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We discuss the issue of defining and measuring conical deficits (conicity) in spacetimes with
the torsion singularity such as the Misner string in Taub–NUT spacetime. We propose a geometric
definition that generalizes the standard notion of conicity to stationary axially symmetric spacetimes
with torsion singularity, where the conical deficit becomes observer-dependent — it depends on
the choice of a timelike Killing vector. This implies the existence of observers who perceive no
conical singularity along the symmetry axis. As a result, in any spacetime with a non-vanishing
NUT parameter, there are observers for whom the conicity has the same value on both semi-axes.
This challenges the usual interpretation of conicity differences as indicators of string/rod-induced
acceleration along the axis. We illustrate our definition across the full Plebański–Demiański class,
including the recently identified accelerated Taub–NUT solution. Our attempts in determining a
canonical observer lead to even less desirable definitions of conicity.

I. INTRODUCTION

Many axially symmetric solutions of general relativity possess a singular symmetry axis [1, 2]. The simplest
example is the conical singularity. On a distinguished spacelike 2-surface (constant in time and perpendicular to
the axis), it is understood as a deficit or excess of an angle parameterizing the orbits of the axial symmetry, such
that the 2-surface locally resembles a cone. It is a standard example of the so-called quasi-regular singularity [3–5],
i.e., a singular boundary point to which the Riemann tensor in any frame parallel-propagated along any curve is
regular, and yet the spacetime is not globally extendable through it; it is typically locally extendable. The reason
for the incomplete curves being inextendible is not due to diverging curvature but due to the lack of differentiable
structure at the cone’s tip — the putative tangent space would essentially have too many or too few directions. To
characterize the conical singularity one typically associates a quantity measuring the deviation from a regular point
(with neighborhood being diffeomorphic to flat 2-space), called the conical deficit δ or conicity C = 1− δ/(2π). It
is defined as the limit, for small radius, of the orbit’s circumference divided by 2π times the radius (all within the
2-surface). The simplest spacetime with a conical singularity is obtained from the global Minkowski spacetime by
removing a 4-dimensional wedge bounded by two 3-half-spaces meeting along an axis and identifying them at same t,
ρ, z in cylindrical coordinates [2, 6]. Based on calculations with (non-linear) distributions, this has been interpreted
as describing a cosmic string/strut that is under tension/stress [7, 8]. Apart from this locally flat example, it also
occurs in other exact solutions. The most prominent is the C-metric [9–11] describing black holes which accelerate
due to the tension/stress of cosmic strings/struts represented by conical singularities [12, 13]. When compared to flat
cosmic string spacetime, here the conical singularity cannot be globally eliminated by changing the identification of
spacetime points. At best, it can be moved from one semi-axis to another. Conical deficits play an important role in
the black-hole thermodynamics of the C-metric [14–18].

Another important quasi-regular singularity occurring in well-known exact solutions is the torsion singularity [2, 19]
with the simplest example being the spinning cosmic string/strut [19–22]. It differs from the non-spinning cosmic
string construction from the global Minkowski spacetime by identifying the two semi-3-spaces such that they are
shifted by a constant in time coordinates t (at the same ρ and z) and is characterized by this time-shift. [Similarly,
one could also construct the ‘screw dislocations’ by shifts in z (instead of t) or ‘boost dislocations’ by boosts in the
t–z plane, all of which can be characterized in terms of the affine holonomy and interpreted as distributional torsion
[22–24] in contrast to distributional curvature for conical singularity arising from linear holonomy [25]. We will not
consider these generalizations here.] Unlike the conical singularity, the torsion singularity is typically accompanied
by a region of closed timelike curves in its vicinity of the axis. A well-known example of a spacetime with the torsion
singularity, which is then usually refereed to as the Misner string, is the Taub–NUT spacetime [26, 27]. In this work,
we adopt Bonnor’s interpretation [28–30], in which the time direction is not considered periodic and the Misner string
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is treated as a physical singularity. (Alternatively, there exists Misner’s construction [31], which regularizes the axis
by imposing special time periodicity — at the cost of turning the horizon into a quasi-regular singularity [32] and
introducing more prominent regions of closed timelike curves.) Similar to the conical singularity in the C-metric, the
torsion singularity cannot be globally eliminated by changing the identification of spacetime points — unlike in the
case of the flat spinning cosmic string spacetime. It can only be transferred from one semi-axis to another. A revival
of the Taub–NUT spacetime (without time periodicity) came with [33, 34], which demonstrated that geodesics may
be formally continued through the axis.1 Most studies focused on the black-hole thermodynamics of Taub–NUT, with
several proposals put forward [35–41].

The list of known spacetimes that includes either conical or torsional singularity or both is long. Among the most
famous ones are spacetimes belonging to Plebański–Demiański class [42], i.e., a generic Petrov type D electrovacuum
solutions of Einstein’s field equations, with better coordinates and various properties investigated in [43–46]. Recently,
it was extended to also include the combination of C-metric and Taub–NUT [47], the accelerated Taub–NUT spacetime.
This solution is of Petrov type D and should not be mistaken for the previously known solution by Chng, Mann, and
Stelea [48] (interpreted in [49]), which is of Petrov type I.

In this work, we address the issue of calculating the conical deficit in the presence of torsion singularity. Naively,
the conicity should be given by the limit of the ratio of the circumference of small circles around the axis to 2π times
their radius. The problem with the torsion singularity arises due to the fact that the only closed orbits of Killing
vectors near the axis have non-vanishing length in the limit of small radius; hence, we get the infinite conicity. The
immediate generalization of the definition is to consider an orbit of a Killing vector that vanishes towards the axis
instead. Unfortunately, the price to pay for this is that the corresponding orbits have an infinite length unless we
choose a finite segment of them. This introduces arbitrariness, which can be reformulated into observer-dependence.
If the torsion singularity is absent, e.g., in the C-metric, the result does not depend on any observer.

A few hints of problems with the conical deficit in the presence of a torsion singularity have appeared in the prior
literature. First, it was indirectly noticed that a different Killing vector is needed already in [43–46], but it was not
realized that its orbit is not closed and the integration segment (which is not a circle) was unknowingly fixed by
the used coordinates. An important indication of the extra arbitrariness was observed in [50], where the conicity of
the (higher-dimensional) Kerr–NUT–(A)dS spacetime was found to depend on an additional freedom associated with
the choice of timelike Killing vector. A similar observation appeared in papers concerned with the generalization of
Misner’s construction to (accelerated) Kerr–NUT–(A)dS spacetimes [51–53], where it was proposed to calculate the
conicity in the auxiliary space of orbits of a generic Killing vector, on which such a orbit-space conicity naturally
depended. Despite this, the problem was somewhat overlooked and not sufficiently explained in the above references
for the lack of a rigorous coordinate-independent definition of (spacetime) conicity that would be applicable to any
stationary axially symmetric spacetime with a torsion singularity.

Let us mention that we focus on the kinematical character of the conicity. Our goal is to identify the conicity as
a property of the metric and other geometric structures (e.g., the choice of a Killing vector). We do not study its
relation to potential matter sources causing the geometry. Although it is important and relevant, we do not seek
a precise link between the conicity or the time shift and physical properties such as the energy density, tension, or
angular momentum of the involved sources. Our priority is to clarify the geometric nature of the singularity first.

The paper is structured as follows: After giving the motivation and a general overview in Sec. II, in Sec. III we
provide a new geometric definition of conicity that applies to such spacetimes and only requires identifying a Killing
vector that defines the axis and comparing it with one that has closed orbits. In Sec. IV, we relate our definition to
the standard notion of conical deficit, which is appropriately extended to cases with torsion singularity. In Sec. V,
we apply our definition to several examples within Plebański–Demiański class. In each case, we calculate the conicity
and time-shift, and identify the observers who measure no conical deficit, and others who detect no conicity difference
between the two semi-axes. Finally, in Sec. VI, we conclude with a brief summary of the results and a discussion of
various attempts to define a canonical observer, none of which ultimately proves fully satisfactory.

II. GENERALIZED STATIONARY AXISYMMETRIC SPACETIMES

Our goal is to extend the usual definition of conicity to a more general class of spacetimes where the direct intuitive
definition fails. We focus on general stationary axisymmetric spacetimes with a generalized (possibly singular) axis
of rotational symmetry. The singularity localized on the axis is taken to be associated solely with the rotational
symmetry. In a closed neighborhood of the axis, the spacetime is assumed to be regular, though it may not be
possible to extend it regularly all the way to the axis.

1 Despite this fact, the axis should not be viewed as consisting of regular points of the manifold. The torsion singularity prevents the
neighborhood of the axis from being diffeomorphic to the flat spacetime.
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This structure is typically associated with a singular source on the axis, known as a (possibly spinning) cosmic
string. There are attempts in literature to describe such sources in a distributional sense; however, due to possible
high non-regularity of the axis and non-linearity of the Einstein equation, this approach requires major modifications
to distribution theory [8]. We do not follow this theory-dependent approach here. Instead, we describe the singular
axis via its neighborhood and define conicity using geometric quantities there.

Let us first intuitively identify the structures related to the symmetries of the spacetimes under consideration. We
will formulate them more rigorously in the next section.

Our aim is to describe a spacetime with an axis of symmetry. Although the axis itself may not be a regular
part of the spacetime, we nevertheless refer to its neighborhoods as ‘near the axis’, assuming they are well-defined.
Importantly, we require the spacetime to admit two independent commuting symmetries. One of them corresponds
to the stationarity near the axis. It is generated by a stationary Killing vector t which is timelike and non-vanishing
near the axis. The second symmetry is usually referred to as axial or rotational symmetry. We use this ambiguity in
naming to distinguish two features that coincide in regular cases but differ in general.

By rotational symmetry we mean the symmetry with closed orbits which are at least in some part of spacetime
spacelike. It is generated by a Killing vector c, which we call cyclic. It is expected to be spacelike in a domain of the
spacetime, and in this domain, it generates a rotation in a traditional sense. However, the cyclic Killing vector does
not have to be spacelike near the axis!

Any combination of the stationary and cyclic Killing vectors also generates the symmetry. We assume that one of
them, the axial Killing vector a, generates axial symmetry. Namely, it identifies the generalized symmetry axis by
the requirement that it is spacelike near the axis and its norm vanishes when approaching the axis. Moreover, we
normalize the axial vector so that its norm |a| corresponds to radial distance from the axis.

In regular axisymmetric spacetimes, rotational and axial symmetry coincide. They are generated by the same
Killing vector. However, already in the case of a plain conical singularity generated by changing periodicity in the
angular direction of a regular axisymmetric spacetime, the cyclic and axial Killing vectors differ. They differ by a
normalization. The cyclic Killing vector is normalized to have 2π-periodic orbits. The normalization of the axial
Killing vector is related by the approach of its norm to the axis. The factor between these two Killing vectors is
exactly the conicity in the common sense.

However, the axis of the spacetimes under study may be more singular. A typical example is a spacetime with
a torsion singularity obtained by cutting a regular spacetime along a surface and regluing the created surfaces with
an arbitrary symmetry shift (we will discuss particular examples below). This causes the orbits of the near-the-axis-
spacelike axial Killing vector to become open, not closed into circles. The cyclic Killing vector with closed orbits must
then be a combination of the axial and stationary Killing vectors, which results in its closed orbits being timelike near
the axis. This construction is characterized by the conicity and time-shift parameters introduced in the regluing. An
interesting feature of the studied spacetimes is the possibility that there may exist different axial Killing vectors near
different parts of the symmetry axis. This allows conicity and time-shift to vary along the axis.

In our discussion, we explore two related structures: global identification of the axis by Killing vectors and a
local limiting procedure along specifically selected classes of curves to identify axis points. On the global side, we
assume the existence of independent symmetries. It means that the spacetime possesses a two-dimensional group of
symmetries generated by a two-dimensional Abelian Lie algebra Γ of Killing vectors. Killing vectors are rigid enough
to define global structures, such as foliation by their orbits. As we described, the closed orbits determine the rotational
symmetry, and the existence of the axial Killing vector identifies the axis.

However, global Killing vectors alone are not sufficient. We also need to distinguish various points on the generalized
axis. Unfortunately, the generalized axis cannot always be treated as formed by regular points in the manifold M .
Nevertheless, there exist various ways of attaching the set of points to M to represent the boundary points ∂M , for
example, by the constructions known as the g-boundary [54], b-boundary [32, 55], etc. However, in our opinion, none
of these constructions is fully satisfactory in giving a comprehensive understanding of the structure of the generalized
axis. Depending on the spacetime and boundary construction used, the extension/completion M ∪ ∂M may not even
be Hausdorff, let alone have a differentiable structure (of a manifold with a boundary).

Nevertheless, the important aspect for us is that in all these constructions the boundary points ∂M are determined
solely by the properties of regular points in M , and one can uniquely identify families of incomplete geodesics (or
other curves) with their ‘endpoints’ in ∂M . We will use exactly this common feature of the boundary constructions.
It allows us to speak of approaching a point on the axis as a limiting process along a chosen class of curves.

In this work, we will not select a particular boundary construction. Different constructions can yield a boundary
(representing the generalized axis) with various coarseness of point resolution. Various constructions could, for
example, represent the axis of a plain conical singularity as: i) a two-dimensional set of points (a point representing
different position and time on the axis); or ii) a three-dimensional cylinder S1 ×R2 (each point represented by a class
of curves approaching the axis from one angular direction, keeping thus a directional information for the points on
the axis); or iii) a single point (erasing thus a significant information about the structure of the axis). We allow ‘fine-
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grained’ resolution of axis points, but assume it is not too coarse. Namely, we allow only such boundary constructions
in which all important characteristics, such as norms and products of Killing vectors, approach the same values along
all curves from the class specifying a single boundary point. We discuss a particular boundary construction — the
g-boundary — in the spinning cosmic string spacetime (Apx. A) as a prototypical example of a torsion singularity.
Similar features are expected in spacetimes with a NUT parameter, although we do not explicitly construct the
g-boundary there.

III. NEW GEOMETRIC DEFINITION OF CONICITY

Let us consider a general stationary axially symmetric spacetime, i.e., a Lorentzian manifold (M, g) with a
2-dimensional commutative group of symmetries generated by a 2-dimensional Abelian algebra of Killing vectors Γ.
If the spacetime has more than two independent Killing vectors (e.g., in the case of spherical symmetry), we choose
Γ to be the subalgebra of the full algebra of symmetries with such properties.

We assume that the spacetime is periodic when circumventing the generalized axis. The periodic direction is
generated by a unique global cyclic Killing vector c ∈ Γ. It has closed orbits, and we normalize it in such a way that
the parameter of its flow has the period 2π.
Furthermore, the spacetime is stationary. It contains a (at least somewhere) timelike Killing vector t ∈ Γ with

non-closed orbits. Killing vectors t and c are linearly independent and generate the Lie algebra Γ. We are interested
in the stationary Killing vectors, which are timelike near the symmetry axis. However, such a Killing vector is not
unique. Γ contains infinitely many non-cyclic timelike Killing vectors. They correspond to various stationary observers
revolving near the symmetry axis.

Every orbit generated by Γ is a 2-dimensional surface locally isometric to Minkowski space, which, we assume, has
the topology R× S1. The space of orbits could be labeled by two parameters. Intuitively, one represents a ‘radial
coordinate’ and the other a ‘position’ along the axis (an analogue of ρ and z in cylindrical coordinates).

Let us discuss first the case of a spacetime with a regular axis. In this case, the orbits of the cyclic Killing vector
c are spacelike and shrink to a vanishing length when approaching the axis. In other words, the cyclic Killing vector
has fixed points on the axis. Namely, a regular (symmetry) axis point is defined as a regular point in the manifold
that is a fixed point of c, i.e., the point x ∈ M where the cyclic Killing vector vanishes,

c
∣∣
x
= 0 . (3.1)

The set of these points forms a regular (part of the) axis. It is a 2-dimensional timelike surface and c is spacelike in
its vicinity. Furthermore, a necessary condition that ensures smooth Lorentzian geometry in the vicinity of the axis
is the elementary flatness condition [1, 56–58],

lim
|c|→0

∣∣d|c|∣∣ = 1 , (3.2)

where d is the gradient and |•| denotes the norm of a spacelike vector, |c| = √
c · g · c. Observe that d|c| is spacelike,2

so its norm is well-defined. The regular part of the axis has no conical singularity, meaning that the conicity we define
below is trivial, C = 1.

Next, let us turn to the discussion of a singular axis. As we said in the previous section, in general, it cannot be
represented as a set of regular points in spacetime M . The singularity cannot be removed by extension of (M, g)
into a larger spacetime (M ′, g′) containing it as a regular interior point. Furthermore, we want to consider only such
a singular axis that does not exhibit (scalar or non-scalar) curvature singularities. We thus assume that the local
geometry remains well-behaved in the vicinity of the singular axis, yet no extension is possible, i.e., it is a quasi-regular
singularity in the terminology of [3].

We will deal with the singular axis by adding generalized boundary points ∂M to the spacetime, which represent the
axis. Each boundary point x ∈ ∂M is characterized by a suitable class of curves, which we understand as approaching
the given boundary point x. In the following, when we refer to approaching the axis or taking a limit toward a point
on the axis, we mean the limit along the curves from the class representing the point.

There exist several such constructions, and we do not specify a particular one. However, we state the necessary
conditions that such a construction must satisfy.

2 For v ∈ Γ, the gradient d|v| is annihilated by any w ∈ Γ (thanks to w · d|v| = £w|v|, £wg = 0, and £wv = [w,v] = 0). Since orbits
of Γ are Lorentzian, d|v| must be spacelike.
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First, the existence of the singular axis has to be indicated by the existence of the axial Killing vector. We require
that the spacetime admits a Killing vector a ∈ Γ which becomes spacelike and its norm vanishes when we approach
a generalized axis point x ∈ ∂M ,

|a| → 0 . (3.3)

We also require that the scalar products of the axial Killing vector with other Killing vectors from Γ vanishes,

a · g ·w → 0 , ∀w ∈ Γ , (3.4)

and that the limits of scalar products of Killing vectors from Γ are independent of the choice of a curve from the class
representing x ∈ ∂M ,

v · g ·w → a well-defined finite value , ∀v,w ∈ Γ . (3.5)

The first two conditions substitute for the condition (3.1) valid in the regular case. We cannot require a → 0 since
the generalized axis points do not have, in general, a well-defined tangent structure, and the axial Killing vector a
is not well defined as a vector at these points. Therefore, we have to rely only on the projections onto other Killing
vectors, since we can only limit scalar quantities when approaching the axis. The last condition (3.5) is a natural
consistency condition imposed on the boundary point construction.

Finally, we also employ an analogy of the elementary flatness condition (3.2). We require

lim
|a|→0

∣∣d|a|∣∣ = 1 . (3.6)

Intuitively, the norm |a| plays the role of a radial coordinate around the axis, the surfaces |a| = const are 3-dimensional
cylinders S1 ×R2 wrapped around the axis. The gradient d|a| points in the radial direction, and the condition (3.6)
guarantees that |a| measures the radial distance.
After we have specified in more detail the procedure for approaching the axis, we can make our requirement on the

stationary Killing vector near the axis more precise. For each generalized point on the axis, we assume the existence
of a stationary Killing vector t which is timelike, with a non-vanishing square-norm, when approaching the axis point,

t · g · t → −ν2 < 0 . (3.7)

For a given generalized axis point x ∈ ∂M , the axial Killing vector a is given uniquely (up to orientation). Moreover,
all Killing vectors different from the axial one become timelike near the axis. Indeed, any other Killing vector v ∈ Γ
can be written as a combination of the axial vector a and the stationary Killing vector t, v = vaa+ vtt, with va, vt

being real constants. Using (3.3), (3.4), and (3.7), we have v · g · v → −(vt)2 ν2. It means that v is a timelike vector
with nonvanishing square-norm except for vt = 0. The Killing vector v is thus either stationary or proportional to
the axial vector. (In the latter case, the condition (3.6) applied to v then implies that v = ±a.) Moreover, the cyclic
Killing vector c is either equal to the axial one (the regular axis), non-trivially proportional to the axial one (a conical
singularity), or timelike with non-vanishing square-norm (a torsion singularity).

Although the axial Killing vector is unique for a given axis point, different axis points can be associated with
different axial Killing vectors. The simplest example is that axial vectors a1 and a2, associated with two axis points
x1 and x2, are proportional to each other, but different, since the condition (3.6) may fix different normalizations in
the two points. More complicated cases will be discussed below.

The set of all singular axis points sharing the same a is the singular (part of the) axis associated with a. There
is just one cyclic Killing vector c but there may be multiple distinct non-cyclic axial Killing vectors aι labeled by ι.
The cyclic Killing vector may become the axial on a part of the axis. The entire (generalized) axis of the spacetime
can thus be formed by several parts corresponding to each aι, where one of them may be regular, corresponding to
c. Although the label ι is often one discrete parameter, it may also be continuous (e.g., in spacetimes with variable
conicity along the axis) or encapsulate several parameters.

We now introduce a new geometric definition of conicity. It is defined with respect to an arbitrarily chosen stationary
observer given by a timelike Killing vector t ∈ Γ. We express the axial Killing vector a in terms of t and the unique
cyclic Killing vector c as

a =
1

K
(c+ T t) , C ≡ |K| . (3.8)

Here, C > 0 (determined by K) and T ∈ R are two constants referred to as the conicity and the time-shift, respectively.
The conicity is related to the conical deficit δ as

δ ≡ 2π(1− C) . (3.9)
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The non-trivial conicity, C ̸= 1 — that is, a non-vanishing conical deficit δ ̸= 0 — corresponds to the presence of
the conical singularity, commonly interpreted as a string with a tension. The non-zero time-shift, T ̸= 0, on the other
hand, is related to the presence of the torsion singularity [2, 19], which is often viewed as string with spin.

The three Killing vectors c, a, and t are depicted in Fig. 1. Although our definition may appear somewhat abstract
at this stage, its motivation will become clearer in the next section, where we compare C directly to a natural extension
of the common notion of conicity.

FIG. 1. The cyclic c (blue), axial a (green), and timelike t (red) Killing vectors are shown on the orbit of Γ. The orbit of
the Killing vectors Γ has the topology of a cylinder and the induced flat Minkowski geometry. The left picture corresponds to
T = 0, while the middle and right pictures depict two equivalent representations of the case T ≠ 0. The cylinder in the right
picture has been ‘untwisted’ in angular direction and oriented horizontally to highlight the spacelike and timelike character of
the Killing vectors.

Recall that a (for the given singular part of the axis) and c are fixed uniquely by the spacetime properties, however,
t is completely arbitrary as we do not assume any specifics of the stationary observers that measure the conicity and
time-shift. Therefore, the two quantities C and T should be viewed as functions of t, C = C(t) and T = T (t). If we
now choose another stationary observer, t̃ = κt+ βc, κ ̸= 0,3 then

a =
1

K

(
c+ T t̃− βc

κ

)
=

κ − βT
κK

(
c+

T
κ − βT

t̃

)
, (3.10)

meaning the conicity and time-shift transform as

C(t̃) = C(t)∣∣∣1− β
κT (t)

∣∣∣ , T (t̃) =
T (t)

κ − βT (t)
. (3.11)

Notice that vanishing T for a single t implies that T has to vanish identically for all t and also that C becomes
independent of t. If T ̸= 0, then there always exist observers t̃ that do not measure any conical deficit, C(t̃) = 1; they
are given by

tI/κ = t+
1 +K
T

c , tII/κ = t+
1−K
T

c , (3.12)

where K and T are quantities measured by a reference observer t. Since the Killing vectors tI,II can never coincide
or become proportional to cyclic, there are always exactly two such observers. Using (3.8) one may express tI,II also
using the axial and cyclic Killing vectors,

tI,II/κ =
K
T
(
a± c

)
. (3.13)

3 Naturally, only the fraction κ/β matters for the observer’s trajectory. The overall constant can be fixed (at a given orbit of Γ) by the
usual normalization t2 = −1, but we will not do so.
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Due to this, their orbits are exact mirror images with respect to the orbit of a and intersect it at the same points.
This can be seen in Fig. 2.

FIG. 2. The picture shows two timelike tI,II (magenta) Killing vectors measuring trivial conicity, which are proportional to
the sum and difference of the cyclic c (blue) and axial a (green) Killing vectors via (3.13). Both pictures are equivalent
representation of the case T ≠ 0. The cylinder in the right picture has been untwisted and oriented horizontally (relative to
the left one) to highlight the spacelike and timelike character of the Killing vectors.

Considering the above, given the periodic identification of the spacetime, the conicity measured at the axis with
the torsion singularity is always observer-dependent ; and therefore unphysical unless a canonical observer is specified.
We are not aware of any natural geometric condition that canonically selects such an observer in a general spacetime.
While we outline some possible choices in Sec. VI, they are strongly spacetime-dependent and their inclusion would
not lead to a satisfactory notion of conicity.

As we will see, in spacetimes with the NUT parameter, the axis is typically split into two parts, which we denote
by ‘+’ and ‘−’ and refer to as the top/bottom semi-axes, respectively. Each of them is associated with a different axial
Killing vector a+ and a−, i.e., ι = ±1. Motivated by the fact that, in the C-metric and similar spacetimes, differences
in conicity between the two semi-axes represent an imbalance of string tensions responsible for acceleration, one may
introduce the conicity difference by

∆C ≡ C+ − C−
C+ + C−

, (3.14)

which was chosen so that the formula remains invariant under a rescaling of the conicity by the same factor on both
semi-axes, C± → qC±, where q is a positive constant. The first equation in (3.11) implies the following transformation
of the conicity difference:

∆C(t̃) =
C+(t)

|1− β
κ T+(t)| −

C−(t)

|1− β
κ T−(t)|

C+(t)

|1− β
κ T+(t)| +

C−(t)

|1− β
κ T−(t)|

. (3.15)

For4 T+ = T−, ∆C becomes independent of t (even if C± are t-dependent, i.e., for T± ̸= 0). In contrast, if T+ ̸= T−
for a given t, then there always exist observers that measure no conicity difference, ∆C = 0, namely,

t1/κ = t+
C+ + C−

C+T− + C−T+
c , t2/κ = t+

C+ − C−
C+T− − C−T+

c , (3.16)

4 Notice, that if T+ = T− holds for one observer t, it holds also for any other observer t̃, cf. the transformation relation (3.11).
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where C± and T± are quantities measured by a reference observer t. Since t1,2 can never coincide and only one may
become proportional to cyclic at once, there is always at least one such observer. The case with T+ = T− for all
t corresponds to the eliminable torsion singularity as it can be removed by changing the periodic identification of
points, i.e., promoting a different Killing vector to cyclic one. On the other hand, the spacetimes with a non-zero
NUT parameter always feature the ineliminable torsion singularity commonly known as the Misner string, T+ ̸= T−,
which can only be moved from one semi-axis to another by regluing of spacetime points but not eliminated globally.
As a consequence, irrespective of the periodic identification of points, the conicity difference in spacetimes with a
non-zero NUT parameter is always observer-dependent.

IV. RELATION TO ‘STANDARD’ DEFINITION

Having established the new geometric definition of conicity let us see how it compares to the standard notions
commonly used in the literature. The conical singularity in stationary axially symmetric spacetimes typically refers
to a ‘point’ on the symmetry axis, where the topology of a distinguished 2-dimensional surface S going through it
resembles that of a cone [2, 6]. The conicity itself is then calculated by measuring the length L◦ of circles on S
centered around that point divided by 2π times their radius ρ◦ in the limit ρ◦ → 0+,

Cstandard ≡ lim
ρ◦→0+

L◦

2πρ◦
. (4.1)

The surface S is rarely specified geometrically, but it should be orthogonal to the axis and tangent to the cyclic Killing
vector c. The length L◦ should be the length of an orbit of c in S and the distance ρ◦ should be measured along the
integral curves that emanate orthogonally from the axis.

Unfortunately, such a definition has one major flaw: The limit (4.1) only exists if the lengths of small circles shrink
to zero, L◦ → 0+, when approaching the axis, ρ◦ → 0+. This is not satisfied in spacetimes with the torsion singularity,
T ̸= 0, so the above definition needs to be extended to be comparable to ours.
Virtually the only possible extension that will make the limit well defined is to replace the circles (the closed orbits

of c) by the orbits of a, whose norm shrinks to zero by definition. To define the analogy of the 2-dimensional surface
S that is ‘orthogonal’ to the axis, we first define the radial direction given by the normalized vector-gradient of |a|,

r ≡ g−1 · d|a|∣∣d|a|∣∣ , (4.2)

where g−1 is the inverse metric. Since [a, r] = 0 (a consequence of [a, •] = £a, £ag = 0, £ad = d£a, and [a,a] = 0),
the Frobenius theorem implies that these two vector fields define a set of 2-dimensional integrable submanifolds.
Furthermore, every such submanifold is further foliated by 1-dimensional leaves of constant |a| generated by a (because
a · d|a| = 0). Given how this compares to S for c ∝ a, we propose that the 2-dimensional surface S should be replaced
by the integral submanifold generated by a and r.
Since the orbits of a are not closed (unlike orbits of c), and because the norms of Killing vectors are always constant

along their orbits, these orbits have infinite lengths. For this reason, we need to provide additional information to
determine the endpoints of the orbit segment of a, the length of which should enter into the conicity formula. Any
two points on the orbit of a, when translated close enough to the axis along r, can be connected by orbits of a timelike
Killing vector t. Hence, the inherent freedom in fixing these endpoints can be equivalently described by two successive
intersections with the orbits of some stationary observer t. From the perspective of such an observer, these two points
are located at the “same spatial position” (though at different times), naturally extending the idea of standard circle
integration to a spiral-segment integration; see Fig. 3. An immediate drawback of such a generalized notion of conicity
is its observer-dependence.

This extended notion of conicity can be formulated more precisely as follows: Let y(λ) and z(σ) be the integral
lines of a and t (within the orbit generated by Γ),

a(y(λ)) =
.
y(λ) , t(z(σ)) =

.
z(σ) , (4.3)

with their two successive intersections being y(λ1) = z(σ1) and y(λ2) = z(σ2). Here,
.
y(λ) denotes the tangent vector

to the curve y(λ). From (3.6) and (4.2) it follows that |a| ≈ ρ where ρ is a small distance measured along r.5 (This

5 The distance ρ itself can then be calculated by integrating and inverting the equation for integral curves of r, i.e, r(x(ρ)) =
.
x(ρ).
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follows directly by rewriting the argument of the limit as an ordinary derivative:
∣∣d|a|∣∣ = r · d|a| = d|a|/dρ, where

all expressions are understood to be evaluated at x(ρ).) Since ρ remains constant along the orbit of a, the length L
of y(λ) between the two successive intersections is simply ρ|λ2 − λ1|. Hence, the extended definition of conicity reads

Cextended ≡ L

2πρ
=

|λ2 − λ1|
2π

, (4.4)

which clearly reduces back to Cstandard if T = 0, i.e., for c ∝ a.
Let us show that Cextended actually measures the same conicity as C defined by (3.8). By assumption of cyclicity

of c, there exist (various) 2π periodic coordinates φ satisfying c · dφ = 1. To select a single coordinate system on
the orbit of Γ, we need to fix arbitrary t and demand the coordinate φ to also satisfy t · dφ = 0, which implies
a · dφ = 1/K. The remaining coordinate, which we denote by τ , can be chosen by t · dτ = 1 and c · dτ = 0,6 which
leads to a · dτ = T /K. This fixes the coordinate system on the orbit of Γ, see Fig. 3. The coordinate descriptions
of (4.3) [φ′(λ) = 1/K, τ ′(λ) = T /K, and φ′(σ) = 0, τ ′(σ) = 1] imply φ(λ) = (λ− λ1)/K, τ(λ) = (λ− λ1)(T /K) and
φ(σ) = 0, τ(σ) = σ − σ1, where we adjusted the first intersection [i.e., λ = λ1, σ = σ1] to be at the origin φ = τ = 0.
Since points φ = 0 are identified with points φ = 2π, the second intersection [i.e., λ = λ2, σ = σ2] is for λ2 and σ2

satisfying 2π = |λ2 − λ1|/C = |σ2 − σ1|/|T |, which confirms that the extended notion of conicity (4.4) matches our
geometric definition (3.8),

Cextended = C . (4.5)

FIG. 3. The orbit of Γ covered by coordinates τ (blue) and φ (red). The left picture corresponds to T = 0, while the middle
and right pictures depict two equivalent representations of the case T ≠ 0. The left picture shows the circle of circumference
L◦ for T = 0, while the middle and right pictures show the segment of length L for T ≠ 0 (cyan); these are used in the conicity
formulas (4.1) and (4.4), respectively. Going from T = 0 to T ≠ 0, we clearly see the necessity of introducing an observer t,
corresponding to the lines of constant φ, which defines the notion of “same spatial position”. This replaces the integration
along the circle with integration along the spiral segment (straightened in the representation on the right).

V. APPLICATIONS

In this section, we apply the geometric definition of conicity from Sec. III to several spacetimes with a singular axis.
We begin with the spinning cosmic string spacetime, which not only provides an explicit compatibility check with the

6 It is worth noting that c · dτ = 0 is independent of t meaning that the surfaces of constant time, τ = const., remain unchanged for
different observers t; they are just relabeled due to t · dτ = 1.
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standard notion in the non-spinning case, but more importantly serves as an example of a prototypical topological
defect — the Misner string — which appears in solutions with a non-zero NUT parameter. Next, we apply our conicity
definition to the Plebański-Demiański metric.7 Although this whole class with all subcases can be written in Astorino
coordinates [47], we first perform all necessary calculations for the Plebański-Demiański metric in the convenient
Griffiths-Podolský (GP) coordinates [43, 44] (see also [2]) and discuss two subcases of high interest, the C-metric and
Taub–NUT spacetime. Finally, in a separate section, we consider the accelerated Taub–NUT spacetime of Petrov
type D recently discovered by Astorino in [47], which cannot be directly obtained from the Plebański-Demiański in
the GP coordinates. Nevertheless, a form of the metric resembling GP coordinates still exists [59] for Λ = 0, so we
make use of it to simplify our calculations. The case of the accelerated Taub–NUT is especially interesting since
switching on the NUT parameter in the C-metric changes the situation from non-trivial well-defined conicity to an
observer-dependent quantity that can be even measured as zero by special observers.

A. Spinning cosmic string

The spacetime of the spinning cosmic string is given by the metric

g ≡ −(dt− sdϕ)2 + dq2 + b2q2dϕ2 + dz2 , (5.1)

where we demand the Killing vector c = ∂ϕ to by cyclic, which fixes the periodic identification of points for all values
of the two parameters b > 0 and s ∈ R. If b ̸= 1 or s ̸= 0, this geometry represents an infinitely long string/strut that
is under tension/stress and rotates around its own axis. The metric is locally flat (for q > 0) but differs from the global
Minkowski spacetime by a topological defect at q = 0. Indeed, it is possible to perform a coordinate transformation,

(t′, q′, ϕ′, z′) ≡ (t− sϕ, q, bϕ, z) , (5.2)

which brings the metric to the usual form of Minkowski spacetime in cylindrical coordinates,

g = −dt′2 + dq′2 + q′2dϕ′2 + dz′2 , (5.3)

effectively eliminating both parameters from (5.1). However, the resulting manifold still differs non-trivially from the
global Minkowski spacetime in which

∂ϕ′ =
1

b
(∂ϕ + s∂t) (5.4)

would be a cyclic Killing vector instead. These coordinates also reflect a common method of constructing the spinning
cosmic string spacetime by identifying points in global Minkowski spacetime,

(t′, q′, ϕ′ = 0, z′) = (t′ − 2πs, q′, ϕ′ = 2πb, z′) . (5.5)

It also explains why b and s are genuine geometric parameters that cannot be absorbed into coordinate transformation
unless accompanied by a change in the periodic identification of points (promoting a new Killing vector to the cyclic
one). It is well known, that the spacetime features a quasi-regular singularity at q = 0 [22], characterized by b and s.
The global Minkowski spacetime corresponding to b = 1 and s = 0 has a regular axis at q = 0. Let us show that

for b ̸= 1 or s ̸= 0 the quasi-regular singularity at q = 0 corresponds to a singular axis as defined above and calculate
the conicity and time-shift according to our new geometric definition.

Consider a general Killing vectors a ∈ Γ,

a = aϕ∂ϕ + at∂t , (5.6)

with aϕ and at being two constants, and analyze the conditions (3.3) and (3.6) for the axial Killing vector. The norm
of a is given by

|a| =
√
(aϕ)2b2q2 − (at − aϕs)2 , (5.7)

7 We restrict ourselves to the expanding subclass with 2-surfaces of positive curvature as they describe black-hole-like objects.
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and the norm of its gradient further reads

∣∣d|a|∣∣ = (aϕ)2b2q√
(aϕ)2b2q2 − (at − aϕs)2

. (5.8)

For concreteness, let us consider the boundary points ∂M to be given by the g-boundary ∂gM . As we show in
Apx. A, it is characterized by inequivalent incomplete geodesics leading to q = 0 (A5) that can be parametrized by

the terminal coordinates ť, ž, and the (initial) angle ϕ̂. Clearly, |a| approaches 0 along these curves if and only if
at = aϕs. Assuming this, then

∣∣d|a|∣∣ tends to 1 if and only if aϕ = 1/b, where we ignored the overall sign ambiguity
(i.e., the two possible orientations), which is irrelevant due to the absolute value in the definition of conicity. Together,
we find that the axial Killing vector is given by

a =
1

b
(∂ϕ + s∂t) . (5.9)

This Killing vector could, in principle, differ for each point in ∂M , but here it turns out to be the same for all x ∈ ∂M ,
which also satisfies (3.4); furthermore, (3.5) holds and in particular, (3.7) is met for t = ∂t with ν2 = 1.

After inserting a general timelike Killing vector t ∈ Γ,

t = tt∂t + tϕ∂ϕ , (5.10)

where tt and tϕ are constant, into (5.9) and rearranging, we arrive at

a =
1

b

(
c+ s

t− tϕc

tt

)
=

1− s tϕ

tt

b

(
c+

s 1
tt

1− s tϕ

tt

t

)
. (5.11)

Comparing this expression with our definition (3.8) [or, alternatively, from (3.11) by renaming t → ∂t, t̃ → t, κ → tt,
β → tϕ], we can easily read out the conicity and time-shift,

C(t) = b∣∣∣1− s tϕ

tt

∣∣∣ , T (t) =
s 1
tt

1− s tϕ

tt

. (5.12)

Due to its observer-dependence, the conicity C should be viewed as unphysical whenever s ̸= 0 (i.e., in the presence
of torsion singularity T ̸= 0). Notice also that the parameter b corresponds to the value of conicity measured only by
t ∝ ∂t, i.e., C(tt∂t) = b. This contrasts with [2], which refers to b as the conicity regardless of an observer.

Finally, one can see [e.g., using (3.12) with the above replacements] that, as long as s ̸= 0, there always exist two
observers that do not measure any conical deficit (trivial conicity),

tI = tt
(
∂t +

1 + b

s
∂ϕ

)
, tII = tt

(
∂t +

1− b

s
∂ϕ

)
. (5.13)

Interestingly, the observer tII becomes proportional to ∂t for the tension-less spinning cosmic string, b = 1.

B. Plebański-Demiański (in GP coordinates)

The Plebański-Demiański metric is commonly interpreted as describing the spacetime of charged accelerated rotating
black hole with the NUT parameter and the cosmological constant. This exact solution of the Einstein–Maxwell
equations is parameterized by 7 real numbers α, a, l, m, e, g, and Λ called the acceleration, rotation, NUT, mass,
electric/magnetic charges, and the cosmological constant, respectively. Let us stress that despite these names, their
physical meaning is only known in special subcases. In the GP coordinates the metric of Plebański–Demiański solution
reads

g ≡ 1

Ω2

[
−Q

Σ
(dt−Adϕ)2 +

Σ

Q
dr2 +

Σ

P
dθ2 +

P

Σ
sin2 θ(adt−Rdϕ)2

]
, (5.14)
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where we introduced the following functions:

Ω(r, θ) ≡ 1− α

ω
r(l + a cos θ) ,

Σ(r, θ) ≡ r2 + (l + a cos θ)2 ,

P (θ) ≡ 1− a3 cos θ − a4 cos
2 θ ,

Q(r) ≡ ω2k − 2Mr + ϵr2 − 2
αν

ω
r3 −

(
αk +

Λ

3

)
r4 ,

A(θ) ≡ b
(
a sin2 θ − 2l(cos θ + s)

)
,

R(r) ≡ bΣ+ aA = b
(
r2 + l2 + a2 + 2als

)
.

(5.15)

The constants appearing above are given by:

a3 ≡ 2
αaM

ω
− 4α2 al

ω2
k
(
ω2k + e2 + g2

)
− 4

3
Λal ,

a4 ≡ −α2 a
2

ω2

(
ω2 + e2 + g2

)
k − 1

3
Λa2 ,

ϵ ≡ ω2k

a2 − l2
+ 4

αlM

ω
− (a2 + 3l2)

(
α2

ω2

(
ω2k + e2 + g2

)
+

Λ

3

)
,

n ≡ ω2kl

a2 − l2
− αM(a2 − l2)

ω
+ (a2 − l2)

(
α2

ω2

(
ω2k + e2 + g2

)
+

Λ

3

)
,

k ≡
1 + 2αlMω−1 − 3α2l2ω−2

(
e2 + g2

)
− l2Λ

3α2l2 + ω2(a2 − l2)
−1 .

(5.16)

Notice that there are three additional parameters ω, s, and b > 0. The parameter ω is a gauge parameter that may
be set to any non-zero value. Convenient choices exist for taking various limits of the metric. In particular, recently
it was found that setting ω = (a2 + l2)/a allows both a = 0 and l = 0 limits simultaneously at the cost of different
parametrization [46]. We keep the parameter ω free for the sake of generality.
On the other hand, the parameters s and b govern the behavior of the singular axis. As we will see below, the

parameter s (sometimes called the Manko–Ruiz parameter due to [60]) encodes the presence of the Misner string,
determining how the torsion singularity is distributed between the two halves of the symmetry axis. In contrast, the
parameter b changes the overall conicity. We will see that the choices s = −1 and s = +1 correspond to vanishing
time-shift for the semi-axes θ = 0 (top semi-axis) and θ = π (bottom semi-axis), respectively. Note that irrespective
of the values of s and b we assume c = ∂ϕ to be the cyclic Killing vector, i.e., the periodic identification of points is
fixed. Clearly, a coordinate change

(t′, r′, θ′, ϕ′) ≡ (t+ 2lsbϕ, r, θ, bϕ) (5.17)

could eliminate both s and b from the metric tensor (5.14) but it would also imply the transformation

∂ϕ′ =
1

b
∂ϕ − 2ls∂t . (5.18)

From this we can see that the parameters s and b cannot be globally absorbed into a coordinate transformation unless
one also were to change the periodic identification of points so that a different Killing vector would become cyclic
(specifically ∂ϕ′). Clearly, both s and b are geometric parameters describing global properties of the spacetime.
We denote values of P and A at the endpoints of θ by

P+ ≡ P (0) = 1− a3 − a4 , A+ ≡ A(0) = −2lb(s+ 1) ,

P− ≡ P (π) = 1 + a3 − a4 , A− ≡ A(π) = −2lb(s− 1) .
(5.19)

Assuming the Lorentzian signature of g we have P > 0 and therefore both P+ and P− are necessarily positive. It is well
known [43, 44] (see also [2]) that the coordinate singularities at Σ = 0, Q = 0, and Ω = 0 are curvature singularities,
horizons, and conformal infinities, respectively. The only remaining irregular points are the poles of coordinates, θ = 0
and θ = π. These are either regular points representing the regular axis (e.g., in Kerr spacetime) or quasi-regular
singularities (e.g., in Taub–NUT spacetime [61]).
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To show that quasi-regular singularities θ = 0 and θ = π (if present) fit to our definition of the singular axis and to
compute the corresponding C and T , we first need to identify the axial Killing vectors a. Let us consider a generic
Killing vector,

a = aϕ∂ϕ + at∂t , (5.20)

and study the two conditions given by (3.3) and (3.6) for the curves approaching the boundary points ∂M given by
θ = 0 or θ = π; these will specify the constants aϕ and at. The quantities |a| and

∣∣d|a|∣∣ are given by

|a| = sin2 θPX2 −QY 2

ΩΣ
(5.21)

and∣∣d|a|∣∣ = {P[ sin2 θP ′ΣΩX2− sin θPX2
(
sin θ∂θΣΩ+Σ(sin θ∂θΩ−2 cos θΩ)

)
+QY

(
Σ
(
2aϕA′Ω+∂θΩY

)
+∂θΣΩY

) ]2
−Q
[
∂rΣΩ

(
QY 2 − sin2 θPX2

)
− Σ

(
Ω
(
2aϕ sin2 θPR′X +Q′Y 2

)
+ ∂rΩ

(
sin2 θPX2 −QY 2

) )]
×
[
Σ
(
Ω
(
2aϕ sin2 θPR′X +Q′Y 2

)
+ ∂rΩ

(
sin2 θPX

)2 −QY 2
) ]

+ ∂rΣΩ
(
sin2 θPX2 −QY 2

)}
×
(
4Σ4Ω2

(
sin2 θPX2 −QY 2

) )−1

,

(5.22)

where we introduced the shorthand notation

X ≡ aat − aϕR , Y ≡ at − aϕA . (5.23)

Clearly, |a| approaches zero towards θ = 0 or θ = π if and only if we have at± = A±a
ϕ
±. Now, inserting this into∣∣d|a|∣∣ and taking the limit, we arrive at 1 if and only if aϕ± = 1/(bP±), again ignoring the overall sign ambiguity.

Putting these two results together, we can find the axial Killing vectors a+ and a− associated with θ = 0 and θ = π,
respectively,

a± =
1

bP±
(∂ϕ +A±∂t) , (5.24)

which again satisfies the assumption (3.4). Moreover, we can show that (3.5) holds, and that (3.7) is satisfied for
t = ∂t in the stationary region, Q(r) > 0, with ν2 = Q(r)/

(
Ω2(r, cos−1(±1))Σ(r, cos−1(±1))

)
. Above confirms that,

in general, θ = 0 or θ = π are two singular parts of the axis each of which is associated with a different axial Killing
vector.

Inserting a general timelike Killing vector t ∈ Γ,

t = tt∂t + tϕ∂ϕ , (5.25)

with tt and tϕ being its constant components, into (5.24) yields

a± =
1

P±b

(
c+A±

t− tϕc

tt

)
=

1−A±
tϕ

tt

P±b

(
c+

A±
1
tt

1−A±
tϕ

tt

t

)
. (5.26)

By comparing with our definitions (3.8) [or from (3.11) with t → ∂t, t̃ → t, κ → tt, β → tϕ] we obtain for the conicity
and time-shift

C±(t) =
P±b∣∣∣1−A±

tϕ

tt

∣∣∣ , T±(t) =
A±

1
tt

1−A±
tϕ

tt

. (5.27)

One can see that T± depends only on parameters l and s while C± is also sensitive to other spacetime parameters
through P±. Clearly, T+ ̸= T− for non-zero NUT parameter l ̸= 0, which means that all such Plebański-Demiański
spacetimes have an ineliminable torsion singularity, i.e., the Misner string. In particular, for a suitable choice of s,
only one of the time-shifts vanishes and the corresponding conicity is independent of an observer. One can find [see
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(3.12) with the above replacements] that the following two observers do not measure any conical deficit at a given
semi-axis:

tI = tt
(
∂t +

1 + P±b

A±
∂ϕ

)
, tII = tt

(
∂t +

1− P±b

A±
∂ϕ

)
. (5.28)

If s = −1, then for all observers,

C+ = P+b , T+ = 0 , (5.29)

while

C−(t) =
P−b

|1− 4l t
ϕ

tt |
, T−(t) =

4l 1tt

1− 4l t
ϕ

tt

. (5.30)

Naturally, the conicity at the top semi-axis could be removed by the choice b = 1/P+, but the conicity at the bottom
semi-axis will remain non-trivial except for the two special observers tI,II in (5.28) with A− = 4l.
Previous calculations of conicity in spacetimes with a non-zero NUT parameter [43–46] can be reconstructed for

the observer t = tt∂t.
8 Such a choice, may be sometimes singled out as the only observer that remains timelike far

from the axis but typically not for the spacetimes that do not flatten far from the axis (e.g., if Λ ̸= 0). Furthermore,
the definition of conicity should be insensitive to the regions far from the symmetry axis. Hence, we conclude that
the value of C is unphysical for the semi-axis with the torsion singularity, T ̸= 0. As a special case, this applies to any
spacetime with a non-zero NUT parameter, for which the torsion singularity necessarily appears as a Misner string.

The conicity difference (3.14) [using (3.15)] then reads

∆C(t) =
P+|1−A−

tϕ

tt | − P−|1−A+
tϕ

tt |
P+|1−A−

tϕ

tt |+ P−|1−A+
tϕ

tt |
=

2

1 +

∣∣∣∣ 1−A+
tϕ

tt

1−A−
tϕ

tt

∣∣∣∣ P−
P+

− 1 . (5.31)

It vanishes for observers [c.f. (3.16)],9

t1 = tt
(
∂t −

P+ + P−

A−P+ +A+P−
∂ϕ

)
, t2 =tt

(
∂t −

P+ − P−

A−P+ −A+P−
∂ϕ

)
. (5.32)

If P+ = P−, the above conditions take a simplified form. As pointed out in [44], this happens if and only if a3 = 0
meaning that either i) a = 0, or ii) α = lΛ = 0, or iii) 2α2lω2k − (2/3)ω2lΛ = αωm. Then, one of the observers
measuring zero conicity difference reduces to t2 = tt∂t. (Nevertheless, the observers different from t1,2 will still
measure non-zero conicity difference even for a3 = 0.) Let us now investigate two specific subcases of high interest.

C. C-metric

As a consistency check, we evaluate the case a = l = e = g = Λ = 0 of (5.14) (after setting the gauge parameter
ω = a) corresponding to the spacetime of the accelerated black hole known as the C-metric.10 Its metric tensor reads

g ≡ 1

Ω2

[
−Qdt2 +

dr2

Q
+ r2

(
dθ2

P
+ b2P sin2 θ dϕ2

)]
, (5.33)

where

Ω(r, θ) ≡1− αr cos θ ,

P (θ) ≡1− 2αm cos θ ,

Q(r) ≡
(
1− 2m

r

)
(1− α2r2) .

(5.34)

8 In these references, it is incorrectly stated that the integration is performed along ‘circles’. Yet the orbits of Killing vectors that shrink
to zero are not closed on the semi-axis with torsion singularity — unless it was removed by periodic identification of points which,
however, cannot be done simultaneously on both semi-axis. Instead, in view of our definition, these calculation can be understood as
integrations along a segment of the orbit of the axial Killing vectors a±, determined by the choice t = tt∂t.

9 Let us remark that these timelike Killing vectors appeared already in [51–53], where they gave rise to the non-singular (accelerated)
Kerr–NUT–(A)dS in the generalized Misner interpretation. There, the conicity was calculated in the space of orbits rather than in the
spacetime. Along the lines of the original Misner’s construction [31], one of these two vector fields t1,2 was promoted to an extra cyclic
Killing vector. The direct relation between the orbits-space calculation of conicity and our geometric definition remains open.

10 Note that the parameter s will disappear for l = 0. While we do not consider it here, the C-metric with a constant torsion singularity
identical on both semi-axes (i.e., different from accelerated Taub–NUT spacetime we will discuss in Sec. VE) can be obtained via the
limit l → 0, s → ∞, sl → const.
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Since A± = 0, both axial Killing vectors are proportional to the cyclic Killing vector a± ∝ c, but with different
factors. Therefore, the time-shifts on both sides of the axis vanish, T± = 0; any remaining singularity is purely conical
and the conicity is independent of the observer. Specifically, from (5.27), the conicities on each semi-axes are given by

C± = bP± = b(1∓ 2αm) , (5.35)

for any choice of t. Clearly, setting either b = (1− 2αm)−1 or b = (1 + 2αm)−1 regularizes one semi-axis, but not
the other one, meaning that the conical singularity is ineliminable. In general, the conicity difference obtained from
(5.31) reads

∆C =
P+ − P−

P+ + P−
= −αm , (5.36)

which supports the interpretation of the conicity difference as the acceleration per unit mass of the black hole. Our
calculation of the conicity reproduces the result from [13] (see also [2]).

D. Taub–NUT

To demonstrate the observer-dependence of conicity difference explicitly, let us consider the simplest case in which
it occurs: the Taub–NUT spacetime. By setting α = a = e = g = Λ = 0 (irrespective of chosen ω) and b = 1 in (5.14),
we obtain its metric tensor

g ≡ −f(r)
(
dt+ 2l(cos θ + s)dϕ

)2
+

dr2

f(r)
+ (l2 + r2)(dθ2 + sin2 θdϕ2) . (5.37)

Here, P+ = P− = 1 and the function Q/Σ becames

f(r) ≡ r2 − 2mr − l2

r2 + l2
. (5.38)

From (5.27), we obtain expressions for the conicities and time-shifts on both semi-axes,

C±(t) =
1∣∣∣1 + 2l(s± 1) t

ϕ

tt

∣∣∣ , T±(t) = −
2l(s± 1) 1

tt

1 + 2l(s± 1) t
ϕ

tt

, (5.39)

and from (5.31) the corresponding conicity difference,

∆C =
2

1 +

∣∣∣∣ 1+2(s+1)l t
ϕ

tt

1+2(s−1)l t
ϕ

tt

∣∣∣∣ − 1 . (5.40)

The observers that do not measure any conicity at a given semi-axis are [see (5.28)]

tI = tt
(
∂t −

1

l(s± 1)
∂ϕ

)
, tII = tt∂t , (5.41)

while the observers for which the conicity difference of the two semi-axis vanishes read [see (5.32)]

t1 = tt
(
∂t −

1

2sl
∂ϕ

)
, t2 = tt∂t . (5.42)

Clearly, here, the observer tt∂t does not measure any conical deficit, hence, also no conicity difference.

E. Accelerated Taub–NUT (in GP-like coordinates)

The accelerated Taub–NUT of Petrov type D was recently found in [47]. This metric is not easily obtainable from
the general case (5.14) by setting some parameters to appropriate values; thus, we analyze it separately. Recently,
a convenient transformation has been found for Λ = 0 subcase [59], which allows for casting the metric tensor into
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GP-like form similar to (5.14), which is more concise then the original form from [47]. For simplicity, we also take
e = g = 0. Then, the metric reads11

g ≡ 1

Ω2

[
−Q

Σ
(dt−Adϕ)

2
+

Σ

Q
dr2 +

Σ

P
dθ2 +

P

Σ
sin2 θ

(
2αl2

1− α2l2
dt−Rdϕ

)2
]

, (5.43)

where

Ω(r, θ) ≡ 1− 1 + α2l2 + 2αl cos θ

1− α2l2
r

l
,

Σ(r, θ) ≡ r2 + l2
(
1 + α2l2 + 2αl cos θ

1− α2l2

)2

,

P (θ) ≡ 1

1− α2l2

(
1− 2α2ml − α4l4 + 2α

(
l −m(1 + α2l2) + α2l(e2 + g2 − l2)

)
cos θ + α2(e2 + g2 − 2ml) cos2 θ

)
,

Q(r) ≡ 1

4l2
(
(r − l)2 − α2l2(r + l)2

) (
2ml(r2 − l2) + 4l3r + (e2 + g2)(r − l)2

)
,

A(θ) ≡ b
2l
(
αl sin2 θ − (cos θ + s)

(
α2l2 + 1

))
1− α2l2

,

R(r) ≡ b

(
r2 +

l2
(
αl
(
−4s

(
α2l2 + 1

)
+ α3l3 + 6αl

)
+ 1
)

(1− α2l2)
2

)
.

(5.44)

In these coordinates, we assume the cyclic Killing vector to be c = ∂ϕ, which fixes the periodic identification of
the spacetime. The parameters s and b have analogous meanings as in (5.14). Again, we will denote P+ ≡ P (0),
P− ≡ P (π) and A+ ≡ A(0), A− ≡ A(π) with their explicit values being

P± =
1− 4α2lm− α4l4 ± 2α

(
l − α2l3 −m

(
α2l2 + 1

))
1− α2l2

,

A± =
2(s± 1)l

(
α2l2 + 1

)
1− α2l2

.

(5.45)

Given the similarity between the forms of (5.43) and (5.14), the formulas for the norm of a general Killing vector
and the norm of its gradient are formally the same as for the Plebański–Demiański given by (5.21) and (5.22) but with
a replaced by 2αl2/(1− α2l2). Thanks to an identity R− 2αl2A/(1− α2l2)) = Σ, the axial Killing vectors (5.24),
conicity and time-shift (5.27), conicity difference (5.31), and special observers (5.28) and (5.32) remain unchanged,
except for the updated expressions for P± and A± in (5.45). For convenience, we include the explicit expressions
appearing in (5.32):

P+ + P−

A−P+ +A+P−
=

(
−α2l2 + 1

) (
α4l4 + 4α2lm− 1

)
2l (α2l2 + 1)

(
s
(
α4l4 + 4α2lm− 1

)
+ 2α

(
l −m− α2l2(l +m)

)) ,

P+ − P−

A+P− −A−P+
=

α
(
α4l4(l +m)− 2α2l3 + l −m

)
l (α2l2 + 1)

(
2αs

(
l −m− α2l2(l +m)

)
+ α4l4 + 4α2lm− 1

) .

(5.46)

VI. CONCLUSIONS

In this work, we analyzed the notion of conical deficits (conicity) in spacetimes with torsion singularities, such as
the Misner string in the Taub–NUT geometry, and proposed a natural geometric definition applicable to stationary,
axially symmetric spacetimes containing such quasi-regular singularities. We found that conicity becomes observer-
dependent in this generalized setting, as it depends on the choice of a timelike Killing vector. This leads to the striking

11 This form differs from the one obtained in [59]. It has be transformed by means of (t, ϕ) → (t+ b
(
2(s+ 1)l

(
α2l2 + 1

)
/(1− α2l2)

)
ϕ, bϕ),

which affects functions A and R while introducing the parameters s and b > 0.
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result that certain observers perceive no conical singularity along the axis, and more generally, that there always exist
observers for whom the conicity is equal on both semi-axes in spacetimes with non-zero NUT charge.

The observer-dependence challenges the usual interpretation linking conicity difference to the physical force along
the axis that causes the acceleration. It may also pose potential issues for the black hole thermodynamics of spacetimes
with a non-zero NUT parameter [35–41], as the first law for spacetimes with a non-zero conical deficit — such as
the C-metric — often appears to include an extra term related to acceleration [14–17]. On the other hand, the
observer-dependence may help identify which observers the thermodynamic quantities correspond to — for instance,
those who measure no conical deficit. Rather than relying on conical deficits, perhaps a more appropriate measure of
acceleration may come from the presence of gravitational radiation at conformal infinity, which is proportional to α
[62]; it therefore vanishes for α = 0, regardless of the value of l.
Let us emphasize that we have not analyzed the detailed structure of the axis containing the torsion singularity,

which may in part depend on the choice of boundary construction. Moreover, our definition of conicity is purely
kinematical in nature — that is, it remains independent of the field equations and any specific description of the
associated distributional sources.

Given above results, one may ask whether there exists a canonical observer, defined by a geometric condition,
that could be incorporated into the definition of conicity. In certain spacetimes, a unique observer can be fixed by
demanding it to remain timelike far from the axis. In the spinning cosmic string or the Taub–NUT examples above,
this would geometrically select tt∂t, which are, for b = 1, the observers tII that measure no conical deficit. Although
the conical singularity is a topological defect, it would be undesirable for the conical deficit to depend on properties
far from the axis — especially since it does not when torsion singularities are absent. Furthermore, such observers
may not exist or be unique in spacetime that do not flatten far from the axis.

Another geometric condition, which is axis-local but somewhat artificial, is to require the canonical observer to
satisfy (a · g · t)/|a|2 = 0 close to the axis |a| → 0+. This would again identify tt∂t in the spinning cosmic string
spacetime, because

a · g · t
|a|2

= btϕ (6.1)

vanishes only for tϕ = 0. The situation with Taub–NUT spacetime would, however, be more complicated because

a± · g · t
|a±|2

=
2lf(r)(cos θ ∓ 1)

(
2ltϕ(s+ cos θ) + tt

)
− tϕ sin2 θ

(
l2 + r2

)
4l2f(r)(cos θ ∓ 1)2 − sin2 θ (l2 + r2)

. (6.2)

This expression vanishes at the horizon, f(rhor) = 0, only for tϕ = 0, which corresponds again to tt∂t. However, if
r = r0, f(r0) ̸= 0, (6.2) can only vanish close to θ = 0 or θ = π for tϕ = ∓lttf(r0)/(±2l2(s± 1)f(r0) + l2 + r20), respec-
tively. This would select r0-dependent observer t(r0) corresponding to non-trivial r0-dependent conicity C(r0) ̸= 1.

Since there is insufficient motivation for these conditions and the observers they distinguish are highly sensitive to
the specific spacetime, we conclude that, at present, conicity is not a physically meaningful quantity in spacetimes
with a torsion singularity.
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APPENDIX A: G-BOUNDARY OF SPINNING COSMIC STRING

In this section, we briefly review the g-boundary construction and carry it out explicitly for the spinning cosmic
string discussed in Sec. VA.12 A standard notion of spacetime singularities is based on geodesic incompleteness. The

12 See also [63] for an explicit calculation in the two-dimensional Misner spacetime.
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boundary is constructed as a space of equivalence classes of incomplete geodesics; the result depends on the choice of
equivalence relation. We follow the general prescription by Geroch [54], applicable to geodesics of any causal type.

Let us denote a subset of tangent bundle TM consisting of non-zero vectors by G ≡ {(p,v) ∈ TM : v ̸= 0} ⊂ TM .
Any γ ≡ (p,v) ∈ G can serve as the initial data for the geodesic equation and therefore uniquely defines a maximal
geodesic γ̄(σ) with affine parameter σ through γ̄(0) = p and

.
γ̄(0) = v. A directed geodesic γ̄ : I → M is said to be in-

complete if I = [0, σ∗) for some σ∗ < ∞, corresponding to the singularity. Otherwise, if I = [0,∞), the geodesic is said
to be complete. The set of incomplete geodesics are distinguished as follows: Consider a function ℓ : G → R+ ∪ {∞},
which outputs the total affine length of a geodesic starting with (p,v). Let us define a set corresponding to the initial
data for incomplete geodesics,

Gi ≡ {(p,v) ∈ G : ℓ(p,v) < ∞} , (A1)

together with two auxiliary sets,

H ≡ G× R , H+ ≡ {(p,v, τ) ∈ H : τ < ℓ(p,v)} . (A2)

The first describes all geodesics with all possible values of the affine parameter, while the second restricts the affine
parameter only to admissible values. For H+ a map Ψ : H+ ∋ (p,v, σ) 7→ γ̄(σ) ∈ M may be defined which outputs
the point in the spacetime obtained by following the geodesics starting with (p,v) by the affine parameter σ.

To define the equivalence relation of the incomplete geodesics, we wish to topologize Gi. For an open set U ⊂ M
consider S(U) ⊂ Gi given by

S(U) ≡ {(p,v) ∈ Gi : ∃O open in H, with (p,v, ℓ(p,v)) ∈ H such that Ψ(O ∩H+) ⊂ U} , (A3)

describing incomplete geodesics for which all geodesics with neighboring (in the H topology) initial conditions ter-
minate in U . Consequently for small enough U , with compact closure, which is not ‘near’ the singularity we have
S(U) = ∅. The collection of sets S(U) for all U open in M defines a topological basis on Gi. Initial data γ1, γ2 ∈ Gi

are equivalent γ1 ∼ γ2 if every open set of Gi containing γ1 also contains γ2 and vice versa. The idea behind the
equivalence relation ∼ is to equate geodesics with endpoints that cannot be distinguished by any open set of the form
S(U). Hence, the equivalence classes of γ ∈ Gi define abstract endpoints of the corresponding incomplete geodesics
and form the g-boundary of M

∂gM ≡ {[γ] : γ ∈ Gi} . (A4)

Now we turn to the geodesics of the spinning cosmic string spacetime (5.1). Since the spacetime is locally flat, any
geodesics is a straight line with the incomplete geodesics being radial (constant ϕ) and pointing towards the smaller

values of q. The Gi can be parametrized by the initial coordinates given by p = (t̂, q̂, ẑ, ϕ̂), the ‘terminal’ coordinates
(ť, ž) and the ‘velocity’ parameter χ. Then any incomplete geodesic may be written as

γ̄ :

[
0,

q̂

a

)
∋ σ 7→

(
ť+

(
ť− t̂

) χ
q̂
σ, q̂ − χσ, ž + (ž − ẑ)

χ

q̂
σ, ϕ̂

)
∈ M , (A5)

which corresponds to a (generic) initial velocity

v =
(
ť− t̂

) χ
q̂
∂t − χ∂q + (ž − ẑ)

χ

q̂
∂z

and the total affine length ℓ(p,v) = q̂/χ.
A set U0 ⊂ M that is characterized by a sum of sets It × (q1, q2)× Iz × Iϕ where q1, q2 > 0 and I are open intervals

in the respective coordinates, does not ‘border’ the singularity and thus S(U0) = ∅. This may be seen by considering
any γ = (p,v) ∈ Gi. Close to it, there always exists (p,v, ℓ(p,v)− δℓ) ∈ H+ terminating at q3 < q1, for some δℓ > 0.
Therefore it is enough to consider sets B given by It × (0, q1)× Iz × Iϕ. Because the region B is reached by any

geodesic with the terminal values ť, ž and ϕ̂ in B, irrespective of the initial t̂, q̂ and ẑ and the parameter χ, we have

S(B) = {t̂ ∈ R} × {q̂ ∈ R+} × {ẑ ∈ R} × {ϕ̂ ∈ Iϕ} × {χ ∈ R+} × {ť ∈ It} × {ž ∈ Iz} , (A6)

where we moved from point–vector pairs to an equivalent description in terms of their associated parameters.
Clearly S(B1 ∩B2) = S(B1) ∩ S(B2) and so the sets S(B) constitute a topological basis for Gi. As any U open in

M is a union of sets of the form B as above and sets B0 for whom S(B0) = ∅ the topologies constructed from {S(B)}
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and {S(U)} are equivalent. Consequently the geodesics with the same ť, ž and ϕ̂ give rise to the same singular point
[γ] ∈ ∂gM , i.e. for

γ1 = (t̂1, q̂1, ẑ1, ϕ̂1, χ1, ť1, ž1) , γ2 = (t̂2, q̂2, ẑ2, ϕ̂2, χ2, ť2, ž2) ,

we have

γ1 ∼ γ2 iff (ť1, ž1, ϕ̂1) = (ť2, ž2, ϕ̂2) . (A7)

This is because γ1 and γ2 are in all each others neighborhoods of the form (A6),

B = (ť− δt, ť+ δt)× (0, q)× (ž − δz, ž + δz)× (ϕ̂− δϕ, ϕ̌+ δϕ) , (A8)

if and only if they have same values of ť, ž, and ϕ̂. Then in turn ť, ž, and ϕ̂ parametrize the g-boundary ∂gM .
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[62] F. Fernández-Álvarez, J. Podolský, and J. M. M. Senovilla, Analysis of gravitational radiation generated by type D black
holes with positive cosmological constant, Phys. Rev. D 110, 104029 (2024), arXiv:2407.14863 [gr-qc].

[63] J. Margalef-Bentabol and E. J. S. Villaseñor, Topology of the misner space and its g-boundary, Gen. Rel. Grav. 46, 1755
(2014).

https://doi.org/10.1063/1.1704019
https://doi.org/10.1063/1.1704019
https://doi.org/10.1017/9781009253161
https://doi.org/10.1016/j.physletb.2015.09.074
https://arxiv.org/abs/1508.07622
https://doi.org/10.1103/PhysRevD.93.024048
https://arxiv.org/abs/1509.07854
https://doi.org/10.1103/PhysRevD.100.064055
https://doi.org/10.1103/PhysRevD.100.064055
https://arxiv.org/abs/1903.08668
https://doi.org/10.1142/S0218271822500213
https://arxiv.org/abs/1908.04238
https://doi.org/10.1103/PhysRevD.100.101501
https://doi.org/10.1103/PhysRevD.100.101501
https://arxiv.org/abs/1909.07776
https://doi.org/10.1016/j.physletb.2022.137264
https://arxiv.org/abs/2109.07715
https://arxiv.org/abs/2109.07715
https://doi.org/10.1103/PhysRevD.105.124034
https://doi.org/10.1103/PhysRevD.105.124034
https://arxiv.org/abs/2206.09124
https://doi.org/10.1007/jhep10(2022)174
https://doi.org/10.1140/epjc/s10052-024-12826-2
https://arxiv.org/abs/2309.01609
https://arxiv.org/abs/2309.01609
https://doi.org/10.1016/0003-4916(76)90240-2
https://doi.org/10.1016/0003-4916(76)90240-2
https://doi.org/10.1088/0264-9381/22/17/008
https://arxiv.org/abs/gr-qc/0507021
https://arxiv.org/abs/gr-qc/0507021
https://doi.org/10.1142/S0218271806007742
https://doi.org/10.1142/S0218271806007742
https://arxiv.org/abs/https://doi.org/10.1142/S0218271806007742
https://doi.org/10.1103/PhysRevD.104.084078
https://arxiv.org/abs/2108.02239
https://arxiv.org/abs/2108.02239
https://doi.org/10.1103/PhysRevD.107.084034
https://doi.org/10.1103/PhysRevD.107.084034
https://doi.org/10.1103/PhysRevD.109.084038
https://doi.org/10.1103/PhysRevD.109.084038
https://doi.org/10.1103/PhysRevD.74.084031
https://doi.org/10.1103/PhysRevD.74.084031
https://arxiv.org/abs/gr-qc/0608092
https://doi.org/10.1103/PhysRevD.102.084024
https://arxiv.org/abs/2007.09169
https://doi.org/10.1103/PhysRevD.100.064014
https://arxiv.org/abs/1905.06585
https://arxiv.org/abs/1905.06585
https://doi.org/10.1088/1361-6382/ab8a5d
https://doi.org/10.1103/PhysRevD.104.024022
https://doi.org/10.1103/PhysRevD.104.024022
https://doi.org/10.1103/PhysRevD.108.104057
https://doi.org/10.1063/1.1664599
https://doi.org/10.1007/bf00759538
https://doi.org/10.1088/0264-9381/10/8/020
https://arxiv.org/abs/gr-qc/0201045
https://doi.org/10.1088/0264-9381/13/7/025
https://doi.org/10.1088/0264-9381/16/9/318
https://arxiv.org/abs/gr-qc/9905059
https://doi.org/10.1103/PhysRevD.111.024038
https://doi.org/10.1103/PhysRevD.111.024038
https://arxiv.org/abs/2409.02308
https://doi.org/10.1088/0264-9381/22/17/014
https://doi.org/10.1103/PhysRevD.81.124044
https://arxiv.org/abs/1002.4342
https://doi.org/10.1103/PhysRevD.110.104029
https://arxiv.org/abs/2407.14863
https://doi.org/10.1007/s10714-014-1755-6
https://doi.org/10.1007/s10714-014-1755-6

	Conical singularity in spacetimes with NUT is observer-dependent
	Abstract
	Introduction
	Generalized stationary axisymmetric spacetimes
	New geometric definition of conicity
	Relation to `standard' definition
	Applications
	Spinning cosmic string
	Plebański-Demiański (in GP coordinates)
	C-metric
	Taub–NUT
	Accelerated Taub–NUT (in GP-like coordinates)

	Conclusions
	Acknowledgments
	G-BOUNDARY OF SPINNING COSMIC STRING
	References


