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A R T I C L E I N F O A B S T R A C T

Editor: G. Mandal This work focuses on constructing electromagnetized black holes and vortex-like backgrounds within the 
framework of the ModMax theory–the unique nonlinear extension of Maxwell’s theory that preserves conformal 
symmetry and electromagnetic duality invariance. We begin by constructing the Melvin-Bonnor electromagnetic 
universe in ModMax through a limiting procedure that connects the spacetime of two charged accelerating 
black holes with that of a gravitating homogeneous electromagnetic field. Building on this result, we proceed to 
construct the Schwarzschild and C-metric Melvin-Bonnor black holes within the ModMax theory, representing the 
first black hole solutions embedded in an electromagnetic universe in the context of nonlinear electrodynamics. 
While the characteristics of the Melvin-Bonnor spacetime and some of its black hole extensions have been widely 
examined, we demonstrate for the first time that the Schwarzschild-Melvin-Bonnor configuration exhibits an 
unusual Kerr-Schild representation. Following this direction, we also unveil a novel Kerr-Schild construction for 
the spacetime of two accelerating black holes, drawing on the intrinsic relationship between the Melvin-Bonnor 
spacetime and the C-metric. Finally, we expand the spectrum of exact gravitational solutions within Einstein-
ModMax theory by constructing a vortex-like background that coexists with the Melvin-Bonnor universe. In this 
process, the Taub-NUT spacetime in ModMax has played a crucial role. We present this Taub-NUT solution in a 
different gauge that facilitates the comparison with the Melvin-Bonnor-Swirling case.
1. Introduction

Classical modifications to Maxwell’s theory that become significant 
in strong field regimes, while naturally reducing to Maxwell’s electro-
dynamics in the weak field approximation, are known as nonlinear 
theories of electrodynamics (NLE) [1]. Historically, they have been in-
spired by the development of Born-Infeld [2] and Euler-Heisenberg [3]
theories. Born-Infeld theory aimed to address the infinite self-energy in 
the electron’s electric field, whereas Euler-Heisenberg theory provided 
a complete nonperturbative one-loop effective action for Quantum Elec-
trodynamics, accounting for vacuum polarization effects due to virtual 
electrons and positrons. Being the electromagnetic duality of Maxwell 
field equations and the conformal invariance of Maxwell action some 
of the most remarkable features of Maxwell theory in 4𝑑, NLE have 
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ultimately evolved to produce a nonlinear generalization of Maxwell’s 
theory that preserves both of these symmetries. Dubbed ModMax the-
ory [1,4,5], the recently proposed model represents a one-parameter 
extension of Maxwell’s theory in four dimensions. Several aspects of this 
model have come under scrutiny in the last years, see e.g. [6–17]. Nat-
urally, investigating the black hole spectrum of the theory, in essence, 
exact solutions to the Einstein-ModMax field equations, serves as a guide 
to better understand the effects that arise from nonlinearities of the Mod-
Max theory.

In electrovacuum, black hole spacetimes are characterized by seven 
parameters being the mass 𝑚, the Kerr-like rotation parameter 𝑎, the 
electric and magnetic charges 𝑞𝑒 and 𝑞𝑚, the cosmological constant Λ, 
and the more exotic NUT and acceleration parameters 𝑛 and 𝐴, re-
spectively. The largest spacetime involving all these parameters is the 
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Plebanśki–Demiański configuration [18–20] which is the most general 
algebraically special solution of type D of the Einstein-Maxwell equa-
tions, and its recent generalization of algebraically general nature (type 
I), dubbed as Enhanced Plebanśki–Demiański [21]. Additionally, two 
specific scenarios that fall outside these constructions involve the con-
sideration of external electromagnetic and vortex-like fields. These sce-
narios correspond to Melvin-Bonnor geometries [22,23] and swirling 
geometries [24–26], both of which can accommodate the embedding of 
the families of solutions mentioned above. Their construction generally 
requires the use of a certain group of Lie point symmetries of the elec-
trovacuum, specifically, Harrison and Ehlers symmetries of the magnetic 
type [27,28].

Up to now, the study of black hole spacetimes within ModMax theory 
has primarily focused on spherically symmetric configurations, see e.g. 
[29,30]. However, there are two notable exceptions: a stationary solu-
tion characterized by Taub-NUT geometry [31,32] and an accelerating 
black hole solution [33], with the latter being the first C-metric space-
time identified in a NLE model. Conversely, rotating solutions appear to 
fully engage the nonlinear aspects of the theory, as no such geometries 
have been constructed to date, even within the slowly rotating approx-
imation [34].

The main objective of this work is to expand the spectrum of black 
hole solutions within the ModMax theory and to gain deeper insight 
into the technical challenges that prevent the construction of space-
times with certain characteristics. Considering the current catalog of 
solutions in Einstein-ModMax theory and the persistent challenge of 
constructing rotating configurations, we focus on the remaining set of 
spacetimes characterized by background electromagnetic and vortex-
like fields, specifically the Melvin-Bonnor and swirling geometries. Al-
though Melvin-Bonnor spacetimes have been previously explored within 
the context of NLE, these constructions have faced limitations, partic-
ularly when a nontrivial cosmological constant is involved [35]. More-
over, no black hole immersed in a Melvin-Bonnor spacetime has yet been 
realized in any NLE theory whatsoever. On the other hand, swirling ge-
ometries have not been investigated in the context of NLE, even at the 
background level without an immersed black hole. The study of such a 
geometry is especially intriguing, as even if the swirling rotation is not 
of the Kerr-type, massive bodies do not drag the spacetime via its rota-
tion, but an intrinsic stationarity of the spacetime itself drags massive 
bodies instead, these geometries may provide valuable insights for the 
future development of standard rotating spacetimes within the theory.

To construct Melvin-Bonnor geometries, we employ the innovative 
procedure proposed in [36,37]. This latter represents a self-gravitating 
extension of the well-known concept that a homogeneous electric field 
in Minkowski spacetime is easily retrieved by taking Born’s solutions 
describing two charged accelerating test particles and enlarging the 
distance between them while properly increasing the value of the 
charges. Therefore, following this approach, we first construct the 
Melvin-Bonnor-ModMax universe by starting from the spacetime of two 
accelerated charged black holes, specifically the C-metric spacetime dis-
covered in [33]. By examining the near-horizon geometry around the 
Rindler horizon and sending both black holes to infinity, we obtain 
the homogeneous, self-gravitating electromagnetic background charac-
teristic of the Melvin-Bonnor-ModMax spacetime. Notably, unlike the 
analogous procedure in flat spacetime, the charge of the resulting con-
figuration remains finite. Furthermore, this method naturally incorpo-
rates a nontrivial cosmological constant without requiring fine-tuning 
of the external electromagnetic field. Building on this foundation, an in-
formed conjecture allows us to construct the Schwarzschild-Melvin and 
C-metric-Melvin black holes within ModMax theory, a result that could 
potentially indicate the existence of an underlying electromagnetiza-
tion symmetry in the Einstein-ModMax framework. In the specific case 
of these configurations, such symmetry can be attributed to the elec-
tromagnetization symmetries inherent to the Einstein-Maxwell model. 
As we will show for the Melvin-Bonnor, Schwarzschild-Melvin, and C-
2

metric-Melvin spacetimes, the electromagnetic invariants that define the 
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ModMax action simplify, allowing the action to ultimately reduce to that 
of Maxwell’s theory.

Furthermore, we begin the exploration of charged spacetimes with a 
background vortex-like field, focusing on a swirling background geom-
etry for the ModMax theory. While this configuration does not exhibit a 
Kerr-type rotation, it represents the first example of a highly nontrivial 
stationary spacetime in ModMax theory. A key aspect of its construc-
tion is the identification of the associated magnetic field. Similar to the 
Taub-NUT case [31,32], the nonlinearity of the theory becomes pro-
nounced when the magnetic field includes a monopole contribution. 
Consequently, the field equations can be directly integrated by con-
sidering the magnetic field generated by the interaction between the 
spacetime’s stationarity and a monopole electric charge. In our pursuit 
of constructing a vortex-like background solution, we first revisit the 
Taub-NUT-ModMax spacetimes [31,32], writing the solutions in an ad 
hoc gauge useful for our purposes. For the swirling spacetime, we uti-
lize an external electromagnetic field of the Melvin-Bonnor type. The 
stationarity of this spacetime allows the magnetic field component to 
generate an external electric field, thereby simplifying the integration 
of the field equations in analogy with the Taub-NUT scenario. A swirling 
Melvin-Bonnor background spacetime is thus obtained. While an exact 
solution for the black hole case has not yet been found, we suggest that 
the main challenge is computational in nature. This hints at the poten-
tial existence of another underlying Lie point symmetry, this time of 
the Ehlers type, in Einstein-ModMax theory. This symmetry, unlike the 
electromagnetic one, should be entirely nonlinear. The stationarity of 
the spacetime prevents the ModMax action from resembling Maxwell’s 
theory, as there is no particular simplification of the electromagnetic 
invariants in these configurations.

The plan of the paper is divided as follows. In Section 2, we pro-
vide a concise introduction to ModMax theory and its field equations, 
together with a review of the accelerating ModMax black hole solu-
tions discovered in [33]. In Section 3, we describe and apply the lim-
iting procedure used to derive the Melvin-ModMax spacetime from the 
ModMax-C-metric, with a brief discussion of the key properties of this 
electromagnetic background. We also present a generalization that in-
corporates a nontrivial cosmological constant. In Section 4, we extend 
this background solution to include cases where a static or accelerat-
ing black hole is immersed in the Melvin-ModMax background. While 
these configurations in Einstein-Maxwell theory have been extensively 
studied, we present two new results: a novel Kerr-Schild representation 
for the Schwarzschild-Melvin-Bonnor spacetime and the Kerr-Schild rep-
resentation for the spacetime of two charged accelerating black holes, 
specifically the charged C-metric. These two findings pertain to the 
ModMax case, but they are equally applicable to the Einstein-Maxwell 
framework in a straightforward manner. In Section 5, we focus on con-
structing a swirling background geometry. We begin by highlighting 
its similarities to the Taub-NUT case and re-writing explicitly the mag-
netic monopole contribution of these Taub-NUT spacetimes. This sets 
the stage for the presentation of a novel electromagnetic Melvin-Bonnor-
Swirling background configuration. Finally, in Section 6, we conclude 
by summarizing our findings and outlining potential directions for fu-
ture research on these geometries.

2. ModMax theory and accelerating black holes

We consider the Einstein-ModMax action principle given by

 = 1
16𝜋 ∫ 𝑑4𝑥

√
−𝑔(𝑅− 4), (1)

where 𝑅 is the Ricci scalar and  stands for the ModMax Lagrangian 
density whose expression reads

1 √
 =
2
( cosh 𝛾 − 2 +2 sinh 𝛾). (2)
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Here,  and  represent the simplest scalar and pseudo scalar electro-
magnetic invariants that can be constructed from the Maxwell-Faraday 
tensor 𝜇𝜈 = 𝜕𝜇𝜈 − 𝜕𝜈𝜇 and its dual ∗ 𝜇𝜈 =

1
2 𝜖𝜇𝜈𝜆𝜌𝜆𝜌, namely,

 = 1
2
𝜇𝜈𝜇𝜈 ,  = 1

2

𝜇𝜈

∗ 𝜇𝜈 . (3)

The Lagrangian density depends on 2; therefore parity invariance is 
not compromised. The parameter 𝛾 is a dimensionless coupling constant 
restricted to 𝛾 ≥ 0; thus, well-posedness is ensured being causality and 
unitarity achieved [4]. In addition, since  is a convex function of the 
electric field, its energy-momentum tensor respects weak, strong, and 
dominant energy conditions [1].

Variations with respect to the metric and gauge fields yield the 
Einstein-ModMax field equations

𝐺𝜇𝜈 = 8𝜋𝑇𝜇𝜈, 𝑑 ∗ 𝐄 = 0, 𝑑 = 0, (4)

where 𝐄 = 𝐄( , ∗  ) represents a nonlinear function of the Maxwell-
Faraday tensor and its dual

𝐄𝜇𝜈 =
𝜕
𝜕𝜇𝜈

= 2(𝜇𝜈 + ∗ 𝜇𝜈), (5)

and 𝑇𝜇𝜈 the following the energy-momentum tensor

8𝜋𝑇𝜇𝜈 = 4𝜇𝜎𝜎
𝜈
 + 2( −)𝑔𝜇𝜈 . (6)

We make use of the shorthand notation  = 𝜕∕𝜕 and  = 𝜕∕𝜕 . 
The function 𝐄( , ∗  ) is manifestly nonanalytic, as can be observed 
from the explicit expression

𝐄𝜇𝜈 =

(
cosh 𝛾 −  sinh 𝛾√2 +2

)
𝜇𝜈 −

 sinh 𝛾√2 +2
∗ 𝜇𝜈 , (7)

and hence is ill-defined for null electromagnetic configurations. Not-
withstanding, the Hamiltonian formulation of ModMax does support 
null configurations, showing at the same time how flat spacetime natu-
rally belongs to the spectrum solution of the theory. Due to the confor-
mal invariance 𝑔 →Ω2𝑔, being Ω an arbitrary function of the spacetime 
coordinates, Maxwell’s theory does not form part of the weak field limit 
of ModMax theory; however, it is recovered in the 𝛾 → 0 limit [1]. 
This, up to some extend, is implied by the nonexistence of null field 
solutions in the Lagrangian formulation of the theory. Finally, the field 
equations are easily proven to be invariant under the electromagnetic 
duality transformation(

𝐄′
𝜇𝜈

∗  ′
𝜇𝜈

)
=
(

cos𝜃 sin𝜃
−sin𝜃 cos𝜃

)( 𝐄𝜇𝜈

∗ 𝜇𝜈

)
, (8)

henceforth showing that the ModMax theory is the unique NLE model 
sharing both conformal and electromagnetic duality invariance.

It is direct to recognize that purely electric or magnetic solutions of 
Maxwell theory, namely, those for which  = 0, are going to be solu-
tions of ModMax as well. However, the situation is different for  ≠ 0. 
Already, for simple static and spherically symmetric spacetimes a devia-
tion, although small, is retrieved. This is the case for Reissner-Nordström 
black holes in ModMax [29,30]. Pertinent to the first part of this work is 
the C-metric spacetime constructed in [33]. Having an evident Maxwell-
like gauge field profile, its main features and causal structure coincide 
with those of the standard geometry of a pair of charged accelerating 
black holes in electrovacuum. In spherical-like coordinates, and notic-
ing the introduction of a cosmological constant Λ = − 3

𝓁2
, the solution is 

given by the following spacetime line element

𝑑𝑠2 = 1
Ω2

(
−𝑓𝑑𝑡2 + 𝑑𝑟2

𝑓
+ 𝑟2

[
𝑑𝜃2

ℎ
+ ℎ sin2 𝜃 𝑑𝜑

2

𝐾2

])
, (9)
3

where
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𝑓 = (1 −𝐴2𝑟2)𝑓0 +
𝑟2

𝓁2 ,

ℎ = 1 + 2𝐴𝑚 cos𝜃 +𝐴2𝑤2 cos2 𝜃 ,

Ω= 1 +𝐴𝑟 cos𝜃, 𝑤2 = 𝑒−𝛾 (𝑞2
𝑒
+ 𝑞2

𝑚
),

being 𝑓0 the static metric function characterizing the (asymptotically 
flat) static solution

𝑓0 = 1 − 2𝑚
𝑟

+ 𝑤2

𝑟2
, (10)

together with the corresponding ModMax gauge field

 = −
𝑒−𝛾 𝑞𝑒
𝑟

𝑑𝑡+ 𝑞𝑚 cos𝜃 𝑑𝜑
𝐾

,  = 𝑑. (11)

The solution is characterized by the five parameters 𝐴, 𝑚, 𝑞𝑒, 𝑞𝑚 and 𝐾 , 
being respectively, the acceleration, the mass, the electric and magnetic 
charges, and the conical deficits. An appropriate choice of 𝐾 can remove 
one of the spacetime’s conical singularities; we will return to this point 
later. Note that the effect of the nonlinearity of ModMax consists of 
“screening” the charges by the factor of 𝑒−𝛾 .

In the next section, we will make use of the original method pro-
posed by Havrdova and Krtouš [36,37] to land in the corresponding 
ModMax electromagnetic universe via the C-metric configuration (9). 
In order to achieve this task, it is more convenient to express the above 
solution (without regard to the cosmological constant for now) in pro-
late coordinates (𝑥, 𝑦). Indeed, performing a change of coordinates of 
the form

𝑡 = 𝑡

𝐴
, 𝑟 = 1

𝐴𝑦
, cos𝜃 = 𝑥, (12)

the line element reads

𝑑𝑠2 = 1
𝐴2(𝑥+ 𝑦)2

[
−𝐹𝑑𝑡2 + 𝑑𝑦2

𝐹
+ 𝑑𝑥2

𝐺
+𝐺

𝑑𝜑2

𝐾2

]
, (13)

where

𝐹 (𝑦) = −(1 − 𝑦2)(1 − 2𝐴𝑚𝑦+𝐴2𝑤2𝑦2),

𝐺(𝑥) = (1 − 𝑥2)(1 + 2𝐴𝑚𝑥+𝐴2𝑤2𝑥2),
(14)

while the electromagnetic tensor solution is given by

 = −𝑒−𝛾 𝑞𝑒𝑑𝑦 ∧ 𝑑𝑡+ 𝑞𝑚𝑑𝑥 ∧
𝑑𝜑

𝐾
. (15)

The spacetime coordinates are restricted as 𝑡 ∈ ℝ, 𝑥 ∈ (−1, 1), 𝑦 < −𝑥
and 𝜑 ∈ (−𝜋, 𝜋). In this convenient set of coordinates originally pre-
sented in [38], it is easy to observe that 𝐹 (𝑧) = −𝐺(−𝑧), which means 
that these two functions will have the same number of roots. In fact, the 
roots of 𝐹 (𝑦) are explicitly given by

𝑦𝑐 = −1, 𝑦𝐴 = 1, 𝑦𝑖 =
1

𝐴𝑤2 (𝑚−
√
𝑚2 −𝑤2),

𝑦𝑜 =
1

𝐴𝑤2 (𝑚+
√
𝑚2 −𝑤2),

(16)

where 𝑦𝐴 represents the accelerating horizon, while 𝑦𝑖 and 𝑦𝑜 are the 
inner and outer black hole horizons naturally contained in a charged 
configuration. Notice that 𝑦𝑐 = −1 lies outside the physical causal struc-
ture of the solution. As usual in a C-metric configuration with no external 
background fields, the acceleration mechanism is provided by the occur-
rence of conical singularities along each of the semi-axis

𝛿𝑥=±1 = 2𝜋
(
1 − |1 ± 2𝐴𝑚+𝐴2𝑤2||𝐾|

)
. (17)

In what follows, we fix the conicity parameter to be 𝐾 = 1 + 2𝐴𝑚 +
𝐴2𝑤2, in such a manner that the conical deficit along the positive semi-
axis is removed. The whole conicity is translated to the negative semi-

axis 𝑥 = −1.
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3. The Melvin-Bonnor-ModMax spacetime

After presenting the C-metric configuration in ModMax (9), we pro-
ceed with the construction of the Melvin-Bonnor-ModMax spacetime via 
the limiting procedure exposed in [36,37]. In essence, this limit corre-
sponds to a self-gravitating extension of what is known for the case of 
a homogeneous test electric field in Minkowski spacetime. In such a 
situation, the homogeneous electric field is achieved starting from the 
configuration of two charged accelerating particles by enlarging the dis-
tance between them, while properly increasing the value of their charge. 
In the backreacting extension, it is then direct to consider the utilization 
of the spacetime of two charged accelerating black holes, namely the C-
metric configuration [33]. The limiting procedure described in [36,37]
consists of two main ingredients: a wisely defined coordinate transfor-
mation that allows performing a near horizon approximation around the 
Rindler horizon of the accelerating geometry and a proper redefinition 
of the black hole inner and outer horizons, redefinition that ultimately 
prescribed the behavior of the physical parameters 𝑚 and 𝑤 such that 
the limit as a solution of the Einstein-ModMax field equations is guar-
anteed. The parameter 𝐴 is fixed during the limiting process.

In mathematical terms, the inner and outer horizons are reparame-
trized as follows

𝑦𝑖 = 1 + 𝑦̃𝑖𝜖, 𝑦𝑜 = 1 + 𝑦̃𝑜𝜖, (18)

being 𝑦̃𝑖 and 𝑦̃0 two constants related to 𝑚, 𝑤 and 𝐴 and satisfying 𝑦̃𝑖 <
𝑦̃𝑜; this for the order of the horizons to be maintained. The parameter 𝜖
is a small parameter to be sent to zero when performing the limit. For 
the limit to be carried around the Rindler horizon, the following change 
of coordinates has to be considered

𝑡 = 1
𝑦̃𝑖𝑦̃𝑜

1
𝜖2

𝜏, 𝑦 = 1 + 𝑦̃𝑖𝑦̃𝑜𝜖
2𝑣. (19)

The coordinates 𝑥 and 𝜑 remain unchanged. Notice that this implies 
that 𝑦𝑖 and 𝑦𝑜 scale as 𝜖 causing the new horizon locations 𝑣𝑖 and 𝑣𝑜 to 
scale as 𝜖−1. As a consequence, the horizons are pushed away in the limit 
𝜖→ 0, confirming the analogy with the flat spacetime case in which the 
charges are pushed away from each other, leaving a remnant electric 
field between them [36,37]. In addition, the relevant causal structure 
condition 𝑦 < −𝑥 becomes 𝑣 <∞, while the three roots of the function 
𝐺 degenerate to 𝑥 = −1 in the limit. As a result of the simultaneous 
consideration of (18) and (19), in the limit 𝜖 → 0, the full configuration 
(9) takes the form

𝑑𝑠2 = 1
𝐴2(1 + 𝑥)2

[
−2𝑣𝑑𝜏2 + 𝑑𝑣2

2𝑣
+ 𝑑𝑥2

(1 − 𝑥)(1 + 𝑥)3

+ (1 − 𝑥2)𝑑𝜑2

16𝐴2

]
,

 = −𝑒−𝛾 𝑞𝑒𝑑𝑣 ∧ 𝑑𝜏 +
𝑞𝑚

4
𝑑𝑥 ∧ 𝑑𝜑.

(20)

Notice that (18) implies that (𝑚, 𝑤) → 1∕𝐴 in the limit of vanishing 
𝜖, a necessary condition for (20) to solve the Einstein-ModMax field 
equations. The spacetime configuration (20) already represents the line 
element and gauge field profile of the Melvin-Bonnor-ModMax config-
uration; however, in Rindler-like coordinates, the coordinates adapted 
to an accelerating observer. To properly identify the Melvin-Bonnor-
ModMax universe in an intuitive form, we move to the coordinates of 
a static global observer as suggested in Refs. [36,37]. We start with a 
suitable redefinition of the acceleration parameter

𝐴 = 𝑒−𝛾∕2
√
𝐸2 +𝐵2

4
, (21)

and the following change of coordinates

𝑒−𝛾 (𝐸2 +𝐵2) (
𝑡
)

4

𝑣 =
8

(−𝑡2 + 𝑧2), 𝜏 = tanh−1
𝑧

,
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𝑥 =
1 − 𝑒−𝛾 (𝐸2+𝐵2)

4 𝜌2

1 + 𝑒−𝛾 (𝐸2+𝐵2)
4 𝜌2

. (22)

As a result, the line element of the Melvin-Bonnor-ModMax spacetime, 
in cylindrical coordinates, takes the recognizable form

𝑑𝑠2 =
[
1 + 𝑒−𝛾 (𝐸2 +𝐵2)

4
𝜌2
]2

(−𝑑𝑡2 + 𝑑𝜌2 + 𝑑𝑧2)

+ 𝜌2[
1 + 𝑒−𝛾 (𝐸2+𝐵2)

4 𝜌2
]2 𝑑𝜑2,

(23)

while its gauge field, via the ulterior redefinition

𝑞𝑒 =
4𝐸

𝑒−𝛾 (𝐸2 +𝐵2)
, 𝑞𝑚 = 4𝐵

𝑒−𝛾 (𝐸2 +𝐵2)
, (24)

becomes

 = 𝑒−𝛾𝐸𝑑𝑧 ∧ 𝑑𝑡+ 𝐵𝜌[
1 + 𝑒−𝛾 (𝐸2+𝐵2)

4 𝜌2
]2 𝑑𝜌 ∧ 𝑑𝜑. (25)

Note that, here, the time coordinate 𝑡 must not be confused with the 
original time coordinate used in (9).

This configuration describes the backreaction of a parallel bundle 
of electromagnetic flux in ModMax. As we can observe, the electric 
and magnetic fields are screened by a factor 𝑒−𝛾 ; however, the causal 
structure of the solution is practically unchanged with respect to the 
Melvin-Bonnor spacetime in Einstein-Maxwell. It belongs to the Kundt 
class of type D spacetimes and asymptotically approaches the Levi-Civita 
spacetime, modulo a reparametrization of the noncompact coordinates 
[39]. The main features of this spacetime have been extensively stud-
ied in the literature [39–41], and hence it is unnecessary to reproduce 
them here. Notwithstanding, it is important to stress that the solution re-
mains nonsingular, as the electromagnetic theory under consideration is 
not Maxwell’s theory anymore. For a generic NLE the occurrence of cur-
vature singularities will depend on the form of the NLE Lagrangian [35], 
usually imposing bounds on 𝐸 and 𝐵 for the solution to be curvature 
singularity free. This is not the case with ModMax, where a straightfor-
ward exploration of the curvature scalars, the Kretschmann invariant 
 ∶=𝑅𝜇𝜈𝜌𝜎𝑅

𝜇𝜈𝜌𝜎 , reveals the singularity free nature of the spacetime

 =

[
3(𝐸2+𝐵2)2𝜌4

𝑒2𝛾
− 24(𝐸2+𝐵2)𝜌2

𝑒𝛾
+ 80

]
(𝐸2 +𝐵2)2

4𝑒2𝛾
(
1 + 𝑒−𝛾 (𝐸2+𝐵2)

4 𝜌2
)8 . (26)

In addition, the charges of the solution are proven to be finite, just as in 
the case of the Einstein-Maxwell theory

𝑒 =
1
4𝜋 ∫


∗ 𝐄 = 𝑒𝛾𝐸

𝐸2 +𝐵2 ,

𝑚 = 1
4𝜋 ∫


 = 𝑒𝛾𝐵

𝐸2 +𝐵2 .

(27)

This agrees with the gravitational bounded nature of the homogeneous 
electromagnetic field of the Melvin-Bonnor-ModMax configuration and 
once again contrasts what occurs in the flat spacetime case.

In Einstein-Maxwell, the limit proposed in [36,37] has been applied 
to the case in which a cosmological constant is included [42]. The pro-
cedure applies in direct analogy with respect to the asymptotically flat 
case starting from the factorized form of the charged (anti)-de Sitter C-
metric proposed in [43]. Here, we extend those findings to the case of 
Einstein-ModMax and deliver the (A)dS Melvin-Bonnor-ModMax space-
time in a suitable set of coordinates in which the Λ = 0 case is easily 

retrieved [44]. The configuration solution, in this case, reads
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𝑑𝑠2 =
[
1 + 𝑒−𝛾 (𝐸2 +𝐵2)

4
𝜌2
]2

×
⎛⎜⎜⎜⎝−𝑑𝑡

2 + 𝜌2𝑑𝜌2

𝜌2 − 4
3

Λ
𝑒−2𝛾 (𝐸2+𝐵2)2

[
1 + 𝑒−𝛾 (𝐸2+𝐵2)

4 𝜌2
]4 + 𝑑𝑧2

⎞⎟⎟⎟⎠
+

𝜌2 − 4
3

Λ
𝑒−2𝛾 (𝐸2+𝐵2)2

[
1 + 𝑒−𝛾 (𝐸2+𝐵2)

4 𝜌2
]4

[
1 + 𝑒−𝛾 (𝐸2+𝐵2)

4 𝜌2
]2 𝑑𝜑2,

 = 𝑒−𝛾𝐸𝑧𝑑𝑡+ 𝐵𝜌2

2
[
1 + 𝑒−𝛾 (𝐸2+𝐵2)

4 𝜌2
]𝑑𝜑.

(28)

As noted in [44], the spacetime in question involves the presence of a 
spinning string. At a fixed 𝑧, we have

lim
𝜌→0

𝑔𝜑𝜑 = −4
3

𝑒2𝛾Λ
(𝐸2 +𝐵2)2

. (29)

When the cosmological constant is positive, removing the string is im-
possible; the parameter 𝛾 can not be used to tune the constants to any 
particular value such that the string is removed. Consequently, the de-
Sitter electromagnetic spacetime also inherits the cosmic string from the 
C-metric [42]. However, if Λ < 0, we can reparametrize the coordinates 
as

(𝑡,𝜑) =

(
𝑡+

2
√
−Λ√

3𝑒−𝛾 (𝐸2 +𝐵2)
𝜑̃, 𝜑̃

)
, (30)

and re-glue the spacetime to eliminate the string. The resulting space-
time is then free of conical singularities. Choosing a negative cosmo-
logical constant also ensures the metric retains a Lorentzian signature. 
By analyzing the Kretschmann scalar, we can further confirm that the 
spacetime is free of curvature singularities for any value of the cosmo-
logical constant

𝑅𝜇𝜈𝜌𝜎𝑅
𝜇𝜈𝜌𝜎 = 8Λ

3
+0, (31)

where 0 corresponds to the value of the Kretschmann scalar given in 
equation (26).

4. Static black holes within the Melvin-Bonnor-ModMax universe

It is well-known that the construction of magnetized black hole solu-
tions [45,46] of the Einstein-Maxwell equations has been made possible 
by exploiting the Lie point symmetries of the field equations [47,48]. 
This approach leverages the symmetries inherent in the equations in or-
der to generate new solutions from known ones. However, this method 
is highly dependent on the specific form of the underlying theory and 
cannot be easily adapted to accommodate even small modifications of 
the action. To illustrate this, even the simple addition of a cosmological 
constant to the action complicates the generalization of the method. This 
constraint is the reason why we use limiting procedures to construct the 
Melvin-(A)dS solution [35,42,44]. The challenges are even more pro-
nounced when considering nonlinear electrodynamics. In these cases, 
the nonlinearity of the field equations breaks the symmetries that the 
Ernst mechanism relies on, rendering this method completely inapplica-
ble. Consequently, constructing (electro)magnetized black holes within 
NLE models becomes a highly nontrivial task. Surprisingly, due to the 
“Maxwell-like” character of static solutions in ModMax, we can embed 
static black hole solutions within the Melvin-Bonnor-ModMax universe. 
Specifically, we construct Schwarzschild and accelerating black holes 
embedded in the ModMax electromagnetic geometry.

The key insights for the existence of such a configuration are twofold. 
First, it is observed in Einstein-Maxwell theory that the presence of a 
Schwarzschild black hole onto the Melvin-Bonnor spacetime modifies 
5

the form of the electromagnetic field in a very precise manner, that it 
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does not alter the magnetic field while introducing the lapse function 
of the line element into the electric component. Second, the Melvin-
Bonnor-ModMax spacetime, just as the C-metric solution [33] and all 
spherically symmetric configurations in ModMax satisfy the key condi-
tion  ∝  , in fact, for the Melvin-Bonnor-ModMax configuration we 
have

 = 𝐵2 − 𝑒−2𝛾𝐸2(
1 + 𝑒−𝛾 (𝐸2+𝐵2)

4 𝜌2
)4 ,  = − 2𝑒−𝛾𝐸𝐵(

1 + 𝑒−𝛾 (𝐸2+𝐵2)
4 𝜌2

)4 . (32)

This enormously reduces the field equations overlapping the spectrum 
of solutions in Einstein-Maxwell and Einstein-ModMax theories modulo 
a constant factor to be redefined.

Hence, the Schwarzschild-Melvin-Bonnor-ModMax black hole takes 
the simple form

𝑑𝑠2 =
[
1 + 𝑒−𝛾 (𝐸2 +𝐵2)

4
𝑟2 sin2 𝜃

]2(
−𝑓𝑑𝑡2 + 𝑑𝑟2

𝑓
+ 𝑟2𝑑𝜃2

)
+ 𝑟2 sin2 𝜃[

1 + 𝑒−𝛾 (𝐸2+𝐵2)
4 𝑟2 sin2 𝜃

]2 𝑑𝜑2,

 = 𝑒−𝛾𝐸𝑟𝑓 cos𝜃𝑑𝑡+ 𝐵𝑟2 sin2 𝜃

2
[
1 + 𝑒−𝛾 (𝐸2+𝐵2)

4 𝑟2 sin2 𝜃
]𝑑𝜑, 𝑓 = 1 − 2𝑚

𝑟
.

(33)

Notice that we have written the metric in spherical-like coordinates to 
favor comparison with the Schwarzschild solution. In this case, we ex-
plicitly obtain

 =

(
𝑓 + 2𝑚

𝑟
cos2 𝜃

)(
𝐵2 − 𝑒−2𝛾𝐸2)(

1 + 𝑒−𝛾 (𝐸2+𝐵2)
4 𝑟2 sin2 𝜃

)4 ,

 = −
2
(
𝑓 + 2𝑚

𝑟
cos2 𝜃

)
𝑒−𝛾𝐸𝐵(

1 + 𝑒−𝛾 (𝐸2+𝐵2)
4 𝑟2 sin2 𝜃

)4 . (34)

The condition  ∝  can be further explored to integrate even 
more intricate black hole spacetimes within the Melvin-Bonnor-ModMax 
background; in fact, it is possible to construct the accelerating extension 
of (33), the C-metric-Melvin-Bonnor-ModMax black hole configuration

𝑑𝑠2 = 1
Ω2

⎛⎜⎜⎜⎝
[
1 + 𝑒−𝛾 (𝐸2 +𝐵2)

4
𝑃𝑟2 sin2 𝜃

Ω2

]2(
−𝑄𝑑𝑡2 + 𝑑𝑟2

𝑄
+ 𝑟2𝑑𝜃2

𝑃

)

+ 𝑃𝑟2 sin2 𝜃[
1 + 𝑒−𝛾 (𝐸2+𝐵2)

4
𝑃𝑟2 sin2 𝜃

Ω2

]2 𝑑𝜑2

⎞⎟⎟⎟⎠ ,
 = 𝑒−𝛾𝐸𝑟𝑓

2cos𝜃 +𝐴𝑟(1 + cos2 𝜃)
2Ω2 𝑑𝑡

+ 𝐵𝑃𝑟2 sin2 𝜃

2Ω2
[
1 + 𝑒−𝛾 (𝐸2+𝐵2)

4
𝑃𝑟2 sin2 𝜃

Ω2

]𝑑𝜑,
(35)

where for simplicity we have defined 𝑄 =
(
1 −𝐴2𝑟2

)
𝑓 , 𝑃 = 1 +

2𝐴𝑚 cos𝜃 and Ω = 1 +𝐴𝑟 cos𝜃, with 𝑓 defined in (33). The invariants 
explicitly read

 =
(
(𝑃 2 +𝐴2𝑚2 sin4 𝜃)𝑟− 2𝑃𝑚 sin2 𝜃

)(
𝐵2 − 𝑒−2𝛾𝐸2)( −𝛾 2 2 2 2 )4 ,
𝑟 1 + 𝑒 (𝐸 +𝐵 )
4

𝑃𝑟 sin 𝜃

Ω2
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 = −
2
(
(𝑃 2 +𝐴2𝑚2 sin4 𝜃)𝑟− 2𝑃𝑚 sin2 𝜃

)
𝑒−𝛾𝐸𝐵

𝑟

(
1 + 𝑒−𝛾 (𝐸2+𝐵2)

4
𝑃𝑟2 sin2 𝜃

Ω2

)4 . (36)

Notice that in all the cases we have exposed, namely, the Melvin-Bonnor-
ModMax and its Schwarzschild and C-metric generalizations, the ratio 
∕ acquires the same value. These black hole spacetimes represent the 
first examples of a black hole ever embedded in an NLE model.

4.1. Novel Kerr-Schild representations

As discussed earlier, the geometric properties and causal structures 
of the spacetimes considered in this work have been extensively exam-
ined in the literature [39,44–46,49]. For this reason, we refrain from 
delving into those aspects further. However, we offer two novel and, to 
the best of our knowledge, intriguing observations concerning unknown 
Kerr-Schild representations of the Schwarzschild-Melvin-Bonnor and C-
metric spacetimes. While our constructions are presented explicitly for 
these geometries within the framework of Einstein-ModMax theory, they 
remain equally applicable in the context of electrovacuum.

We begin by showing that the Schwarzschild-Melvin-Bonnor-Mod-
Max black hole solution (33) can be cast in a Kerr-Schild form. As is well 
known, the Kerr-Schild construction allows mass to be introduced from 
an initially massless seed configuration. Typically, for charged solutions 
such as Reissner-Nordström, Kerr-Newman, or even those of dilatonic 
origin, the potential vector does not depend on the mass. Consequently, 
the Kerr-Schild transformation only acts on the metric and not on the 
electromagnetic field. However, in the solution (33), the gauge field ex-
plicitly depends on the black hole’s mass, necessitating a generalization 
of the Kerr-Schild transformation to account for this dependence. Here, 
we present for the first time a Kerr-Schild construction of this black hole 
solution. As the construction is novel, we will present it step by step for 
clarity. Our starting point is the seed solution, hereafter denoted with a 
0 subscript,

𝑑𝑠20 =𝐻(𝑟, 𝜃)2
(
−𝑑𝑡2 + 𝑑𝑟2 + 𝑟2𝑑𝜃2

)
+ 𝑟2 sin2 𝜃

𝐻(𝑟, 𝜃)2
𝑑𝜑2,

0 = 𝑒−𝛾𝐸𝑟 cos𝜃𝑑𝑡+ 𝐵𝑟2 sin2 𝜃
2𝐻(𝑟, 𝜃)

𝑑𝜑,

(37)

where for simplicity we have defined the function

𝐻(𝑟, 𝜃) = 1 + 𝑒−𝛾 (𝐸2 +𝐵2)
4

𝑟2 sin2 𝜃.

It is simple to see that a null, geodesic, and shear-free one-form field for 
this metric is given by 𝑙 = 𝑑𝑡 − 𝑑𝑟. Hence, let us consider the following 
Kerr-Schild ansatz

𝑑𝑠2 = 𝑑𝑠20 +𝑍(𝑟, 𝜃) (𝑑𝑡− 𝑑𝑟)2 , (38a)

 =0 +𝐴1(𝑟, 𝜃) (𝑑𝑡− 𝑑𝑟) . (38b)

The novelty compared to known static charged solutions as in the 
Reissner-Nordstrom case is that the gauge field is decomposed as a lin-
ear combination of a seed potential 0 and a piece proportional to the 
null vector 𝑙. Moreover, as shown below, this latter piece explicitly de-
pends on the mass. For instance, even in the rotating Kerr-Newmann 
case, one can see that the Maxwell 𝑈 (1)-field, in the Kerr-Schild deriva-
tion has no seed contribution, and although is proportional to the null, 
geodesic and shearfree congruence [50], this factor of proportionality 
only depends on the electric charge.

Starting from such new ansatz (38), and denoting the Einstein-
ModMax equations by 𝜇𝜈 and 𝜇 , one can note that the equation 
𝜃𝜙 = 0 imposes

𝜕 𝐴 (𝑟, 𝜃)
6

𝑍(𝑟, 𝜃) = − 𝜃 1
𝐸𝑟 sin𝜃

𝐻(𝑟, 𝜃)2, (39)
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and that the Maxwell equation 𝜑 = 0 imposes 𝐴1(𝑟, 𝜃) to be as a sepa-
rable sum, i.e., 𝐴1(𝑟, 𝜃) = 𝐹1(𝑟) +𝐹2(𝜃). Additionally, due to the equation 
𝑡𝜑 = 0, one ends up with

𝑑𝑠2 = 𝑑𝑠20 +
2𝑚
𝑟
𝐻(𝑟, 𝜃)2 (𝑑𝑡− 𝑑𝑟)2 , (40a)

 = 0 + 2𝑚𝐸 cos𝜃 (𝑑𝑡− 𝑑𝑟) (40b)

= 𝐸𝑟 cos𝜃
(
1 − 2𝑚

𝑟

)
𝑑𝑡− 2𝑚𝐸 cos𝜃𝑑𝑟

+ 𝐵𝑟2 sin2 𝜃
2𝐻(𝑟, 𝜃)

𝑑𝜑. (40c)

As usual, the off-diagonal terms of the Kerr-Schild metric (40a) can be 
canceled by a change of variable, and hence one yields precisely configu-
ration (33). Additionally, it is also interesting to note that the Kerr-Schild 
transformation (40) has the following remarkable representation

𝑔𝜇𝜈 = 𝑔(0)
𝜇𝜈

−
(2𝑚

𝑟

)[
𝑔
(0)
𝛼𝛽

𝜉𝛼(0)𝜉
𝛽

(0)

]
𝑙𝜇 ⊗ 𝑙𝜈 ,

𝜇 =(0)
𝜇

−
(2𝑚

𝑟

)[(0)
𝛼

𝜉𝛼(0)

]
𝑙𝜇,

(41)

where 𝜉𝛼(0)𝜕𝛼 = −𝜕𝑡 is a timelike Killing vector field.

Continuing with our new Kerr-Schild approach, one can show that 
the C-metric solution (9), as well as the standard C-metric of Einstein-
Maxwell, has also a generalized Kerr-Schild representation, which, to 
our knowledge, has never been put in light before. As in the previous 
case, since this derivation is original, we intend to detail each step. Nev-
ertheless, let us re-derive the solution (9) only in the purely electric case 
and without a cosmological constant. In fact, the cosmological constant 
can be easily incorporated into the seed metric, while the magnetic con-
tribution of the gauge field can be added later by applying duality, as is 
typically done.

We start from the following seed configuration,

𝑑𝑠20 =
1
Ω2

(
−𝑓0𝑑𝑡2 +

𝑑𝑟2

𝑓0
+ 𝑟2

[
𝑑𝜃2

ℎ0
− ℎ0 sin2 𝜃

𝑑𝜑2

𝐾2

])
,

 = −
𝑒−𝛾 𝑞𝑒
𝑟

𝑑𝑡,

(42)

where we have defined

𝑓0 = (1 −𝐴2𝑟2)(1 + 𝑤2

𝑟2
) ,

ℎ0 = 1 +𝐴2𝑤2 cos2 𝜃 ,

Ω= 1+𝐴𝑟 cos𝜃, 𝑤2 = 𝑒−𝛾 𝑞2
𝑒
.

This definition of 𝑓0 should not be confused with the one provided in 
equation (10). It is important to note that the seed metric is a solution 
with signature sgn(2, 2) since the metric component 𝑔(0)𝜑𝜑 < 0. Hence, 
let us operate a double Kerr-Schild transformation on the sgn(2, 2) seed 
metric given by

𝑑𝑠2 = 𝑑𝑠20 +
𝐻1(𝑟)
Ω2 𝑙 ⊗ 𝑙 +

𝑟2𝐻2(𝜃)
Ω2 𝑘⊗ 𝑘, (43)

where we have defined

𝐻1(𝑟) =
2𝑚
𝑟
(1 −𝐴2𝑟2), 𝐻2(𝜃) = −2𝑚𝐴 cos𝜃

ℎ20

, (44)

and, where the null vectors 𝑙 and 𝑘 along which the Kerr-Schild trans-
formations are operated are given by

𝑙 = 𝑑𝑡− 𝑑𝑟

𝑓0
, 𝑘 = 𝑑𝜃 +

ℎ0 sin𝜃
𝐾

𝑑𝜑. (45)

Note that 𝑙, as usual, is geodesic and shear-free. The novelty here is 
that, although 𝑘 is not geodesic, 𝑘𝑎

(
∇𝑎𝑘𝑏

) ≠ 0, the norm of the geodesic 
vector is unexpectedly zero,( ) ( )

𝑘𝑎 ∇𝑎𝑘𝑏 𝑘𝑐 ∇𝑐𝑘

𝑏 = 0. (46)
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Finally, by means of the coordinate transformations

𝑑𝑡→ 𝑑𝑡+
𝐻1(𝑟)

𝑓0(𝑟)
(
𝐻1(𝑟) − 𝑓0(𝑟)

)𝑑𝑟,
𝑑𝜑→ 𝑑𝜑−

𝐾𝐻2(𝜃)(
𝐻2(𝜃)ℎ0(𝜃) − 1

)
sin𝜃

𝑑𝜃,

that eliminate off-diagonal terms, and after the Wick rotation 𝜑 → 𝑖𝜑 in 
(43), the metric (9) is recovered.

In summarize, we have highlighted unexpected aspects of the 
Schwarzschild-Melvin-Bonnor-ModMax solutions (33), as well as the 
C-metric (9), by showing that each of these solutions admits a novel 
Kerr-Schild type representation.

5. A vortex-like background in ModMax

To construct our swirling spacetime in ModMax, it is instructive, as 
a prelude, to revisit the case of the Taub-NUT geometries already ex-
isting in the literature [31,32]. Contrary to the accelerating solutions 
of the previous sections, the Taub-NUT spacetimes, as we will also see 
for the swirling case, the condition  ∝  is not respected, and thus we 
can expect a more significant deviation from Einstein-Maxwell configu-
rations. However,  and  behave in such a way that the integrability 
of the ModMax field equations is not compromised.

The Taub-NUT solutions are described by the line element

𝑑𝑠2 = −𝑓 (𝑟)(𝑑𝑡− 2𝑛 cos𝜃𝑑𝜑)2 + 𝑑𝑟2

𝑓 (𝑟)
+ (𝑟2 + 𝑛2)𝑑Ω2, (47)

where, as usual, 𝑑Ω2 = 𝑑𝜃2 + sin2 𝜃𝑑𝜑2 represents the line element of 
the 2-sphere, and 𝑛 denotes the NUT parameter. Solutions have been 
found for the simplest choice of gauge field, specifically one compatible 
with the underlying 𝑈 (1) Hopf fibration of the spacetime, in which the 
standard monopole contribution proportional to 𝑞𝑚 cos𝜃 is not explicitly 
visible.

Here, we write this solution in the more convenient gauge

 =𝐴𝑡(𝑟)(𝑑𝑡− 2𝑛 cos𝜃𝑑𝜑) + 𝑞𝑚 cos𝜃𝑑𝜑. (48)

The Taub-NUT spacetime in ModMax then takes the form

𝑑𝑠2 = −

(
𝑟2 − 2𝑚𝑟− 𝑛2 + 𝑒−𝛾 (𝑞2

𝑒
+ 𝑞2

𝑚
)

𝑟2 + 𝑛2

)
(𝑑𝑡− 2𝑛 cos𝜃𝑑𝜑)2

+ 𝑑𝑟2(
𝑟2−2𝑚𝑟−𝑛2+𝑒−𝛾 (𝑞2𝑒+𝑞2𝑚)

𝑟2+𝑛2

) + (𝑟2 + 𝑛2)𝑑Ω2,

𝐴𝑡 = −
𝑞𝑒

2𝑛
sin

(
𝑒−𝛾

[
𝜋 − 2arctan

(
𝑟

𝑛

)])
−

𝑞𝑚

2𝑛
cos

(
𝑒−𝛾

[
𝜋 − 2arctan

(
𝑟

𝑛

)])
+

𝑞𝑚

2𝑛
.

(49)

Following the same procedures outlined in [31,32], it is straightfor-
ward to verify the limits of (49) to its standard Einstein-Maxwell form 
[44] and to the dyonic Reissner-Nordström solution in ModMax [29,30]. 
The existence of these solutions hinges on how the ModMax interaction 
specifically modifies the Maxwell equations. Having the following elec-
tromagnetic invariants

 = −(𝐴′
𝑡
)2 +

(
2𝑛𝐴𝑡 − 𝑞𝑚

𝑟2 + 𝑛2

)2
,  =

2𝐴′
𝑡
(2𝑛𝐴𝑡 − 𝑞𝑚)
𝑟2 + 𝑛2

(50)

the ModMax equation modifies the standard Maxwell equation by intro-
ducing different constant pre-factors in front of each term of the Maxwell 
differential equation to be solved. However, the fundamental structure 
of the equation remains unchanged

𝛾 ′′ 𝛾
2𝑟𝐴′

𝑡 −𝛾 2𝑛(2𝑛𝐴𝑡 − 𝑞𝑚)
7

𝑒 𝐴
𝑡
+ 𝑒

𝑟2 + 𝑛2
+ 𝑒

(𝑟2 + 𝑛2)2
= 0, (51)
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up to the exponentials of the 𝛾 parameter. The overall integration of the 
ModMax equation is therefore not compromised, but the form of the 
gauge potential is slightly modified, yielding solution (49). Due to the 
presence of 𝑒−𝛾 inside the trigonometric sine and cosine functions, this 
solution does not reduce to the usual form in Einstein-Maxwell theory. 
The key point behind this simplification is the form of the gauge po-
tential, particularly the term proportional to 𝜔𝐴𝑡, the induced magnetic 
term due to the stationarity of the spacetime.

To broaden the spectrum of solutions in Einstein-ModMax theory, it 
is wise to adopt a similar approach and seek an electromagnetic config-
uration where an induced field of the previous form is achieved. We can 
draw on insights from the Ernst approach to Einstein-Maxwell theory 
[47,48]. It is known that the Reissner-Nordström-NUT spacetime can be 
obtained, in addition to direct integration, through the successive appli-
cation of an electric Harrison transformation [27], which transforms a 
Schwarzschild spacetime into a Reissner-Nordström configuration, fol-
lowed by an electric Ehlers transformation that ultimately introduces the 
NUT parameter [28,51]. Due to the structure of these electric transfor-
mations, the so-called twisted Ernst equations—integrability conditions 
of the Einstein-Maxwell system expressed in terms of complex Ernst 
potentials—naturally induce a magnetic gauge field component of the 
desired form, specifically proportional to 𝜔𝐴𝑡. The most promising ap-
proach to introduce a new stationary spacetime in Einstein-ModMax 
with the desired electromagnetic configuration is to consider a Melvin-
Bonnor spacetime endowed with a vortex-like rotation [44,52]. A space-
time closely related to the Taub-NUT spacetime is the swirling or vortex-
like spacetime [24–26]. Unlike the standard Kerr-like rotation, where 
the spacetime itself does not rotate unless a rotating source induces 
nontrivial dragging, the swirling geometry features a background that 
rotates and drags bodies along with it, rather than being dragged by 
a source. Given that mixing electric and magnetic Ehlers or Harrison 
transformations disrupts the commutativity of the process, and after 
analyzing these backgrounds in [44], an educated guess guides us to con-
sider a Melvin-Bonnor-Swirling spacetime, which in the Ernst scheme 
is constructed by composing a Harrison transformation with an Ehlers 
transformation of the magnetic type, thereby providing a gauge field 
with an induced electric field of the desired form via the corresponding 
twisted equations, ∼ 𝜔𝐴𝜑. With this approach, the integration of the 
Einstein-ModMax equations remains intact, just as with the Taub-NUT 
case. The relevant Maxwell equation, specifically the magnetic compo-
nent (noting that the swirling spacetime can be viewed as a variant of 
the Taub-NUT geometry achieved through a magnetic Ehlers transfor-
mation), differs from the Einstein-Maxwell case only in the pre-factors in 
front of each term of the differential equation. In this case, the equation 
reads

𝑒−𝛾𝐴′′
𝜑
+
(
2𝑉 𝑉 ′ − 𝑉 2 − 3𝑗2𝜌4

𝜌

)
𝑒−𝛾𝐴′

𝜑

(𝑉 2 + 𝑗2𝜌4)

+
4𝑗(𝐸 + 4𝑗𝑒𝛾𝐴𝜑)𝜌2

(𝑉 2 + 𝑗2𝜌4)2
= 0.

(52)

See below for the ansatz of the line element and gauge field, Eq. (54). 
Notice that, as well as in the Taub-NUT case, the electromagnetic in-
variants  and  are not proportional to each other

 =
𝐴′2
𝜑

𝜌2
−

(
4𝑗𝐴𝜑 + 𝑒−𝛾𝐸

)2
(𝑉 2 + 𝑗2𝜌4)2

,  = −
2𝐴′

𝜑

(
4𝑗𝐴𝜑 + 𝑒−𝛾𝐸

)
(𝑉 2 + 𝑗2𝜌4)𝜌

. (53)

The Melvin-Bonnor-Swirling-ModMax spacetime configuration, here 
presented for the first time, reads

𝑑𝑠2 = 𝜌2

𝑉 2 + 𝑗2𝜌4
(𝑑𝜑+ 4𝑗𝑧𝑑𝑡)2 +

(
𝑉 2 + 𝑗2𝜌4

)(
−𝑑𝑡2 + 𝑑𝜌2 + 𝑑𝑧2

)
,

 = (𝑒−𝛾𝐸𝑧+ 4𝑗𝑧𝐴𝜑)𝑑𝑡+𝐴𝜑𝑑𝜑,

(54)
where
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𝑉 = 1 + 𝑒−𝛾 (𝐸2 +𝐵2)
4

𝜌2,

𝐴𝜑 = 𝑒−𝛾𝐵

4𝑗
sin

(
𝑒𝛾

[
𝜋 − 2arctan

(
𝑉

𝑗𝜌2

)])
+ 𝑒−𝛾𝐸

4𝑗
cos

(
𝑒𝛾

[
𝜋 − 2arctan

(
𝑉

𝑗𝜌2

)])
− 𝑒−𝛾𝐸

4𝑗
.

(55)

Recall that, in this case, the integrated function is the magnetic function 
𝐴𝜑, rather than 𝐴𝑡. This magnetic function induces an electric field of 
the desired form ∼ 𝜔𝐴𝜑. Additionally, a background electric field of the 
form 𝑒−𝛾𝐸𝑧 serves the same role as the 𝑞𝑚 cos𝜃 term in the Taub-NUT 
analog (49).

Just as in the Taub-NUT case, the line element is only slightly modi-
fied by the inclusion of the screening factor 𝑒−𝛾 , which means a detailed 
analysis of the causal structure is not necessary, as it has been addressed 
in [44]. However, the electromagnetic configuration does undergo sig-
nificant modification. Nevertheless, the corresponding Einstein-Maxwell 
and Melvin-Bonnor-ModMax limits are properly recovered for 𝛾 → 0
and 𝑗 → 0. In fact, the Einstein-Maxwell Melvin-Swirling spacetime of 
[44,52] is recovered, as seen from the expansion

 =(0) + 𝛾(1) +(𝛾2), (56)

with

(0) =
[
𝐸(𝑉 2 − 𝑗2𝜌4)𝑧
𝑉 2 + 𝑗2𝜌4

+ 2𝑗𝐵𝑉 𝜌2𝑧

𝑉 2 + 𝑗2𝜌4

]
𝑑𝑡

+
[

𝐵𝑉 𝜌2

2(𝑉 2 + 𝑗2𝜌4)
− 𝑗𝐸𝜌4

2(𝑉 2 + 𝑗2𝜌4)

]
𝑑𝜑,

(57)

(1) = −(0) +
(
𝐵(𝑉 2 − 𝑗2𝜌4)
𝑉 2 + 𝑗2𝜌4

− 2𝑗𝐸𝑉 𝜌2

𝑉 2 + 𝑗2𝜌4

)
×
(
8𝑗(𝐸2 +𝐵2)𝜌4

𝑉 2 + 𝑗2𝜌4
+ 𝜋 − 2arctan

(
𝑉

𝑗𝜌2

))
×
(
𝑧𝑑𝑡+ 𝑑𝜑

4𝑗

)
,

(58)

and where 𝑉 corresponds to the polynomial 𝑉 evaluated at 𝛾 = 0. 
Furthermore, the Melvin-Bonnor-ModMax configuration constructed in 
Section 2 is easily retrieved in the 𝑗 = 0 expansion

 ∼ 𝑒−𝛾𝐸𝑧𝑑𝑡+ 𝐵𝜌2

2𝑉
𝑑𝜑+(𝑗), (59)

the leading order corresponding to the desired gauge field producing 
the expression (25). Indeed, the swirling geometry of pure vacuum is 
obtained via (𝐸, 𝐵) → 0.

6. Conclusions and further prospects

In this paper, we have extended the study of black hole solutions 
within the framework of Einstein-ModMax theory. Building on the ex-
isting catalog of exact solutions and considering the prevalent limita-
tions in the characterization of rotating solutions, we have constructed 
Melvin-Bonnor and vortex-like geometries. Specifically, we have de-
rived a Melvin-Bonnor-ModMax background, along with its (A)dS ex-
tension, and used these insights to construct, for the first time, both 
Schwarzschild and C-metric Melvin-Bonnor black holes immersed in the 
ModMax theory. Although the properties of these spacetimes closely 
resemble their Einstein-Maxwell counterparts, and therefore a detailed 
re-examination of their causal structures is not required, we present two 
novel contributions. We identify a previously unnoticed aspect of the 
Schwarzschild-Melvin-Bonnor-ModMax solution (33) and the C-metric 
solution (9). In particular, we show that both solutions can be refor-
mulated through two distinct novel Kerr-Schild-type representations. 
These representations not only offer a fresh perspective on these famil-
iar spacetimes but also unveil structural features that were previously 
hidden in their traditional forms. By introducing these innovative Kerr-
8

Schild frameworks, we provide new insights that may have significant 
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implications for the study of charged black hole solutions. It is important 
to note that the significance of these results is partly due to the fact that 
these constructions remain equally valid in the standard electrovacuum 
case by simply taking the limit 𝛾 → 0.

In the context of stationary solutions, we also present, for the first 
time, a vortex-like solution, referred to as the Melvin-Bonnor-Swirling 
background in ModMax. The necessary intuition for constructing this 
solution was drawn from the previously known Taub-NUT solutions in 
ModMax [31,32], which for our purposes have been written in the con-
venient gauge (48).

There are several promising directions for further exploration of the 
Einstein-ModMax theory, building upon the work we have presented 
here. One interesting avenue is embedding static and accelerating black 
holes within the Melvin-Bonnor-Swirling-ModMax background. Based 
on our understanding, the challenges we have faced are primarily due 
to computational limitations rather than conceptual ones, leading us to 
believe that these black hole solutions belong to the spectrum of ex-
act solutions in Einstein-ModMax theory. Additionally, following the 
approach in [53], the solutions presented here can be generalized to 
include a scalar field with conformal coupling. Moreover, these solu-
tions can be further extended by introducing a (super-)renormalizable 
potential that breaks the conformal symmetry of the scalar field action, 
as discussed in [54].

Another valuable direction would be the full generalization of the 
Ernst scheme [47,48] for ModMax theory. Although achieving a com-
prehensive formulation of Einstein-ModMax theory using complex Ernst 
potentials will likely require significant effort, investigating potential 
Lie point symmetries, such as those identified in more complex systems 
[55,56], may yield valuable insights.

Lastly, a major and highly nontrivial challenge lies in constructing 
rotating solutions within ModMax theory. We aim to report progress on 
this in future work.
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