of
the respective profiles in the magnetized Kerr-Newman spacetime [13]
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and in swirling black holes. Although its static limit, the Schwarzschild-
LC black hole, admits a Kerr—Schild representation [14], the Kerr-Levi-
Civita metric does not.

This letter is organized as follows. In Section 2, we present a detailed
construction of the solution. In Section 3, we study the key geometric
properties of the Kerr-LC spacetime. Finally, we conclude in Section 4,
discussing open questions and potential directions for future research.

2. Construction of the Kerr-Levi-Civita spacetime

Stationary and axisymmetric geometries in four dimensions are char-
acterized by the action of a group R x SO(2), under which the spacetime
metric remains invariant. If the surfaces of transitivity of that group (its
orbits) are everywhere orthogonal to a family of hypersurfaces defined
by the (remaining) non-Killing coordinates (known as meridional sur-
faces), the spacetime is said to be circular, and the action of R x SO(2)
is said to be orthogonally transitive [15,16].!

The most general class of circular, stationary, and axisymmetric
spacetimes is described by the WLP metric, either in its standard electric
form or in its magnetic representation. Note that the latter is obtained
by means of a double Wick rotation that transforms the temporal and
azimuthal coordinates. In the canonical Weyl coordinates denoted by
{t,p, 2z, ¢}, the magnetic WLP line element reads

ds’> = f(dp - wdh? + % [e¥ (dp? +dz?) — p*dr?], €}

where f, o, and y are functions of p and z only.

It is well established that for circular, stationary, and axisymmetric
spacetimes expressed in a canonical WLP form, Einstein’s equations can
be recast in the Ernst formulation as the complex Ernst equation [5,6]

Re(£)V2E = VE - VE. (2)
Here, the complex Ernst gravitational potential
E=—-f-iy, 3

is determined by the characteristic metric functions f and w in the mag-
netic WLP line element (1) and the relevant twist equation

2
&xV;(=—f7Vw, 4)

that provides the twisted potential y. It is worth mentioning that the
Laplacian and the gradient are defined with respect to the flat 3-metric
in cylindrical coordinates {p, z, ¢}.

The main advantage of this sophisticated formulation of Einstein’s
equations lies in the revelation of a set of otherwise hidden Lie point
symmetries intrinsic to the Ernst equations [17]. Relevant to our con-
struction is the inversion transformation, a discrete symmetry transfor-
mation in potential space, obtained via the composition of a duality-
rescaling transformation, a gravitational gauge transformation, and an
Ehlers transformation [9] (see Section 4 for the details).2

Denoting seed quantities with a 0 subscript, the action of the inver-
sion operator on the gravitational Ernst potential &, = —f;, — i, associ-
ated with a vacuum seed, is defined by

1

I: & E 1= —. 5

0o ) (5)

Hence, the transformed Ernst potential £ = —f — iy is explicitly given
by

fo X0

2, y=-2 ®)
o+ % fs+%

f=

! Note that, in the case of stationary, axisymmetric spacetimes in Einstein-
Maxwell theory, the circularity condition is not an assumption, but rather a con-
sequence of the field equations, provided that the electromagnetic field-strength
tensor is compatible with the symmetry ansatz [16].

2 In Stephani et al. [12], the authors present inversion as a composition of the
above transformations in the limit j — 0. In Section 4, we make it clear why
taking the limit is a redundant action.
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Since the function y remains invariant under the Lie point symmetries,
and can always be expressed in terms of £ using a pair of quadratures
[12], the “novelty” of the target spacetime is entirely encoded in the
functions f and the “rotation function” @, which is obtained from the
twist Eq. (4) once y has been determined.

To construct our Kerr-Levi-Civita spacetime, we begin with the Kerr
metric as the seed, written in magnetic WLP form using spherical-like
coordinates {t,r, x = cos 9, ¢} for simplicity. Explicitly, we have that

AA A2 o0 (dr? dx?
ds?=fy(dp — wydt)> - X 4+ = , 7
SO f0(¢ 0 ) f() +f0<Ar+Ax> ()
where
(rF +a*? - a®AA
fo(r,x) = Ay ——s—"—,
Y
%) (" +a®) - A,
wy(r,x) =a————————,
0 (P2 + a2 —a®AA, ®

e2ro(rx) — A, [(rZ + a2)2 _ azArAx]»

A (r)= = 2mr + a2, A(x)y=1- x2,

and 0%(r, x) = 12 + a®x°.

The new metric function f is readily obtained. The rotation function
w follows from the following procedure: starting from the known seed
function w,, we apply the twist Eq. (4) to compute the imaginary part
of the seed Ernst potential, y,. This is then used in (6) to determine
the imaginary component y of the transformed potential. Substituting
back into the twist Eq. (4), now with the transformed quantities, yields
the function w. The gradient should now be understood as that defined
with respect to the flat metric in the spherical-like coordinates, using
the relations

plr,x) = /A A,

Thus, we end up with

z(r, x) = (r — m)x. ©)

2
fr,x)= A, Q[ +a*)? - d*AA,] (Ai [ + a®)? - a®AA,]
-l (10)
+4m?a*x? [azAi + OZ(AX + 2)] ) s

—2ma 2 2 3 4
2a°m—3a’r+r)Ax
A,a2x2 + r2a®m + a*r + r3) I S an

—6r(a2 + rz)A,x2 + (2a2m +d’r+ r3)(a2 — 6mr — 3r2)].

w(r,x) =

The complete Kerr-Levi-Civita spacetime is thus described in spherical-
like coordinates by the line element (7) where f, = f and o, = ® (3,
kept as is).

3. The Kerr-LC geometry

We now explore the features of this new geometry. Let us begin by
observing that g4, = f and that therefore the azimuthal metric compo-
nent is always positive. It follows that the Killing vector 9, is every-
where spacelike for r > 0, except on the symmetry axis, x = +1, where
it becomes null. Consequently, there are no closed timelike curves. Sec-
ond, let us introduce a new coordinate system {t, 3, Z, ¢}, where

,;;=_4|'"|“ 2+22V1-x2, zi=rx. 12)
X

In the latter, the induced metric on the slices of constant ¢ and Z, near
the symmetry axis, becomes

s >
——dg". 13
256a*m* ¢ (13)

Since |0,|* ~ 4%, there is no cosmic spinning string there.> However,
there is a defect angle 2z(1 — 9) where 8 = +1/(16a>m?). To deal with
that, we can redefine

¢ = 16a*m>g, a4

ds® ~dp? +

3 The absence of a Misner string follows.
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and take ¢ as our new azimuthal coordinate with ¢ and ¢ + 2x identi-
fied. The new spacetime is free of conical singularities as well.

In the coordinate system {1, p, z, ¢}, the asymptotic form of the metric
reads

3p% + 129222 + 824
2 2 3.3
~ —64 22T PR TCR 1
ds® ~ ds;{ —64a’m 2+ P dtde, (15)
where

256a*m*
dsje = p*(—d? +dp* +d2%) + — deg?, (16)

P

is an alternative formulation of the Levi-Civita metric with c =1 =B
and C = 16a’m? [18]. To get Eq. (15) we took the limit p, z — co while
keeping p/z finite.* Since the asymptotic geometry is a rotating gener-
alization of the LC geometry, we may formally address the solution as
the Kerr-LC spacetime.

We shall now attack the horizon structure. The metric component
g,, features poles at the outer and inner horizon radii of the Kerr black
hole,

rp=m+Vm?-a?, r_=m-Vm?-a?, a7

respectively. In more detail, we have that g, ~ 1/A, as r — r,. Nev-
ertheless, curvature invariants are regular there. Surprisingly, they are
regular everywhere (see Appendix A); there is no ring singularity (like in
Kerr). Moreover, tidal forces either vanish or are (1) in all directions
at infinity, and we may conclude that the Kerr-LC metric, which is a
Petrov-type I solution to Einstein’s field equations, describes a regular
black hole for m> > a®. On the other hand, for m? < a?, the geometry is
regular and free of horizons.

Of course, we expect that the horizon surface will not be the same
as that of the Kerr black hole. For example, the equatorial circumfer-
ence of the outer horizon—independent of the spin parameter (or spe-
cific angular momentum) a in Kerr spacetimes and equal to 4zm—reads
Ceq = 16zma? in our case. Thus, for a Kerr-LC black hole, higher angular
momentum results in an outer horizon with larger equatorial circumfer-
ence for fixed mass. In Fig. 1, we present a cross-section of the embed-
dings of the outer-horizon surfaces of Kerr and Kerr-LC black holes in
three-dimensional Euclidean space for different values of the spin pa-
rameter.

We do so in order to visualize the deformation of the horizon in
the new solution. Embeddings are valid for |a| < a,,,, = \/5m/2. Fora <
ag ~ 0.68m, we have a peanut-shaped horizon with the neck located at
the equator. At a = a,, the Gaussian curvature at the equator is 0, and
for ay < a < a,, the surface becomes a prolate capped cylinder. For a =
a;, the horizon is an isocircumferential barrel, that becomes oblate for
< a < Gy
Note also that the horizon r = r, is a Killing horizon. The linear com-
bination 9, + Q|y0,,, where

Aiso

3ry+r_

2y )
is the angular velocity of the black hole, is a Killing vector that becomes
null on the event-horizon surface. Recall that the angular velocity of
the black hole is the angular velocity of a zero angular momentum ob-
server (ZAMO)® atr =r +» which in our case, takes the value (18) on the
subtle assumption that o, is the asymptotically timelike Killing vector.
However, as pointed out in Barrientos et al. [19], the concept of “rest” is
ambiguous in spacetimes with an asymptotic behavior similar to that in
Eq. (15), see also Ref. [13]. To be more precise, there is no Killing vec-
tor that is timelike everywhere at infinity, and 0, = 9, + ad, all define
a time flow in some parts of the asymptotic region. One should, in the-
ory, make that ambiguity manifest in the spacetime metric by moving

Qly (18)

4 Amounts to r — co in Boyer-Lindquist coordinates.
5 The ZAMO angular velocity reads Q = u® /u' where u is the four-velocity of
the observer satisfying u - 9, = 0.
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Fig. 1. In panels (a), (b), and (c), we show a cross section, taken at Y = 0, of
the embeddings of the outer-horizon surfaces of Kerr (gray) and Kerr-LC (black)
black holes for a = 1/4 (solid) and a = 1/2 (dashed), a = a, (solid) and a = 0.75,
and a = g;, ~ 0.84 (solid) and a = a,,,, (dashed), respectively. The function Z
is the embedding function and X? + Y2 = R?, where R is the proper circumfer-
ential radius at r = r,. In panel (d), we graph the Gaussian curvature K of the
outer horizon at the equator (black, solid) and the poles (gray, dashed). The
solid curve crosses K = 0 exactly at a = g,. The two curves meet at a = a;, and
terminate at a = ¢, We have set m = 1.

‘max *

to a rotating frame, i.e., switching over to coordinates

({9 =1,r,x,09 = ¢ —ar}, (19)
adapted to 0, . For our purposes, it suffices to consider
Oy@ * 0w
0@l 20, Q@ =——— (20)
19,12

as the definitions for the ergoregions and the angular velocity of a
ZAMO, respectively, having in mind that fixing « amounts to choos-
ing a frame. Note that Q@ = Q© — a, becomes constant at r = r,. We
shall address that constant, call it Q@|y, as the relative angular veloc-
ity of the black hole. Let us remark that velocity differences like AQ =
Q@ — Q@] for example, do not depend on «; they are absolute quan-
tities in that regard. By construction, the Killing vector 0,w + Q®| 10,
is null on the event-horizon surface in all rotating frames.

Some more comments on the angular velocity and the nature of the
rotation in the Kerr-LC spacetime are in order. In a Kerr spacetime, the
asymptotic geometry is static; the angular velocity falls off like ~ 2am/r3
as r — co. In the Kerr-LC spacetime, we have that

3 +6x2 — x*

Qn~ ————, (C2Y)
8am

at large distances and fixed latitude. It is not surprising that the above
expression does not contain «. The reason is that the asymptotic geom-
etry is insensitive to the choice of frame; all ZAMOs will experience the
same dragging far away. That dragging, however, does not fit in the pic-
ture of an isolated, massive, rotating compact object (like the Kerr black
hole) “dragging along” spacetime in its vicinity. It is rather reminiscent
of what happens in spacetimes describing black holes embedded into a
swirling universe [19-22],° although asymptotic frame-dragging should

6 Recall that the swirling background is asymptotic to a rotating generaliza-
tion of the LC metric with ¢ = 1/4.
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be common to all solutions with rotating asymptotic forms. After all,
Eq. (21) is the ZAMO angular velocity in the asymptotic spacetime (15).
However, there is a crucial difference between the Kerr-LC solution and,
for example, the swirling black holes.

The frame-dragging in the latter exists even if we remove the mass
source, be it static or non-static, due to the intrinsic rotation of the back-
ground. On the other hand, dragging in the Kerr-LC spacetime is solely
due to the angular momentum J = am of the Kerr seed. In the topologi-
cally regular solution, the limits m, J — 0 (a finite) or J — 0 (a — 0 with
m fixed) result in a singular metric since g, — 0. The price we pay for
removing the conical singularity is that we can no longer remove the
source or its angular momentum. For the sake of the argument, how-
ever, let us consider the spacetime with a conical defect and take the
limits m — 0 and J — 0 while keeping « finite. The resulting metric is

2
m2=ﬁ%—dﬂ+dﬁ+d?)+%%u (22)
where j and 2 are the values of p and z, respectively, in the above limit.
Eq. (22) is the LC metric with ¢ = 1 = k [18]. If we only switch off the
angular momentum of the seed, we recover the Schwarzschild-LC space-
time [14,23,24]. In both cases, we end up with static solutions to Ein-
stein’s field equations.

Now, let us scrutinize the ergoregions in the new spacetime. We de-
fined them as the regions where 0, becomes spacelike. Thus, they must
obey the inequality

256a*m? f2Q@2 — g% > 0, (23)
which we visualize in Fig. 2 using oblate spheroidal coordinates

x = V(2 +a)(1 - x?)cos ,

y= msin(p, Z=rx.

In that figure, we observe cross sections with dramatically different
shapes due to the dependence of (23) on the frame via Q@. If we define
static observers as those whose worldlines are integral curves of 0,w),
then the findings in different rotating frames can even be contradictory.
For example, in the rotating frame of panel (b), we can have a static
observer “hovering” infinitesimally close to the black hole, which is im-
possible in the frames of panels (a) and (c). In the frame of panel (a),
there is a radius at which no observer can be at rest at any altitude. That
is not the case in the frames of panels (b) and (c). Interestingly, in the
frame of panel (b), the ergoregions resemble those in the electromag-
netic swirling Schwarzschild spacetime [19]. For completeness, we also
include a density plot of AQ in panel (d).

Nevertheless, we can exploit the fact that the asymptotic geometry
is frame-independent to extract a universal result. Since Q® grows as
QO in all directions at infinity, finding a direction where (23) holds
asymptotically proves our initial claim: that there is no asymptotically
timelike Killing vector everywhere, or, equivalently, that the ergore-
gions extend to infinity in the Kerr-LC spacetime. If we redefine r = fe
and x = (%/€?) — 1, take the limit ¢ — oo, and set ¢ = 1 afterwards, we
find that

128a%m*5#
4a2m? + %274

(24)

&~ >0, (25)

which proves the claim indeed. We should mention that |8, |? still
blows up at r = 0 = x. However, since we showed that curvature invari-
ants are regular there, the above metric singularity is just a coordinate
artefact.

Finally, let us close this section by finding the Kerr-Schild represen-
tation of the Kerr-LC spacetime, if it exists. It is well-established that
the Kerr metric can be cast into the Kerr—Schild form, where the seed
metric is Minkowski in special spheroidal coordinates (see, for example,
Ref. [25]). One may then naturally ask if the Kerr-LC metric also admits
such a representation, namely

ds* =dsj+ H(r,0) I ®1, (26)
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Fig. 2. Cross section, taken at y = 0, of the ergoregion (gray fill) dressing the
event-horizon of a Kerr-LC black hole with r, =1 and r_ =1/2 in rotating
frames with angular velocity a = 0 (a), a = 1.64 (b), and « = 3 (c). In panel (d),
we provide a density map of the absolute difference AQ in the above spacetime.
We use total white for AQ = 0. The darker the color is, the bigger the difference
becomes. The black ellipsoid represents the black hole.

where I generates the null geodesics,” and ds(z) denotes the seed met-
ric (22) allowing the Kerr-Schild representation of our spacetime. For
the moment, let us consider a general 1-form I =dr+ Adr+ Bdx+
Cd¢, with A, B, and C being functions of r and x. The arbitrary func-
tion that should be multiplying ds can always be set to one by redefining
H. However, there is a key difference with Kerr: the component /* can-
not be trivial, because g,, depends explicitly on the mass parameter m.
On the other hand, since the Kerr-LC metric is a vacuum solution, the
circularity theorem applies, and one should be able to perform coordi-
nate transformations like # — 7 + a(r, x) and ¢ — ¢ + B(r, x) to eliminate
the terms that break circularity. Consequently, the metric components
along the Killing directions, i.e., g, g44, and g, must be entirely deter-
mined by the functions H and C. That overdetermined system does not
admit a solution, unlike in Kerr. This is a particularly interesting result,
as the static Schwarzschild-LC metric admits a Kerr-Schild representa-
tion [14].

4. Conclusions: novelty of the Kerr-LC solution and further
perspectives

This letter has been devoted to the construction of a novel rotat-
ing vacuum solution of Einstein’s field equations, the Kerr-Levi-Civita
spacetime. The new geometry is a rotating generalization of the recently
studied Schwarzschild-Levi-Civita black hole [14,23,24]. The solution
was generated from the Kerr metric by exploiting a discrete symmetry
of the field equations in the complex potential formalism, known as in-
version.

The Kerr-LC spacetime has a remarkable amount of good proper-
ties that make it attractive: it is free of curvature singularities, conical
defects, spinning strings, and closed timelike curves. When m? > a2, it
describes a rotating black hole with the same horizon structure as the
Kerr black hole, but with the above nice features, which also hold in

7 Need not be shear-free, since the spacetime is algebraically general.
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the extremal and super-spinning regimes. It appears that the interplay
between the rotation of the Kerr seed and that of a generalized Levi-
Civita asymptotic geometry regularizes the ring singularity of the Kerr
black hole. As a matter of fact, that “softening” of the interior also hap-
pens in the Kerr-Swirling spacetime, studied in Astorino [26], where the
authors erroneously reported that the ring singularity remains. Here, we
achieve that curvature regularization without introducing additional pa-
rameters, recovering the Schwarzschild-LC spacetime in the static limit.

We claimed that in all spacetimes with a similar asymptotic geom-
etry, it is impossible to define a Killing vector that is asymptotically
timelike everywhere. Since the ergo-geometry depends on the choice
of frame and no preferred frame exists, we cannot really distinguish
between the three qualitatively different profiles in Fig. 2. The frame-
independent conclusions are that the ergoregion extends to infinity in
some directions and that ZAMOs experience a more intense dragging as
they move farther from the source.

A natural question arises regarding the effect of inversion in the case
of a Kerr seed, expressed in the electric WLP form. In that case, the
transformed Ernst potential remains asymptotically flat. By virtue of
the uniqueness of the Kerr family [27,28], the transformed metric must
again be the Kerr metric. In fact, the “electric” inversion does not truly
transform any solution in the Plebanski-Demianski class [29], and the
importance of expressing the seed metric in a magnetic form becomes
clear.

Let us now address the intrinsic novelty of the Kerr-LC geometry.
One may naively believe that the Kerr—LC class of solutions is contained
in the Kerr-Swirling family [22], speculating that the former should
follow from the latter when the Ehlers parameter approaches an appro-
priate limit and/or via diffeomorphisms and parameter redefinitions.
That guesswork is based on the fact that the inversion operator can be
expressed as the composition

Di/bOEl/bong 27)

in the limit » — oo, where

D, : a(a*E, D), (28a)
E;: (8,@)'—>(€,d>)(1+ij€)_l, (28b)
Gi :(E+1ib, D), (28¢)

are the rescaling-duality, Ehlers, and gravitational gauge transforma-
tions, respectively.® However, there are various subtle points that falsify
the above speculation.

First, the rescaling-duality transformation is a non-trivial transfor-
mation that, in general, produces a new solution which cannot be
mapped to other solutions via coordinate reparametrizations and pa-
rameter redefinitions (some exceptions may exist). Second, gravitational
gauge transformations encode the freedom to shift the gravitational
twisted potential y by a constant. That freedom exists only in poten-
tial space and does not affect the physical metric somehow, since the
differential equation for y involves only its gradient, meaning that y
and y + ¢ result in the same w. Of course, w is always defined up to a
constant since only its gradient appears in the defining equation. Since
w appears in the metric, the freedom in the definition of w translates
to a one-parameter family of solutions, where the parameter, say b, is
the angular speed of a rigidly rotating reference frame. Therefore, the
gravitational gauge transformation and the freedom in the definition of
 are two completely unrelated things. Moreover, as we will show, the
stated freedom to shift y is not so innocent if followed by an Ehlers or
a Harrison transformation, for it actually manifests itself in the space-
time metric in those cases. In what follows, we will demonstrate that
the Kerr-Swirling metric follows from a more general metric when we
fix the trivial gravitational gauge, whereas the Kerr—LC metric follows
from that very same general metric for another choice of gravitational

8 The parameters j and b are real, while the parameter « is complex.
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gauge, followed by a rescaling transformation which removes the Ehlers
parameter.
For starters, let us state that inversion can be written as

GfoDijoEj on (29)

/i
at the level of symmetry operators. As promised, the above proves that
no limit whatsoever is necessary in the process. Do also note that (29)
and D;;0E;0G¥ /) produce the same solution, since the last gravitational
gauge transformation cannot affect the form of the physical metric. Now,
the more general metric that we previously talked about can be found
by acting on the potentials of the Kerr seed (in magnetic WLP form) with
the “generalized” Ehlers transformation operator E;oGj5, which encodes
the freedom in the definition of the gravitational twisted potential. The
result is the metric (7) with f; and w, replaced by

» fo

fr,x) = ) (30a)
PIE+ = bj+ jxg)?
ar,x) = —=Qamr — jhg) + J*h@y), (30b)
09
respectively, where
Ry (r, x) = dabmr + 4(r° — ma®)A,x + 4a*(r — m)A,.x°, (31a)
hey(r, x) = 2am[2a*r*(r + 3 m) — a*(r + 2m) + r(b* + 3r)]
+4b( — maz)A,x + 12amAr[r3 +d*(r— m)]x2
+4d%b(r — m)A, x> — 2am[r? — a®(3r — 2m)]A, x*. (31b)

The above solution assumes the form of the Kerr-Swirling solution
when we choose the trivial gravitational gauge, i.e., b = 0. On the other
hand, if we choose the gauge b = 1/, we get a metric with

F=11% é=jo. 32)
There is absolutely no diffeomorphism/parameter redefinition/limit
that maps the above into the Kerr-Swirling solution; the two metrics
correspond, simply put, to the general solution (30) in different grav-
itational gauges! Similarly, there is no physical-space invariance that
casts the metric with functions (32) into the Kerr-LC metric.® Indeed,
the only way to move from the former to the latter is to further apply
a rescaling-duality transformation with parameter ij, which completely
removes the Ehlers parameter from the solution (recall that inversion
is a discrete symmetry). Hence, the Kerr-LC solution is truly a novel,
rotating solution of GR in vacuum.

Lastly, let us remark that the difference between inversion and an
Ehlers transformation is most obvious in the case of static seeds, where
inversion produces a static target solution, while a simple Ehlers trans-
formation generates a truly stationary target solution, i.e., there is no
boost that maps one to the other.

Consequently, the Kerr-Levi-Civita spacetime proves to be a highly
appealing, regular, rotating vacuum solution in Einstein’s theory, open-
ing up several research directions to pursue. Among these, a thor-
ough analysis of geodesic motion is of particular importance. Explor-
ing hidden symmetries generated by higher-order Killing tensor fields
would also enhance our understanding of the spacetime. Moreover, one
should study black hole shadows, gravitational lensing, and related phe-
nomenology to assess the astrophysical importance of this novel solu-
tion. Finally, the computation of conserved charges is equally relevant.
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9 At first sight, one may think that a global Weyl rescaling may do the job,
but this is ultimately a fallacy.
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Appendix A. Regularity of curvature invariants

In this appendix section, we show that there is no curvature singu-
larity in the Kerr-LC spacetime. We start with the Kretschmann scalar,
K = R" , R, which reads

K= &,

o (f2+ 1)
where A is an involved and everywhere non-trivial polynomial in r and
x that we need not present here, and f; + 47 is another polynomial
in the above variables, divided by ¢?, that is also non-vanishing every-
where, so that the denominator of K conveniently assumes the form of a
polynomial that does not vanish at any r and x. Recalling that ¢® = 0 at
r = 0 = x, we see that inversion effectively works as a pole-removal tool.
The Kretschmann scalar acquires the value —9/(4a®m*) atr = 0 = x. It re-
duces to the (singular) Kretschmann scalar in the LC and Schwarzschild—
LC spacetimes, when we take the limits m,J — 0 (a finite) and m — 0,
respectively.

Although it is extremely unlikely, the singularity could, in theory,
appear in higher-order curvature invariants. To mathematically prove
regularity, we must verify that the components Rég of the Riemann
tensor in an orthonormal basis are regular. We choose the frame field
dual to the co-basis

(A1)

AA 7
60 =4/ —=2di, 0'=———dr,
14, (A.2)
v
#=—-L dx, 6= \/7(16a2m2d(p—wdt),

\/ fAX

and find out that some components (RS} for example) have a pole at the
ring singularity of the Kerr spacetime. Of course, that does not imply
that there is a curvature singularity because the poles could disappear
when contracting Riemann tensors to build invariants, as in the case of
the regular Kretschmann scalar. In fact, we find that curvature invariants
up to sixth-order are regular everywhere, their value at r = 0 = x being
proportional to (a*m?)~%, where k denotes the order of the invariant.
Therefore, we have good reason to call the spacetime regular in the sense
that “strong” singularities (infinite curvature invariants) are absent. We
cannot exclude the presence of “weak” singularities in the wider Penrose
sense of geodesic incompleteness.
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