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668 GROUP THEORY IN PHYSICS

(cf. Example V of Chapter 2, Section 7). For such a transformation
(17.4)

OMnEI.R_ml v1w| Nb - GwnwlRwl QN| Nw.

and, conversely, any linear transformation of the form of Equation

(17.1) for which Equation (17.4) holds must satisfy Equation (17.2). L
is a non-compact linear Lie group (see Example IV of Chapter 3,
Section 3).

The set of transformations T for which det A(T)=1 form an. in-
variant subgroup of L called the “proper homogeneous Lorentz

group”, which will be denoted by L,. The subgroup of L, consisting of
transformations T such that A(T)., >0 forms the component of L (and
of L,) that is connected to the identity. This subgroup is known as the
“proper orthochronous Lorentz group”, and is denoted by L (cf.

Chapter 3, Section 6). The groups L, L, and L} are isomorphic to
0(3, 1), SO(3, 1) and SO,(83, 1) respectively (see Chapter 3, Section 6).

The real Lie algebra of SOy(3, 1) is so(3, 1), which consists of the
set of 4 X4 real matrices a such that

ag+ga=0.

As noted in Example IV of Chapter 13, Section 3, a convenient basis
of so(3,1) is provided by

"0 0 0 O 00 -1 07 )
J fo oo 4 oo 00
4 ™7y 210 0 R%*T|10 o0o0f
0 000 00 00
"0 10 0 "0 0 0 —1T
1000 000 0 :
= - 17.6)
,\umw oooo.R? 000 of [ 179
L 0000 -1 00 o]
[0 0 0 O [0 0 0 O
\«m|o ooL&muoooo
2 210 00 of “Y*lo o0 o0 -1
[0 -1 0 0 o 0 -1 o] |

The one-parameter subgroups generated by a,, a, and a; correspond ;

to rotations in R® about the axes Ox, Oy and Oz respectively, while
the one-parameter subgroups generated by a,, a5 and ag correspond to

standard Lorentz transformations along Ox, Oy and Oz respectively.

(17.5).

— M0 o Yoy Coru mell

- boor(y

g HOMOGENEOUS LORENTZ AND POINCARE GROUPS 669
S Forp,q=1,2,3, J
SR E AR
r‘ «m, _H”w: mnu = M Epgray,
S 7 r=1
k. / e y
., 2 Nr\\—\ ﬁ = IM\Q.N? Q&A HNH. Wn +wu_ = |1M~ mvnqﬁ.1+wv ¢ A..—..N.Nv

= 5
2 NN_ . \A M« mx,.\N ,\r (a,.3,a4.3]= qMH €parr, L

£ where ¢,,, is defined in Equations (10.20). The real Lie algebra
: s0(3, 1) is simple, but not compact.
: However, with the 4 x4 matrices al, ab,

>\,_r

R

..., ag defined by

a,=3(a, +ia,,s), H”
_ ) . (17.8)

. >\ ”U,ﬁw = Wﬁmv - «”U+Wvu

& for p=1,2, 3, it follows that
E -2 )
___ VAL CAPA R Y
) r=1
5 >\d A [a),a,,5]1=0, > (17.9)

—_ -_— 3
N / Y [ap .5, a5 5] =— M €pqrar.3,
r=1 )
L (. Mxm.Bv_o. IV of Chapter 13, Section 3). This implies that the
complexification £ of ¥ =s0(3,1) is semi-simple but is not simple,

1 M%m that & is actually isomorphic to A, DA, (cf. Chapter 14, Section

, It is sometimes convenient to use a different notation for the basis
- elements of so(3, 1) and define L,,(\,n=1,2,3,4) by

Hme =a,
HLNA = a;,

Li;=a,, L;,=a
31 25

(17.10)

Li,=a, Li,=a,,

L,.=-L,,
- (which implies that L,; =L,, = Lss=L,=0).
tions (17.6) and (17.10) shows that

(L) g (17.12)
for all A, u, @, B=1,2, 3, 4. Then L,, generates a “rotation” in the Al

(17.11)

Comparison of Equa-

i = |mm> 8o t MmFm.o;
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