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 a b s t r a c t

We construct a new rotating solution of Einstein’s theory in vacuum by exploiting the Lie point symmetries of 
the field equations in the complex potential formalism of Ernst. In particular, we perform a discrete symmetry 
transformation, known as inversion, of the gravitational potential associated with the Kerr metric. The resulting 
metric describes a rotating generalization of the Schwarzschild–Levi-Civita spacetime, and we refer to it as the 
Kerr–Levi-Civita metric. We study the key geometric features of this novel spacetime, which turns out to be free 
of curvature singularities, topological defects, and closed timelike curves. These attractive properties are also 
common to the extremal black hole and the super-spinning case. The solution is algebraically general (Petrov-
type I), and its horizons lie at the horizon radii of the Kerr black hole. The ergoregions, however, are strongly 
influenced by the Levi-Civita-like asymptotic structure, producing an effect akin to the magnetized Kerr–Newman 
and swirling solutions. Interestingly, while its static counterpart permits a Kerr–Schild representation, the Kerr–
Levi-Civita metric does not admit such a formulation.

1.  Introduction

To date, only two exact solutions with well-defined static limits are 
known to describe the exterior gravitational field of a spinning mass in 
vacuum. The first is the Kerr metric [1], which remains the most astro-
physically relevant solution to Einstein’s field equations, underpinning 
much of our theoretical understanding of rotating black holes. The sec-
ond is its less familiar generalization, the Tomimatsu–Sato metric [2]. 
Unlike the Kerr metric, the Tomimatsu–Sato solution does not reduce to 
the Schwarzschild geometry in the limit of vanishing angular momen-
tum, but to a class of Weyl metrics known as Zipoy–Voorhees spacetimes 
[3,4].

The circular, stationary, and axisymmetric Einstein and Einstein–
Maxwell field equations become remarkably integrable in the complex-
potential formalism of Ernst [5,6]. That formalism reveals a hidden set 
of Lie point symmetries which, under appropriate conditions, serves as 
a powerful tool for generating sophisticated solutions [7–10].
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In this letter, we construct a novel rotating solution to Einstein’s field 
equations in vacuum by “inverting” the gravitational potential associ-
ated with the Kerr metric in magnetic Weyl–Lewis–Papapetrou (WLP) 
form. The new metric, dubbed Kerr–Levi-Civita (Kerr–LC) metric, is also 
a solution to the field equations, because inversion is a discrete sym-
metry of the Ernst equations. In the static limit, it reduces to a metric 
describing a Schwarzschild black hole embedded into a Levi-Civita (LC) 
cylindrical background [11].

The Kerr–LC spacetime features a notable amount of attractive prop-
erties: it is entirely free of curvature singularities, conical defects, spin-
ning strings, and closed timelike curves. Such properties hold in all 
regimes (non-extremal, extremal, and super-spinning). According to the 
Petrov classification [12], the spacetime is algebraically general. Its in-
ner and outer horizons are located at the radii of the respective horizons 
of the Kerr black hole, while the ergoregion has a frame-dependent pro-
file quite different from the usual Kerr ergosphere, rather reminiscent of 
the respective profiles in the magnetized Kerr–Newman spacetime [13] 
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$\{t,\rho ,z,\phi \}$


\begin {equation}\diff s^2 = f \left ( \diff \phi - \omega \diff t \right )^2 + \frac {1}{f} \left [ \eu ^{2\gamma } \left (\diff \rho ^2 + \diff z^2\right ) - \rho ^2 \diff t^2 \right ], \label {WLPm}\end {equation}
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\begin {align}\operatorname {Re} \left (\mathcal {E}\right ) \nabla ^2 \mathcal {E}=\boldsymbol {\nabla } \mathcal {E} \cdot \boldsymbol {\nabla } \mathcal {E}.\end {align}


\begin {align}\mathcal {E}=-f-\iu \chi ,\end {align}


$f$


$\omega $


\begin {align}\hat {\boldsymbol {\phi }} \times \boldsymbol {\nabla } \chi & =-\frac {f^2}{\rho } \boldsymbol {\nabla } \omega , \label {magtwist}\end {align}


$\chi $
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$j\to 0$


$0$


$\mathcal {E}_0=-f_0-\iu \chi _0$


\begin {equation}\label {inversion} \mathrm {I}:\mathcal {E}_0 \mapsto \mathcal {E}:=\frac {1}{\mathcal {E}_0}.\end {equation}


$\mathcal {E}=-f-\iu \chi $


\begin {equation}{f}=\frac {f_0}{f_0^2+\chi _0^2},\qquad {\chi }=-\frac {\chi _0}{f_0^2+\chi _0^2}. \label {functionsnew}\end {equation}
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$\{t,r,x=\cos \theta ,\phi \}$


\begin {equation}\diff s^2_0\!=\!f_0(\diff \phi - \omega _0\diff t)^2 - \frac {\Delta _r\Delta _x\diff t^2}{f_0} +\frac {\eu ^{2\gamma _0}}{f_0}\left (\frac {\diff r^2}{\Delta _r}+\frac {\diff x^2}{\Delta _x}\right ) ,\label {mWLPspherical}\end {equation}
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\begin {equation}\rho (r,x)=\sqrt {\Delta _r\Delta _x},\quad z(r,x)=(r-m)x. \label {Xeqn6-9}\end {equation}
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\begin {equation}\tilde \rho := \frac {4ma}{|x|}\sqrt {a^2 + r^2 x^2}\sqrt {1 - x^2},\quad \tilde {z} := r x. \label {eq:ConicalSingularityCoords}\end {equation}
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\begin {equation}\diff s^2 \sim \diff {\tilde \rho }^2 + \frac {\tilde {\rho }^2}{256 a^4 m^4}\diff \phi ^2. \label {Xeqn10-13}\end {equation}
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\begin {equation}\diff s^2_{\mathrm {LC}} = \rho ^4 \left ( -\diff t^2 + \diff \rho ^2 + \diff z^2 \right ) + \frac {256 a^4 m^4}{\rho ^2}\diff \varphi ^2 ,\label {eq:AlternativeLCmetric}\end {equation}


$\sigma =1=B$


$C = 16 a^2 m^2$


$\rho ,z\to \infty $


$\rho /z$


$r\to \infty $


$g_{rr}$


\begin {equation}r_+ = m + \sqrt {m^2 - a^2},\quad r_- = m - \sqrt {m^2 - a^2}, \label {Xeqn14-17}\end {equation}


$g_{rr}\sim 1/\Delta _r$


$r\to r_\pm $


$\mathcal {O}(1)$


$m^2\geq a^2$


$m^2<a^2$


$a$


$4\pi m$


$C_{\mathrm {eq}}=16\pi m a^2$


$Y=0$


$a=1/4$


$a=1/2$


$a=a_0$


$a=0.75$


$a=a_{\mathrm {iso}}\approx 0.84$


$a=a_{\max }$


$Z$


$X^2+Y^2 = \mathcal {R}^2$


$\mathcal {R}$


$r=r_{\!+}$


$K$


${K}=0$


$a=a_0$


$a=a_{\mathrm {iso}}$


$a=a_{\max }$


$m=1$


$|a|<a_{\max } = \sqrt {3}m/2$


$a<a_0 \approx 0.68 m$


$a=a_0$


$a_0<a<a_{\mathrm {iso}}$


$a=a_{\mathrm {iso}}$


$a_{\mathrm {iso}}<a<a_{\max }$


$r=r_+$


$\boldsymbol {\partial }_t + \Omega |_{\mathrm {H}}\boldsymbol {\partial }_\varphi $


\begin {equation}\Omega |_{\mathrm {H}} = \frac {3r_+ + r_-}{2\sqrt {r_+ r_-}(r_++r_-)}\label {eq:BHAV},\end {equation}


$\Omega = u^\varphi /u^t$


$\boldsymbol {u}$


$\boldsymbol {u}\cdot \boldsymbol {\partial }_\varphi =0$


$r=r_+$


$\boldsymbol {\partial }_t$


$\boldsymbol {\partial }_{t^{(\alpha )}}=\boldsymbol {\partial }_t+\alpha \boldsymbol {\partial }_\varphi $


\begin {equation}\{t^{(\alpha )}=t,r,x,\varphi ^{(\alpha )}=\varphi - \alpha t\},\label {eq:RotFrame}\end {equation}


$\boldsymbol {\partial }_{t^{(\alpha )}}$


\begin {equation}|\boldsymbol {\partial }_{t^{(\alpha )}}|^2\geq 0,\quad \Omega ^{(\alpha )}=-\frac {\boldsymbol {\partial }_{t^{(\alpha )}}\cdot \boldsymbol {\partial }_{\varphi ^{(\alpha )}}}{|\boldsymbol {\partial }_\varphi |^2}, \label {Xeqn17-20}\end {equation}


$\alpha $


$\Omega ^{(\alpha )} = \Omega ^{(0)}-\alpha $


$r=r_+$


$\Omega ^{(\alpha )}|_{\mathrm {H}}$


$\Delta \Omega = \Omega ^{(\alpha )}-\Omega ^{(\alpha )}|_{\mathrm {H}}$


$\alpha $


$\boldsymbol {\partial }_{t^{(\alpha )}}+\Omega ^{(\alpha )}|_\mathrm {H} \boldsymbol {\partial }_{\varphi }$


$\sim 2am/r^3$


$r\to \infty $


\begin {equation}\Omega \sim \frac {3+ 6 x^2 - x^4}{8am}r,\label {eq:AsyAV}\end {equation}


$\alpha $


$\sigma =1/4$


$J\equiv am$


$m,J\to 0$


$a$


$J\to 0$


$a\to 0$


$m$


$g_{\varphi \varphi }\to 0$


$m\to 0$


$J\to 0$


$a$


\begin {equation}\diff s^2 = \mathring {\rho }^4\left (-\diff t^2 +\diff \mathring {\rho }^2+\diff \mathring {z}^2\right ) +\frac {\diff \phi ^2}{\mathring {\rho }^2},\label {eq:LClimit}\end {equation}


$\mathring {\rho }$


$\mathring {z}$


$\rho $


$z$


$\sigma =1=k$


$\boldsymbol {\partial }_{t^{(\alpha )}}$


\begin {equation}256 a^2 m^2 f^2 \Omega ^{(\alpha )2} - \rho ^2\geq 0,\label {eq:ErgoDefIneq}\end {equation}


$\mathrm {y}=0$


$r_+=1$


$r_-=1/2$


$\alpha =0$


$\alpha =1.64$


$\alpha =3$


$\Delta \Omega $


$\Delta \Omega =0$


\begin {equation}\begin {split} \mathrm {x}&=\sqrt {(r^2+a^2)(1-x^2)}\cos \varphi ,\\ \mathrm {y}&=\sqrt {(r^2+a^2)(1-x^2)}\sin \varphi ,\quad \mathrm {z}=rx. \end {split} \label {Xeqn21-24}\end {equation}


$\Omega ^{(\alpha )}$


$\boldsymbol {\partial }_{t^{(\alpha )}}$


$\Delta \Omega $


$\Omega ^{(\alpha )}$


$\Omega ^{(0)}$


$r=\hat {r}\epsilon $


$x=(\hat {x}/\epsilon ^2)-1$


$\epsilon \to \infty $


$\epsilon =1$


\begin {equation}g_{tt}\sim \frac {128a^2m^2\hat {x}\hat {r}^4}{4a^2m^2+\hat {x}^2\hat {r}^4}>0, \label {Xeqn22-25}\end {equation}


$|\boldsymbol {\partial }_{t^{(\alpha )}}|^2$


$r=0=x$


\begin {equation}\diff s^2 = \diff s_0^2 + H(r,x)\,\boldsymbol {l}\otimes \boldsymbol {l}, \label {Xeqn23-26}\end {equation}


$\boldsymbol {l}$


$\diff s_0^2$


$\boldsymbol {l}=\diff t + A \diff r + B \diff x + C\diff \phi $


$A,\ B,$


$C$


$r$


$x$


$\diff t$


$H$


$l^x$


$g_{xx}$


$m$


$t \to t+\alpha (r,x)$


$\phi \to \phi + \beta (r,x)$


$g_{tt}$


$g_{\phi \phi }$


$g_{t\phi }$


$H$


$C$


$m^2>a^2$


\begin {equation}\mathcal {D}_{\iu /b}\circ E_{1/b}\circ G^{g}_{b} \label {Xeqn24-27}\end {equation}


$b\to \infty $


\begin {align}\mathcal {D}_\alpha &:\alpha (\alpha ^*\mathcal {E},\Phi ),\\ E_j&:(\mathcal {E},\Phi )\mapsto (\mathcal {E},\Phi )(1+\iu j \mathcal {E})^{-1},\\ G^g_b&:(\mathcal {E}+\iu b,\Phi ),\end {align}


$j$


$b$


$\alpha $


$\chi $


$\chi $


$\chi $


$\chi +c$


$\omega $


$\omega $


$\omega $


$\omega $


$b$


$\omega $


$\chi $


\begin {equation}G^g_{j}\circ \mathcal {D}_{\iu j} \circ E_j\circ G^g_{1/j}\label {eq:InvAlt}\end {equation}


$\mathcal {D}_{\iu j} \circ E_j\circ G^g_{1/j}$


$E_j\circ G^g_a$


$f_0$


$\omega _0$


\begin {align}\hat {f}(r,x) &= \frac {f_0}{j^2f_0^2+(1-bj+j\chi _0)^2},\\ \hat {\omega }(r,x) &=\frac {\Delta _x}{f_0\varrho ^2}(2amr-j h_{(1)}+j^2 h_{(2)}),\end {align}


\begin {align}h_{(1)}(r,x)&=4abmr+4(r^3-ma^2)\Delta _r x + 4 a^2(r-m)\Delta _r x^3,\\ h_{(2)}(r,x)&=2 a m [2 a^2 r^2 (r+3\thinspace m)-a^4(r+2\thinspace m)+r (b^2+3 r^4)]\nonumber \\ &\quad \hphantom {=}+ 4b(r^3-ma^2)\Delta _r x+12 am\Delta _r[r^3+a^2(r-m)]x^2\nonumber \\ &\quad \hphantom {=}+4 a^2b(r-m)\Delta _r x^3-2am[r^3-a^2(3r-2m)]\Delta _r x^4.\end {align}


$b=0$


$b=1/j$


\begin {equation}\hat {f} = f/j^2,\quad \hat {\omega }=j^2\omega .\label {eq:RescaledLC}\end {equation}


$\iu j$


$\mathcal {K}=R^{\mu \nu }{}_{\rho \sigma }R^{\rho \sigma }{}_{\mu \nu }$


\begin {equation}\mathcal {K}=\frac {\mathcal {A}(r,x)}{\varrho ^{12}\left (f_0^2+\chi _0^2\right )^6}, \label {Xeqn27-A.1}\end {equation}


$\mathcal {A}$


$r$


$x$


$f_0^2+\chi _0^2$


$\varrho ^2$


$\mathcal {K}$


$r$


$x$


$\varrho ^2=0$


$r=0=x$


$-9/(4a^8 m^4)$


$r=0=x$


$m,J\to 0$


$a$


$m\to 0$


$R^{AB}_{CD}$


\begin {equation}\begin {aligned} \boldsymbol {\theta }^0&=\sqrt {\frac {\Delta _r\Delta _x}{f}}\diff t,\quad \boldsymbol {\theta }^1=\frac {\eu ^\gamma }{\sqrt {f\Delta _r}}\diff r,\\ \boldsymbol {\theta }^2&=-\frac {\eu ^\gamma }{\sqrt {f\Delta _x}}\diff x,\quad \boldsymbol {\theta }^3= \sqrt {f}\left (16 a^2 m^2\diff \varphi - \omega \diff t\right ), \end {aligned} \label {Xeqn28-A.2}\end {equation}


$R^{01}_{01}$


$r=0=x$


$(a^4m^2)^{-k}$


$k$

https://orcid.org/0000-0002-6949-7882
https://orcid.org/0009-0003-3159-5916
https://orcid.org/0009-0007-1048-1847
https://orcid.org/0000-0003-2403-892X
mailto:jbarrientos@academicos.uta.cl
mailto:adolfo.cisterna@mff.cuni.cz
mailto:hassaine@inst-mat.utalca.cl
mailto:keanumuller2016@udec.cl
mailto:konstantinos.pallikaris@ut.ee
https://doi.org/10.1016/j.physletb.2025.140035
https://doi.org/10.1016/j.physletb.2025.140035
http://crossmark.crossref.org/dialog/?doi=10.1016/j.physletb.2025.140035&domain=pdf
http://creativecommons.org/licenses/by/4.0/


J. Barrientos, A. Cisterna, M. Hassaine et al.

and in swirling black holes. Although its static limit, the Schwarzschild–
LC black hole, admits a Kerr–Schild representation [14], the Kerr–Levi-
Civita metric does not.

This letter is organized as follows. In Section 2, we present a detailed 
construction of the solution. In Section 3, we study the key geometric 
properties of the Kerr–LC spacetime. Finally, we conclude in Section 4, 
discussing open questions and potential directions for future research.

2.  Construction of the Kerr–Levi-Civita spacetime

Stationary and axisymmetric geometries in four dimensions are char-
acterized by the action of a group ℝ × 𝐒𝐎(𝟐), under which the spacetime 
metric remains invariant. If the surfaces of transitivity of that group (its 
orbits) are everywhere orthogonal to a family of hypersurfaces defined 
by the (remaining) non-Killing coordinates (known as meridional sur-
faces), the spacetime is said to be circular, and the action of ℝ × 𝐒𝐎(𝟐)
is said to be orthogonally transitive [15,16].1

The most general class of circular, stationary, and axisymmetric 
spacetimes is described by the WLP metric, either in its standard electric 
form or in its magnetic representation. Note that the latter is obtained 
by means of a double Wick rotation that transforms the temporal and 
azimuthal coordinates. In the canonical Weyl coordinates denoted by 
{𝑡, 𝜌, 𝑧, 𝜙}, the magnetic WLP line element reads
d𝑠2 = 𝑓 (d𝜙 − 𝜔 d𝑡)2 + 1

𝑓
[

e2𝛾
(

d𝜌2 + d𝑧2
)

− 𝜌2 d𝑡2
]

, (1)

where 𝑓, 𝜔, and 𝛾 are functions of 𝜌 and 𝑧 only.
It is well established that for circular, stationary, and axisymmetric 

spacetimes expressed in a canonical WLP form, Einstein’s equations can 
be recast in the Ernst formulation as the complex Ernst equation [5,6] 
Re ()∇2 = 𝛁 ⋅ 𝛁 . (2)

Here, the complex Ernst gravitational potential 
 = −𝑓 − i𝜒, (3)

is determined by the characteristic metric functions 𝑓 and 𝜔 in the mag-
netic WLP line element (1) and the relevant twist equation 

𝝓̂ × 𝛁𝜒 = −
𝑓 2

𝜌
𝛁𝜔, (4)

that provides the twisted potential 𝜒 . It is worth mentioning that the 
Laplacian and the gradient are defined with respect to the flat 3-metric 
in cylindrical coordinates {𝜌, 𝑧, 𝜙}.

The main advantage of this sophisticated formulation of Einstein’s 
equations lies in the revelation of a set of otherwise hidden Lie point 
symmetries intrinsic to the Ernst equations [17]. Relevant to our con-
struction is the inversion transformation, a discrete symmetry transfor-
mation in potential space, obtained via the composition of a duality-
rescaling transformation, a gravitational gauge transformation, and an 
Ehlers transformation [9] (see Section 4 for the details).2

Denoting seed quantities with a 0 subscript, the action of the inver-
sion operator on the gravitational Ernst potential 0 = −𝑓0 − i𝜒0 associ-
ated with a vacuum seed, is defined by
I ∶ 0 ↦  ∶= 1

0
. (5)

Hence, the transformed Ernst potential  = −𝑓 − i𝜒 is explicitly given 
by

𝑓 =
𝑓0

𝑓 2
0 + 𝜒2

0

, 𝜒 = −
𝜒0

𝑓 2
0 + 𝜒2

0

. (6)

1 Note that, in the case of stationary, axisymmetric spacetimes in Einstein–
Maxwell theory, the circularity condition is not an assumption, but rather a con-
sequence of the field equations, provided that the electromagnetic field-strength 
tensor is compatible with the symmetry ansatz [16].
2 In Stephani et al. [12], the authors present inversion as a composition of the 

above transformations in the limit 𝑗 → 0. In Section 4, we make it clear why 
taking the limit is a redundant action.

Since the function 𝛾 remains invariant under the Lie point symmetries, 
and can always be expressed in terms of  using a pair of quadratures 
[12], the “novelty” of the target spacetime is entirely encoded in the 
functions 𝑓 and the “rotation function” 𝜔, which is obtained from the 
twist Eq. (4) once 𝜒 has been determined.

To construct our Kerr–Levi-Civita spacetime, we begin with the Kerr 
metric as the seed, written in magnetic WLP form using spherical-like 
coordinates {𝑡, 𝑟, 𝑥 = cos 𝜃, 𝜙} for simplicity. Explicitly, we have that

d𝑠20=𝑓0(d𝜙 − 𝜔0 d𝑡)2 −
Δ𝑟Δ𝑥 d𝑡2

𝑓0
+ e2𝛾0

𝑓0

(

d𝑟2

Δ𝑟
+

d𝑥2

Δ𝑥

)

, (7)

where

𝑓0(𝑟, 𝑥) = Δ𝑥
(𝑟2 + 𝑎2)2 − 𝑎2Δ𝑟Δ𝑥

𝜚2
,

𝜔0(𝑟, 𝑥) = 𝑎
(𝑟2 + 𝑎2) − Δ𝑟

(𝑟2 + 𝑎2)2 − 𝑎2Δ𝑟Δ𝑥
,

e2𝛾0(𝑟,𝑥) = Δ𝑥
[

(𝑟2 + 𝑎2)2 − 𝑎2Δ𝑟Δ𝑥
]

,

Δ𝑟(𝑟) = 𝑟2 − 2𝑚𝑟 + 𝑎2, Δ𝑥(𝑥) = 1 − 𝑥2,

(8)

and 𝜚2(𝑟, 𝑥) = 𝑟2 + 𝑎2𝑥2.
The new metric function 𝑓 is readily obtained. The rotation function 

𝜔 follows from the following procedure: starting from the known seed 
function 𝜔0, we apply the twist Eq. (4) to compute the imaginary part 
of the seed Ernst potential, 𝜒0. This is then used in (6) to determine 
the imaginary component 𝜒 of the transformed potential. Substituting 
back into the twist Eq. (4), now with the transformed quantities, yields 
the function 𝜔. The gradient should now be understood as that defined 
with respect to the flat metric in the spherical-like coordinates, using 
the relations
𝜌(𝑟, 𝑥) =

√

Δ𝑟Δ𝑥, 𝑧(𝑟, 𝑥) = (𝑟 − 𝑚)𝑥. (9)

Thus, we end up with
𝑓 (𝑟, 𝑥) = Δ𝑥 𝜚

2[(𝑟2 + 𝑎2)2 − 𝑎2Δ𝑟Δ𝑥
]

(

Δ2
𝑥
[

(𝑟2 + 𝑎2)2 − 𝑎2Δ𝑟Δ𝑥
]2

+4𝑚2𝑎2𝑥2
[

𝑎2Δ2
𝑥 + 𝜚2(Δ𝑥 + 2)

]2)−1
,

(10)

𝜔(𝑟, 𝑥) = −2𝑚𝑎
Δ𝑟𝑎2𝑥2 + 𝑟(2𝑎2𝑚 + 𝑎2𝑟 + 𝑟3)

[

(2𝑎2𝑚 − 3𝑎2𝑟 + 𝑟3)Δ𝑟𝑥
4

−6𝑟(𝑎2 + 𝑟2)Δ𝑟𝑥
2 + (2𝑎2𝑚 + 𝑎2𝑟 + 𝑟3)(𝑎2 − 6𝑚𝑟 − 3𝑟2)

]

.
(11)

The complete Kerr–Levi-Civita spacetime is thus described in spherical-
like coordinates by the line element (7) where 𝑓0 = 𝑓 and 𝜔0 = 𝜔 (𝛾0
kept as is).

3.  The Kerr–LC geometry

We now explore the features of this new geometry. Let us begin by 
observing that 𝑔𝜙𝜙 ≡ 𝑓 and that therefore the azimuthal metric compo-
nent is always positive. It follows that the Killing vector 𝝏𝜙 is every-
where spacelike for 𝑟 > 0, except on the symmetry axis, 𝑥 = ±1, where 
it becomes null. Consequently, there are no closed timelike curves. Sec-
ond, let us introduce a new coordinate system {𝑡, 𝜌̃, 𝑧̃, 𝜙}, where

𝜌̃ ∶= 4𝑚𝑎
|𝑥|

√

𝑎2 + 𝑟2𝑥2
√

1 − 𝑥2, 𝑧̃ ∶= 𝑟𝑥. (12)

In the latter, the induced metric on the slices of constant 𝑡 and 𝑧̃, near 
the symmetry axis, becomes

d𝑠2 ∼ d𝜌̃2 +
𝜌̃2

256𝑎4𝑚4
d𝜙2. (13)

Since |𝝏𝜙|
2 ∼ 𝜌̃2, there is no cosmic spinning string there.3 However, 

there is a defect angle 2𝜋(1 − 𝜗) where 𝜗 = ±1∕(16𝑎2𝑚2). To deal with 
that, we can redefine
𝜙 = 16𝑎2𝑚2𝜑, (14)

3 The absence of a Misner string follows.
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and take 𝜑 as our new azimuthal coordinate with 𝜑 and 𝜑 + 2𝜋 identi-
fied. The new spacetime is free of conical singularities as well.

In the coordinate system {𝑡, 𝜌, 𝑧, 𝜑}, the asymptotic form of the metric 
reads

d𝑠2 ∼ d𝑠2LC − 64𝑎3𝑚3 3𝜌4 + 12𝜌2𝑧2 + 8𝑧4

𝜌2(𝜌2 + 𝑧2)3∕2
d𝑡 d𝜑, (15)

where

d𝑠2LC = 𝜌4
(

−d𝑡2 + d𝜌2 + d𝑧2
)

+ 256𝑎4𝑚4

𝜌2
d𝜑2, (16)

is an alternative formulation of the Levi-Civita metric with 𝜎 = 1 = 𝐵
and 𝐶 = 16𝑎2𝑚2 [18]. To get Eq. (15) we took the limit 𝜌, 𝑧 → ∞ while 
keeping 𝜌∕𝑧 finite.4 Since the asymptotic geometry is a rotating gener-
alization of the LC geometry, we may formally address the solution as 
the Kerr–LC spacetime.

We shall now attack the horizon structure. The metric component 
𝑔𝑟𝑟 features poles at the outer and inner horizon radii of the Kerr black 
hole,

𝑟+ = 𝑚 +
√

𝑚2 − 𝑎2, 𝑟− = 𝑚 −
√

𝑚2 − 𝑎2, (17)

respectively. In more detail, we have that 𝑔𝑟𝑟 ∼ 1∕Δ𝑟 as 𝑟 → 𝑟±. Nev-
ertheless, curvature invariants are regular there. Surprisingly, they are 
regular everywhere (see Appendix A); there is no ring singularity (like in 
Kerr). Moreover, tidal forces either vanish or are (1) in all directions 
at infinity, and we may conclude that the Kerr–LC metric, which is a 
Petrov-type I solution to Einstein’s field equations, describes a regular 
black hole for 𝑚2 ≥ 𝑎2. On the other hand, for 𝑚2 < 𝑎2, the geometry is 
regular and free of horizons.

Of course, we expect that the horizon surface will not be the same 
as that of the Kerr black hole. For example, the equatorial circumfer-
ence of the outer horizon—independent of the spin parameter (or spe-
cific angular momentum) 𝑎 in Kerr spacetimes and equal to 4𝜋𝑚—reads 
𝐶eq = 16𝜋𝑚𝑎2 in our case. Thus, for a Kerr–LC black hole, higher angular 
momentum results in an outer horizon with larger equatorial circumfer-
ence for fixed mass. In Fig. 1, we present a cross-section of the embed-
dings of the outer-horizon surfaces of Kerr and Kerr–LC black holes in 
three-dimensional Euclidean space for different values of the spin pa-
rameter.

We do so in order to visualize the deformation of the horizon in 
the new solution. Embeddings are valid for |𝑎| < 𝑎max =

√

3𝑚∕2. For 𝑎 <
𝑎0 ≈ 0.68𝑚, we have a peanut-shaped horizon with the neck located at 
the equator. At 𝑎 = 𝑎0, the Gaussian curvature at the equator is 0, and 
for 𝑎0 < 𝑎 < 𝑎iso, the surface becomes a prolate capped cylinder. For 𝑎 =
𝑎iso, the horizon is an isocircumferential barrel, that becomes oblate for 
𝑎iso < 𝑎 < 𝑎max.

Note also that the horizon 𝑟 = 𝑟+ is a Killing horizon. The linear com-
bination 𝝏𝑡 + Ω|H𝝏𝜑, where

Ω|H =
3𝑟+ + 𝑟−

2
√

𝑟+𝑟−(𝑟+ + 𝑟−)
, (18)

is the angular velocity of the black hole, is a Killing vector that becomes 
null on the event-horizon surface. Recall that the angular velocity of 
the black hole is the angular velocity of a zero angular momentum ob-
server (ZAMO)5 at 𝑟 = 𝑟+, which in our case, takes the value (18) on the 
subtle assumption that 𝝏𝑡 is the asymptotically timelike Killing vector. 
However, as pointed out in Barrientos et al. [19], the concept of “rest” is 
ambiguous in spacetimes with an asymptotic behavior similar to that in 
Eq. (15), see also Ref. [13]. To be more precise, there is no Killing vec-
tor that is timelike everywhere at infinity, and 𝝏𝑡(𝛼) = 𝝏𝑡 + 𝛼𝝏𝜑 all define 
a time flow in some parts of the asymptotic region. One should, in the-
ory, make that ambiguity manifest in the spacetime metric by moving 

4 Amounts to 𝑟 → ∞ in Boyer–Lindquist coordinates.
5 The ZAMO angular velocity reads Ω = 𝑢𝜑∕𝑢𝑡 where 𝒖 is the four-velocity of 

the observer satisfying 𝒖 ⋅ 𝝏𝜑 = 0.

Fig. 1. In panels (a), (b), and (c), we show a cross section, taken at 𝑌 = 0, of 
the embeddings of the outer-horizon surfaces of Kerr (gray) and Kerr–LC (black) 
black holes for 𝑎 = 1∕4 (solid) and 𝑎 = 1∕2 (dashed), 𝑎 = 𝑎0 (solid) and 𝑎 = 0.75, 
and 𝑎 = 𝑎iso ≈ 0.84 (solid) and 𝑎 = 𝑎max (dashed), respectively. The function 𝑍
is the embedding function and 𝑋2 + 𝑌 2 = 2, where  is the proper circumfer-
ential radius at 𝑟 = 𝑟+. In panel (d), we graph the Gaussian curvature 𝐾 of the 
outer horizon at the equator (black, solid) and the poles (gray, dashed). The 
solid curve crosses 𝐾 = 0 exactly at 𝑎 = 𝑎0. The two curves meet at 𝑎 = 𝑎iso and 
terminate at 𝑎 = 𝑎max. We have set 𝑚 = 1.

to a rotating frame, i.e., switching over to coordinates
{𝑡(𝛼) = 𝑡, 𝑟, 𝑥, 𝜑(𝛼) = 𝜑 − 𝛼𝑡}, (19)

adapted to 𝝏𝑡(𝛼) . For our purposes, it suffices to consider

|𝝏𝑡(𝛼) |
2 ≥ 0, Ω(𝛼) = −

𝝏𝑡(𝛼) ⋅ 𝝏𝜑(𝛼)

|𝝏𝜑|
2

, (20)

as the definitions for the ergoregions and the angular velocity of a 
ZAMO, respectively, having in mind that fixing 𝛼 amounts to choos-
ing a frame. Note that Ω(𝛼) = Ω(0) − 𝛼, becomes constant at 𝑟 = 𝑟+. We 
shall address that constant, call it Ω(𝛼)

|H, as the relative angular veloc-
ity of the black hole. Let us remark that velocity differences like ΔΩ =
Ω(𝛼) − Ω(𝛼)

|H, for example, do not depend on 𝛼; they are absolute quan-
tities in that regard. By construction, the Killing vector 𝝏𝑡(𝛼) + Ω(𝛼)

|H𝝏𝜑
is null on the event-horizon surface in all rotating frames.

Some more comments on the angular velocity and the nature of the 
rotation in the Kerr–LC spacetime are in order. In a Kerr spacetime, the 
asymptotic geometry is static; the angular velocity falls off like ∼ 2𝑎𝑚∕𝑟3

as 𝑟 → ∞. In the Kerr–LC spacetime, we have that

Ω ∼ 3 + 6𝑥2 − 𝑥4

8𝑎𝑚
𝑟, (21)

at large distances and fixed latitude. It is not surprising that the above 
expression does not contain 𝛼. The reason is that the asymptotic geom-
etry is insensitive to the choice of frame; all ZAMOs will experience the 
same dragging far away. That dragging, however, does not fit in the pic-
ture of an isolated, massive, rotating compact object (like the Kerr black 
hole) “dragging along” spacetime in its vicinity. It is rather reminiscent 
of what happens in spacetimes describing black holes embedded into a 
swirling universe [19–22],6 although asymptotic frame-dragging should 

6 Recall that the swirling background is asymptotic to a rotating generaliza-
tion of the LC metric with 𝜎 = 1∕4.
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be common to all solutions with rotating asymptotic forms. After all, 
Eq. (21) is the ZAMO angular velocity in the asymptotic spacetime (15). 
However, there is a crucial difference between the Kerr–LC solution and, 
for example, the swirling black holes.

The frame-dragging in the latter exists even if we remove the mass 
source, be it static or non-static, due to the intrinsic rotation of the back-
ground. On the other hand, dragging in the Kerr–LC spacetime is solely 
due to the angular momentum 𝐽 ≡ 𝑎𝑚 of the Kerr seed. In the topologi-
cally regular solution, the limits 𝑚, 𝐽 → 0 (𝑎 finite) or 𝐽 → 0 (𝑎 → 0 with 
𝑚 fixed) result in a singular metric since 𝑔𝜑𝜑 → 0. The price we pay for 
removing the conical singularity is that we can no longer remove the 
source or its angular momentum. For the sake of the argument, how-
ever, let us consider the spacetime with a conical defect and take the 
limits 𝑚 → 0 and 𝐽 → 0 while keeping 𝑎 finite. The resulting metric is

d𝑠2 = 𝜌̊4
(

−d𝑡2 + d𝜌̊2 + d𝑧̊2
)

+
d𝜙2

𝜌̊2
, (22)

where 𝜌̊ and 𝑧̊ are the values of 𝜌 and 𝑧, respectively, in the above limit. 
Eq. (22) is the LC metric with 𝜎 = 1 = 𝑘 [18]. If we only switch off the 
angular momentum of the seed, we recover the Schwarzschild–LC space-
time [14,23,24]. In both cases, we end up with static solutions to Ein-
stein’s field equations.

Now, let us scrutinize the ergoregions in the new spacetime. We de-
fined them as the regions where 𝝏𝑡(𝛼)  becomes spacelike. Thus, they must 
obey the inequality
256𝑎2𝑚2𝑓 2Ω(𝛼)2 − 𝜌2 ≥ 0, (23)

which we visualize in Fig. 2 using oblate spheroidal coordinates

x =
√

(𝑟2 + 𝑎2)(1 − 𝑥2) cos𝜑,

y =
√

(𝑟2 + 𝑎2)(1 − 𝑥2) sin𝜑, z = 𝑟𝑥.
(24)

In that figure, we observe cross sections with dramatically different 
shapes due to the dependence of (23) on the frame via Ω(𝛼). If we define 
static observers as those whose worldlines are integral curves of 𝝏𝑡(𝛼) , 
then the findings in different rotating frames can even be contradictory. 
For example, in the rotating frame of panel (b), we can have a static 
observer “hovering” infinitesimally close to the black hole, which is im-
possible in the frames of panels (a) and (c). In the frame of panel (a), 
there is a radius at which no observer can be at rest at any altitude. That 
is not the case in the frames of panels (b) and (c). Interestingly, in the 
frame of panel (b), the ergoregions resemble those in the electromag-
netic swirling Schwarzschild spacetime [19]. For completeness, we also 
include a density plot of ΔΩ in panel (d).

Nevertheless, we can exploit the fact that the asymptotic geometry 
is frame-independent to extract a universal result. Since Ω(𝛼) grows as 
Ω(0) in all directions at infinity, finding a direction where (23) holds 
asymptotically proves our initial claim: that there is no asymptotically 
timelike Killing vector everywhere, or, equivalently, that the ergore-
gions extend to infinity in the Kerr–LC spacetime. If we redefine 𝑟 = 𝑟̂𝜖
and 𝑥 = (𝑥̂∕𝜖2) − 1, take the limit 𝜖 → ∞, and set 𝜖 = 1 afterwards, we 
find that

𝑔𝑡𝑡 ∼
128𝑎2𝑚2𝑥̂𝑟̂4

4𝑎2𝑚2 + 𝑥̂2 𝑟̂4
> 0, (25)

which proves the claim indeed. We should mention that |𝝏𝑡(𝛼) |
2 still 

blows up at 𝑟 = 0 = 𝑥. However, since we showed that curvature invari-
ants are regular there, the above metric singularity is just a coordinate 
artefact.

Finally, let us close this section by finding the Kerr–Schild represen-
tation of the Kerr–LC spacetime, if it exists. It is well-established that 
the Kerr metric can be cast into the Kerr–Schild form, where the seed 
metric is Minkowski in special spheroidal coordinates (see, for example, 
Ref. [25]). One may then naturally ask if the Kerr–LC metric also admits 
such a representation, namely
d𝑠2 = d𝑠20 +𝐻(𝑟, 𝑥) 𝒍⊗ 𝒍, (26)

Fig. 2. Cross section, taken at y = 0, of the ergoregion (gray fill) dressing the 
event-horizon of a Kerr–LC black hole with 𝑟+ = 1 and 𝑟− = 1∕2 in rotating 
frames with angular velocity 𝛼 = 0 (a), 𝛼 = 1.64 (b), and 𝛼 = 3 (c). In panel (d), 
we provide a density map of the absolute difference ΔΩ in the above spacetime. 
We use total white for ΔΩ = 0. The darker the color is, the bigger the difference 
becomes. The black ellipsoid represents the black hole.

where 𝒍 generates the null geodesics,7 and d𝑠20 denotes the seed met-
ric (22) allowing the Kerr–Schild representation of our spacetime. For 
the moment, let us consider a general 1-form 𝒍 = d𝑡 + 𝐴 d𝑟 + 𝐵 d𝑥 +
𝐶 d𝜙, with 𝐴, 𝐵, and 𝐶 being functions of 𝑟 and 𝑥. The arbitrary func-
tion that should be multiplying d𝑡 can always be set to one by redefining 
𝐻 . However, there is a key difference with Kerr: the component 𝑙𝑥 can-
not be trivial, because 𝑔𝑥𝑥 depends explicitly on the mass parameter 𝑚. 
On the other hand, since the Kerr–LC metric is a vacuum solution, the 
circularity theorem applies, and one should be able to perform coordi-
nate transformations like 𝑡 → 𝑡 + 𝛼(𝑟, 𝑥) and 𝜙 → 𝜙 + 𝛽(𝑟, 𝑥) to eliminate 
the terms that break circularity. Consequently, the metric components 
along the Killing directions, i.e., 𝑔𝑡𝑡, 𝑔𝜙𝜙, and 𝑔𝑡𝜙, must be entirely deter-
mined by the functions 𝐻 and 𝐶. That overdetermined system does not 
admit a solution, unlike in Kerr. This is a particularly interesting result, 
as the static Schwarzschild–LC metric admits a Kerr–Schild representa-
tion [14].

4.  Conclusions: novelty of the Kerr–LC solution and further 
perspectives

This letter has been devoted to the construction of a novel rotat-
ing vacuum solution of Einstein’s field equations, the Kerr–Levi-Civita 
spacetime. The new geometry is a rotating generalization of the recently 
studied Schwarzschild–Levi-Civita black hole [14,23,24]. The solution 
was generated from the Kerr metric by exploiting a discrete symmetry 
of the field equations in the complex potential formalism, known as in-
version.

The Kerr–LC spacetime has a remarkable amount of good proper-
ties that make it attractive: it is free of curvature singularities, conical 
defects, spinning strings, and closed timelike curves. When 𝑚2 > 𝑎2, it 
describes a rotating black hole with the same horizon structure as the 
Kerr black hole, but with the above nice features, which also hold in 

7 Need not be shear-free, since the spacetime is algebraically general.
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the extremal and super-spinning regimes. It appears that the interplay 
between the rotation of the Kerr seed and that of a generalized Levi-
Civita asymptotic geometry regularizes the ring singularity of the Kerr 
black hole. As a matter of fact, that “softening” of the interior also hap-
pens in the Kerr–Swirling spacetime, studied in Astorino[26], where the
authors erroneously reported that the ring singularity remains. Here, we 
achieve that curvature regularization without introducing additional pa-
rameters, recovering the Schwarzschild–LC spacetime in the static limit.

We claimed that in all spacetimes with a similar asymptotic geom-
etry, it is impossible to define a Killing vector that is asymptotically 
timelike everywhere. Since the ergo-geometry depends on the choice 
of frame and no preferred frame exists, we cannot really distinguish 
between the three qualitatively different profiles in Fig. 2. The frame-
independent conclusions are that the ergoregion extends to infinity in 
some directions and that ZAMOs experience a more intense dragging as 
they move farther from the source.

A natural question arises regarding the effect of inversion in the case 
of a Kerr seed, expressed in the electric WLP form. In that case, the 
transformed Ernst potential remains asymptotically flat. By virtue of 
the uniqueness of the Kerr family [27,28], the transformed metric must 
again be the Kerr metric. In fact, the “electric” inversion does not truly 
transform any solution in the Plebański–Demiański class [29], and the 
importance of expressing the seed metric in a magnetic form becomes 
clear.

Let us now address the intrinsic novelty of the Kerr–LC geometry. 
One may naively believe that the Kerr–LC class of solutions is contained 
in the Kerr–Swirling family [22], speculating that the former should 
follow from the latter when the Ehlers parameter approaches an appro-
priate limit and/or via diffeomorphisms and parameter redefinitions. 
That guesswork is based on the fact that the inversion operator can be 
expressed as the composition

i∕𝑏◦𝐸1∕𝑏◦𝐺
𝑔
𝑏 (27)

in the limit 𝑏 → ∞, where 

𝛼 ∶ 𝛼(𝛼∗ ,Φ), (28a)

𝐸𝑗 ∶ ( ,Φ) ↦ ( ,Φ)(1 + i𝑗)−1, (28b)

𝐺𝑔
𝑏 ∶ ( + i𝑏,Φ), (28c)

are the rescaling-duality, Ehlers, and gravitational gauge transforma-
tions, respectively.8 However, there are various subtle points that falsify
the above speculation.

First, the rescaling-duality transformation is a non-trivial transfor-
mation that, in general, produces a new solution which cannot be 
mapped to other solutions via coordinate reparametrizations and pa-
rameter redefinitions (some exceptions may exist). Second, gravitational 
gauge transformations encode the freedom to shift the gravitational 
twisted potential 𝜒 by a constant. That freedom exists only in poten-
tial space and does not affect the physical metric somehow, since the 
differential equation for 𝜒 involves only its gradient, meaning that 𝜒
and 𝜒 + 𝑐 result in the same 𝜔. Of course, 𝜔 is always defined up to a 
constant since only its gradient appears in the defining equation. Since 
𝜔 appears in the metric, the freedom in the definition of 𝜔 translates 
to a one-parameter family of solutions, where the parameter, say 𝑏, is 
the angular speed of a rigidly rotating reference frame. Therefore, the 
gravitational gauge transformation and the freedom in the definition of 
𝜔 are two completely unrelated things. Moreover, as we will show, the 
stated freedom to shift 𝜒 is not so innocent if followed by an Ehlers or 
a Harrison transformation, for it actually manifests itself in the space-
time metric in those cases. In what follows, we will demonstrate that 
the Kerr–Swirling metric follows from a more general metric when we 
fix the trivial gravitational gauge, whereas the Kerr–LC metric follows 
from that very same general metric for another choice of gravitational 

8 The parameters 𝑗 and 𝑏 are real, while the parameter 𝛼 is complex.

gauge, followed by a rescaling transformation which removes the Ehlers 
parameter.

For starters, let us state that inversion can be written as

𝐺𝑔
𝑗 ◦i𝑗◦𝐸𝑗◦𝐺

𝑔
1∕𝑗 (29)

at the level of symmetry operators. As promised, the above proves that 
no limit whatsoever is necessary in the process. Do also note that (29) 
and i𝑗◦𝐸𝑗◦𝐺

𝑔
1∕𝑗 produce the same solution, since the last gravitational 

gauge transformation cannot affect the form of the physical metric. Now, 
the more general metric that we previously talked about can be found 
by acting on the potentials of the Kerr seed (in magnetic WLP form) with 
the “generalized” Ehlers transformation operator 𝐸𝑗◦𝐺

𝑔
𝑎 , which encodes 

the freedom in the definition of the gravitational twisted potential. The 
result is the metric (7) with 𝑓0 and 𝜔0 replaced by 

𝑓 (𝑟, 𝑥) =
𝑓0

𝑗2𝑓 2
0 + (1 − 𝑏𝑗 + 𝑗𝜒0)2

, (30a)

𝜔̂(𝑟, 𝑥) =
Δ𝑥

𝑓0𝜚2
(2𝑎𝑚𝑟 − 𝑗ℎ(1) + 𝑗2ℎ(2)), (30b)

respectively, where 

ℎ(1)(𝑟, 𝑥) = 4𝑎𝑏𝑚𝑟 + 4(𝑟3 − 𝑚𝑎2)Δ𝑟𝑥 + 4𝑎2(𝑟 − 𝑚)Δ𝑟𝑥
3, (31a)

ℎ(2)(𝑟, 𝑥) = 2𝑎𝑚[2𝑎2𝑟2(𝑟 + 3𝑚) − 𝑎4(𝑟 + 2𝑚) + 𝑟(𝑏2 + 3𝑟4)]

+ 4𝑏(𝑟3 − 𝑚𝑎2)Δ𝑟𝑥 + 12𝑎𝑚Δ𝑟[𝑟3 + 𝑎2(𝑟 − 𝑚)]𝑥2

+ 4𝑎2𝑏(𝑟 − 𝑚)Δ𝑟𝑥
3 − 2𝑎𝑚[𝑟3 − 𝑎2(3𝑟 − 2𝑚)]Δ𝑟𝑥

4. (31b)

The above solution assumes the form of the Kerr–Swirling solution 
when we choose the trivial gravitational gauge, i.e., 𝑏 = 0. On the other 
hand, if we choose the gauge 𝑏 = 1∕𝑗, we get a metric with

𝑓 = 𝑓∕𝑗2, 𝜔̂ = 𝑗2𝜔. (32)

There is absolutely no diffeomorphism/parameter redefinition/limit 
that maps the above into the Kerr–Swirling solution; the two metrics 
correspond, simply put, to the general solution (30) in different grav-
itational gauges! Similarly, there is no physical-space invariance that 
casts the metric with functions (32) into the Kerr–LC metric.9 Indeed, 
the only way to move from the former to the latter is to further apply 
a rescaling-duality transformation with parameter i𝑗, which completely 
removes the Ehlers parameter from the solution (recall that inversion 
is a discrete symmetry). Hence, the Kerr–LC solution is truly a novel, 
rotating solution of GR in vacuum.

Lastly, let us remark that the difference between inversion and an 
Ehlers transformation is most obvious in the case of static seeds, where 
inversion produces a static target solution, while a simple Ehlers trans-
formation generates a truly stationary target solution, i.e., there is no 
boost that maps one to the other.

Consequently, the Kerr–Levi-Civita spacetime proves to be a highly 
appealing, regular, rotating vacuum solution in Einstein’s theory, open-
ing up several research directions to pursue. Among these, a thor-
ough analysis of geodesic motion is of particular importance. Explor-
ing hidden symmetries generated by higher-order Killing tensor fields 
would also enhance our understanding of the spacetime. Moreover, one 
should study black hole shadows, gravitational lensing, and related phe-
nomenology to assess the astrophysical importance of this novel solu-
tion. Finally, the computation of conserved charges is equally relevant.

Data availability

No data was used for the research described in the article.

9 At first sight, one may think that a global Weyl rescaling may do the job, 
but this is ultimately a fallacy.
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Appendix A.  Regularity of curvature invariants

In this appendix section, we show that there is no curvature singu-
larity in the Kerr–LC spacetime. We start with the Kretschmann scalar, 
 = 𝑅𝜇𝜈

𝜌𝜎𝑅𝜌𝜎
𝜇𝜈 , which reads

 =
(𝑟, 𝑥)

𝜚12
(

𝑓 2
0 + 𝜒2

0
)6

, (A.1)

where  is an involved and everywhere non-trivial polynomial in 𝑟 and 
𝑥 that we need not present here, and 𝑓 2

0 + 𝜒2
0  is another polynomial 

in the above variables, divided by 𝜚2, that is also non-vanishing every-
where, so that the denominator of  conveniently assumes the form of a 
polynomial that does not vanish at any 𝑟 and 𝑥. Recalling that 𝜚2 = 0 at 
𝑟 = 0 = 𝑥, we see that inversion effectively works as a pole-removal tool. 
The Kretschmann scalar acquires the value −9∕(4𝑎8𝑚4) at 𝑟 = 0 = 𝑥. It re-
duces to the (singular) Kretschmann scalar in the LC and Schwarzschild–
LC spacetimes, when we take the limits 𝑚, 𝐽 → 0 (𝑎 finite) and 𝑚 → 0, 
respectively.

Although it is extremely unlikely, the singularity could, in theory, 
appear in higher-order curvature invariants. To mathematically prove 
regularity, we must verify that the components 𝑅𝐴𝐵

𝐶𝐷 of the Riemann 
tensor in an orthonormal basis are regular. We choose the frame field 
dual to the co-basis

𝜽0 =

√

Δ𝑟Δ𝑥
𝑓

d𝑡, 𝜽1 = e𝛾
√

𝑓Δ𝑟
d𝑟,

𝜽2 = − e𝛾
√

𝑓Δ𝑥
d𝑥, 𝜽3 =

√

𝑓
(

16𝑎2𝑚2 d𝜑 − 𝜔 d𝑡
)

,

(A.2)

and find out that some components (𝑅01
01 for example) have a pole at the 

ring singularity of the Kerr spacetime. Of course, that does not imply 
that there is a curvature singularity because the poles could disappear 
when contracting Riemann tensors to build invariants, as in the case of 
the regular Kretschmann scalar. In fact, we find that curvature invariants 
up to sixth-order are regular everywhere, their value at 𝑟 = 0 = 𝑥 being 
proportional to (𝑎4𝑚2)−𝑘, where 𝑘 denotes the order of the invariant. 
Therefore, we have good reason to call the spacetime regular in the sense 
that “strong” singularities (infinite curvature invariants) are absent. We 
cannot exclude the presence of “weak” singularities in the wider Penrose 
sense of geodesic incompleteness.
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[19] J. Barrientos, A. Cisterna, I. Kolář, K. Müller, M. Oyarzo, K. Pallikaris, Mixing 
“magnetic” and “electric” Ehlers–Harrison transformations: the electromagnetic 
swirling spacetime and novel type I backgrounds, Eur. Phys. J. C 84 (7) (2024) 
724. 2401.02924 https://doi.org/10.1140/epjc/s10052-024-13093-x

[20] I.G. Contopoulos, F.P. Esposito, K. Kleidis, D.B. Papadopoulos, L. Witten, Generat-
ing solutions to the Einstein field equations, Int. J. Mod. Phys. D 25 (02) (2015) 
1650022. 1501.03968 https://doi.org/10.1142/S021827181650022X

[21] A. Di Pinto, Charged and Rotating Black Holes in a Melvin-swirling Universe, Ph.D. 
thesis, Milan U., 2024. 2407.11270

[22] A. Di Pinto, S. Klemm, A. Viganò, Kerr–Newman black hole in a Melvin-swirling uni-
verse, JHEP 06 (2025) 150. 2503.07780 https://doi.org/10.1007/JHEP06(2025)
150

[23] M.M. Akbar, M.A.H. MacCallum, Static axisymmetric Einstein equations in vacuum: 
symmetry, new solutions and Ricci solitons, Phys. Rev. D 92 (6) (2015) 063017. 
1508.05196 https://doi.org/10.1103/PhysRevD.92.063017

[24] S.H. Mazharimousavi, Schwarzschild–Levi-Civita black hole, Phys.
Lett. B 861 (2025) 139234. 2403.02365 https://doi.org/10.1016/j.physletb.
2024.139234

[25] E. Ayón-Beato, M. Hassaïne, D. Higuita-Borja, Role of symmetries in the Kerr–Schild 
derivation of the Kerr black hole, Phys. Rev. D 94 (6) (2016) 064073. [Addendum: 
Phys.Rev.D 96, 049902 (2017)]. 1512.06870 https://doi.org/10.1103/PhysRevD.
94.064073

[26] M. Astorino, Removal of conical singularities from rotating C-metrics and dual CFT 
entropy, JHEP 10 (2022) 074. 2207.14305 https://doi.org/10.1007/JHEP10(2022)
074

[27] B. Carter, Axisymmetric black hole has only two degrees of freedom, Phys. Rev. Lett. 
26 (1971) 331–333. https://doi.org/10.1103/PhysRevLett.26.331

[28] W. Israel, Event horizons in static electrovac space-times, Commun. Math. Phys. 8 
(1968) 245–260. https://doi.org/10.1007/BF01645859

[29] J.F. Plebanski, M. Demianski, Rotating, charged, and uniformly accelerating mass 
in general relativity, Ann. Phys. 98 (1976) 98–127. https://doi.org/10.1016/
0003-4916(76)90240-2

Physics Letters B 871 (2025) 140035 

6 

https://doi.org/10.1103/PhysRevLett.11.237
https://doi.org/10.1103/PhysRevLett.11.237
https://doi.org/10.1103/PhysRevLett.11.237
https://doi.org/10.1103/PhysRevLett.11.237
https://doi.org/10.1103/PhysRevLett.29.1344
https://doi.org/10.1103/PhysRevLett.29.1344
https://doi.org/10.1103/PhysRevLett.29.1344
https://doi.org/10.1103/PhysRevLett.29.1344
https://doi.org/10.1063/1.1705005
https://doi.org/10.1063/1.1705005
https://doi.org/10.1103/PhysRevD.2.2119
https://doi.org/10.1103/PhysRevD.2.2119
https://doi.org/10.1103/PhysRev.168.1415
https://doi.org/10.1103/PhysRev.168.1415
https://doi.org/10.1103/PhysRev.168.1415
https://doi.org/10.1103/PhysRev.168.1415
https://doi.org/10.1103/PhysRev.167.1175
https://doi.org/10.1103/PhysRev.167.1175
https://doi.org/10.1103/PhysRev.167.1175
https://doi.org/10.1103/PhysRev.167.1175
https://doi.org/10.1063/1.1666373
https://doi.org/10.1063/1.1666373
https://doi.org/10.1063/1.1665681
https://doi.org/10.1063/1.1665681
http://refhub.elsevier.com/S0370-2693(25)00793-2/sbref0009
http://refhub.elsevier.com/S0370-2693(25)00793-2/sbref0009
http://refhub.elsevier.com/S0370-2693(25)00793-2/sbref0009
https://doi.org/10.1063/1.1664508
https://doi.org/10.1063/1.1664508
http://refhub.elsevier.com/S0370-2693(25)00793-2/sbref0011
http://refhub.elsevier.com/S0370-2693(25)00793-2/sbref0011
https://doi.org/10.1017/CBO9780511535185
https://doi.org/10.1017/CBO9780511535185
https://doi.org/10.1017/CBO9780511535185
https://doi.org/10.1017/CBO9780511535185
https://doi.org/10.1088/0264-9381/30/12/125008
https://doi.org/10.1088/0264-9381/30/12/125008
https://doi.org/10.1088/0264-9381/30/12/125008
https://doi.org/10.1088/0264-9381/30/12/125008
https://doi.org/10.1140/epjc/s10052-024-13383-4
https://doi.org/10.1140/epjc/s10052-024-13383-4
https://doi.org/10.1140/epjc/s10052-024-13383-4
https://doi.org/10.1140/epjc/s10052-024-13383-4
https://doi.org/10.1063/1.1664763
https://doi.org/10.1063/1.1664763
http://refhub.elsevier.com/S0370-2693(25)00793-2/sbref0016
http://refhub.elsevier.com/S0370-2693(25)00793-2/sbref0016
https://doi.org/10.1002/andp.19694790107
https://doi.org/10.1002/andp.19694790107
https://doi.org/10.1002/andp.19694790107
https://doi.org/10.1002/andp.19694790107
https://doi.org/10.1017/CBO9780511635397
https://doi.org/10.1017/CBO9780511635397
https://doi.org/10.1140/epjc/s10052-024-13093-x
https://doi.org/10.1140/epjc/s10052-024-13093-x
https://doi.org/10.1142/S021827181650022X
https://doi.org/10.1142/S021827181650022X
http://refhub.elsevier.com/S0370-2693(25)00793-2/sbref0021
http://refhub.elsevier.com/S0370-2693(25)00793-2/sbref0021
https://doi.org/10.1007/JHEP06(2025)150
https://doi.org/10.1007/JHEP06(2025)150
https://doi.org/10.1007/JHEP06(2025)150
https://doi.org/10.1007/JHEP06(2025)150
https://doi.org/10.1103/PhysRevD.92.063017
https://doi.org/10.1103/PhysRevD.92.063017
https://doi.org/10.1016/j.physletb.2024.139234
https://doi.org/10.1016/j.physletb.2024.139234
https://doi.org/10.1016/j.physletb.2024.139234
https://doi.org/10.1016/j.physletb.2024.139234
https://doi.org/10.1103/PhysRevD.94.064073
https://doi.org/10.1103/PhysRevD.94.064073
https://doi.org/10.1103/PhysRevD.94.064073
https://doi.org/10.1103/PhysRevD.94.064073
https://doi.org/10.1007/JHEP10(2022)074
https://doi.org/10.1007/JHEP10(2022)074
https://doi.org/10.1007/JHEP10(2022)074
https://doi.org/10.1007/JHEP10(2022)074
https://doi.org/10.1103/PhysRevLett.26.331
https://doi.org/10.1103/PhysRevLett.26.331
https://doi.org/10.1007/BF01645859
https://doi.org/10.1007/BF01645859
https://doi.org/10.1016/0003-4916(76)90240-2
https://doi.org/10.1016/0003-4916(76)90240-2
https://doi.org/10.1016/0003-4916(76)90240-2
https://doi.org/10.1016/0003-4916(76)90240-2

	A new exact rotating spacetime in vacuum: The Kerr–Levi-Civita spacetime 
	1 Introduction 
	2 Construction of the Kerr–Levi-Civita spacetime
	3 The Kerr–LC geometry
	4 Conclusions: novelty of the Kerr–LC solution and further perspectives
	A Regularity of curvature invariants


