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We find an explicit solution of the source free Maxwell equations in a generalized Kerr–NUT–(A)dS 
spacetime in all dimensions. This solution is obtained as a linear combination of the closed conformal 
Killing–Yano tensor hab , which is present in such a spacetime, and a derivative of the primary Killing 
vector, associated with hab . For the vanishing cosmological constant the obtained solution reduces to the 
Wald’s electromagnetic field generated from the primary Killing vector.
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Electromagnetic fields in the vicinity of (rotating) black holes 
in four dimensions have interesting astrophysical applications and 
have been investigated by many authors, see e.g. [1–8]. See also 
[9–15] for the studies in higher dimensions.

Let us first recall the Wald construction of a weak electro-
magnetic field in spacetimes with symmetry [1]. Consider a test 
electromagnetic field in a D-dimensional curved spacetime with 
metric gab . The corresponding source-free Maxwell equations are

F ab
;b = 0, F [ab;c] = 0 . (1)

The latter equation implies that the electromagnetic field strength 
can be found as an external derivative of the potential 1-form Aa , 
Fab = Ab,a − Aa,b . Imposing the Lorenz gauge condition one can 
write the first Maxwell equation in the form

A ;a
a = 0, �Aa − R c

a Ac = 0 , (2)

where �Aa = ∇b∇b Aa .
Suppose now that the spacetime possesses a Killing vector ξa . 

Then the Killing equation ξ(a;b) = 0 and its integrability conditions 
imply

ξ ;a
a = 0, �ξa + R c

a ξc = 0 . (3)

The equations (2) and (3) are quite similar. The only difference is 
the sign of the curvature term. This means that any Killing vec-
tor in a vacuum spacetime serves as a vector potential for a test 
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source-free Maxwell field. Therefore a special set of test source-
free electromagnetic fields in the background of vacuum space-
times can be generated by simply using the isometries of these 
spacetimes. In such a way one can generate a weakly charged Kerr 
black hole, or immerse this black hole in a ‘uniform magnetic field’ 
[1,16].

In this letter we show how to generalize the Wald approach to 
a wide class of spacetimes with a cosmological constant that admit 
a closed conformal Killing–Yano (CCKY) tensor hab of rank 2. Such 
spacetimes obey the Einstein equation

Rab = 2

D − 2
�gab (4)

with the cosmological constant �, and admit a CCKY 2-form hab
satisfying the equation

hab;c = gcaξb − gcbξa , (5)

where

ξa = 1

D − 1
hb

a;b . (6)

Since hab is closed, h[ab,c] = 0, there exists a potential one 
form ba , such that

hab = bb,a − ba,b . (7)

Using the integrability condition for (5) one obtains

ξ(a;b) = 1 (
hac Rc

b + hab Rc
a

)
. (8)
2(D − 2)
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Thus, in an Einstein space, that is when (4) is satisfied, it follows 
that

ξ(a;b) = 0 , (9)

and hence ξa is a Killing vector. To distinguish it from other Killing 
vectors which may be present in a given spacetime, we call it a 
primary Killing vector.

Let us now define the following 2-form constructed from hab
and the primary Killing vector ξa:

Fab = 2q(ξ[b,a] + λhab), λ = 2�

(D − 1)(D − 2)
, (10)

where the constant q parameterizes the field strength. This 2-form 
is closed and can be generated from a 1-form potential

Aa = q(ξa + 2λba) . (11)

Moreover, using relations (3), (4), and (6) one can easily check that 
Fab is also divergence free,

Fab
;b = 0 . (12)

In other words, in any Einstein space with the CCKY tensor hab
there always exists a solution of the source-free Maxwell equations 
that can be written in the form (10). Since this electromagnetic 
field is generated from the primary Killing vector, we call it a pri-
mary electromagnetic field.

An important special case occurs when hab is non-degenerate. 
Let us denote D = 2n + ε the number of spacetime dimensions, 
with ε = 0 in even dimensions and ε = 1 in odd dimensions. Then 
the non-degeneracy condition means that the tensor Q a

b = hachbc
has n independent nonvanishing eigenvalues x2

μ (μ = 1, . . . , n). We 
call such a CCKY tensor a principal tensor. The most general so-
lution of the Einstein equations (4) which possesses the principal 
tensor is the so-called Kerr–NUT–(A)dS metric [17–21]. This solution 
was found in [22]. It contains the following set of ‘free’ parame-
ters: mass M , (n − 1 + ε) rotation parameters, ai , and (n − 1) NUT 
parameters, Nμ . For M = Nμ = 0 the Kerr–NUT–(A)dS metric be-
comes the metric of an (anti-)de Sitter spacetime, and when also 
� = 0 it is a flat metric.

The Kerr–NUT–(A)dS spacetime has a number of remarkable 
properties. In particular, besides the primary Killing vector ξa , it 
has n − 1 + ε additional commuting Killing vectors. A set of n
equations xμ = const defines a (n − 1 + ε)-dimensional submani-
fold, such that all Killing vectors are tangent to it. If one introduces
coordinates ψi on this submanifold by conditions that the Killing 
vectors take the form ∂ψi , then (xμ, ψi) can be used as spacetime 
coordinates, which are called canonical. A remarkable property of 
the Kerr–NUT–(A)dS metric is that when written in canonical co-
ordinates the tensor components of hab do not depend on the 
mass and NUT parameters. That is, they are the same as the corre-
sponding components of this tensor in the (A)dS or flat spacetime. 
Thus, the operation (10) of ‘upgrading’ the Killing vector ansatz 
for an electromagnetic field can be interpreted as a subtraction 
from 2ξ[b,a] a similar quantity, calculated for the corresponding 
(anti-)de Sitter background metric. Namely this prescription was 
used in [11,13] for obtaining the weakly charged Kerr–(A)dS black 
holes in all dimensions.

In order to obtain the components of the field Fab in the 
canonical coordinates we introduce a non-normalized frame of 
1-forms [15]

εμ = dxμ , εμ̂ =
n−1∑

k=0

A(k)
μ dψk , ε 0̂ =

n∑

k=0

A(k)dψk . (13)

The last 1-form ε 0̂ is present only in odd dimensions. The func-
tions A(k) and A(k)

μ are symmetric polynomials in x2
μ ,
A(k) =
n∑

ν1,...,νk=1
ν1<...<νk

x2
ν1

. . . x2
νk

, A( j)
μ =

n∑

ν1,...,ν j=1
ν1<...<ν j

νi �=μ

x2
ν1

. . . x2
ν j

.

In this frame hab takes the form [23]

h =
n∑

μ=1

xμεμ ∧ εμ̂ . (14)

It is possible to show that the strength tensor Fab has a similar 
form

F =
n∑

μ=1

fμεμ ∧ εμ̂ , (15)

where fμ are functions of all coordinates xν . Hence this field is 
a special case of a wide class of solutions of the Maxwell equa-
tions which are ‘aligned with’ the CCKY tensor hab . This class was 
described and studied in details in [15]. Using the results of this 
paper one obtains

fμ = φ,μ, φ = −2q
n∑

μ=1

Nμx1−ε
μ

Uμ
. (16)

Here, Nμ are NUT and mass parameters1 of the Kerr–NUT–(A)dS 
solution and functions Uμ are just polynomials in x2

μ

Uμ =
n∏

ν=1
ν �=μ

(x2
ν − x2

μ) . (17)

Up to pure gauge terms, the corresponding vector potential (11)
reads

A = −2q
n∑

μ=1

Nμx1−ε
μ

Uμ
εμ̂ . (18)

In four dimensions it is possible to ‘backreact’ this electromagnetic 
field on the geometry, by simply modifying the metric functions, to 
obtain a fully charged Kerr–NUT–(A)dS spacetime [24,25]. In higher 
dimensions, though, this is no longer possible within the realms 
of pure Einstein–Maxwell theory, see however [26], and additional 
fields have to be introduced, e.g. [27].

If one omits the restriction that the CCKY tensor hab is non-
degenerate, the class of the metrics which possess such a ten-
sor and obey the Einstein equations (4) becomes much larger. 
These solutions, called generalized Kerr–NUT–(A)dS metrics, were 
described in [21,28–30]. They describe a huge family of geome-
tries, ranging from the Kähler metrics, Einstein–Sasaki geometries, 
generalized Taub–NUT metrics, or rotating black holes with some 
equal and some vanishing rotation parameters. As evident from the 
discussion, our construction of the solution (10) for the test elec-
tromagnetic field works in these metrics as well.

Acknowledgements

V.F. thanks the Natural Sciences and Engineering Research 
Council of Canada and the Killam Trust for financial support. P.K. is 
supported by the project of excellence of the Czech Science Foun-

1 Here, we set Nn = iM . It corresponds to the convention, that the radial coordi-
nate is xn = ir . See [17–21].



256 V.P. Frolov et al. / Physics Letters B 771 (2017) 254–256
dation No. 14-37086G. D.K. is supported by the Perimeter Institute 
for Theoretical Physics and by the Natural Sciences and Engineer-
ing Research Council of Canada. Research at Perimeter Institute is 
supported by the Government of Canada through the Department 
of Innovation, Science and Economic Development Canada and by 
the Province of Ontario through the Ministry of Research, Innova-
tion and Science.

References

[1] R.M. Wald, Black hole in a uniform magnetic field, Phys. Rev. D 10 (1974) 
1680–1685.

[2] A.R. King, J.P. Lasota, W. Kundt, Black holes and magnetic fields, Phys. Rev. D 
12 (1975) 3037–3042.
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[6] J. Bičák, V. Janiš, Magnetic fluxes across black holes, Mon. Not. R. Astron. Soc. 
212 (1985) 899–915.

[7] A.N. Aliev, D.V. Galtsov, Magnetized black holes, Sov. Phys. Usp. 32 (1989) 75.
[8] R.F. Penna, Black hole Meissner effect and Blandford–Znajek jets, Phys. Rev. D 

89 (2014) 104057, arXiv:1403.0938.
[9] A.N. Aliev, V.P. Frolov, Five-dimensional rotating black hole in a uniform mag-

netic field: the gyromagnetic ratio, Phys. Rev. D 69 (2004) 084022, arXiv:
hep-th/0401095.

[10] M. Ortaggio, Higher dimensional black holes in external magnetic fields, J. High 
Energy Phys. 05 (2005) 048, arXiv:gr-qc/0410048.

[11] A.N. Aliev, Gyromagnetic ratio of charged Kerr–Anti-de Sitter black holes, Class. 
Quantum Gravity 24 (2007) 4669–4678, arXiv:hep-th/0611205.

[12] M. Ortaggio, V. Pravda, Black rings with a small electric charge: gyromagnetic 
ratios and algebraic alignment, J. High Energy Phys. 12 (2006) 054, arXiv:gr-qc/
0609049.
[13] A.N. Aliev, Electromagnetic properties of Kerr–Anti-de Sitter black holes, Phys. 
Rev. D 75 (2007) 084041, arXiv:hep-th/0702129.

[14] W. Chen, H. Lu, Kerr–Schild structure and harmonic 2-forms on (A)dS–Kerr–
NUT metrics, Phys. Lett. B 658 (2008) 158–163, arXiv:0705.4471.

[15] P. Krtouš, Electromagnetic field in higher-dimensional black-hole spacetimes, 
Phys. Rev. D 76 (2007) 084035, arXiv:0707.0002.

[16] A. Papapetrou, Champs gravitationnels stationnaires a symetrie axiale, Ann. 
Inst. H. Poincaré Phys. Theor. 4 (1966) 83–105.

[17] T. Houri, T. Oota, Y. Yasui, Closed conformal Killing–Yano tensor and geodesic 
integrability, J. Phys. A 41 (2008) 025204, arXiv:0707.4039.

[18] T. Houri, T. Oota, Y. Yasui, Closed conformal Killing–Yano tensor and Kerr–
NUT–de Sitter spacetime uniqueness, Phys. Lett. B 656 (2007) 214–216, arXiv:
0708.1368.

[19] P. Krtous, V.P. Frolov, D. Kubiznak, Hidden symmetries of higher dimensional 
black holes and uniqueness of the Kerr–NUT–(A)dS spacetime, Phys. Rev. D 78 
(2008) 064022, arXiv:0804.4705.

[20] Y. Yasui, Conformal Killing–Yano tensor and Kerr–NUT–de Sitter spacetime 
uniqueness, Int. J. Mod. Phys. A 23 (2008) 2169–2171.

[21] T. Houri, T. Oota, Y. Yasui, Closed conformal Killing–Yano tensor and unique-
ness of generalized Kerr–NUT–de Sitter spacetime, Class. Quantum Gravity 26 
(2009) 045015, arXiv:0805.3877.

[22] W. Chen, H. Lu, C.N. Pope, General Kerr–NUT–AdS metrics in all dimensions, 
Class. Quantum Gravity 23 (2006) 5323–5340, arXiv:hep-th/0604125.

[23] D. Kubiznak, V.P. Frolov, Hidden symmetry of higher dimensional Kerr–NUT–
AdS spacetimes, Class. Quantum Gravity 24 (2007) F1–F6, arXiv:gr-qc/0610144.

[24] B. Carter, A new family of Einstein spaces, Phys. Lett. A 26 (1968) 399–400.
[25] J.F. Plebanski, A class of solutions of Einstein–Maxwell equations, Ann. Phys. 90 

(1975) 196–255.
[26] Z.W. Chong, M. Cvetic, H. Lu, C.N. Pope, General non-extremal rotating black 

holes in minimal five-dimensional gauged supergravity, Phys. Rev. Lett. 95 
(2005) 161301, arXiv:hep-th/0506029.

[27] D.D.K. Chow, Symmetries of supergravity black holes, Class. Quantum Gravity 
27 (2010) 205009, arXiv:0811.1264.

[28] T. Houri, T. Oota, Y. Yasui, Generalized Kerr–NUT–de Sitter metrics in all di-
mensions, Phys. Lett. B 666 (2008) 391–394, arXiv:0805.0838.

[29] T. Oota, Y. Yasui, Separability of gravitational perturbation in generalized Kerr–
NUT–de Sitter spacetime, Int. J. Mod. Phys. A 25 (2010) 3055–3094, arXiv:
0812.1623.

[30] Y. Yasui, T. Houri, Hidden symmetry and exact solutions in Einstein gravity, 
Prog. Theor. Phys. Suppl. 189 (2011) 126–164, arXiv:1104.0852.

http://refhub.elsevier.com/S0370-2693(17)30404-5/bib57616C643A313937346E70s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib57616C643A313937346E70s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib4B696E673A313937357474s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib4B696E673A313937357474s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib626963616B3139373773746174696F6E617279s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib626963616B3139373773746174696F6E617279s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib626963616B3139373773746174696F6E617279s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib62697663616B3139373673746174696F6E617279s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib62697663616B3139373673746174696F6E617279s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib62697663616B3139373673746174696F6E617279s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib62697663616B3139383073746174696F6E617279s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib62697663616B3139383073746174696F6E617279s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib62697663616B3139383073746174696F6E617279s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib62697663616B313938356D61676E65746963s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib62697663616B313938356D61676E65746963s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib416C6965763A313938397778s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib50656E6E613A32303134617A61s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib50656E6E613A32303134617A61s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib416C6965763A323030346563s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib416C6965763A323030346563s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib416C6965763A323030346563s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib4F7274616767696F3A323030346B72s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib4F7274616767696F3A323030346B72s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib416C6965763A323030367474s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib416C6965763A323030367474s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib4F7274616767696F3A323030366E67s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib4F7274616767696F3A323030366E67s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib4F7274616767696F3A323030366E67s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib416C6965763A323030377169s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib416C6965763A323030377169s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib4368656E3A323030376673s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib4368656E3A323030376673s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib4B72746F75733A32303037s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib4B72746F75733A32303037s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib50617061706574726F753A313936367A7As1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib50617061706574726F753A313936367A7As1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib486F7572693A323030377571s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib486F7572693A323030377571s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib486F7572693A32303037787As1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib486F7572693A32303037787As1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib486F7572693A32303037787As1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib4B72746F75733A323030387462s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib4B72746F75733A323030387462s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib4B72746F75733A323030387462s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib59617375693A323030387A7As1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib59617375693A323030387A7As1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib486F7572693A323030386E67s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib486F7572693A323030386E67s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib486F7572693A323030386E67s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib4368656E3A323030367868s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib4368656E3A323030367868s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib4B7562697A6E616B3A323030366B74s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib4B7562697A6E616B3A323030366B74s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib4361727465723A31393638706Cs1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib706C6562616E736B6931393735636C617373s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib706C6562616E736B6931393735636C617373s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib43686F6E673A323030356872s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib43686F6E673A323030356872s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib43686F6E673A323030356872s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib43686F773A323030386665s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib43686F773A323030386665s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib486F7572693A323030387468s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib486F7572693A323030387468s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib4F6F74613A32303038756As1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib4F6F74613A32303038756As1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib4F6F74613A32303038756As1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib59617375693A323031317072s1
http://refhub.elsevier.com/S0370-2693(17)30404-5/bib59617375693A323031317072s1

	Weakly charged generalized Kerr-NUT-(A)dS spacetimes
	Acknowledgements
	References


