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1 Introduction

One of the central questions of theoretical physics is whether the singularities of general
relativity are resolved — and if so, how? It has long been known that singularities are generic
within general relativity, occurring at the beginning of the universe and in gravitational
collapse [1]. The physical reality of singularities would signal an irreconcilable incompleteness
in our theories of nature, and it is therefore generally expected that they will somehow be
cured. However, very little is known about singularity resolution in general.
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There has been a long history of studying the implications of singularity resolution on
phenomenological grounds. Dating back to the work of Bardeen, singularity-free black hole
metrics have been postulated and their properties studied.1 Well-known examples include
the Bardeen [4], Hayward [5], and Dymnikova [6] metrics, though there are many others, e.g.,
refs. [7–12]. These metrics are not a priori solutions of any known theory, and therefore one is
limited to kinematical rather than dynamical considerations. Nonetheless, the corresponding
structure is rich and has been the subject of renewed and intensive investigation [13–18]
(see also [19] for a recent review).

There has been considerable difficulty in realizing regular black holes as exact solutions
of any realistic theory. One avenue that has received significant attention is embedding
regular black hole metrics into theories of nonlinear electrodynamics [3, 20–30]. In this
approach, it is possible to obtain a large class of regular black hole metrics as exact solutions,
but there are substantial drawbacks as well. For example, the required Lagrangians often
do not have a Maxwell limit, meaning singularity resolution requires postulating exotic
matter. Moreover, the required theories are often acausal or suffer from other dynamical
problems. Perhaps worst of all is that embedding regular black holes into theories of nonlinear
electrodynamics requires fine tuning of coupling and integration constants, indicating that
the regular black hole metrics are a set of measure zero in the full solution space of the
field equations. Singularity resolution in these models is therefore not generic, even for the
simplest cases. While other proposals (e.g., refs. [31, 32]) can resolve some of these issues,
there remains the requirement of adding matter to resolve singularities, and the fully singular
Schwarzschild metric remains when the matter is switched off.

Recently, considerable progress has been made on this problem with the realization that
the Schwarzschild singularity is resolved generically and in any dimension D ≥ 5 when infinite
towers of higher-order curvature corrections are added to the Einstein-Hilbert action [33].
The theories studied, known as quasi-topological gravities [34–41], are sufficiently general
that they provide a basis for gravitational effective field theory in vacuum.2 They also possess
further desirable properties, such as second-order field equations in spherical symmetry and
a Birkhoff theorem which guarantees that the static solution is the unique one. The fact
that singularity resolution coincides with the resummation of an infinite tower of higher-
order curvature corrections is appealing, as an infinite tower of such corrections is a rather
ubiquitous prediction of different approaches to quantum gravity. However, perhaps the
most appealing aspect is that the singularity is resolved without any additional fields beyond
the metric. Overall, this has emerged as arguably the first comprehensive approach to the
problem of regular black holes. It not only allows the problem of dynamical formation of

1In fact, 30 years before Bardeen, the construction of regular black hole spacetimes was considered by
Hoffmann and Infeld as a solution of their new theory of nonlinear electrodynamics. Unfortunately, this
solution remains mildly singular — the Kretschmann scalar logarithmically diverges. In addition, it suffers
from the ‘same drawbacks’ as more recent regular electrically charged solutions in nonlinear electrodynamics
(e.g., ref. [3], discussed further below).

2Strictly speaking, the regularization of the singularity takes one out of the effective field theory regime.
Nonetheless, by treating the regularization parameter (the higher curvature coupling) perturbatively, one can
match the corresponding expansion of the regular black hole metric to arbitrary accuracy [33].
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regular black holes to be tackled [42–44],3 but also permits the construction of regular black
holes with inner-extremal horizons [47]. As such, the construction has attracted considerable
recent attention [47–54]

Here, we extend the construction of ref. [33] in several directions, namely by considering
a cosmological constant, constructing asymptotically anti-de Sitter (AdS) black holes, and
including minimally coupled matter. The preliminary study of black hole thermodynamics
conducted in ref. [33] revealed that regular black holes obtained in this manner avoid many
of the problems and ambiguities associated with regular black holes embedded in nonlinear
electrodynamics, such as degenerate potentials or a modified Hawking temperature [55, 56].
We further elaborate on the thermodynamic properties of regular black holes in these theories,
uncovering some of their phase transitions on the way. Notably, we show that one can
construct an equation of state exhibiting a ‘finite molecular volume subtraction’, similar
to what happens in van der Waals fluids.

The remainder of this paper is organized as follows: in section 2, we begin by reviewing
quasi-topological gravities and their black hole solutions, emphasizing the inclusion of min-
imally coupled matter. We then provide a detailed analysis of the conditions required for
regular black holes in quasi-topological theories incorporating an infinite number of terms
in the action. In section 3, we analyze asymptotically AdS black holes in the resummed
theories. We study spherical, planar, and hyperbolic black holes, finding in the planar case
that the regular solutions are automatically inner-extremal, and hence may evade mass
inflation instabilities. In section 4, we study extensions of the theory incorporating minimally
coupled matter, taking Maxwell electrodynamics and two theories of nonlinear electrodynam-
ics (Born-Infeld and RegMax) as examples. In particular, we analyze how the inclusion of
charged matter can alter the nature of the regular core, for example, necessitating an AdS
core in the Maxwell case. In section 5.1, we study the first law and Smarr relation for regular
black holes in the extended thermodynamic phase space. We then go on in sections 5.2–5.4 to
study in detail the thermodynamic properties of black holes with different horizon topologies
and with different types of matter. Finally, in section 6, we summarize the most important
results of our work and indicate potential future directions. Quasi-topological gravities to
quintic order are reviewed in appendix A, and the “effective energy conditions” for various
regular black hole models are summarized in appendix B.

Note. In ref. [57] (appearing concurrently with our manuscript), thermodynamics of regular
black holes is also studied, and there is some overlap with parts of our manuscript. Those
authors also take the first steps toward understanding holographic implications of regular
black holes in the ‘pure gravity’ framework.

2 Regular black holes in quasi-topological gravity

2.1 Theory and equations of motion

Consider a theory of gravity built from the metric and curvature with Lagrangian density
L
(
gab, Rabcd

)
. Allowing for minimally coupled matter, the corresponding equations of

3See also [45, 46] where similar studies of dynamics have been carried out in the context of two-dimensional
theories of dilaton gravity.
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motion read

Eab ≡ P cdea Rbcde −
1
2gabL − 2∇c∇dPacdb = 8πGNTab , (2.1)

where P abcd ≡ ∂L/∂Rabcd. Quasi-topological gravities are a particular class of this general
set of theories defined by the requirement4

∇dPacdb = 0 (2.2)

for general spherically (planar, or hyperbolic) symmetric metrics. Since it is this term that
is responsible for higher-order terms in the equations of motion, quasi-topological gravities
have by definition second-order equations of motion on spherically symmetric backgrounds.

Included in this family of theories is the well-known Lovelock theory of gravity [58, 59]
which, in addition to having second-order equations of motion on spherically symmetric
backgrounds, has second-order equations of motion in general. That the family of quasi-
topological theories includes additional members beyond the Lovelock class came as somewhat
of a surprise, with the first example being a cubic theory of gravity discovered almost
simultaneously by two groups and for two different purposes [34, 35]. Subsequently, new
examples were found at quartic [36] and quintic orders [38], culminating with a construction
of quasi-topological theories at all orders in curvature [39–41]. Notably, such quasi-topological
gravities satisfy a Birkhoff theorem. Thus, the most general (vacuum) spherically symmetric
solutions are also static [42].

Although explicit covariant Lagrangians are known for any curvature order — see, for
example, eq. (4.5) of ref. [41] — the simplest way to construct quasi-topological theories
at all orders is via a recurrence relation. It was proved in ref. [39] that, given the first
five quasi-topological Lagrangian densities {Zi : i = 1, . . . , 5}, all subsequent orders can
be constructed via the formula

Zn+5 = − 3(n+ 3)
2(n+ 1)D(D − 1)Z1Zn+4 +

3(n+ 4)
2nD(D − 1)Z2Zn+3 −

(n+ 3)(n+ 4)
2n(n+ 1)D(D − 1)Z3Zn+2 .

(2.3)

Even the first five of these theories have rather complicated Lagrangians. We therefore do
not present them explicitly in the main text, but instead dedicate appendix A to their form.
However, we note that when using the above recurrence formula, the first-order term Z1
is simply the Einstein-Hilbert term, while the second-order term Z2 is the Gauss-Bonnet
density. At higher orders, the overlap with Lovelock densities ceases. Crucially, while the
Lovelock densities are limited to orders n ≤ ⌊D/2⌋ in a specific spacetime dimension D,
quasi-topological theories of any order can exist in dimensions D ≥ 5. It is this crucial
difference that allows one to consider a full, infinite tower of quasi-topological corrections.
Importantly, as demonstrated in ref. [33], it is only when an infinite number of corrections
are included that black hole singularities are resolved.

4Naively, it would seem that one could demand the weaker condition ∇c∇dPacdb = 0 to ensure second-order
equations of motion on a particular background. However, this does not lead to any new theories of the
polynomial type [39].

– 4 –



J
H
E
P
1
1
(
2
0
2
5
)
1
2
1

Let us consider the following action:

I = IQT + Imatter , IQT =
∫ dDx

√
|g|

16πGN

[
− 2Λ +R+

∞∑
n=2

α̃nZn
]
, (2.4)

whose variation yields the field equations. In our conventions (which match those of ref. [42]),
this variation reads

Eab = 8πGNTab with Eab =
16πGN√

|g|
δIQT
δgab

and Tab = − 2√
|g|
δImatter
δgab

. (2.5)

We further assume a general static and spherically/plane/hyperbolic symmetric metric of
the form

ds2 = −N(r)2f(r)dt2 + dr2

f(r) + r2Ωijdxidxj , (2.6)

where Ωij is the metric on a (D − 2)-dimensional space with curvature tensor Rijkl =
k (ΩikΩjl − ΩilΩjk), and k = {+1, 0,−1} corresponds to spherical, planar, and hyperbolic
geometries, respectively. The field equations for this metric ansatz can be readily obtained
using reduced Lagrangian methods [60–62], evaluating the action on the ansatz (2.6), and
varying with respect to the unknown functions. After integrating by parts and discarding
total derivatives, the reduced action for the gravitational sector of all quasi-topological
theories takes the form5

IQT[N, f ] =
(D − 2)ΩD−2

16πGN

∫
dtdrN(r)

[
rD−1h(ψ)

]′
, (2.7)

where the prime denotes the radial derivative and the function h(ψ) will be explained below.
Variation of the action with respect to N and f yields two components of the field

equations Eab,

E tt = − 8πGN
rD−2ΩD−2

δIQT[N, f ]
δN

= −(D − 2)
2rD−2

d
dr
[
rD−1h(ψ)

]
, (2.8)

Err = E tt +
16πGN

ΩD−2NrD−2
δIQT[N, f ]

δf
= E tt +

(D − 2)f(r)N ′(r)
rN(r) h′(ψ) . (2.9)

Due to the generalized Bianchi identity ∇aEab = 0, the angular components of the field
equations are automatically satisfied provided eq. (2.9) is [64].

So far, the discussion has been quite general, but now let us assume that the minimally
coupled matter inherits the spherical symmetry of the spacetime and satisfies T tt = T rr . From
the reduced action and the definition of the EMT, we have

T tt =
1

ΩD−2rD−2
δImatter
δN

. (2.10)

5We use ΩD−2 to denote the volume of the transverse space. In the case k = 1, this is the volume of a unit
sphere 2π(D−1)/2/Γ [(D − 1)/2]. In the cases k = 0,−1, this volume is, strictly speaking, infinite, but can be
made finite by introducing identifications to the transverse geometry [63].
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Then, performing the above calculations for the reduced action of quasi-topological
theories, one obtains

δI[N, f ]
δf

⇒ h′(ψ)N ′(r) = 0 , (2.11)

δI[N, f ]
δN

⇒
[
rD−1h(ψ)

]′
= −16πGNr

D−2

D − 2 T tt . (2.12)

In the above, we have written the action and field equations in terms of a function h(x)
which depends on the details of the particular theory. Explicitly, we have

h(x) ≡ −2Λ
(D − 1)(D − 2) + hf(x) =

−2Λ
(D − 1)(D − 2) + x+

∞∑
n=2

(D − 2n)
D − 2 α̃nx

n , (2.13)

while
ψ ≡ k − f

r2 . (2.14)

Note that we have identified the contribution to h(x) that arises in the asymptotically flat
case as hf(x). Henceforth, we will use the rescaling

αn ≡
(
D − 2n
D − 2

)
α̃n (2.15)

of the higher-curvature coupling constants to simplify various expressions. The caveat is that
if we are working in even dimensions with D = 2n, then the term with coupling αn must be
removed from the function h(ψ). This is simply because quasi-topological theories of order n
do not contribute to the field equations in dimension D = 2n (the original motivation for the
name ‘quasi-topological’). This has no effect on whether or not the singularity is resolved, as
the resolution is due to the asymptotic properties of the series rather than its finite terms.6

The field equation following from the variation δI/δf is satisfied either if N ′ = 0 or if
h′ = 0. The second option is generically inconsistent with the remaining field equation, and
thus we take N ′ = 0. We can therefore set N = 1 without loss of generality. Integrating the
second field equation results in an algebraic equation that determines the metric function f :

hf(ψ) = S(r) ≡ 2Λ
(D − 1)(D − 2) +

m

rD−1 − 16πGN
(D − 2)rD−1

∫ r

∞
rD−2T tt dr . (2.16)

Here, m is an integration constant that is directly related to the ADM or thermodynamic
mass M ,

M = m(D − 2)ΩD−2
16πGN

. (2.17)

Note that, when performing the integration for the EMT, the result should not include
a constant of integration — such a constant can always be reabsorbed into the definition
of m. Here, we have assumed that the EMT falls off faster than 1/rD−2 at large r to set
this constant of integration to zero.
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Model αn hf(ψ) f(r)

I αn−1 ψ

1− αψ
k − r2S(r)

1 + αS(r)

II αn−1

n
− log(1− αψ)

α
k − r2

α

(
1− e−αS(r))

III nαn−1 ψ

(1− αψ)2 k −
r2
[

1 + 2αS(r) −
√

1 + 4αS(r)
]

2α2S(r)

IV (1− (−1)n)
2 αn−1 ψ

1− α2ψ2 k +
r2
[
1−

√
1 + 4α2S2(r)

]
2α2S(r)

V
(1− (−1)n)Γ

(
n
2

)
2
√
πΓ
(

n+1
2

) αn−1 ψ√
1− α2ψ2

k − r2S(r)√
1 + α2S2(r)

VI
(
1 + (−1)(n+1))

2n αn−1 arctanh(αψ)
α

k − r2

α
tanh (αS(r))

VII N/A ψ

(1− αNψN)1/N k − r2S(r)
[1 + αNSN(r)]1/N

Table 1. Models: summary. Example resummations and their corresponding exact solutions to
the equations of motion. Here, we write the metric function for general minimally coupled matter
satisfying T tt = T rr in terms of the function S(r) introduced in eq. (2.16). In the case of Model VII,
the coefficients of the series can be obtained by expanding hf(ψ) for a given value of N (a closed form
expression is not simple for general N). Note that this model includes Models I and V as special
cases. Models I, II, and III are valid only in odd dimensions. Models IV, V and VI are valid in odd
dimensions and also for D = 4(k + 1) with k ∈ Z+. Model VII is valid in odd dimensions for general
N, while particular cases of N also yield resummations valid in even dimensions. The simplest case for
an even dimension D is given by N = D/2.

2.2 Conditions for regularity with minimally coupled matter

Let us now examine, as generally as possible, under what conditions the solutions of (2.16)
are regular.

The quantity S(r) introduced above is closely related to the quasi-local Misner-Sharp
mass, suitably generalized to quasi-topological gravity,

MMS(r) ≡ rD−1S(r) . (2.18)

This makes the corresponding solutions much more natural. Effectively, the mass parameter
appearing in the asymptotically flat solutions gets replaced by the corresponding Misner-
Sharp energy in more general situations. In table 1, we collect a number of examples of
resummations and their corresponding exact solutions. Writing the results in terms of S(r)
as introduced above, the problem of studying the solutions of a particular theory reduces
to obtaining its corresponding S(r).

6We refer the reader to the appendix of ref. [42] for further comments on this subtlety. It is from this
property that certain restrictions on the applicable dimensions for certain resummations in table 1 arise.
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In the general case, we can express the metric function as

f(r) = k − r2h−1
f (S(r)) , (2.19)

where h−1
f (x) is the inverse of the function hf(x). This inverse will exist if and only if hf(x)

is bijective. The regularity of the spacetime can then be translated into requirements on
the inverse function h−1

f (x). Indeed, it is a simple exercise to show that the spacetime will
be regular (in the sense that the Ricci and Kretschmann scalars are finite) provided the
following two conditions are met:

1. The inverse function and its first two radial derivatives are finite for all r > 0.

2. The derivatives of h−1
f have divergences no stronger than d

(
h−1

f (S(r))
)
/dr ∼ 1/r and

d2
(
h−1

f (S(r))
)
/dr2 ∼ 1/r2 as r → 0.

Let us consider the first requirement. Using the definition of the inverse, we can readily
obtain that

(
h−1

f (x)
)′

= 1
h′f

(
h−1

f (x)
) and

(
h−1

f (x)
)′′

= −
h′′f

(
h−1

f (x)
)

[
h′f

(
h−1

f (x)
)]3 . (2.20)

We then have

d
(
h−1

f (S(r))
)

dr
= S ′(r)
h′f

[(
h−1

f (S(r))
)] . (2.21)

This will be finite for r > 0 provided that S ′(r) is finite and h′f(x) has no zeroes. The
latter property is equivalent to requiring that hf(x) be monotonic on its domain. Examining
the second derivative, we find

d2
(
h−1

f (S(r))
)

dr2 = −
h′′f

(
h−1

f (S(r))
)
S ′(r)[

h′f

(
h−1

f (S(r))
)]3 + S ′′(r)

h′f

[(
h−1

f (S(r))
)] . (2.22)

Considering the information we have gained from the first derivative, the finiteness of the
second derivative is guaranteed provided that S ′′(r) has no divergences for r > 0 and h′′f (x)
is finite at all points in the domain except possibly at r = 0.

Next, let us consider the limiting behavior at r = 0. For the metric to be regular at
r = 0, we require that

f(r) = k + ψ0r
2 +O(r3) , (2.23)

for some constant ψ0. By comparison with the above, this allows us to deduce that

ψ0 = lim
r→0

h−1
f (S(r)) . (2.24)

In turn, this implies that hf(x) must have a divergence at x = ψ0 provided that S(r) diverges
at r = 0, which will generically be the case. It is easy to show that if near x = ψ0 the
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function has the behavior hf(x) ∼ (x − ψ0)−n for some n > 0, then the derivatives of the
inverse function are finite at r = 0.

In summary: to guarantee a fully regular solution for the full range of r ∈ [0,∞), it is
sufficient for hf(x) to be a monotonic function with a divergence, provided that S(r) and its
derivatives have no divergences at finite r. As these conditions are only sufficient but not
necessary, many other resummations with nonsingular black holes will exist.

Note that, for a given resummation hf(ψ), the function S(r) determines the domain of
ψ. Thus, it is entirely possible for a resummation that is nonsingular in vacuum to become
singular when certain matter content is added. To see how this can be the case, consider
the Hayward resummation (model I in table 1):

hf(ψ) =
ψ

1− αψ
. (2.25)

This function is monotonic only on the disjoint intervals ψ ∈ (−∞, 1/α) and ψ ∈ (1/α,∞).
Restricted to each interval, the range of hf(ψ) is limited. For ψ ∈ (−∞, 1/α), the range is
(−1/α,∞), while for ψ ∈ (1/α,∞), the range is (−∞,−1/α). Hence, if the matter function
S(r) is not of uniform sign, the Hayward model may not be able to accommodate it within
a single domain for ψ. In such cases (which arise, for example, with a Maxwell field), the
corresponding Hayward black hole may contain a singularity at finite r.

To ensure regular black holes exist regardless of the matter content, it is necessary
to select a resummation hf(ψ) with range (−∞,∞) in a single domain on which it is a
monotonic function. For example, model V of table 1,

hf(ψ) =
ψ√

1− α2ψ2 , (2.26)

achieves this. Here, hf(ψ) has range (−∞,∞) for the domain of ψ ∈ (−1/α, 1/α). Since
for this model hf(ψ) is monotonic on the full interval, it can accommodate any S(r) and
will always yield regular black holes.

2.3 Asymptotically flat solutions

Before beginning in earnest our study of the asymptotically AdS solutions, we pause to
review the asymptotically flat vacuum solutions. These metrics were considered in detail in
refs. [33, 42, 43], so we will be brief. In vacuum and with vanishing cosmological constant,
we have simply

S(r) = m

rD−1 . (2.27)

As shown in ref. [33], the sufficient conditions for regularity of asymptotically flat solutions are

αn ≥ 0 ∀n , lim
n→∞

(αn)
1
n = C > 0 . (2.28)

Consistency with these conditions requires ψ to be positive. Then, the first condition ensures
that hf (ψ) is monotonic, while the second condition implies that hf (ψ) has a radius of
convergence of ψ0 = 1/C, giving rise to a divergence at ψ = ψ0. Thus, together with the
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above expression for S(r), we obey the sufficient regularity criteria derived in the previous
subsection.

In what follows, we shall consider the seven models summarized in table 1. Substituting
the expression (2.27) for S(r) in the last column of table 1 yields the corresponding exact
solution. Importantly, for the solutions to satisfy asymptotically flat boundary conditions,
we necessarily must have k = +1. At large distances, all models exhibit Schwarzschild-like
asymptotics,

f(r) = 1− m

rD−1 + · · · as r → ∞ , (2.29)

while the higher-curvature corrections become important in the interior leading to a reg-
ular core,

f(r) = 1− r2

|α|
+ · · · as r → 0 . (2.30)

Note that, irrespective of the sign of α, the core is always of the de Sitter type for all models.
For all models, there exists a critical value of the mass mcr which demarcates the possible

solutions. This value of the mass is model-dependent and in some cases cannot be obtained
in a simple closed-form expression. For example, for the Hayward black hole (model I),
the critical mass parameter reads

mcr =
(D − 1)(D−1)/2

2(D − 3)(D−3)/2α
(D−3)/2 . (2.31)

In terms of the critical mass parameter, there are three possible types of solutions:

1. For m > mcr, there is an event and inner horizon.

2. For m = mcr, there is a single degenerate horizon representing an extremal black hole
with vanishing Hawking temperature.

3. For 0 < m < mcr, there are no horizons. These represent gravitational solitons:
Lorentzian, finite energy, geodesically complete metrics.

3 Asymptotically anti-de Sitter solutions

3.1 Hayward-AdS example

We will first consider the case of a negative cosmological constant, giving rise to asymptotically
AdS solutions. Writing

Λ = −(D − 1)(D − 2)
2L2 , (3.1)

we have

S(r) = − 1
L2 + m

rD−1 . (3.2)

The corresponding solutions for various resummations can then be read off immediately
from table 1.
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Let us take the Hayward resummation — model I from table 1 — as an example
to illustrate some of the general features of the asymptotically AdS metrics. The metric
function reads

f(r) = k − r2S(r)
1 + αS(r) with S(r) = − 1

L2 + m

rD−1 . (3.3)

When m = 0, we have

f(r) = k + r2

L2 − α
. (3.4)

This describes an AdS geometry with effective cosmological constant

Leff =
√
L2 − α, (3.5)

provided that α < L2. For nonzero m, we have the same AdS asymptotics with the standard
fall off now governed by the mass term,

f(r) = k + r2

L2
eff

− mL4

L4
effr

D−3 + · · · . (3.6)

The coefficient multiplying the mass term should be identified with the effective Newton
constant of the theory. Specifically, in this case we have

Geff = L4GN
L4

eff
= GN

(1− a)2 , (3.7)

where here as well as for other models in table 1, we have defined

a ≡ α

L2 . (3.8)

In terms of Geff and the thermodynamic mass M , the metric function then reads

f(r) = k + r2

L2
eff

− 16πGeffM

(D − 2)ΩD−2rD−3 + · · · , (3.9)

as required.
Near r = 0, the metric function admits the expansion

f(r) = k − r2

|α|
+ · · · . (3.10)

For the case k = +1, this is identical to the asymptotically flat (pure gravity) case. We
will comment on the other values of k below.

Since the function S(r) takes on both positive and negative values, we may be concerned
about singularities at intermediate values of r. For the Hayward model, such singularities
would arise where

1 + αS(r) = 0 ⇒ L2 − α+ L2αm

rD−1 = 0 . (3.11)
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Model h(ψ) L2
eff/L

2 Geff/GN Parameter constraints

I ψ

1− αψ
1− a

1
(1− a)2 0 < a < 1

II − log (1− αψ)
α

a

ea − 1 ea a > 0

III ψ

(1− αψ)2
2a2

1− 2a−
√
1− 4a

2− 8a+ 2
√
1− 4a(−1 + 2a)

4a2(−1 + 4a) 0 < a <
1
4

IV ψ

1− α2ψ2
2a2

−1 +
√
1 + 4a2

1
2a2

[
1− 1√

1 + 4a2

]
a ∈ R

V ψ√
1− α2ψ2

√
1 + a2

(
1 + a2)−3/2

a ∈ R

VI arctanh(αψ)
α

a coth a sech2 a a > 0

VII ψ

(1− αNψN)1/N

[
1 + (−a)N]1/N [

1 + (−a)N]− (N+1)
N

{
a ∈ R if N even
0 < a < 1 if N odd

Table 2. Models: effective couplings and parameter constraints. We tabulate the effective
AdS length Leff and the effective Newton constant Geff for each of the resummations that appear in
table 1. We have defined a = α/L2 to ease the notation. The final column of the table gives the range
of a for which the metrics are fully regular and have AdS asymptotics.

We require α > 0 such that the asymptotically flat (pure gravity) limit is nonsingular. Then,
clearly, provided that the conditions for the existence of AdS asymptotics (namely, α < L2)
are met along with positivity of the mass, the Hayward-AdS black hole is completely regular.

All we have said above generalizes straightforwardly to the other models. For an arbitrary
resummation, the effective cosmological constant will be given by

L2
eff = − 1

h−1
f (−1/L2)

, (3.12)

while the effective Newton constant is7

Geff = GN
h′f
(
−1/L2

eff
) . (3.13)

Whether or not the positivity of the effective AdS length, the effective Newton constant, or
spacetime regularity places constraints on the domain of α will depend on the particular
resummation. For convenience, we summarize the different possibilities for each of the models
introduced earlier in table 2. Note that for some of the models α < 0 also leads to regular
black holes (including their asymptotically flat limits).

7This can be obtained by taking the formal solution f(r) = k − r2h−1
f (S(r)), linearizing it for small mass

parameter m, and using the relationship between the derivative of a function and its inverse given in eq. (2.20).
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3.2 Regular spherical black holes

When the parameter k = +1, the transverse sections are (D − 2)-dimensional spheres. These
black holes behave in the same manner as the asymptotically flat ones. Near r = 0, for all
of the resummations presented in table 1, the metric function takes the form

f(r) = 1− r2

|α|
+ subleading. (3.14)

Thus, in the immediate vicinity of r = 0, the spacetime metric takes the form

ds2 = −dt2 + dr2 + r2dΩ2
D−2 . (3.15)

We see that this is simply Minkowski space in spherical coordinates, with r = 0 the origin of
the coordinate system. Thus, as a particle worldline approaches r = 0, we can perform the
standard antipodal identification. For example, in four-dimensions, a particle that approaches
r = 0 at polar angle θ and azimuthal angle ϕ reemerges with r now increasing, and with
the angles shifted according to θ → π − θ and ϕ → ϕ + π.

Of course, the antipodal identification will only be an analytic extension provided that
no odd powers of r appear in the expansion of the metric function near r = 0 — see ref. [65].
However, even in cases where odd powers of r do occur, this results in an incredibly mild
singularity that occurs at sufficiently high order such that it does not even act as a source
in the field equations. In other words, the regularity of the metric is always C3 or better,
ensuring finiteness of not only the Kretschmann and Ricci scalars, but also the action. We
therefore do not view this as a physically important obstruction.

In figure 1, we display plots of the metric function f(r) for the first six models in table 1
for different choices of the thermodynamic mass M , fixing the effective cosmological constant
Leff and the parameter a. The structure of all six models is qualitatively identical. We
summarize the main features in what follows. At large values of the thermodynamic mass,
the metric function describes a black hole. There is an event horizon and inner horizon with
the de Sitter core emerging near r = 0. As the thermodynamic mass is decreased, a critical
value is reached for which the event and inner horizons merge, creating an extremal limit.
Finally, for masses smaller than this critical value, the metric function describes nonsingular,
horizonless objects. These can be thought of as completely regular gravitational solitons.

In general, expressions for the horizon radius in terms of the mass cannot be obtained
in a useful closed form. However, there are simple parametric relationships that hold for
any model. At any horizon (for the k = +1 metrics), we have

S(r+) = hf

(
1
r2

+

)
. (3.16)

For a degenerate horizon, we have in addition to the above

r3
+S ′(r+) = 2h′f

(
1
r2

+

)
. (3.17)

Relationships such as these are useful in obtaining a unified picture of the black hole
thermodynamics, as we will discuss below.
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Figure 1. Metric functions: AdS black holes. Plots of the k = 1 metric function for models I–VI
for different values of the thermodynamic mass M . In each plot we have set Leff = 1, Geff = 1, a = 0.1,
and D = 5. The top row represents models I–III from left to right, while the bottom row corresponds to
models IV–VI in the same order. The gray dashed line represents the critical thermodynamic mass value
associated with an extremal regular black hole. The values of the thermodynamic mass M in the color
order [blue, gray, red] are: [0.3, 0.706, 1] (top left), [0.2, 0.362, 0.55] (top center), [1.2, 1.849, 2.8] (top
right), [0.2, 0.326, 0.5] (bottom left), [0.15, 0.253, 0.4] (bottom center), and [0.15, 0.217, 0.35] (bottom
right). All models I–VI yield metric functions that have exactly the same qualitative structure.

3.3 Regular black branes

Anti-de Sitter asymptotics allow for horizons that differ from spheres. Black branes, which
correspond to k = 0, have RD−2 as the transverse geometries, or quotients thereof.

In vacuum Einstein gravity, a black brane has metric function

f(r) = r2

L2 − m

rD−3 . (3.18)

When m > 0, the black brane has a single horizon and a curvature singularity at r = 0,
analogous to the spherical black hole.

Let us consider the situation when the singularity of the black brane has been regularized
by the infinite tower of higher-order curvature corrections. In all of the examples illustrated
in table 1, the metric function near r = 0 has the expansion

f(r) = − r2

|α|
+O(r3) . (3.19)
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To understand the nature of this limiting geometry, let us introduce a new coordinate
τ = r/

√
α and replace the coordinate t→

√
αz, to avoid confusion. Then, the metric near

r = 0 reads (dropping the overall constant conformal prefactor α):

ds2 = −dτ2

τ2 + τ2
[
dz2 + δijdxidxj

]
, (3.20)

where δij is just the flat Euclidean metric.
We immediately recognize the above as de Sitter space in flat slicing coordinates, which

can be made manifest by switching to a proper time frame with T = log τ , upon which
the metric reads

ds2 = −dT 2 + e2T
[
dz2 + δijdxidxj

]
. (3.21)

We then understand that the nature of r = 0 is very different from the spherical case
considered above. The surface τ = 0 is null and in fact it is a Killing horizon generated
by ξ = ∂z. We should then interpret r = 0 of the regular black branes not as the origin of
coordinates, but instead as an inner horizon. The corresponding surface gravity reads

κ2 = − (∇aL) (∇aL) = τ2 where L2 = ξaξ
a . (3.22)

Therefore, we see that the inner horizon, being located at τ = 0, is automatically an extremal
one. In other words, the regular black branes are generically inner extremal. No fine tuning
of parameters is required.8 This is particularly interesting, as inner extremal regular black
holes can avoid the problems typically associated with mass inflation at the inner horizon [18].
Therefore, these black branes may in fact have stable interiors.

An important issue is the extension of the metric across the inner horizon. Here, we
shall not dwell on this in too much detail. The most straightforward method is to extend
the chart across the r = 0 surface by allowing r to take on negative values. If the metric
function is not invariant under r → −r, this extension may introduce singularities that arise
in the negative r region. It also appears reasonable to allow an extension that glues together
two copies of the r > 0 geometry along the r = 0 surface. This extension would be very
mildly singular at r = 0 if odd powers of r appear in metric function. We leave a full analysis
of the global structure to future work.

As an example, the Hayward-AdS model solves the equations of motion in any odd
dimension. The metric function is invariant under r → −r, and therefore the Hayward black
branes are completely nonsingular. The same feature is in fact shared by all of the models
in table 1 in odd dimensions. In the even dimensions for which they exist, models IV, V,
VI and VII with N even are completely regular under the extension to negative r — we
will illustrate examples of this below in figure 3.

3.4 Regular topological black holes

When k = −1, the transverse geometry is a hyperbolic space. These black objects are known
as topological black holes, since the hyperboloid can be identified to yield horizons that are
Riemann surfaces of any genus g ≥ 2 [63, 67, 68].

8A similar feature has recently been identified for charged, regular black holes in D = 3 — see ref. [66] for
details.
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In Einstein gravity, the vacuum metric function for topological black holes reads

f(r) = r2

L2 − 1− m

rD−3 . (3.23)

Contrary to the cases we have considered so far, hyperbolic black holes are sensible even
when the mass parameter is negative. Depending on the mass parameter, the geometry can
have one or two horizons, while the surface r = 0 is a curvature singularity.

More specifically, for nonzero m, the surface r = 0 is always a curvature singularity. If
m > 0, there is a single horizon and the global structure is similar to the Schwarzschild-AdS
black hole, with an event horizon and a spacelike singularity. On the other hand, if

− 2LD−3

(D − 1)

(
D − 3
D − 1

)(D−3)/2
< m < 0, (3.24)

then there are two horizons and the global structure is qualitatively the same as Reissner-
Nordström-AdS, with event and inner horizons and a timelike singularity. For m less than
the lower bound given above, the spacetime is nakedly singular.

When we consider topological black holes as solutions to the resummed quasi-topological
theories, the nature of r = 0 becomes considerably more subtle. In all of the cases presented
in table 1, the metric function near r = 0 has the expansion

f(r) = −1− r2

|α|
+ subleading . (3.25)

Setting α = 1 without loss of generality, and defining r = τ and t = z, the full metric
has the limiting behavior

ds2 = − dτ2

1 + τ2 +
(
1 + τ2

)
dz2 + τ2dΣ2

g , (3.26)

where dΣ2
g represents the metric on the hyperboloid. We have included the subscript g as a

reminder that it is possible (though not necessary) to perform topological identifications to
this space. This is a de Sitter universe written in a somewhat unfamiliar Bianchi III slicing.9

To better understand what happens at r = 0, let us focus on the case of D = 4 and
expand the above metric in the limit of small τ (recall r = 0 ⇔ τ = 0). We then have

ds2 = −dτ2 + dz2 + τ2
(
dχ2 + sinh2 χdϕ2

)
, (3.29)

where we have now made the hyperboloid metric explicit. By zooming in to τ = 0, we are
examining the metric on scales much shorter than the de Sitter length scale, explaining the
emergence of the line element for a Milne universe above. Performing the change of coordinates

T = τ coshχ , X = τ sinhχ cosϕ , Y = τ sinhχ sinϕ , (3.30)
9This can be made further manifest upon introducing a proper time frame

dτ̂ = dτ√
1 + τ2

, (3.27)

in which the metric becomes
ds2 = −dτ̂2 + cosh2 τ̂ dz2 + sinh2 τ̂ dΣ2

g . (3.28)
This can be compared with, for example, eq. (9.12) of ref. [69] for the case of D = 4.
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the metric is brought into Minkowski form,

ds2 = −dT 2 + dX2 + dY 2 + dz2 . (3.31)

We have the relation τ2 = T 2 − X2 − Y 2 and the region near to τ = 0 is the portion of
Minkowski space with T >

√
X2 + Y 2 — the interior of the lightcone in (2 + 1)-dimensions

times R. We therefore understand that the surface r = 0 in the topological regular black
holes is null. However, contrary to the case of the black branes considered above, this surface
is not a Killing horizon: no combination of boosts/translations of the Minkowski metric can
be made to vanish at the surface T 2 = X2 + Y 2.10

The continuation of the metric past r = 0 is also more subtle. Here, we will highlight
the main subtleties and leave a detailed analysis of the global structure for future work. To
illustrate the point, let us continue to work with the Milne/Minkowski charts introduced
above. As explained above, (τ̂ , z, χ, ϕ) covers the interior of the lightcone. To obtain an
analogous form of the metric in the exterior of the lightcone, we can introduce coordinates

T = ρ sinhχ , X = ρ coshχ cosϕ , Y = ρ coshχ sinϕ . (3.32)

Then, the metric valid in the exterior reads

ds2 = dρ2 + ρ2
(
−dχ2 + cosh2 χdϕ2

)
+ dz2 . (3.33)

This metric describes the geometry just beyond r = 0 in the topological black holes on scales
r ≪ α. The main subtlety should now be obvious. When we pass through r = 0 in the
topological black hole, we emerge in a region where χ plays the role of a time coordinate. In
the case of the black hole and the black brane, all of the interesting behavior takes place in
the (t, r) sector of the metric. However, this is no longer the case for the hyperbolic black
hole, due to the intricate nature of the r = 0 surface.

The above makes clear an important fact: if we perform identifications to the hyperboloid,
yielding horizon geometries which are higher-genus surfaces, then the surface r = 0 is a
chronology horizon. That is because identifications of the hyperboloid become temporal
identifications after we cross r = 0. A completely analogous situation arises in the interior of
the BTZ black hole. There, the r = 0 surface is again null and is interpreted as a singularity
in the causal structure — see ref. [71] for further details. Therefore, while the infinite tower
of corrections resolves the curvature singularity of the topological black holes, it can leave
in its place a singularity analogous to that of BTZ.

4 Electrically charged black holes

4.1 Maxwell electrodynamics

As the prototypical example of gravity minimally coupled to matter, we consider adding a
Maxwell term to the action. The matter Lagrangian then reads

IEM = − 1
16πGN

∫
dDx

√
|g|FµνFµν , (4.1)

10In more than (1 + 1) dimensions, the lightcone expands and cannot be a Killing horizon — instead it is a
conformal Killing horizon, see, for instance, ref. [70]. However, in our case, we have a lightcone times a line
and it is more subtle. Hence, it remains to be seen whether r = 0 can be interpreted as a conformal Killing
horizon.
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where the field strength is given in terms of a vector potential by the standard relation

Fµν = ∂µAν − ∂νAµ . (4.2)

Taking an electric ansatz for the vector potential,

A = Φ(r)dt , (4.3)

the reduced action for the Maxwell terms reads

IEM = ΩD−2
8πGN

∫
dr r

D−2 (Φ′)2

N
. (4.4)

Varying the reduced action with respect to Φ(r) yields the Maxwell equation, which is solved by

Φ(r) =
√

D − 2
2(D − 3)

q

rD−3 , (4.5)

where q is a constant of integration proportional to the electric charge. Varying with respect
to N(r) gives the relevant component of the EMT,

T tt = − (Φ′)2

8πGN
. (4.6)

Plugging this into eq. (2.16) allows us to determine S(r) for the Maxwell theory:

SEM(r) = − 1
L2 + m

rD−1 − q2

r2(D−2) . (4.7)

Using this functional form for S(r) in the models of table 1 gives the corresponding metric
function.

Let us remark on some of the properties of these black holes: first, we note that Geff
and Leff derived from the asymptotic behavior of the metric function r → ∞ are identical
to before — see table 2 for the different possibilities. This is because at large r the charge
is subleading. However, the behavior of the metric at smaller values of r is different. We
note that, restricting to α > 0, models IV, V, VI, and VII with N even are regular, while the
other models exhibit singularities at finite radius. This is due to the fact that, as discussed in
section 2.2, the functions hf(ψ) are not monotonic over the domain of ψ required by SEM(r).
If one wishes to allow for negative α, the other models also admit completely regular Maxwell
charged solutions. This is the case, for example, for the Hayward resummation. However,
while negative α allows these models to be regular with charge, the q → 0 limit results in
singular solutions. We therefore will not dwell on these particular cases.

Importantly, the charge-dependent contribution to S(r) dominates at small r. This
leads to a qualitative change in the behavior of the metric in that vicinity. We find that
all regular configurations now take the form

f(r) = k + r2

|α|
+O(r3) . (4.8)

– 18 –



J
H
E
P
1
1
(
2
0
2
5
)
1
2
1

0.0 0.5 1.0 1.5 2.0

-4

-2

0

2

4

0.0 0.5 1.0 1.5 2.0 2.5 3.0

-5

0

5

10

15

20

0.0 0.5 1.0 1.5 2.0
-1

0

1

2

3

4

5

Figure 2. Metric functions: Maxwell charged black holes. Plots of the k = +1 metric function
for model IV for different values of the coupling and charge. In each plot, we have set L = 1, m = 1,
and D = 5. We have also included the corresponding metric function with q = 0, shown in each panel
as the dashed gray curve. The parameter values are: α = 1/100, q = 1/20 (left), α = 1/100, q = 2
(center) and α = 1/10, q = 1/20 (right). Models V, VI and VII with N even yield metric functions
that have exactly the same qualitative structure.

In other words, regular black holes with a Maxwell charge have anti-de Sitter cores rather
than de Sitter ones.11 This shift from a de Sitter core to an anti-de Sitter one is a consequence
of the sign of S(r) near r = 0. In fact, it is easy to show that for models IV, V, VI, and
VII with N even we have generally

f(r) = k − r2

|α|
lim
r→0

sign (S(r)) + · · · . (4.9)

A physical explanation for this change in the core structure will become more transparent
when we consider the theories of nonlinear electrodynamics below. Despite the difference in
the core, this does not change qualitatively what we discussed earlier for the continuation of
the metric through r = 0 in the planar and hyperbolic cases. In each case, the de Sitter region
is replaced by an anti-de Sitter one but the conclusion is still the same. Namely, that the
metric function should be continued through to negative r in the cases of k = 0 and k = −1.

In figure 2 we plot the metric function for the k = +1 black holes in five dimensions.
The structure of the metric function is qualitatively similar for each of the regular models,
and thus we present only model IV. Depending on the particular parameters, there will be
either zero, two, or one degenerate horizon. When there is no horizon, the metric describes a
self-gravitating charged “soliton”. When horizons exist, there is typically an event and inner
Cauchy horizon. These horizons merge in an extremal/critical limit. For large r, the metric
functions are qualitatively similar to the uncharged case considered in the previous section.
The effect of charge is most pronounced in the deep interior. There, we observe a relatively
sharp transition where the metric function takes on the necessary behavior to exhibit the AdS
core. Here, the metric function almost appears to vertically “jump”. However, even though
the gradients can be large in this region, the curvature can be large but nonetheless always

11See [121] for further discussion on AdS cores in regular black holes.
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Figure 3. Metric functions: black branes. Plots of the k = 0 metric function for model IV
for different values of the coupling and charge. In each plot, we have set L = 1, m = 1, and D = 5.
We have also included the corresponding metric function with q = 0, shown in each panel as the
dashed gray curve. The parameter values are: α = 1/100, q = 1/20 (left), α = 1/100, q = 2 (center)
and α = 1/10, q = 1/20 (right). Models V, VI and VII with N even yield metric functions that have
exactly the same qualitative structure.

finite. In figure 3, we consider the Maxwell charged black branes, to which similar comments
apply. The topological black holes have identical metric functions, just shifted vertically by 1.

4.2 Regular black holes with regular electric field

So far, we have constructed regular black holes coupled to a Maxwell field. However, while
the spacetime metric could be made regular, there remained a divergence of the electric field
at the origin. To resolve such divergences, nonlinear electrodynamics (NLE) was introduced
as a modification of Maxwell’s theory, originally aimed at addressing the self-energy problem
of charged particles. Among various NLE models, the Born-Infeld theory, introduced by
M. Born and L. Infeld in refs. [72, 73], remains one of the most influential. It ensures a finite
self-energy for point charges, exhibits electromagnetic duality [74], and recovers Maxwell’s
electrodynamics in the weak-field limit, while being at the same time a unique NLE (apart
from Maxwell) not suffering from birefringence [75, 76]. Another much more recent model
of NLE is the Regularized Maxwell (RegMax) theory [77, 78], which introduces a minimal
regularization to the field strength of a point charge. Despite this modification, many of its
self-gravitating solutions retain a strikingly Maxwell-like character [77–80].

We thus explore the Lagrangians of these matter fields as a means to construct black holes
— and their horizonless counterparts — featuring both finite gravitational and electromagnetic
fields. The contribution of NLE fields to the matter sector of the total action, assuming
dependence solely on the field strength F , as is the case in the original Born-Infeld and
RegMax NLEs, is given by12

Imatter =
1

16πGN

∫
dDx

√
|g|4L(F) , F = FµνFµν . (4.10)

12The shift from linear Maxwell theory to NLE is very natural in our setting. Namely, apart from considering
infinite series in the gravity sector, we now consider an infinite series,

∑
n
bnFn in the electromagnetic sector

as well.
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Varying this action with respect to the metric tensor leads to the EMT for such a theory:

Tµν = − 1
4π

(
4FµσF νσ LF − Lgµν

)
. (4.11)

Using eq. (2.16) along with the corresponding components of the EMT from eq. (4.11), we
now analyze these two NLE models in detail.

4.2.1 Born-Infeld black holes

We begin by analyzing the Born-Infeld model, which has been extensively studied to obtain
gravitational solutions in both general relativity and modified gravity theories across arbitrary
spacetime dimensions. The Lagrangian density is given by [81]:13

LBI(F) = b2

1−
√
1 + F

2b2

 , (4.13)

where b is a dimensionful parameter introduced to regularize the electric field, and in the
limit b → +∞, we have

lim
b→+∞

LBI(F) = −1
4F , (4.14)

which corresponds to the Maxwell theory.
The reduced action for the Born-Infeld theory takes the form

IBI =
Ωb2N

4πGN

1−
√
1− (Φ′)2

b2N2

 , (4.15)

where we have taken the same electric ansatz for the field strength as given in (4.3). As
before, varying the action with respect to Φ(r) yields the Maxwell equation, which can be
solved explicitly to give the electric field

EBI(r) ≡
dΦ
dr

=
√
(D − 2)(D − 3) b q√

2b2r2(D−2) + (D − 2)(D − 3)q2
, (4.16)

where q is an integration constant related to the electric charge. The Born-Infeld modification
of Maxwell’s electrodynamics becomes important at short distances and results in a finite
(as opposed to divergent) electric field at r = 0.

Varying the action with respect to N (and subsequently fixing N = 1) gives the relevant
stress-tensor component,14

T tt =
b2

4πGN

1− (1− E2
BI
b2

)−1/2
 . (4.17)

13Note that this form of the action, which coincides with the original formulation of the theory in ref. [72],
is not the same as the (more distinguished and popular) later version of Born-Infeld electrodynamics written
in ref. [73], which reads

L = −b2

√
−det

(
gµν + Fµν

b

)
+ b2 . (4.12)

However, for static, purely electric solutions as the ones we consider here, the two formulations are identical [82].
14The same result can be obtained working directly with the EMT as given in eq. (4.11).
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The required integral from eq. (2.16) has a closed-form but not particularly illuminating
expression,

SBI(r) = − 1
L2 + m

rD−1 − 4b2

(D − 2)(D − 1)

+ 4b2

(D − 2)(D − 1) 2F1

(
−1
2 ,−

(D − 1)
2(D − 2) ;

(D − 3)
2(D − 2) ;−

(D − 3)(D − 2)q2

2b2r2(D−2)

)
, (4.18)

where 2F1 is the hypergeometric function. The integration constant and conventions in the
above have been carefully chosen such that the Maxwell limit (b → ∞) is reproduced in
the same conventions as in the previous section.

Let us make some general remarks about the behavior of the solutions with Born-Infeld
electrodynamics: first, note that the large r asymptotics have the form

SBI(r) = − 1
L2 + m

rD−1 − q2

r2(D−2) +O
( 1
r4(D−2)

)
. (4.19)

Thus, all of the asymptotic information such as the effective cosmological length scale and
the effective Newton constant are the same as considered earlier and summarized in table 2.
On the other hand, the behavior of SBI(r) at small radius is much more interesting. We have

SBI(r) =
m−m⋆

rD−1 +
√

8(D − 3)
D − 2

b|q|
rD−2 + · · · , (4.20)

where we have included only the two most dominant terms in the limit of small r. To simplify
the notation, we have introduced the self-energy quantity15

m⋆ =
2

D−3
2(D−2) b

D−3
D−2 |q|

D−1
D−2 [(D − 3)(D − 2)]

D−1
2(D−2)

√
π(D − 2)(D − 1) Γ

[ 1
2(D − 2)

]
Γ
[ (D − 3)
2(D − 2)

]
. (4.22)

The important point here is that in Born-Infeld theory, at small distances, the charge
term m⋆ contributes to S(r) at the same order as the mass. This means, returning to eq. (4.9),
whether the Born-Infeld black holes have a de Sitter or anti-de Sitter core depends on the
ratio of m⋆/m. Specifically, when m⋆ > m, the core is anti-de Sitter, while if m⋆ < m, the
core is de Sitter. In the marginal case where m = m⋆, the nature of the core is determined
by the subleading term in SBI(r). Since this term is manifestly positive, the result is a
de Sitter core in this case.

Since SBI(r) takes on both positive and negative values, not all of the resummations in
table 1 will yield fully regular black holes for all parameter values. Just as in the Maxwell
case, models IV, V, VI, and VII with N even are fully regular for all values of the charge.
However, due to the appearance of the parameter m⋆, the situation is more intricate. We find
that when m > m⋆, then all models are regular provided the constraints on the cosmological

15Note that, since the energy density is just ρ = −T t
t , m⋆ is simply related to the electrostatic self-energy

M⋆ of a Born-Infeld point particle,

M⋆ = ΩD−2

∫ ∞

0
rD−2ρ dr ⇒ M⋆ = m⋆(D − 2)ΩD−2

16πGN
. (4.21)
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Figure 4. Metric functions: charged black holes in nonlinear electrodynamics. Plots of
the k = 1 metric function for model IV, where we have set m = 1, L = 1, α = 0.01, q = 0.1, and
D = 5 for two different NLE Lagrangians illustrated by the blue solid line. The Maxwell case is shown
as a gray dashed line. Top: Born — Infeld case for m > m⋆ (left), m = m⋆ (middle), and m < m⋆

(right), achieved by choosing b = 1, b ≃ 20.07, and b = 40, respectively; Bottom: RegMax case for
m > m⋆ (left), m = m⋆ (middle), and m < m⋆ (right), achieved by choosing β = 1, β ≃ 4.46, and
β = 15, respectively. Both Born-Infeld and RegMax metric functions have exactly the same qualitative
structure.

length scale described in table 2 are met. This is a result of the fact that S(r) cannot become
arbitrarily negative when m > m⋆.

We show in figure 4 (top row) plots of the metric function for the spherical Born-Infeld
black holes. We focus on one particular model, in this case model IV, as all models produce
qualitatively similar metric functions. The plots show three cases, one with m > m⋆, one
with m = m⋆, and one with m < m⋆, from left to right. In the same plots we also include
the metric function in the Maxwell case for comparison. The effects of NLE become most
pronounced at small radius, with the large r behavior essentially indistinguishable from the
Maxwell case. Focusing on small r, we see explicitly the feature discussed above concerning
how the ratio of m/m⋆ determines whether the core is a de Sitter or anti-de Sitter one.

4.2.2 RegMax charged black holes

Regularization of Maxwell’s theory is possible in any number of dimensions, with a detailed
method provided in appendix C of ref. [83]. The Lagrangian density is expressed in terms
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of a hypergeometric function, given by

LRegMax(s) =
1
2β

2(D−2)s2(D−2)
2F1

(
D − 2, 2(D − 2); 2(D − 2) + 1; s

)
, (4.23)

where β is a dimensionful regularization parameter for the electric field, analogous to the
parameter b in the Born-Infeld theory, and s is defined as

s = 1
β

(
−F

2

) 1
2(D−2)

, s ∈ (0, 1) . (4.24)

As before, we can obtain the reduced action

IRegMax = ΩD−2
8πGN

∫
rD−2Φ′2

N
2F1

(
D − 2, 2(D − 2); 2D − 3; 1

β

(
Φ′2

N2

) 1
2(D−2) )

dr . (4.25)

Varying with respect to Φ(r) yields the Maxwell equations, which in this case are solved
by the electric field

ERegMax ≡ dΦ
dr

= 1√
2

√
(D − 2)(D − 3)q[

r + 1
β

(√
(D−2)(D−3)

2 q

)1/(D−2)
]D−2 . (4.26)

Here, q is a constant of integration, and we have chosen the conventions such that when
β → ∞ we reproduce the Maxwell limit with the same conventions introduced above. Varying
the action with respect to N allows us to isolate the relevant component of the EMT,

T tt =
βD−3E2

RegMax
8πGN

[
β −

(
E2

RegMax

) 1
2(D−2)

]2−D [
− 2β

+
(
β −

(
E2

RegMax

) 1
2(D−2)

)
2F1

(
1, D − 1; 2D − 3; 1

β

(
E2

RegMax

) 1
2(D−2)

)]
. (4.27)

Unfortunately, the required integral of the EMT does not admit a simple closed form
in general dimensions. Nonetheless, in a dimension-by-dimension case, the integral can be
evaluated. For example, in five dimensions, we have

SD=5
RegMax(r) =− 1

L2 + m

r4 − 32/3q4/3β2

2r4 + 4qβ3
√
3r3 − 34/3q2/3β4

r2

+ 8 · 31/6q1/3β5

r
+ 2β6 − 2rβ7

31/6q1/3 + rβ
+ 10β6 log

(
rβ

31/6q1/3 + rβ

)
. (4.28)

The geometry is fully regular for models IV, V, VI and VII with N even, just as for
the Maxwell case.

The small r behavior of S(r) differs strongly from the Maxwell case. For RegMax, we find

SRegMax(r) =
m−m⋆

rD−1 + · · · , (4.29)

which closely mimics the Born-Infeld case we studied above. Here, the quantity m⋆ can be
obtained in a remarkably simple closed form,

m⋆ =
4βD−3

(D − 1)(D − 3)

√(D − 2)(D − 3)
2 q


(D−1)
(D−2)

. (4.30)
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When m > m⋆, there is a de Sitter core, while there is an anti-de Sitter core for m < m⋆. When
m > m⋆, it turns out that all models in table 1 are regular, just as in the Born-Infeld case.

The bottom row of figure 4 shows the metric function for RegMax black holes. As for
the Born-Infeld case, we display m > m⋆ (left), m = m⋆ (middle), and m < m⋆ (right).
The large r behavior of the metric function is qualitatively identical to the Maxwell case,
with differences appearing at small r.

5 Thermodynamics of regular black holes

5.1 First law and Smarr relation

The thermodynamics of asymptotically flat regular black holes was briefly considered in
ref. [33], with the expressions for the mass, temperature and black hole entropy provided.
This analysis makes use of the general considerations of quasi-topological black hole ther-
modynamics outlined in refs. [39, 40] — in particular, see section 4 of ref. [40]. Here, we
extend this analysis, constructing also the Smarr formula and allowing for the inclusion
of minimally coupled matter.

For k = ±1, the thermodynamic potentials read:

M = (D − 2)ΩD−2r
D−1
+

16πGN
h(ψ+) +

(D − 2)ΩD−2
16πGN

rD−1
+
L2 +ΩD−2

∫ r+

∞
rD−2T tt dr ,

T = − 1
4πr+

[
r3

+S ′(r+)
h′(ψ+)

+ 2k
]
, S = (D − 2)ΩD−2

4GN

∫
rD−3

+ h′f(k/r2
+)dr+ ,

V = ΩD−2r
D−1
+

D − 1 , P = − Λ
8πGN

= (D − 1)(D − 2)
16πGNL2 ,

Ψ = 1
2α [(D − 3)M − (D − 2)TS + 2PV ] . (5.1)

Here, M is the ADM mass, T is the Hawking temperature computed via the ordinary
Euclidean trick, and S is the Wald entropy. Note that the temperature differs from the
expression in ref. [33] because that work made use of some simplifications that hold only in
the vacuum asymptotically flat case. The entropy on the other hand is identical — since
the matter is minimally coupled, the Wald entropy receives no modifications. In the above,
we have introduced the short-hand ψ+ ≡ k/r2

+. When k = 0, the only difference is that the
entropy is given by the same area law that holds in general relativity,

S = A

4GN
, when k = 0 . (5.2)

When the EMT vanishes, it can be verified in general that the first law and Smarr
formula hold with the thermodynamic parameters defined as above,

dM = TdS + V dP + Ψdα , (5.3)
(D − 3)M = (D − 2)TS − 2V P + 2αΨ . (5.4)

In the above, Ψ is a potential conjugate to the coupling constant α. Since this parameter
introduces a new scale, the Smarr formula necessitates its inclusion. Similar considerations
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hold for any higher-order theory of gravity [84, 85]. (Note that, in fact, such a potential
represents a resummation of an infinite sum of potentials corresponding to the couplings αn.)
Here we have determined the potential Ψ simply by demanding the validity of the (extended)
first law, after which the corresponding Smarr formula follows by Eulerian scaling. It would be
interesting to study the geometric derivation of this potential, e.g. along the lines of [84, 86].

When minimally coupled matter is included, there may also be additional conserved
charges that need to be considered. In the case of the Maxwell and nonlinear theories
of electrodynamics we have studied in this work, there is a conserved U(1) charge that
takes the form

Q =
√
2(D − 2)(D − 3)

8πGN
ΩD−2q , (5.5)

where q is the charge parameter we introduced in the Maxwell, Born-Infeld and RegMax
examples. In terms of this charge, the electric field in all of the examples has the following
asymptotic form at large r:

E = −4πGN
ΩD−2

Q
rD−2 + · · · . (5.6)

For the Maxwell theory, this electric field is exact, while for the Born-Infeld and RegMax
models there are subleading corrections — see eqs. (4.16) and (4.26).

While the formal relationship between the physical charge Q and the integration constant
q is the same for all of the models we have studied, its conjugate potential depends on the
particular model. In general, it is the difference between the electric potential at infinity
and at the horizon that enters into the thermodynamic description, and we can express
this in terms of the electric field as

Φ =
∫ r+

∞
E dr . (5.7)

Performing the integration, we have the following potentials:

ΦEM =
√

(D − 2)
2(D − 3)

q

rD−3
+

, (5.8)

ΦBI =
√

D − 2
2(D − 3)

q

rD−3
+

2F1

(1
2 ,

D − 3
2(D − 2) ;

3D − 7
2(D − 2) ;−

(D − 3)(D − 2)q2

2b2r
2(D−2)
+

)
, (5.9)

ΦRegMax =
√

D − 2
2(D − 3)

q

rD−3
+

1 + 1
βr+

√(D − 2)(D − 3)
2 q

 1
D−2


3−D

. (5.10)

It is then straightforward to show that the first law holds,

dM = TdS +ΦdQ+ V dP + Ψdα . (5.11)

It is easy to construct a Smarr formula as well. In the Maxwell theory, it simply reads

(D − 3)M = (D − 2)TS + (D − 3)ΦEMQ− 2V P + 2αΨ . (5.12)
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Theories of nonlinear electrodynamics introduce an additional length scale associated with
their coupling constants. By the standard Eulerian scaling arguments, this must be included
to obtain a valid Smarr formula,

(D − 3)M = (D − 2)TS + (D − 3)ΦiQ− 2V P + 2αΨ+ [bi]biBi . (5.13)

Here, we have denoted the electromagnetic couplings as bi, denoted their length dimensions
by [bi] (for Born-Infeld bi = b has dimensions −1, while for RegMax bi = β has dimensions
−1/(D − 2)), and introduced the corresponding potential

Bi ≡
(
∂M

∂bi

)
S,Q,P,α

. (5.14)

The implications of such terms have been studied before in Einstein gravity coupled to
nonlinear electrodynamics — see, e.g., ref. [87].

5.2 Thermodynamics of regular black branes

Let us first focus on the thermodynamics of black branes, i.e., metrics with k = 0. In this
case, the thermodynamics simplifies considerably and permits a universal description. This
is because many of the expressions depend on functions h(ψ+) and/or h′(ψ+), which are
respectively 0 and 1 for black branes.16 (This is just a manifestation of the fact that all of the
resummations we consider include the Einstein-Hilbert term.) Focusing first on the vacuum
AdS case, the thermodynamics of black branes in any resummation takes the form

M = (D − 2)ΩD−2
16πGN

rD−1
+
L2 , T = (D − 1)r+

4πL2 , S = ΩD−2r
D−2
+

4GN
,

V = ΩD−2r
D−1
+

D − 1 , P = (D − 1)(D − 2)
16πGNL2 , (5.15)

while the potential Ψ vanishes. It is easy to recognize that the above thermodynamic quantities
are identical to those for black branes in Einstein gravity. Therefore, the thermodynamics
and phase structure for regular black branes in any resummation can be immediately deduced
from the corresponding result for Einstein gravity. For example, in the vacuum case presented
above, there are no Hawking-Page transitions, and the black brane generically has negative
free energy,

F =M − TS = −
ΩD−2r

D−1
+

16πGNL2 . (5.16)

The equation of state — found by re-arranging the equation defining the temperature for the
pressure — provides a different perspective on the lack of interesting phase behavior. We have

P = (D − 2)T
4GNr+

, (5.17)

16The universality of black brane thermodynamics for Lovelock, quasi-topological gravities (with a finite
number of corrections in the action), and several other models has been previously reported in refs. [54, 88–90].
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which is seen to be the equation for an ideal gas provided the specific fluid volume is identified as

v = 4GNr+
D − 2 . (5.18)

Being an ideal gas, the corresponding “molecules” have neither finite volume nor are they
subject to any intermolecular forces. Therefore, criticality is not possible.

In fact, even when minimally coupled matter is included, the equivalence with Einstein
gravity thermodynamics remains true. For example, let us consider the addition of a Maxwell
field. Then, the above thermodynamic expressions are modified to the following:

M = (D − 2)ΩD−2
16πGN

[
rD−1

+
L2 + q2

rD−3
+

]
, T = (D − 1)r+

4πL2 − (D − 3)q2

4πr2D−5
+

, S = ΩD−2r
D−2
+

4GN
,

V = ΩD−2r
D−1
+

D − 1 , P = (D − 1)(D − 2)
16πGNL2 , (5.19)

while the free energy of Maxwell charged branes in the canonical ensemble reads

F =M − TS = −
ΩD−2r

D−1
+

16πGNL2

1− (2D − 5)L2q2

r
2(D−2)
+

 . (5.20)

Again, there is no interesting phase structure, though we note the existence of an extremal
solution of finite horizon radius when

q2
ext =

D − 1
D − 3

r2D−4
+
L2 . (5.21)

Similar considerations apply as well to the theories of nonlinear electrodynamics we have
studied. We do not report further on this here, as it does not provide any new insights.

5.3 Thermodynamics of spherical black holes

Let us now consider in more detail the thermodynamics of regular black holes with k = +1.
To illustrate some of the main points, we will begin by considering the Hayward-AdS case
(model I) in detail and then make more general remarks about some of the other models.

The mass, temperature, and entropy of the Hayward-AdS model read

M = (D − 2)ΩD−2r
D−1
+

16πL2GN

[
1 + L2

r2
+ − α

]
, (5.22)

T = 1
4πr3

+

[
(D − 3)r2

+ − α(D − 1) + (D − 1)(r2
+ − α)2

L2

]
, (5.23)

S = ΩD−2r
D−2
+

4GN
2F1
(
2, 1− D

2 ; 2− D

2 ; α
r2

+

)
. (5.24)

The expression for the entropy is not particularly transparent, so let us consider it in more
detail. Restricting to AdS asymptotics, it is convenient to work with the dimensionless
variables a = α/L2 [eq. (3.8)] and x = r+/L. Then, it is easy to see that when a ≪ 1, the
entropy reproduces the area law from general relativity,

S = ΩxD−2

4G

[
1 + 2(D − 2)a

(D − 4)x2 + · · ·
]
. (5.25)
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Figure 5. Wald entropy: Hayward-AdS model. The Wald entropy is plotted as a function of
the horizon radius for the Hayward model in D = 5. The blue curves show the entropy for different
values of a = α/L2, ranging from a = 0 to the maximum allowed value of a = 1 from the lightest to
the darkest hue. The black curve shows the entropy at extremality, with all blue curves originating
along this line. Plots in higher dimensions are qualitatively similar.

On the other hand, when the horizon radius becomes comparable to the coupling constant,
x ≈

√
a, the behavior can differ dramatically due to the fact that higher-order terms with a

potentially negative denominator (for certain values of D) are then no longer suppressed. We
show a representative plot in figure 5, which illustrates the Wald entropy of the Hayward
black hole as a function of the horizon radius. In fact, for black holes sufficiently close to
extremality, the Wald entropy can become negative. It has long been known that the Wald
entropy can in some circumstances become negative for higher-curvature black holes [91–93],
though a general consensus on what this means does not exist. From a pragmatic perspective,
one must bear in mind that the Wald entropy is sensitive to all higher-curvature terms added
to the action, irrespective of whether they produce dynamics or not. Therefore, by adding
suitable total derivative terms to the action, it is always possible to shift the entropy by an
overall constant. Thus, it is not clear whether any robust physical meaning can be ascribed
to the absolute value of the Wald entropy, as opposed to the differences of Wald entropy
between two states. In the present case, the solutions with negative Wald entropy occur
close to extremality — at very low Hawking temperature. In this regime, we do not expect
that the semiclassical computation of the entropy will be reliable anyway. For example, it
has recently been understood that quantum gravitational fluctuations of the metric become
significant for near-extremal black holes and actually dominate over the Bekenstein-Hawking
entropy at low temperatures [94]. Similar corrections will be relevant for the black holes
considered here in the regimes where the entropy takes on negative values. However, for
the vacuum case the precise resolution of this issue is not important, since the solutions
with negative entropy never dominate the canonical ensemble — they exist only below the
Hawking-Page transition temperature, which will be discussed below.
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Using the definition of the pressure from (5.1), we can rearrange the equation for the
temperature to obtain the equation of state,

P = (D − 2)r3
+T

4GN
(
r2

+ − α
)2 −

(D − 2)
[
(D − 3)r2

+ − α(D − 1)
]

16πGN
(
r2

+ − α
)2 . (5.26)

The factors of r2
+ − α appearing in the denominator indicate that α plays the role of an

effective “molecular volume” for the black holes, analogous to a van der Waals fluid.17 The
equations of motion naturally enforce that r2

+ > α, since there is a minimum permissible
horizon size that corresponds to the extremal limit,

r2
+ ≥ r2

ext = α− (D − 3)L2

2(D − 1) + L
√
8α(D − 1) + L2(D − 3)2

2(D − 1) > α . (5.28)

In analogy to the van der Waals gas (5.27), we can introduce a molecular volume parameter
b and specific volume v [cf. expression for the thermodynamic volume V in (5.1)] as

b = 4GN
√
α

D − 2 , v = 4GN
D − 2r+ , (5.29)

in terms of which the above equation of state reads:

P = Tv3

(v2 − b2)2 −
GN
(
(D − 3)v2 − b2(D − 1)

)
(D − 2)π(v2 − b2)2 , (5.30)

and the large volume behavior is governed by an ideal gas law:

P = T

v
+O(1/v2) . (5.31)

We assess the system for critical points in the standard manner, by checking under what
conditions the equation of state has a critical (inflection) point,18

∂P

∂v
= ∂2P

∂v2 = 0 . (5.32)

The Hayward-AdS black hole has a single critical point with critical parameters

Pc =

(
2D − 3−

√
3D(D − 2)

)
GN

4π(D − 2)b2 , vc = b

√
3(D − 1)
D − 3 + 2

√
3D(D − 2)
D − 3 ,

Tc =
2GN

(
2D − 3−

√
3D(D − 2)

)√
3(D − 1) + 2

√
3D(D − 2)

3πb(D − 2)
√
D − 3

. (5.33)

17Recall that the van der Waals equation of state takes the form

P = T

v − b
− a

v2 , (5.27)

where b represents the finite size of the molecule and a characterizes the strength of intermolecular forces.
This equation admits a critical point, characterized by Pc, vc, Tc, with a critical ratio Pcvc/Tc = 3/8.

18In general, one should compute the derivatives with respect to the thermodynamic volume. However,
since here the thermodynamic volume is a function only of r+, this simpler method produces the same results.
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Figure 6. P − v diagram: Hayward-AdS black hole. Isotherms for the Hayward-AdS black
hole (model I) for D = 5, 7, 9 (from left to right). In each case, the lower blue curve has T < Tc, the
middle black curve has T = Tc, and the upper red curve has T > Tc. In each plot, we have set the
effective molecular size parameter b = 0.1. The units are such that GN = 1.

The ratio of these parameters matches identically the van der Waals ratio in any dimension,

Pcvc
Tc

= 3
8 . (5.34)

As can be inferred from the reciprocal dependence of Pc and Tc on the coupling parameter,
the critical point is introduced by the higher-curvature terms in the action. In pure Einstein-
AdS gravity, there is no critical behavior for spherical black holes [95]. Straightforward
computations — following, for example, ref. [96] — confirm that the critical point is governed
by standard mean field theory critical exponents.

In figure 6, we show representative isotherms for five, seven, and nine dimensions.
The blue curves have T < Tc and display standard ‘oscillatory’ van der Waals behavior —
characteristic of small black hole/large black hole (SBH/LBH) first-order phase transition
à la [96]. The black curves have T = Tc and show the expected inflection point associated
with a critical point, where the potential phase transition would be of the second-order. The
red curves have T > Tc and feature ideal gas-like behavior. The results are qualitatively
identical in any odd dimension.

To assess whether or not the critical point and the associated SBH/LBH phase transition
are physical, we need to examine the free energy

F =M − TS . (5.35)

Due to the appearance of the hypergeometric function in the entropy, the D-dimensional
form of the free energy is not illuminating. Focusing on the case of the critical point itself, we
find that the free energy is positive (larger than that of thermal AdS) in D = 5 and negative
(less than that of thermal AdS) in all higher odd dimensions. This indicates that the critical
points and the associated phase behavior are physical in all odd dimensions D ≥ 7.

In figure 7, we show plots of the free energy against temperature for the Hayward-AdS
black hole in five, seven, and nine dimensions. The temperature range was chosen to make
the interesting phase structure more easily visible. We see that in five dimensions, the critical
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Figure 7. Free energy: Hayward-AdS model. The free energy F is plotted parametrically as a
function of temperature T , using the horizon radius as a parameter, for the Hayward-AdS black hole
(model I) in various dimensions. The coupling α remains fixed at the value α = 0.2, and we allow
the cosmological constant parameter L to vary. In the D = 7 case, the triangle indicates the triple
point where the small black hole, large black hole, and radiation phases coexist (see also figure 8).
The temperature range was chosen to zoom in on the regions with interesting behavior. The units are
such that GN = 1.

point and the associated SBH/LBH phase behavior occurs for positive free energy, and hence
is unphysical as thermal AdS dominates in this range of temperatures. Therefore, in this
dimension, we only observe the standard Hawking-Page thermal AdS/LBH first-order phase
transition, which occurs at a temperature where the free energy vanishes [95].19

However, in higher dimensions the situation is markedly different: the critical point
always occurs for negative free energy, and hence is physical. In a window of pressures near
to but below the critical pressure, the first-order SBH/LBH phase transition occurs also at
negative free energy and is also physical. Thus, for these black holes the phase structure
is such that at very low temperature thermal AdS dominates, then as the temperature is
increased the Hawking-Page transition takes place between thermal AdS and a small regular
black hole. As the temperature is further increased, a first-order SBH/LBH phase transition
potentially occurs. We display the corresponding phase diagram for the D = 7 Hayward-AdS
black hole in figure 8. In particular, we observe a triple point where the three phases of
thermal AdS, SBH, and LBH meet. Such a phase transition between solid, liquid, and gaseous
states has been previously observed for higher-dimensional Lovelock black holes with exotic
horizon geometries and 4D Gauss-Bonnet-de Sitter black holes [97–99]. This is, to the best of
our knowledge, the first time such a triple point has been observed for spherical black holes.

The Hawking-Page transition is physical in any odd dimension. Unfortunately, an
expression for the temperature at which the Hawking-Page transitions occurs cannot be

19Here, we have set the free energy of thermal AdS to zero and measured the black hole free energy with
respect to this value. However, since we are in odd dimensions and consider spherical black holes, there is a
non-trivial energy shift corresponding to the Casimir energy of the dual CFT on a sphere. While it would
be interesting to derive the corresponding Casimir energy for black holes in the resummed quasi-topological
gravity, such a shift (which shifts both the black hole and thermal AdS free energies) does not play any role
for the phase transitions discussed in this paper.
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Figure 8. Phase diagram: Hayward-AdS model. The pressure P is plotted as a function of
temperature T for the D = 7 case with a fixed coupling parameter α = 0.1. The coexistence lines
separate regions corresponding to the small black hole, large black hole, and radiation phases. As the
temperature increases from low values, the black line follows the coexistence between the radiation
and large black hole phases, ending at the triangle, which marks the triple point where all three phases
coexist. Beyond this point, the black line represents the coexistence of small and large black hole
phases, ending at the dot that denotes the critical point. The red line represents the coexistence
between the radiation and large black hole phases at pressures above the triple point, ending at the
maximum pressure Pmax = (D − 1)(D − 2)/(16πGNα), imposed by the condition L2 > α. For the
chosen value of α, this corresponds to Pmax ≈ 5.97. This point is not visible in the figure, as the plot
is zoomed in on the region where the most interesting features of the phase diagram appear. The
units are such that GN = 1.

obtained in a simple closed form. However, it is straightforward to obtain a perturbative
expansion in the limit of small coupling parameter α,

THP = (D − 2)
2πL

[
1− (3D − 4)α

2(D − 4)L2 +O(α2)
]
. (5.36)

We see that for the Hayward-AdS model, the temperature at which the transition occurs is
decreased relative to the Einstein gravity value, at least in the limit of small α/L2.

It is natural to wonder whether a type of generalized Hawking-Page transition is possible
between the black holes and the regular solutions without horizons, i.e., the solitonic configu-
rations. Being completely regular, one can construct thermal versions of these solutions by
Wick rotating to Euclidean signature and identifying the imaginary time coordinate with any
desired periodicity. However, these “thermal solitons” never dominate the canonical ensemble.
This is simply because their free energy always exceeds thermal AdS: the thermal solitons
have nonzero, positive mass and therefore positive free energy relative to thermal AdS.

5.3.1 Generic equation of state: finite molecular volume

Let us make some more general considerations. We will focus here on vacuum k = +1 black
holes with cosmological constant, but allow for any resummation. The equation of state
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Figure 9. Critical ratio Pcvc/Tc: various AdS models. We display a dimensional dependence of
the critical ratio for the first six models in table 1 in vacuum-AdS. The Hayward-AdS case (model I)
is the unique one for which the critical ratio matches that of the van der Waals fluid, and is also the
unique one for which the critical ratio is independent of dimension. The plot illustrates that, while
the other models exhibit dimensional dependence, it is very weak. Note that we have interpolated
between integer dimensions.

can be easily found, and it reads (setting GN = 1)

P = (D − 2)h′f(ψ+)T
4r+

−
(D − 2)

[
(D − 1)r2

+hf(ψ+)− 2h′f(ψ+)
]

16πr2
+

. (5.37)

In any model that regularizes the singularity, hf(x) necessarily diverges at x = ψ0 where
f(r) = 1+ψ0r

2 +O(r3) — see section 2.2. Hence, in any such model the pressure will diverge
at finite volume. This means that the feature we observed for the Hayward-AdS model —
that the coupling parameter introduces an effective molecular volume, analogous to a van
der Waals gas — holds for any model that regularizes the singularity.20

In fact, it is a necessary condition for the equation of state: if the equation of state
describes a regular black hole, then it must have a term analogous to finite molecular volume.
In all of the models we have studied in table 1, the parameter ψ0 = −1/α. This means (since
ψ+ = 1/r2

+) that the pressure exhibits a divergence for all such models when r2
+ = α. Thus,

the same specific volume and molecular volume parameters hold for all such models,

b = 4GN
√
α

D − 2 , v = 4GN
D − 2r+ . (5.38)

Following the procedure outlined above for the Hayward-AdS case [eqs. (5.32)–(5.34)], we
find that all of the models presented in table 1 have exactly one critical point. Moreover, the

20It is natural to wonder whether one can choose a resummation hf(x) such that the equation of state
matches exactly the van der Waals fluid. This does not appear to be possible. For example, if one chooses the
resummation such that the temperature-dependent part of the equation of state matches exactly that of the
van der Waals fluid, then one finds that the temperature-independent part gives an infinite series of corrections
(a type of virial expansion) and does not match the van der Waals case. More importantly, it appears that the
corresponding resummation does not actually yield sensible black hole solutions when chosen in this manner.
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Model I II III IV V VI

h(ψ) ψ

1− αψ
− log (1− αψ)

α

ψ

(1− αψ)2
ψ

1− α2ψ2
ψ√

1− α2ψ2

arctanh(αψ)
α

lim
D→∞

Pcvc

Tc

3
8 = 0.375 0.386193 0.362512 0.402311 0.406247 0.408348

Table 3. Ultimate critical ratio: limit of infinite dimensions. We tabulate the critical ratios
for the vacuum-AdS regular black holes for the different models in the strict D → ∞ limit. The result
for model I is exact, and independent of dimension. All other models exhibit weak dependence on
dimension, and the D → ∞ value provides a good approximation for general dimensions. Despite
the very different functional forms for the different models, the critical ratios of all models fall within
≈ 0.04 of each other.

ratio of critical values is model-dependent. As we saw above, the ratio Pcvc/Tc = 3/8 for the
Hayward-AdS model in any dimension, matching precisely the van der Waals gas. The other
models have different critical ratios that vary depending on the spacetime dimension. Thus,
the matching of the Hayward-AdS model and the van der Waals fluid is a curious coincidence.
We illustrate this fact in figure 9, where we plot the critical ratios for the first six models of
table 1 in different dimensions. Note that the dimensional dependence of the critical ratios
for models II–VI is very weak. Thus, while the general ratios are very complicated functions
of D, they can be well-approximated by their D → ∞ limit — see table 3.

In the case of Model VII, the analysis is more complicated because of the additional
parameter N. However, with some amount of tedious computation, it is possible to show that

3
8 ≤ Pcvc

Tc
≤ 1

2 ∀N ≥ 1 ∀D ≥ 5 . (5.39)

The lower bound is obtained for N = 1, since model VII reduces to model I for N = 1.
The upper limit of 1/2 is obtained in the combined limit N → ∞ and D → ∞. Based on
this and the observations for the other models, it is tempting to speculate that 1/2 may
be a universal upper bound for the critical ratio of spherically symmetric vacuum regular
black holes in any resummation.

Remarkably, despite the very different forms of the resummations, the critical ratios
are very close for all models, differing only by about 0.04 in absolute terms between all
models, or about 10%. This observation seems nontrivial. One has essentially complete
freedom to specify the resummation, and each resummation describes a unique equation of
state. In principle, then, it would seem that the critical ratios compared between different
models should have very little to do with one another. However, instead we find that for all
resummations studied, the critical ratios falls within a narrow range (and, moreover, appear
to be bounded from above). This is analogous to the principle of corresponding states for
ordinary fluids [100]. As described there, the empirically measured critical ratios for various
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different gases all fall within a narrow window.21 We therefore interpret our observation as
the regular black hole analog of the principle of corresponding states.

5.3.2 Phase structure with electric charge

Allowing for minimally coupled matter with T tt = T rr as we have been considering throughout,
the equation of state reads

P = (D − 2)h′f(ψ+)T
4r+

−
(D − 2)

[
(D − 1)r2

+hf(ψ+)− 2h′f(ψ+)
]

16πr2
+

− T tt (r+) , (5.40)

where by T tt (r+) we indicate that the EMT component is to be evaluated at the horizon. By
noting that ρE = −T tt , we see that it is the energy density of the matter that contributes
directly to the thermodynamic equation of state.

Focusing first on the Maxwell theory, we can write the equation of state more explic-
itly, namely:

P = (D − 2)h′f(ψ+)T
4r+

−
(D − 2)

[
(D − 1)r2

+hf(ψ+)− 2h′f(ψ+)
]

16πr2
+

+ (D − 3)(D − 2)q2

16πr2(D−2)
+

. (5.41)

When the gravitational sector is general relativity (corresponding to hf(x) = x), the equation
of state reduces to the one studied in refs. [87, 96]. Recall that in the Einstein-Maxwell
theory, there exists a single critical point in a general dimension with critical values

vc =
4
[
q2(D − 2)(2D − 5)

] 1
2(D−3)

D − 2 , Tc =
4(D − 3)2

π(D − 2)(2D − 5)vc
, Pc =

(D − 3)2

π(D − 2)2v2
c

,

(5.42)
and critical ratio

Pcvc
Tc

= 2D − 5
4D − 8 . (5.43)

When, instead of general relativity, we consider one of the resummations from table 1,
it is no longer possible to study the criticality analytically. Upon scanning the parameter
space for the different models numerically, we find that the electric charge introduces no
additional critical points. All models exhibit a single critical point as before, and the P − v

diagrams are qualitatively identical to those presented in figure 6. Because there are now two
dimensionful parameters in the thermodynamic description, the critical ratio is no longer
(dimension-dependent) constant, but a function of the dimensionless ratio q2/(D−3)/α. We
illustrate this in figure 10, where we show the critical ratio as a function of q for different values
of α for models IV and VI. In both cases, as the charge increases, the critical ratio interpolates
between its neutral value and the Einstein-Maxwell result (5.43). As the rightmost plot for
model VI illustrates, the critical ratio need not change monotonically. However, we find
that in all cases the Einstein-Maxwell ratio (5.43) is approached from below, consistent
with the idea that Pcvc/Tc ≤ 1/2.

21This should not be confused with van der Waal’s law of corresponding states: that, when expressed as
fractions of the critical values, the van der Waals equation takes the same form for any fluid. The van der
Waals equation is one equation of state, and here we are making a comparison across several different equations
of state which all make very similar predictions.
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Figure 10. Critical ratio: charge dependence. Ratio of critical parameters for Maxwell charged
black holes in model IV (left) and model VI (right) in the five-dimensional case. The blue curves
correspond to different values of α, with the lighter (upper-leftmost) curves corresponding to smaller
values, and the darker curves corresponding to larger values. The lower horizontal line is the q = 0
critical ratio, while the upper horizontal line is the critical ratio in the Einstein-Maxwell theory. The
units are such that GN = 1.

In figure 11, we include representative plots of the free energy for models IV and VI in five,
seven, and nine dimensions (for comparison with the Hayward case considered previously).
The free energy is qualitatively the same as what we saw earlier, exhibiting swallowtails with
associated first-order phase transitions below the critical pressure and monotonic behavior
above. The key difference compared to earlier is that in this case there is no Hawking-Page
transition,22 and therefore all critical and phase behavior is physical. Qualitatively similar
behavior is seen in all models. Note that now, because of the conserved charge, the negative
entropy black holes play a role in the thermodynamics in principle. Here, we take the
pragmatic view that these black holes are still physical since, as described earlier, it is always
possible to shift the Wald entropy by a constant. It is of course possible that this is not
the case (e.g., due to the semiclassical approximation breaking down near the extremal
solutions), which remains to be assessed.

In the case of Born-Infeld electrodynamics, the equation of state becomes

P = (D − 2)h′f(ψ+)T
4r+

−
(D − 2)

[
(D − 1)r2

+hf(ψ+)− 2h′f(ψ+)
]

16πr2
+

+
b
√
4b2 + 2(D − 3)(D − 2)q2r4−2D

+

8π − b2

4π . (5.44)

In four dimensions, this equation of state was studied in ref. [87] and later in ref. [101] for
higher dimensions. The main findings of that work indicate that Born-Infeld electrodynamics
can introduce novel zeroth-order phase transitions absent in the Maxwell case, but in general
does not introduce any further (physical) critical points.

To see how these features translate to more general gravitational theories, let us make a
few remarks about this equation of state. First, in the limit b → ∞, the Born-Infeld term
contributions reduce to the Maxwell ones. For large b, we therefore expect a single critical

22This is because one no longer has a charged thermal AdS in the canonical (fixed charge) ensemble.
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Figure 11. Free energy: charged Maxwell case. The free energy F is plotted parametrically as
a function of temperature T , using the horizon radius as a parameter, for model IV (top) and model
VI (bottom), both minimally coupled to the Maxwell field, across various dimensions. The coupling α
and charge parameter q remain fixed at the values α = 0.2 and q = 0.3, respectively, and we allow the
cosmological constant parameter L to vary. The dashed lines indicate branches of black holes with
negative Wald entropy. However, in the plots above these are only visible for D = 5 in the top left
as the temperature range has been chosen to zoom in on the regions with interesting behavior. The
units are such that GN = 1.

point with Pcvc/Tc behaving like those presented in figure 10. On the other hand, in the limit
b → 0, the charge contribution vanishes and the equation of state reduces to the vacuum
one. This is the situation we considered earlier. For very small b, we therefore expect a
single critical point with critical ratio given approximately by those from table 3. General
values of b interpolate between these two possibilities.

If we consider the RegMax theory instead of Born-Infeld electrodynamics, our discussion
above remains qualitatively unchanged. The equation of state takes a functionally different
form (5.40) with the EMT and electric field given by (4.27) and (4.26), respectively. (The
general expressions are rather complicated so we refrain from writing them explicitly.) Despite
the different functional forms, we find again exactly one critical point irrespective of the value
of the RegMax coupling parameter β. Just as in Born-Infeld, variations of this parameter
interpolate between the Maxwell cases and the vacuum case.
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Figure 12. Free energy: Born-Infeld and RegMax cases. The free energy F is plotted
parametrically as a function of temperature T , using the horizon radius as a parameter across various
dimensions. The coupling α and charge parameter q remain fixed at the values α = 0.2 and q = 0.3,
respectively, and we allow the cosmological constant parameter L to vary. Top: model IV, minimally
coupled to the Born-Infeld field, with the electric field regularization parameter fixed at b = 10.
Bottom: model VI, minimally coupled to the RegMax field, with the electric field regularization
parameter fixed at β = 4. The dashed lines indicate branches of black holes with negative Wald
entropy. However, in the plots above these are only visible for D = 5 (left column) as the temperature
range has been chosen to zoom in on regions displaying interesting behavior. The units are such that
GN = 1.

In figure 12, we display representative plots of the free energy for regular black holes
with Born-Infeld and RegMax nonlinear electrodynamics. The introduction of these terms
results in no qualitative differences as far as the phase structure is concerned, consisting of
swallowtails and first-order phase transitions. The same qualitative behavior occurs in all
dimensions and in all of the resummations we have studied.

5.4 Thermodynamics of topological black holes

Finally, we consider the thermodynamics of topological (k = −1) black holes. For general
models, the vacuum equation of state reads (setting GN = 1)

P = (D − 2)h′f(ψ+)T
4r+

−
(D − 2)

[
(D − 1)r2

+hf(ψ+)− 2kh′f(ψ+)
]

16πr2
+

, (5.45)
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where ψ+ = k/r2
+. Having k = −1 results in crucial differences relative to the spherical k = +1

case, depending on the details of the resummation. Namely, we observe two completely
different kinds of behavior — depending on whether or not the function hf(x) remains
invariant under the substitution α → −α. Let us discuss these cases separately, starting
with the α → −α symmetric case.

5.4.1 Models with α → −α invariant resummation

If the function hf(x) is such that it remains invariant under the substitution α→ −α, then
the previously observed feature of the higher-curvature terms introducing finite molecular
volume persists. This is the case, for instance, in models IV, V, VI, and VII with N even.
However, the general features of these black holes are quite exotic — even more so than their
Einstein gravity counterparts. We illustrate the thermodynamics by way of example, focusing
on model V of table 1 in five dimensions for concreteness. The essential features we shall
describe here apply to any model with α→ −α symmetry from table 1, and in all dimensions.

The mass, entropy, and temperature of model V in five dimensions read

M = 3Ω3L
2x4

16πGN

[
1− 1√

x4 − a4

]
, (5.46)

S = 3Ω3L
3

4GN

∫
x8

(x4 − a4)3/2dx , (5.47)

T =
−2a4

(
−1 +

√
x4 − a4

)
+ x4

(
−1 + 2

√
x4 − a4

)
2πLx5 , (5.48)

where we introduced a =
√
α/L, x = r+/L, and it is to be understood that we have specialized

to k = −1. The expression for the entropy can be obtained in a closed form in terms of
hypergeometric functions, but since the integral form is much simpler, we have opted to
present it instead.

We observe that the mass and the entropy are divergent as x→ a. Explicitly, we have

M = − 3Ω3L
2a5/2

32πGN
√
x− a

+ 3Ω3L
2a4

16πGN
+O

(√
x− a

)
, (5.49)

S = − 3Ω3L
3a7/2

16GN
√
x− a

− 5Ω3L
3a3√πΓ[5/4]

8GNΓ[3/4]
+O

(√
x− a

)
. (5.50)

The fact that negative-mass hyperbolic black holes exist is not so surprising — the same
thing happens in Einstein gravity. However, in that case, the negative mass is bounded from
below by a function of the cosmological constant — see eq. (3.24). The key difference here is
that the mass can be arbitrarily negative, with M → −∞ for a black hole with finite horizon
radius. On the other hand, the temperature is perfectly finite in this limit,

T = 1
2πLa − 9(x− a)

2πLa2 +O (x− a)2 . (5.51)

It is interesting to note that the divergences of the mass and entropy are such that they
combine to cancel in the free energy,

F =M − TS = a2Ω3L
2

16πGN

[
3a2 + 5

√
πΓ[5/4]
Γ[3/4]

]
+O

(√
x− a

)
. (5.52)

This fact will be manifest in the free energy plots we consider below.
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To gain some further insight, let us consider the metric in the limit x → a. A simple
computation reveals that

lim
r+→

√
α
f(r) = −1 + r2

α
. (5.53)

This is simply the AdS-Rindler metric, albeit with a cosmological length scale set by the
coupling constant. This point deserves further elaboration. In Einstein gravity, the AdS-
Rindler metric is obtained only when the mass parameter m = 0, and this solution is unique.
However, here the situation is more subtle and, at fixed coupling, there are actually two
distinct AdS-Rindler solutions. These are obtained when

x1 =
(
1 + a4

)1/4
⇒ f(r) = −1 + r2

L2
√
1 + α2/L4 , (5.54)

or x2 = a ⇒ f(r) = −1 + r2

α
. (5.55)

The first case is the natural deformation of the Einstein gravity result and limits to it as α→ 0.
In this case, the mass of the solution is identically zero and the entropy, at least for small
values of the coupling, is positive. The second possibility is the problematic case identified
above, and is achieved only in an asymptotic sense, as certain physical quantities approach
infinity. This branch is nonperturbative in the coupling, and has no analog in Einstein gravity.

The above raises a puzzle: typically, in black hole thermodynamics, one would like to
consider the maximally symmetric solution as the ground state. Here, however, we have two
such solutions, one with rather pathological properties. Which, then, is the proper ground
state? If we resort to thermodynamic arguments, then, happily, it seems the natural ground
state is the one with vanishing mass and finite entropy. The free energy of this solution is
always less than that of the pathological one, indicating that it is thermodynamically favored.
This can be seen explicitly, expanding the free energy for small a,

F1 = − Ω3L
2

8πGN

[
1− 4a2 + · · ·

]
. (5.56)

This can be compared with eq. (5.52) above which, recall, is always positive. We show this
in the free energy plots of figure 13, where we see that the pathological AdS-Rindler is a
global maximum of the free energy in all cases.

On the other hand, one may interpret the negative mass and entropy as indicative of an
instability. Similar arguments were made in ref. [102] in relation to Taub-NUT spacetimes,
for which the thermodynamics is similarly problematic. An instability is plausible since,
as can been seen in figure 13, the heat capacity becomes negative as x → a, and actually
diverges in that limit. We find that all of these thermally unstable solutions do not actually
dominate the ensemble, and hence this potential pathology is avoided here. However, this
may still be problematic for the α→ −α symmetric resummations, as it could suggest the
lack of a stable ground state in, for example, the microcanonical ensemble.

As we mentioned at the beginning, while the precise calculations above have been carried
out for model V in five dimensions, our conclusions are qualitatively general. For each model
from table 1 with α→ −α symmetry, the mass and entropy diverge to negative infinity as
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Figure 13. Free energy: topological black holes with α → −α symmetry. The free energy
F is plotted parametrically as a function of temperature T , using the horizon radius as a parameter,
across various dimensions for the topological black holes with k = −1 of model V. Top: no matter
fields are present, and the coupling is fixed at α = 0.1. Bottom: Maxwell-charged case with coupling
α = 0.2 and charge parameter q = 0.02. The temperature range has been chosen to zoom in on regions
displaying interesting behavior. In all cases, a dashed line indicates a branch of black holes with
negative Wald entropy. Note that in all cases the upper branch (which corresponds to negative mass
and entropy) is thermally unstable, as indicated by the upward-curving free energy curves. The units
are such that GN = 1.

x→ a. At the same time, the temperature approaches a finite number in this limit, as does
the free energy. In all cases, the limiting spacetime geometry is AdS-Rindler. None of these
models exhibit critical phenomena or phase behaviour of any kind, and the negative entropy,
thermally unstable black holes never dominate the canonical ensemble.

As in the k = +1 case, the equation of state for topological black holes with k = −1
can be extended to include the appropriate matter contribution. When considering minimal
coupling to the Maxwell field, the resulting phase structure does not differ significantly from
the uncharged case. The main features persist, most notably the absence of a critical point
in the resummations characterized by the symmetry α→ −α. The phase structure of these
models, and in particular model V, is shown in the bottom row of figure 13. As before,
regions of negative entropy are indicated with dashed lines.
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5.4.2 Models breaking α → −α symmetry

The thermodynamics is completely different for models whose hf(x) is not invariant under
α → −α substitution. This is the case for models I, II, III, and VII with N odd. To
parallel the discussion of the previous subsection, let us begin by examining in detail the
thermodynamics of the models that do not have α → −α symmetry. As a representative
example, we focus on the Hayward metric (model I).

The mass, entropy, and temperature of the Hayward solution with k = −1 read

M = 3Ω3L
2x4

16πGN

[
1− 1

x2 + a2

]
, (5.57)

S = Ω3L
3

8GN

[
2x3 − 12a2x− 15πa3

2 − 3xa4

x2 + a2 + 15a3 arctan xa

]
, (5.58)

T = 2a4 + a2 (4x2 − 2
)
+ x2 (2x2 − 1

)
2πLx3 . (5.59)

The notation we have introduced is the same as before, x = r+/L and a =
√
α/L, and

we have presented the expression for the entropy explicitly since the integral has a simple
evaluation in this case. Crucially, we see directly that all thermodynamic quantities are
finite and without divergences at finite x.

For large black holes, the mass and entropy reduce appropriately to their values in general
relativity. The behavior is different for small black holes. As one decreases the horizon radius
at fixed coupling, eventually the extremal solution is reached, which occurs when

xext =
1
2

√
1− 4a2 +

√
1 + 8a2 . (5.60)

The mass of the extremal solution is in all cases negative, but uniformly bounded below
by the Einstein gravity result,

Mext ≥ − 3Ω3L
2

64πGN
. (5.61)

On the other hand, for a ⪅ 0.261862 the entropy at extremality (and the full solution space)
is always positive. For a exceeding this value, the extremal entropy is negative, but again
uniformly bounded,

Sext ≥ −15πΩ3L
3

16GN
. (5.62)

Hence a constant shift to the entropy can eliminate all negative entropy solutions. As we
described earlier, such a constant shift is always achievable within the Wald formalism.

These features are representative, at least qualitatively, of all models in table 1 that
lack the α→ −α symmetry. These resummations are therefore considerably better behaved
for the topological black holes.

Let us now explore the equation of state, which reads

P = (D − 2)r3
+T

4
(
r2

+ + α
)2 + (D − 2)

(
α(D − 1) + (D − 3)r2

+
)

16π
(
r2

+ + α
)2 . (5.63)
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Figure 14. P − v diagram: topological Hayward-AdS black hole. Isotherms for the k = −1
Hayward-AdS black hole (model I) for D = 5, 7, 9 (left to right) feature a ‘reverse van der Waals’
behavior. In each case, the lower blue curve has T < Tc, the middle black curve has T = Tc, and the
upper red curve has T > Tc. In each plot, we have set the effective molecular size parameter b = 0.1.
The units are such that GN = 1.

The key difference from the k = +1 case is that the denominator now contains the term
r2

+ + α compared to r2
+ − α for k = +1. This results in the pressure remaining uniformly

bounded, for all choices of volume, see figure 14. Physically, this is more difficult to interpret
in terms of an ordinary fluid, but the most natural interpretation would seem to be that when
k = −1 in these models, the short-range interactions involving large numbers of molecules
are strongly attractive, rather than the repulsive interactions that would be generated if
the molecules were hard spheres.

Contrary to the ‘symmetric models’ (which do not admit any critical points), these
models admit exactly one critical point. For the Hayward model, the characteristic swallowtail
behavior is observed, but it occurs only within a narrowly confined region of the parameter
space. Consequently, rather than illustrating it with a figure, we provide the critical values,
which are:

Pc =
2D − 3 +

√
3D(D − 2)

4π(D − 2)b2 , vc = b

√
2
√
3
√
(D − 2)D
D − 3 − 3(D − 1)

D − 3 ,

Tc =
2
[
2D − 3 +

√
3D(D − 2)

]
3π(D − 2)b2vc

. (5.64)

Interestingly, the ratio of these quantities is again given by

Pcvc
Tc

= 3
8 , (5.65)

the same as in the spherical case and the same as for the van der Waals fluid. The ratios for
the other models differ from the van der Waals value and exhibit weak dependence on the
dimension. The critical ratio in model II monotonically decreases from Pcvc/Tc ≈ 0.315701 in
D = 5 to Pcvc/Tc = 0.311755 as D → ∞, while the critical ratio in model III monotonically
decreases from Pcvc/Tc ≈ 0.00600468 in D = 5 to Pcvc/Tc ≈ 0.00318023 when D → ∞. The
critical ratio in model VII (N odd) can be worked out exactly, but the expressions are not
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Figure 15. Critical ratio for topological black holes: charge dependence. Ratio of critical
parameters for Maxwell charged topological black holes in model I (left) and model II (right) in
the five-dimensional case. The blue curves correspond to different values of α, with the lighter
(upper-leftmost) curves corresponding to smaller values, and the darker curves corresponding to larger
values. The lower horizontal line is the uncharged critical ratio. The units are such that GN = 1.

illuminating. However, in this case, the single critical point is characterized by the critical
ratio, which can become arbitrarily large as the dimension and N increase.

To uncover the nature of the above critical point, let us study the isotherms in the
P − v diagram. Upon doing so, we discover the ‘reverse van der Waals behavior’, observed
previously in ref. [103] for Lovelock black holes. That is, for temperatures above the critical
temperature, phase structure exists, while for lower temperatures the behavior of the pressure
is monotonic. We illustrate this ‘reverse’ van der Waals behavior in figure 14 for the Hayward
model across several different dimensions. This is to be compared to the ‘normal’ van der
Waals behavior, where the isotherms below the critical temperature display the characteristic
oscillation, see figure 6. The isotherms in models II, III, and VII with N odd are qualitatively
identical to what is shown here.

As in the uncharged case, for models that do not exhibit the symmetry α → −α, the
swallowtail structure appears only within a very narrow region of the parameter space. The
expressions for the critical pressure, reduced volume, and temperature are lengthy and offer
little additional insight, so we omit them here. The critical ratio now depends on the spacetime
dimensionality, the coupling parameter α, and the charge parameter q. This dependence is
illustrated in figure 15, where the critical ratio is shown as a function of the charge parameter
q for various values of α in both the Hayward model (model I) and model II. In each case,
the ratio increases monotonically with q until it reaches a maximum value. From these plots,
we observe that the ratio remains consistently below the conjectured bound Pcvc/Tc ≤ 1/2,
contrary to the behavior of model VII described above.

6 Discussion

We have performed a detailed study of black holes with anti-de Sitter asymptotics in theories
that incorporate infinite towers of quasi-topological corrections to the action. We examined the
basic properties of the AdS solutions, including how the higher-curvature terms ‘renormalize’
the bare cosmological and Newton constants. We presented a careful analysis of the theory
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minimally coupled to matter which satisfies T tt = T rr , deriving sufficient conditions to ensure
the resulting solutions are regular. As examples of such matter, we analyzed the theories
coupled to Maxwell and nonlinear electrodynamics, in particular emphasizing how finite self-
energy in the case of nonlinear electrodynamics results in intricate behavior for the curvature
of the regular core of the metrics. Finally, we performed a comprehensive investigation of the
black hole thermodynamics, studying phase transitions and critical behavior.

Let us summarize some of the most interesting findings of our study:

Universality of regular black branes

We have performed a preliminary investigation of regular black branes and topological black
holes in resummed quasi-topological gravities. The regular black branes revealed particularly
interesting features. These objects necessarily have extremal inner horizons, i.e., inner horizons
of vanishing surface gravity, without any fine tuning of parameters. As such, it is possible
that such regular black branes avoid altogether the issues associated with mass inflation
instabilities of the inner horizon. It would be particularly interesting to explore this further
in future work. We have also shown that the thermodynamics of these objects is completely
universal and insensitive to the particular model/resummation. In fact, the thermodynamics
of regular black branes is completely identical to that of black branes in Einstein gravity.

The nature of the regular black hole core

In the case of vacuum regular black holes, the metric exhibits a de Sitter “core” at small
radius. Here, we have shown that the nature of the core, i.e., whether it is de Sitter or anti-de
Sitter, is governed by the sign of S(r) — or, equivalently, the sign of the Misner-Sharp mass —
in the vicinity of r = 0. If this quantity is positive, then the black hole has a de Sitter core,
while the core will be anti-de Sitter in the case where it is negative. Along these lines, we
demonstrated that any black hole in the Maxwell theory must necessarily have an anti-de
Sitter core. On the other hand, we found a relationship between the nature of the core and
the electrostatic self-energy M⋆ for theories of nonlinear electrodynamics. Specifically, if
M > M⋆, then the black holes have a de Sitter core analogous to the vacuum case, while
if M < M⋆, then the core is anti-de Sitter, like the Maxwell case.

Regular black holes and molecular volume

We have proven that in any resummed quasi-topological gravity that admits regular spherical
black holes, the corresponding equation of state will exhibit a divergence at finite volume.
This feature is exactly what would be expected for an equation of state that incorporates
the finite volume effects of the constituent molecules. Of course, our proof only shows that
regularity is sufficient for a gravitational equation of state to describe ‘molecules’ of finite
volume. It would be interesting to delve into this further, assessing to what extent it is also
necessary. If finite molecular volume could be rigorously tied to the existence of a regular
core, then this would provide an interesting thermodynamic probe of the interior.

The law of corresponding states at the critical point

The ratio of critical values Pcvc/Tc provides a dimensionless characterization of the fluid
under consideration. We have studied this ratio for a large number of resummations (actually
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infinitely many) that lead to regular black holes and also in the presence of various forms
of charged matter. Intriguingly, the Hayward black hole was the unique one among the
models we have studied for which the critical ratio is independent of dimension and also
matches exactly the van der Waals ratio Pcvc/Tc = 3/8 for both spherical and hyperbolic
topologies. For spherical black holes, we have found a remarkably small variance between the
possible values, with all cases, across all dimensions and all matter models, falling into the
approximate range 0.35 to 0.5. We have interpreted this universality as a manifestation of
the principle of corresponding states for regular black holes. In fact, we have observed in
all cases that the ratio of critical values appears to satisfy a universal bound

Pcvc
Tc

≤ 1/2 . (6.1)

Saturation of this bound emerges in the D → ∞ limit of some of the resummations. This
bound appears to be consistent with the broader literature as well, included charged matter
systems in Einstein gravity, rotating black holes, and isolated critical points [87, 104, 105]. It
is therefore tempting to speculate that this bound applies not only to regular black holes,
but is perhaps universal. Certainly, if true, this bound would apply only in the spherical
sector (for example, isolated critical points in Lovelock theory have a critical ratio that
exceeds 1/2 [106]). Of course, the literature on the subject of black hole criticality is quite
extensive, so there may exist known counterexamples. In any case, it would be interesting
to better understand if this is really the case, or to establish the necessary and sufficient
conditions under which this bound holds.

Finally, let us discuss a few possibilities for future work that would directly build off
what we have done here.

Other forms of matter

We have developed the necessary formalism to study minimal matter coupled to infinite
towers of higher-curvature corrections, provided that the matter satisfies T tt = T rr . One
obvious candidate for future work would be to perform a study of minimal matter where
this condition on the EMT is relaxed. However, there is considerable scope for further
work within the same context we have studied here. For example, any model of nonlinear
electrodynamics built as a functional of the Maxwell invariant will satisfy the T tt = T rr
condition. Moreover, one could consider gravity coupled to generalized conformal scalars
as in refs. [107–109], which also meet this criteria.

Non-minimally coupled matter

We have performed a quite extensive analysis of infinite towers of higher-curvature corrections
coupled minimally to matter. In particular, we have derived sufficient conditions under which
the resulting solutions remain regular. However, it must be emphasized that it is somewhat
unnatural to simultaneously consider minimal matter (e.g., a two-derivative Maxwell theory)
while taking into account an infinite tower of corrections in the gravitational sector. To
partially alleviate this, we have considered coupling to theories of nonlinear electrodynamics,
which effectively incorporate a tower of corrections in the matter sector as well. Going
forward, it would be interesting to consider simultaneously infinite towers of corrections
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in the gravitational and matter sectors, allowing for nonminimal couplings. This would
more effectively capture what would arise in general effective field theory constructions or
top-down models. One class of candidate theories in which this could be pursued would be
electromagnetic quasi-topological gravities [110]; another would be the towers of Horndeski
theories considered in refs. [53, 54].

Stability

A pressing issue in any formulation of regular black holes is the problem of stability. On
general grounds, one expects that the inner horizons of regular black holes will be susceptible
to mass inflation instabilities. Moreover, here one may worry whether the resummation of
quasi-topological theories produces stable dynamics.

Regarding mass inflation, although this phenomenon has a kinematical origin, it is not
obvious that in a theory capable of resolving singularities the corresponding build up of
energy will backreact in a singular manner. It would be particularly interesting to investigate
this issue for the black branes we have studied here. Since these metrics are automatically
inner extremal, they have the potential to completely evade this classical instability. Of
course, inner horizons are only a problem for predictability if they are Cauchy horizons. It is
not obvious that the regular black hole inner horizons actually will be Cauchy horizons in a
fully dynamical set up [43]. Dynamical stability is a very difficult problem to address within
a bottom-up framework. Certainly, if the series of corrections is truncated at finite order,
it will be sensible within the EFT regime, but not beyond [111]. However, in resumming
the full infinite tower of corrections, there is the possibility that stable dynamics emerges.
This is because, since the construction is a bottom-up one, one can add to the action all
those terms which do not contribute to the equations of motion in spherical symmetry. Such
terms, however, can and will contribute to the equations of motion of the perturbations.
Thus, a careful assessment of the stability of the full tower of corrections must carefully
and thoroughly take all such corrections into account. It is possible that, in this way, the
quasi-topological theories can be ‘completed’ to an infinite derivative theory of gravity which
evades completely the Ostrogradsky-type instabilities.

Mass inflation toy models

We have provided sufficient conditions a resummation must satisfy to ensure that the
corresponding black hole solutions are regular with minimal matter. In particular, what this
means is that some resummations that are regular in vacuum become singular when matter is
included. Here, our focus has been on the regular configurations, but the alternative presents
an interesting possibility. In the resummations that are singular with charged matter, the
singularity no longer occurs at r = 0, but instead at intermediate values of r. One could
imagine tuning the position of the singularity such that it occurs at or in the vicinity of the
inner horizon. As such, it may be possible to use these models as toy models to capture some
of the effects expected for the backreaction of mass inflation instabilities in general relativity.
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Extension to D = 4

Our focus here has been on five and higher dimensions. The reason for this is simple: the
quasi-topological theories do not exist in four-dimensions. However, let us note that theories
with similar properties can be constructed based on non-polynomial curvature invariants [112].
Such theories can have second-order equations of motion in spherical symmetry and admit
regular black holes as exact solutions, much like the higher-dimensional theories based on
polynomial curvature invariants studied here (see also [113]). It would be interesting to
perform an analogous study of the black hole thermodynamics in these models.

Along these lines, in the distinct context of four-dimensional scalar-tensor theories derived
from well-defined dimensional regularizations of Lovelock invariants, regular solutions can
be obtained when an infinite series of corrections is considered [53]. However, it should be
emphasized that the integration of the field equations has only been achieved in the planar
case. The thermodynamic properties of these black holes were analyzed in ref. [114].

Negative entropy in higher-order gravity theories

In some dimensions and in some regions of parameter space the black holes have negative
Wald entropy. As we have discussed in the main text, it is not clear whether this signals an
underlying pathology or simply an ambiguity with the Wald entropy. (Recall that the Wald
entropy is sensitive not only to dynamical terms in the action, but also nondynamical terms,
e.g. topological ones. Such terms can change the entropy by an overall arbitrary constant.) In
any case, the existence of negative Wald entropy is not a result particular to our construction
but occurs quite ubiquitously in higher-order gravity theories.

One possibility is that this is hinting at a breakdown of the semiclassical approximation
in some way. Indeed, if one naively evaluates the entropy of near-extremal black holes
incorporating quantum loop effects, one finds that the entropy becomes negative and divergent,
even though the density of states is physically well-behaved. In these cases, it has been argued
that negative entropy arises due to the partition function actually computing a quenched free
energy instead of the annealed free energy [115, 116]. Whether or not a similar explanation
exists for negative entropy in higher-order gravity may be an interesting line to explore.

Additional laws of thermodynamics

In this work we have focused on the first law of thermodynamics, which is known to hold in
any diffeomorphic theory of gravity. It would be interesting and important to understand
whether the zeroth, second, and third laws apply in the resummed quasi-topological theories
studied here. Recent work has established the validity of the second law nonperturbatively
in effective field theories of gravity [117]. However, it would be interesting to see whether
these results can be extended to non-perturbative coupling in the resummed models. On
the other hand, the “third law” of black hole mechanics is now understood to fail already
in the realm of classical general relativity [118], so we do not have any reason to expect its
validity in the classical theories studied here.
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A Quasi-topological theories to quintic order

Here, we collect explicit expressions for quasi-topological theories up to fifth order in curvature.
From these ‘seed’ densities quasi-topological theories of any order can be constructed utilizing
the recurrence formula (2.3).

In the following, we denote by R the Ricci scalar, by Zab ≡ Rab − 1/DgabR the traceless
part of the Ricci tensor, and by Wabcd the Weyl tensor. The first five densities then read

Z(1) =R, (A.1a)

Z(2) =
Z2

(1)
D(D−1)−

1
(D−2)

[
4ZabZab
D−2 −WabcdW

abcd

D−3

]
, (A.1b)

Z(3) =
3Z(1)Z(2)
D(D−1) −

2Z3
(1)

D2(D−1)2 +
24

(D−2)2(D−3)

[
W bd
ac ZabZ

c
d

(D−2) −WacdeW
bcdeZab

(D−4)

]

+ 16ZabZbcZca
(D−2)4 +

2(2D−3)W ab
cdW

cd
efW

ef
ab

(D−2)(D−3)(D((D−9)D+26)−22) , (A.1c)

Z(4) =
4Z(1)Z(3)−3Z2

(2)
D(D−1) + 96

(D−2)2(D−3)

(D−1)
(
WabcdW

abcd
)2

8D(D−2)2(D−3) − 4ZacZdeW bdceZab
(D−2)2(D−4)

−
(2D−3)Zfe ZefWabcdW

abcd

4(D−1)(D−2)2 − 2WacbdW
cefgW d

efgZ
ab

D(D−3)(D−4) +
(D2−3D+3)

(
ZbaZ

a
b

)2

D(D−1)(D−2)3

−Z
b
aZ

c
bZ

d
cZ

a
d

(D−2)3 + (2D−1)WabcdW
aecfZbdZef

D(D−2)(D−3)

]
, (A.1d)

Z(5) =
5Z(1)Z(4)−2Z(2)Z(3)

D(D−1) +
6Z(1)Z2

(2)−8Z2
(1)Z(3)

D2(D−1)2 + 768ZbaZcbZdcZedZae
5(D−2)6(D−3)(D−4)

+
24(D−1)WghijW

ghijW cd
ab W ef

cd W ab
ef

D(D−2)3(D−3)2(D3−9D2+26D−22)−
96(3D−1)W ghijWghijWacdeW

bcdeZab
10D(D−1)(D−2)4(D−3)2(D−4)
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− 768(D2−2D+2)ZbaZabZdcZedZce
D(D−1)2(D−2)6(D−3)(D−4)−

96(3D−1)(D2+2D−4)W ghijWghijZ
d
cZ

e
dZ

c
e

D(D−1)(D+1)(D−2)6(D−3)(D−4)

+
24(15D5−148D4+527D3−800D2+472D−88)W cd

ab W ef
cd W ab

ef ZhgZ
g
h

D(D−1)(D−2)3(D−3)(D−4)(D5−15D4+91D3−277D2+418D−242)

+ 960(D−1)
(D−2)4(D−3)2

[
(5D2−7D+6)ZhgZ

g
hWabcdZ

acZbd

10D(D−1)2(D−2) − ZbaZ
c
bZcdZefW

eafd

(D−1)(D−2)

−
2(3D−1)ZabWacbdZ

efW c g
e f Zdg

D(D2−1)(D−4) +
(D−3)WacdeW

bcdeZabZ
g
fZ

f
g

5D(D−1)2(D−4)

−(D−2)(D−3)(3D−2)ZabZbcWdaefW
efghWgh

dc

4(D−1)2(D−4)(D2−6D+11) +WghijW
ghijZacZbdWabcd

20D(D−1)2

]
.

(A.1e)

Note that the second-order quasi-topological density is simply the Gauss-Bonnet term, just
written in a non-standard form.

Quasi-topological gravities are not unique. These theories are defined in a bottom-up
way based on their properties on spherically symmetric spacetimes. Hence, if there exists a
density T(n) which has the property that T(n) does not contribute to the equations of motion
in spherical symmetry, then Z̃(n) = Z(n) + βnT(n) will also be a quasi-topological theory
with exactly the same equations of motion on spherical backgrounds. Therefore, the above
densities are simply representatives at each order. While this degeneracy is unimportant in
spherical symmetry (and hence for us), it can have important consequences beyond spherical
symmetry. For example, such terms would contribute in the presence of angular momentum.
They could also contribute to perturbations of spherically symmetric spacetimes.

B Energy conditions

B.1 Null energy condition and strong energy condition

Regular black holes are nonsingular ultracompact objects that may form through the gravita-
tional collapse of a star. To prevent the formation of a singularity in dust collapse models,
some repulsive effect must counteract the collapse. This repulsion might arise from the
breakdown of general relativity in the final stages of the collapse and/or from a violation
of classical energy conditions. Once the collapse is complete, an idealized static configura-
tion remains. In four-dimensional spacetimes, most uncharged regular black holes feature
a de Sitter core, as seen in the models proposed by Bardeen [4] and Hayward [5], among
others. This core structure satisfies the null energy condition (NEC) near the center while
violating the strong energy condition (SEC) [119]. Although matter is typically required to
support such geometries in four-dimensional cases, in quasi-topological gravity, these regular
geometries emerge as vacuum solutions.

Here, we study the two energy conditions by treating the higher-order curvature terms
of the quasi-topological theories as an effective EMT, defined by the Einstein tensor Gµν
in general relativity as follows:

Tµν ≡ 1
8πGN

Gµν . (B.1)
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We restrict our considerations to regular black holes with horizons of spherical topology in
D = 5 spacetime dimensions. The spacetime geometry is then described by a line element
of the form

ds2 = gµνdxµdxν = −f(r)dt2 + f(r)−1dr2 + r2dθ2 + r2 sin2θdϕ2 + r2 sin2θ cos2ϕdψ2 .

(B.2)

We assume a general vector of the form

kµ =
(

ct√
σf(r)

, cr

√
σf(r), cθ

r
,

cϕ
r sin θ ,

cψ
r sin θ cosϕ

)
, (B.3)

where σ = ±1. One can pick the coefficients ct, cr, cθ, and cϕ to satisfy specific constraints
that will enforce the vector kµ to be null or timelike. The inner product is given by

gµνk
µkν = σ

(
−c2

t + c2
r + σ

(
c2
θ + c2

ϕ + c2
ψ

))
, (B.4)

and thus the conditions for the vector kµ to be null and timelike, respectively, are

null : c2
t = c2

r + σ
(
c2
θ + c2

ϕ + c2
ψ

)
, (B.5)

timelike : c2
t = c2

r + σ
(
c2
θ + c2

ϕ + c2
ψ

)
+ σ . (B.6)

To evaluate the NEC, we use the null constraint (B.5). Contraction with the EMT yields

Tµνk
µkν =

c2
θ + c2

ϕ + c2
ψ

2r2

(
4 (1− f(r)) + rf ′(r) + r2f ′′(r)

)
. (B.7)

Similarly, to evaluate the SEC, we have(
Tµν −

1
D − 2gµν

)
tµtν

=
4(c2

ϕ + c2
ψ + c2

θ)(1− f(r)) + (1 + c2
ϕ + c2

ψ + c2
θ)
(
rf ′(r) + r2f ′′(r)

)
+ 2rf ′(r)

2r2 , (B.8)

where D = 5 has been used in calculating the right-hand side and tµ is a timelike vector
obtained by applying the constraint (B.6) on kµ.

In what follows, we evaluate the NEC and SEC for models I, IV, and V. The corresponding
behavior is displayed in figures 16 and 17, and summarized in table 4.

B.2 Model I: Hayward model

Explicit evaluation of the NEC for the metric function of the 5D Hayward model in the
uncharged and charged cases leads to

Tµνk
µkν

∣∣
q=0 = 16αL6m2r4(

(L2 − α)r4 + αL2m
)3 (c2

θ + c2
ϕ + c2

ψ

)
≥ 0, (B.9)

which is satisfied in the entire spacetime provided that we have proper AdS asymptotics,
which require L2 > α or equivalently a < 1, and

Tµνk
µkν

∣∣
q≠0 = 2r6 (3αL4q2r6 − 3L6q2r6 + αL6(−15q4 + 21mq2r2 − 8m2r4)

)[
−L2r6 + α

(
r6 + L2(q2 −mr2)

)]3 (
c2
θ + c2

ϕ + c2
ψ

)
.

(B.10)
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Figure 16. NEC: models I, IV, and V. The quantity Tµνkµkν/(c2
θ + c2

ϕ + c2
ψ), referred to as NEC

for simplicity, as a function of the radial coordinate r for various spherical regular black hole models,
including solitonic configurations, with k = +1 in five dimensions. The coupling parameter α is varied,
while the cosmological constant parameter is fixed at L = 1. Top: from left to right, the uncharged
models I, IV, and V are shown. Bottom: from left to right, the Maxwell-charged models I, IV, and V
are displayed, with the charge parameter fixed at q = 0.4.

Although the NEC is marginally satisfied everywhere for the charged metric when only
radial null vectors are considered, i.e., cθ = cϕ = cψ = 0, this does not hold in general.
Expanding around the center, we find

Tµνk
µkν

∣∣
q≠0 = − 30r6

α2q2

(
c2
θ + c2

ϕ + c2
ψ

)
+O(r8), (B.11)

which demonstrates that the NEC is violated near the center in the charged case.
The expressions for the SEC, which encodes the attractive nature of gravity for timelike

observers, are more complex than those for the NEC and do not provide further insight. We
thus omit them here. However, we briefly comment on the series expansion near the center:(

Tµν −
1

D − 2gµνT
)
tµtν

∣∣∣∣
q=0,D=5

= − 4
α
+

8(3 + 2c2
ϕ + 2c2

ψ + 2c2
θ)r4

mα2 + · · · . (B.12)

Since α > 0 in the uncharged case, we note that the SEC is violated close to the center
as expected due to the presence of a dS core. This signals the repulsive nature of gravity
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Figure 17. SEC: models I, IV, and V. The SEC is plotted as a function of the radial coordinate
r for various spherical regular black hole models, including solitonic configurations, with k = +1 in
five dimensions. The coupling parameter α is varied, while the cosmological constant paramter is fixed
at L = 1. For simplicity, we consider radial timelike vectors with cθ = cϕ = cψ = 0. Top: from left to
right, the uncharged models I, IV, and V are shown. Bottom: from left to right, the Maxwell-charged
models I, IV, and V are displayed, with the charge parameter fixed at q = 0.4.

in this region, taking under consideration the effective EMT. Nonetheless, the higher-order
corrections of the theory’s action, which does not require any matter, suffice to ensure
regularity. In the charged case on the other hand, where regularity is achieved through an
AdS core, the situation is entirely different. The SEC’s expansion near the center is given by(

Tµν −
1

D − 2gµνT
)
tµtν

∣∣∣∣
q ̸=0,D=5

= − 4
α
−

10(4 + 3c2
ϕ + 3c2

ψ + 3c2
θ)

q2α2 r6 + · · · , (B.13)

which implies that it is satisfied since in this case regularity of the spacetime requires α < 0.23

Typically, situations where the NEC is violated and the SEC is satisfied arise in phantom
scalar field theories or modified gravity theories with non-minimally coupled scalar fields [120].
We note that, while the SEC is satisfied in the charged case near the center, there exists a
region where it is violated, as can be seen in figure 17, indicating the presence of a region
with repulsive gravity.

23Note that models IV and V (discussed in what follows) are symmetric with respect to α→ −α and thus
can admit charged regular black hole geometries for α > 0.
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B.3 Model IV

We continue with the analysis of the model in the fourth row of table 1. For this model, as well
as the one in the fifth row (discussed in the next section), we expect properties distinct from
the Hayward model due to the aforementioned α↔ −α symmetry. As the explicit expressions
for the NEC are quite lengthy, we provide only their expansions near the center, given by

Tµνk
µkν

∣∣
q=0 =

8(c2
ϕ + c2

ψ + c2
θ)r4

mα2 + · · · (B.14)

for the uncharged case, and by

Tµνk
µkν

∣∣
q≠0 = −

15(c2
ϕ + c2

ψ + c2
θ)r6

q2α2 + · · · (B.15)

for the charged case. Analogous to the behavior in the Hayward model (model I in table 1),
we observe that the NEC is satisfied near the center in the uncharged case and violated
in the charged case.

However, a notable difference arises: here, there are regions where the NEC is violated
even in the uncharged case, a property that is absent in the previous model.

On the other hand, the SEC exhibits the same behavior as in the Hayward model and
model II. The expansions close to the center are given by

(
Tµν −

1
D − 2gµνT

)
tµtν

∣∣∣∣
q=0,D=5

= − 4
|α|

+
4
(
3 + 2c2

ϕ + 2c2
ψ + 2c2

θ

)
r4

mα2 + · · · (B.16)

for the uncharged case, and

(
Tµν −

1
D − 2gµνT

)
tµtν

∣∣∣∣
q≠0,D=5

= 4
|α|

−
5
(
4 + 3c2

ϕ + 3c2
ψ + 3c2

θ

)
r6

q2α2 , (B.17)

for the charged case. We note that the behavior of the energy conditions is independent of
the sign of α, showing a dS core with SEC violation in the uncharged case, and an AdS core
with the SEC satisfied near the center in the charged case. However, in both cases, there
are regions where the SEC is violated, as illustrated in figure 17.

B.4 Model V

Lastly, we consider model V described by the fifth row of table 1. We expect features similar
to those of model IV, and specifically a violation of the NEC for the uncharged case since the
metric functions of these two models behave in a similar manner. Once again, the explicit
evaluation of the NEC leads to rather lengthy expressions that we omit for the sake of brevity.
The relevant expansions near the center mimic those of model IV described in the previous
subsection, with differences only in their coefficients. In the uncharged case, we obtain

Tµνk
µkν

∣∣
q=0 =

9(c2
ϕ + c2

ψ + c2
θ)r4

mα2 + · · · , (B.18)
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q = 0 q ̸= 0
NEC SEC NEC SEC

Model I ✓(✓) ✗(✗) ✗(✗) ✗(✓)
Model IV ✗(✓) ✗(✗) ✗(✗) ✗(✓)
Model V ✗(✓) ✗(✗) ✗(✗) ✗(✓)

Table 4. NEC and SEC: summary. Status of the NEC and SEC for the cosmological extensions
of models I (Hayward), IV, and V of table 1 with and without charge. The behavior near the center is
indicated in parentheses.

with the NEC satisfied near the center, while for the charged case, we find

Tµνk
µkν

∣∣
q ̸=0 = −

16(c2
ϕ + c2

ψ + c2
θ)r6

q2α2 + · · · , (B.19)

and the NEC is violated. Analogous to model IV, NEC-violating regions exist even in the
uncharged case. Additionally, the expansions of the SEC near the center have the same form
as those of model IV, at least up to O(r0), which indicates a violation of the SEC and a dS
core for the uncharged case, while in the charged case the SEC is satisfied with an AdS core.

The expansions of the SEC in the uncharged and charged case, respectively, are given by(
Tµν −

1
D − 2gµνT

)
tµtν

∣∣∣∣
q=0,D=5

= − 4
|α|

+ · · · , (B.20)

and (
Tµν −

1
D − 2gµνT

)
tµtν

∣∣∣∣
q≠0,D=5

= 4
|α|

+ · · · . (B.21)

Similar to model IV, we note that SEC-violating regions exist in both cases. Table 4
summarizes the results of our analysis of the NEC and SEC for models I, IV, and V of table 1.
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