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Abstract

We derive the most general first-order symmetry operator for the Dirac equation coupled to arbitrary
fluxes. Such an operator is given in terms of an inhomogeneous form w which is a solution to a coupled
system of first-order partial differential equations which we call the generalized conformal Killing—Yano
system. Except trivial fluxes, solutions of this system are subject to additional constraints. We discuss
various special cases of physical interest. In particular, we demonstrate that in the case of a Dirac operator
coupled to the skew symmetric torsion and U (1) field, the system of generalized conformal Killing—Yano
equations decouples into the homogeneous conformal Killing—Yano equations with torsion introduced in
D. Kubiznak et al. (2009) [8] and the symmetry operator is essentially the one derived in T. Houri et al.
(2010) [9]. We also discuss the Dirac field coupled to a scalar potential and in the presence of 5-form and
7-form fluxes.
© 2010 Elsevier B.V. All rights reserved.

1. Introduction

The Dirac operator, since its introduction in 1928, has played a central role in physics and
more recently geometry. Physically, the Dirac operator is indispensable in the construction of the
Standard Model of particle physics. It is also intimately tied to Riemannian geometry; indeed
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one approach treats the Dirac operator as fundamental and the metric as a derived object [1].
A fundamental tool of modern physics is the identification and exploitation of symmetries. From
a metric point of view these are well studied, being related to the existence of certain tensors,
namely Killing tensors and Killing—Yano tensors [2]. Taking the view that the Dirac operator
should take priority over the metric, one may ask how the symmetries of the metric are manifest
in this alternative viewpoint. The key observation is that the existence of symmetry operators for
the Dirac equation implies constraints on the geometrical background on which it is defined. In
particular, symmetry operators of the massless equation which are first order in derivatives are es-
sentially in one-to-one correspondence with conformal Killing—Yano tensors of the background
metric [3-6].

In the backgrounds considered for superstring and supergravity theories, the metric is often
supplemented by other fields or ‘fluxes’ which couple to the spinor fields and modify the Dirac
equation. The goal of this work is to understand how the symmetries of this modified Dirac
equation relate to the underlying geometry. This will give insight into how the notion of ‘hidden
symmetry’ should be adapted in the presence of fluxes. Generally, if D is the standard Dirac
operator, one considers a modified Dirac equation:

Dy = (D + B)y =0, (1)

where B is some section of the Clifford bundle.! This includes the case of a massive Dirac
operator, the Dirac operator minimally coupled to a Maxwell field, the Dirac operator in the
presence of torsion as well as more general operators. An interesting question is under what
circumstances this modified Dirac equation admits a symmetry operator. A partial answer was
provided by Agik, Ertem, Onder and Vergin in [7], who give necessary and sufficient conditions
that a first-order operator graded commutes with D. If one asks only for a symmetry operator
of (1), it suffices to seek an operator £ which R-commutes with D, i.e., which obeys

DL =RD. 2

In this paper, we give necessary and sufficient conditions that a first-order differential operator
on the spin bundle R-commutes with D. As a result, we exhibit the appropriate generalization
of the conformal Killing—Yano equation in the presence of fluxes, which we call the generalized
conformal Killing—Yano system. This system incorporates all the special cases studied previously
as well as providing a unified description of some other possibilities. In particular, we show how
in the case where the fluxes consist of a Maxwell field and a 3-form torsion the conditions reduce
to the existence of a torsion conformal Killing—Yano tensor, as introduced in [8], together with a
compatibility condition on the Maxwell field. This reproduces in a more compact way the results
derived in [9] and establishes the uniqueness of these results. As a new application we derive the
symmetry operator for the Dirac field with arbitrary scalar potential and the generalization of a
conformal Killing—Yano equation in the presence of 5-form and 7-form fluxes.

The paper is organized as follows. In the next section we introduce the modified Dirac oper-
ator and discuss its basic properties. Its first-order symmetry operators are derived in Section 3.
The general theory is demonstrated with several examples in Section 4. Section 5 is devoted to
conclusions and discussion. In what follows we use conventions and notations of [9] which we
gather for convenience in Appendix A.

' In the notation of physicists, B may be written as a sum of terms of the form By, i y4 ...y, where By, ..ap are
components of a p-form.
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2. Dirac operator

In what follows we consider the following Dirac operator:
D=D+B=¢"V,+B, 3)

where B is an arbitrary inhomogeneous form, describing the coupling to the ‘force fields’. Since
the standard Dirac operator D is antiself-adjoint, i.e., obeying D = —DT, in order D to be
antiself-adjoint as well, D = —D", we require

B=-B"=—@)"""VB*, )

where * denotes the complex conjugation. This means that the p-form component of B, B, has
to be imaginary for p = 0, 1 mod4 and real for p =2, 3mod4.

An important property of the standard Dirac operator is that it obeys the Schrodinger—
Lichnerowicz formula relating its square to the spinor Laplacian. We can derive a similar result
for D, but the spinor Laplacian related to D is that of a new connection on the spin bundle. Let
us introduce the following spinor connection:

- I+n 11—

Vo=Va+Ca Co=—"XosB+ Te, AB. (5)

where the action on a element of the Clifford algebra, «, is
@aazvaa—i—Caa —aC,. (6)
One can easily show that the Dirac operator (3) can be written as

- - T n—7i
D=¢"V, + B, B=[1—5(1—n)—T(l+n)}B, (7)
while we obtain
> 2 b o
D =A+§e Rx,.x, + (DB). )

Here, A= 654 Ve — 6% xa» @ 2-form 7~2Xa, x,, 1s the curvature 2-form (A.16) of connection @a,

and in the last term D acts only on B. That is, by introducing V.., we have obtained the relation
D? = A + zeroth-order terms. Such a connection is of interest on its own; for example, let us
consider the case when

1
B=iA--T, 9
1A= )
where A and T are 1-form and 3-form, respectively. Then we find

- 1 - 1
D:e“Va+§T, Va=Va+XaJ<iA—ZT>. (10)
This is a standard minimal coupling connection with torsion on spinors. In the case when A =0,
the connection V, can in fact be lifted from a connection V7 on the tangent bundle, as considered
in [9]. On an arbitrary form w this acts as
- 1
Vawsvjwzvamri(xaﬂww (11)

and one can associate with it the following two operations:



188 D. Kubizridk et al. / Nuclear Physics B 844 (2011) 185-198

1
STa)z—X“JVaTa):Sa)—ET/Z\w,
dTa):e”/\Vara)zda)—T/l\a). (12)

However, let us stress that this example is very special and in general the spinorial connection V,,
(5), is not the lift of a connection on the tangent bundle because it does not preserve the degree
of forms.

3. First-order Dirac symmetry operators
We would like to construct the most general first-order differential operator £ which graded

R-commutes with the Dirac operator (3), i.e., which obeys (2). Equivalently, we may define the
bracket {, } to be

{a, Bt =ap — (=17 Ba, (13)
for a p-form B and a g-form «. Then one may show that R-commutation is equivalent to
{D,L}=S8D (14)

for some operator S. Obviously, such an operator L is not unique. Given £, a new operator £ +
oD, where « is an arbitrary inhomogeneous form, automatically satisfies the same equation (14)
(possibly with different S). To construct all symmetry operators of D, it is in fact sufficient to
seek a special operator L,

L=20V,+ £2, 15)
where w? and §2 are unknown inhomogeneous forms to be determined, obeying
{D,L}=XD, (16)

where X' is of the zeroth order, i.e., it is some inhomogeneous form [6]. A general operator £
obeying (14) is then given by £ = L + oD, with « being an arbitrary inhomogeneous form. In
what follows we shall construct the special operator L.

Using the explicit form of D and L, (3) and (15), we find

{D, L} =4X" S0V, Vi) +2(e (Vpo) + X* 5 2 + B, 0"})V,
+2¢" ARy, x, + ¢ (Va$2) + (B, 2} — 2(nw) (V4 B), (17)
where we have used (A.16). On the other hand, the r.h.s. of Eq. (16) is simply given by
Y¥D=2Xe'V,+ IB. (18)

By equating terms of equal order in derivatives in Egs. (17) and (18) we obtain X@ ; »? =0,
which implies

=X (19)
for some inhomogeneous form w, together with

1
e’V + X 12 +{B, 0"} = SZe,

2¢" Ao’ Ry, x, + ¢ (Va$2) +{B, 2} — 2(no*)V,B = TB. (20)
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Using (19) and definitions (A.4) we have el Vyw, = X4 2 (8w —dw) + V,w. Moreover, using the
results of [5] for an arbitrary inhomogeneous form  one has

2¢ A (XP S w)Rx, x, =€ A X S R(Xa, Xp)o. (21)

So, besides (19), we obtain the following two equations, which are the ‘conformal generaliza-
tions’ of equations derived in [7]:

1 1
Vaw—iea/\nE—XaJ(dw—Sw—Q—EnZ')—i—{B,wa}:O, 22)

e’ A XY SR(Xy, Xp)w+ €*(Va2) + (B, 2} — 2(nw®)VyB — £ B =0. (23)

The first equation represents a “generalized conformal Killing—Yano system” of equations for
inhomogeneous form w. It also uniquely determines the symmetry operator L. The second equa-
tion gives additional conditions which have to be satisfied in order that L really be a symmetry
operator for D.

In order to see these statements more explicitly, let us first concentrate on Eq. (22). This can
be re-written as

Vowo=X, st +e4 Av—{B,w,}, (24)

where

1 1
,u:da)—Sw—.Q—EnZJ, v:EnE. 25)

By contracting (24) with X, or wedging with ¢* we obtain the following two equations:
do=mu—e* AN{B,w,}, —Sw=m—m)v— X J{B, w,}. (26)
By inverting these expressions we obtain
1 1, ,
p=—do+—(e" AMB.wa}) - f,
b4 b4

1 1
(X9 S{B, wy)) — ——Sw —e. Q27)
n—7om n—r7m

V=

Here, f and e are arbitrary O-form and n-form respectively. [We define 7 ~! to be a linear opera-
tor taking o to p~'a for a p-form a with p > 0 and similarly for (n — ) ~! acting on a p-form
with p < n. Since dw has no 0-form component and §w no n-form component, the expression
above is well defined.] Using the explicit form of u and v, (25), in (27) we obtain the following
explicit expressions for £2 and X:
T—1 n—m—1 1 1
2= dw — S — X? J{B,wy} — —e* ANM{B,w,}+ f+¢, (28)
T n—m n—m b4
2n 2n
n—m n—m

X% (B, w,} — 2ne. (29)

Moreover, let us introduce the following projection operator for inhomogeneous forms ¢, see,
e.g., [10]:

1

mea 7AN (XbJOlb). (30)

1
(Ola)J_ =0, — 7'[——|-1Xﬂ | (eb AN Olb) —
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[Note that we automatically have e¢? A (ag)1 = 0= X 1 (ay)1 and hence (og1)1 = (ag) 1]
This projection naturally defines the twistor operator

1 1
K,w=(V =Voo— —X, 1d ——e, Ndw. 31
aw = (Vo) 1 a@ T+l a - w+n_n+1ea w 31
Using this notation we can rewrite Eq. (24) as (V 0 + {B, w,})1 =0, or,
Koo+ {B,w;}1 =0. (32)

This is the desired form of the generalized conformal Killing—Yano system. For general flux B,
it represents a coupled system of linear first-order partial differential equations for homogeneous
parts of inhomogeneous form w. Its solution is a necessary and sufficient condition for (16) to
be satisfied in the second and first derivative order. It is shown in the next section that if and
only if B is a combination of a function, 1-form, and 3-form, the generalized conformal Killing—
Yano system (32) decouples, without any additional restrictions on @ and B, into a system of
independent equations for homogeneous parts w), of the form w.

In order that L, given by 2, (28), really be a symmetry operator for D, the solutions of (32)
have to satisfy additional conditions following from (23). One finds the following integrability
conditions for the twistor operator:

2e" A XY ViaKpo=e® A X 3 R(Xg, Xp)oo — ———8dw — —— " dsw. (33)

T+1 n—m+1
Taking further into account that 2eP A X2 VialB, wp} L = vb {B, wp}1, we arrive at the inte-
grability conditions of Eq. (32)
b . b4 n—m b
e’ ANX"JR( Xy, Xp)w=——6dwo+ —déw — V’{B, wp} ] . (34)
m+1 n—m+1

Using further the explicit form of £2, (28), in the term eV, 2, we can rewrite Eq. (23) as

L) R )

1) X? J{B,wp} ) —d| —e’ AN{B, wp}

n—r7o T
—V“{B,a)a}+{B,.Q}—Z(Uw“)VaB—EB—i—df—(Se:O. (35)

It is now obvious, using the explicit form of X, (29), that this equation represents (for general B)
an additional first-order partial differential constraint on inhomogeneous form w; we shall some-
times refer to the L.h.s. as anomalies. In principle, one could plug here the explicit expressions
for £2 and X, for general B the final expression is, however, not very illuminating. In certain
special cases considered in the next section a considerable simplification of this equation occurs.
Let us also mention that in certain special cases one may choose the (so far arbitrary) forms f
and € to simplify the anomalies, see, e.g., the example of black hole background in minimal
gauged supergravity in Section 4.2.

4. Examples
4.1. Conformal Killing vectors

As a straightforward check of the results we have obtained, we consider the case where w is
a 1-form. Eq. (32) reduces to the requirement that w* be a conformal Killing vector. Making use
of the integrability conditions, (35) (with f =0 =€) reduces to

5
L:B=—"2(x - 1B. (36)
n



D. Kubizridk et al. / Nuclear Physics B 844 (2011) 185-198 191

This condition can also be deduced by requiring that the action

S=/}¢D¢+&B¢ywd, (37)

from which the modified Dirac equation follows, is invariant under the conformal symmetry
generated by w".

4.2. Generalized Killing—Yano equations with torsion

Let us now consider the case when the Dirac spinor is coupled to a skew-symmetric torsion
and a U (1) field. We take B asin (9), i.e.,

1
B=iA—-T, 38
iA—7 (3%)

where A is a 1-form and 7 a 3-form. In [9] it was argued that the factor of —1/4 is natural when
considering a connection with torsion 7'. Expanding the bracket { B, w,} by using formulas (A.9)
and applying (19) and (A.3) we immediately find

. 1 1 1
{B,w,} =X, 4 (—21A/I\w+§T/l\w— ET/;w) +§(XaJT)/I\a),

1
Xa J{B,C{)a}z —T/\C(),
2 2

1 1
e“/\{B,a)a}=n<—2iA/\a)+—T/\a)——T/\a))—T/\a), (39)
1 2 1 12 3 1
and
B = ! X T A ! AT A 1X T)A 40
{ ’wa}L_n——i—l a4l lw)—zmea ( 260)4‘5( a - )1w' (40)

Obviously, the last bracket preserves the rank of each homogeneous part of w. Therefore,
Egs. (32) splitinto a set of uncoupled homogeneous equations for p-form components of form w.
Moreover, introducing the torsion covariant derivative (11) and the two associated operations (12)
we can rewrite (32) as

1 1
T _ Tl T T
Kaa):Vaa)—n—HXaJd a)—}-mea/\S a):O, (41)
where K is a twistor operator with torsion. Therefore each p-form component of @ has to
satisfy the generalized conformal Killing—Yano equation with torsion introduced in [8]. One also
finds

T —1 n—mw—1 5 . 2—7m 1 1
2= dw — S'w+2iANw + TAw—=TArw+—TAw
T n—m 1 g 1 2 2 12 3
+ f +e,
2
y=__ 8T w — 2ne. (42)
n—m

Note that when ¥ =0, i.e., for 7w =0 and € = 0, the operator L graded commutes with the
Dirac operator D. Thereafter we can rewrite L as follows:

4 T—1 . 2—m 1 1
L=2X" 2oV,+ —do+2iAr o+ ——TArAo—=TrAo+ =T Ao+ f, 43)
b4 1 2 1 2 2 12 3
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which (up to arbitrary O-form f) is the symmetry operator derived in [9, Eq. (4.18)] in the case
when A =0.
In general, the additional constraint (35) reduces (after some lengthy calculation) to

2i(dA) Ao+ ACD 4 AD _gf 4 56 =0, (44)
where

() ! T 1 ! T

AY = ——d(d' w) - 2dT Ao — ———T r§' o, (45)
a—1 2 1 n—m+3

1 1

AD = — —  §5(8Tw)— ———TAdTw+ —dT Ao, 46

a0 ) gy Tl et pdTqe (46)

are the ‘classical’ and ‘quantum’ anomalies introduced in [9]. Note that the U (1) and torsion
anomalies decouple (there are no mixed terms including A and T together). In the case where
w is a homogeneous form of rank p, the first three terms in (44) must vanish independently, being
of rank p, p+2 and p — 2 respectively; one can use the freedom of f and € to simplify some of
these terms. In the absence of torsion we have the algebraic condition discussed in a more special
case in [7]. In the absence of U (1) field we recover the conditions discussed in [9]. We stress
however that this result is stronger that in [9] as we have shown uniqueness—any symmetry
operator of the Dirac equation with torsion is determined by a (possibly inhomogeneous) form w
which obeys the generalized conformal Killing—Yano equation in every rank, and for which the
anomaly vanishes.

It can be verified that Eqgs. (44) (with f = 0 = €) are satisfied by the generalized closed
conformal Killing—Yano tensors with torsion in Kerr—Sen black hole spacetimes in all dimensions
[11-13] in the case when the torsion is identified with the 3-form flux H [14]. Another interesting
example of the geometry where all the conditions can be satisfied is the most general black hole
spacetime [15] of minimal gauged supergravity when the torsion is identified with the dual of
Maxwell field T = % F/+/3 [8]. In this case w is a generalized Killing—Yano with torsion 3-form
which obeys (44) if € = 0 and the O-form f is chosen to be f = —11—2T /3\a) Using further the

fact that in this spacetime T /l\a) =0=T /Z\a), from (43) we recover the symmetry operator
a 3 .
L=2X _na)Va—l—Zda)—l—ZtA/l\w “@n

for the massive minimally coupled with torsion Dirac equation obtained by Wu [16].
4.3. Dirac equation with potential

As another important example, we consider the symmetry operator of the Dirac equation with
scalar potential, B =iV . We find

{V,wa} =2X4 0 (Vwe), {V,wa}1 =0, (48)

where w, is the even Z;-homogeneous part of w. This means that every p-form part of w obeys

a conformal Killing—Yano equation, K, = 0, and in addition we require (setting f =0=¢)

0t 2 (naf 20 v
2e"Va(Vawe) +2V 82, — 2(nw®) VoV + SwV =0. (49)

n—7a
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We consider two cases: i) w is Z»>-odd, w = w,, and ii) w is Zp-even, w = w,. In the first case
Eq. (49) reduces to

Vv
AV sw— ——8w=0. (50)
n—m
In particular, for V = m = const we require dw = 0. In the second case Eq. (49) reduces to
1%
dVAw+ —do=0, (51
b4

when V = m we require dw = 0. So, we have re-derived the well-known fact [5] that the sym-
metry operators of the massive Dirac equation are given in terms of Killing—Yano tensors of odd
rank or in terms of closed conformal Killing—Yano tensors of even rank.

Let us also comment here on the constants of motion for classical trajectories. In the U (1)
case, it was demonstrated in [7] that conformal Killing—Yano forms w which give rise to sym-
metry operators of the minimally coupled Dirac equation, i.e., those obeying (44), (dA) /1\ w =0,

generate not only the constants of geodesic motion, it = V,u = 0, but also provide quadratic in
velocity invariants for classical (charged particle) trajectories, it = V,u = u 1 (d A). Similarly, we
now demonstrate that conformal Killing—Yano forms w which give rise to symmetry operators of
the Dirac equation with potential generate quadratic in velocity invariants for the corresponding
particle trajectories. For this purpose we consider the Lagrangian £ = u - u — V2; the equations
of motion are

0=Vu=-V(dV)-. (52)

Let us first consider w = w, and define w = u J w. Then we find (denoting by & = — n_lﬂ dw)

u'):L'tJa)—i—uJVua):—V(dV)ﬁJa)—i—uJ(ub/\é)
V2 b
=— So+u-ubE—u ANuJé)
n—m

=(V24+u?)e —u’ AuoE)=—u" Auok). (53)

In the second equality we have used (52) and the conformal Killing—Yano equation, in the third
we applied the condition (50), and in the last we used the freedom to set the Hamiltonian H =
u-u+ V? = 0. From the antisymmetry of o it is obvious now that w -1 = 0 and hence ¢ = w - w
is a quadratic in velocity constant of motion for trajectories (52). This constant corresponds to
the rank-2 conformal Killing tensor Kgp = a)aca)cb. Similarly, when w = w, and the condition
(51) is satisfied one can show that ¢ = u” A @) - (1 A w) is a quadratic in velocity constant of
motion for trajectories (52).> Therefore we have established that in both cases w gives rise to
constants of motion of classical trajectories (52). An alternative way to see this would be to use
the geometric optics approximation.

4.4. 5-form flux

For a 5-form flux, the bracket {B, w,} has (p + 2)- and a (p — 2)-form components:

(B. )1 =28 poa)1 — 5(B Awa).. (54)

2 We remark that when V = const the corresponding conformal Killing tensor is of the gradient type, i.e., obeying
K(ab;c) = 8(abKc) with Kg = Vg K.
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Thus the generalized Killing—Yano equation (32) does not split into conditions on each rank of
the inhomogeneous w, but rather mixes the ranks. One may make an ansatz that @ is a homo-
geneous form of rank p, in which case one must impose that {B, w,} = 0 for consistency. The
interpretation is then that a standard conformal Killing—Yano tensor gives rise to a symmetry in
the case of a 5-form flux, but that {B, w,}; = 0 and (35) are additional equations which must be
satisfied in order that this is the case.

4.5. T-form flux

Unlike in the case of the 5-form flux, for B a 7-form one finds that the bracket has (p + 4)-,
p- and (p — 4)-form components:

1 1
{B,wg}1 =2(BAwg)1L — z(BAwg)L + —(BAwg)1. (55)
1 3 3 60 5

Again, there will in general be mixing between different rank components of the inhomoge-
neous w. If we seek a homogeneous w, then (32) consists of the two algebraic conditions

(Brwg)L=0,  (Brwy)L=0. (56)
together with a modified Killing—Yano equation which may be formally written as
KBw=0, (57)
where K2 is the twistor operator of the ‘connection’
1
vfwzvamrg(xam)@w (58)
and 88 = —X , V5 and dB = e% A V5 are the associated two operations. Note, however, that

V5 does not respect the wedge product or Clifford product and so it is not a standard connection
on the exterior bundle. On the other hand, one has *VZ = VZx and hence the modified twistor
equation (57) is invariant under the Hodge duality; if w solves Eq. (57) so does *w.

5. Discussion and conclusions

In this paper we have considered the problem of finding symmetry operators for a Dirac
equation coupled to arbitrary p-form fluxes. As a result, we have been able to characterize all
first-order symmetry operators; they are given in terms of an inhomogeneous form w subject to
various algebraic and differential constraints, Eqs. (32) and (35). The main application which
we have presented is to show that the operators previously constructed for the Dirac operator
with a 3-form torsion in [9] are essentially unique. We were further able to include a minimal
coupling to a U (1) Maxwell field into this analysis. As a completely new application we have
considered the Dirac equation in scalar potential and Dirac equation in the presence of 5- and
7-form fluxes.

In the case of a 7-form flux we were able to define a new ‘connection’ and the corresponding
generalization of the twistor equation. Such an equation has to be satisfied by a form w deter-
mining the symmetry operator in the case when this form is homogeneous. This case has a direct
generalization for fluxes of the rank p =4k 4 3, where k =0, 1, 2, .... One can easily show that
homogeneous form w has to satisfy the modified twistor equation
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(=D

B _ B, _ —_— 7
K;0=0, V,o=V,w 2(2k+1)!

(X“ J B) A o. (59)

2k+1
(We stress, that the new ‘covariant derivative’ on forms V2 does not obey the Leibnitz rule with
respect to the wedge product or Clifford product, unless k = 0.) Similar to (57), the modified
twistor equation (59) is invariant under the Hodge duality. We expect, that similar to the torsion
case [17-19,8], this equation can be derived from the requirement of an enhanced worldline
supersymmetry of the theory of classical spinning particles. For fluxes of the rank p # 4k + 3
the homogeneous form w has to satisfy the standard twistor equation K, = 0. In both cases
the (modified) twistor equation is accompanied with additional algebraic conditions following
from the requirement that all terms of {B, w,}1 which are not of the same rank as w have to
vanish as well as with an additional first-order differential constraint given by Eq. (35). In the
case when w is allowed to be inhomogeneous, the required equations (32) and (35) represent a
coupled system of equations. In consequence, the restrictions on each homogeneous part of w
are much weaker.

Let us finally emphasize that although the requirements (32) and (35) seem very restrictive
there are non-trivial examples of supergravity backgrounds where these are satisfied. This is for
example the case of spacetimes with U (1) and torsion fluxes—such as Kerr—Sen geometries in all
dimensions or the most general spherical black hole spacetime of minimal gauged supergravity.
It is an interesting open question whether one can find analogous symmetries in backgrounds
with fluxes of higher-rank, 5-form flux for example.

Acknowledgements

We would like to thank Y. Yasui for helpful comments and M. Cariglia and T. Houri for read-
ing the manuscript. D.K. acknowledges the Herschel Smith Postdoctoral Research Fellowship
at the University of Cambridge. P.K. thanks DAMTP for the kind hospitality during his stay in
Cambridge and the grant GACR 202/08/0187.

Appendix A. Notations

In this appendix we gather our conventions and formalism, these are essentially taken from
[20,9]. M is an n-dimensional (pseudo-)Riemannian manifold equipped with a metric g, {X,} de-
notes an orthonormal basis for TM, g(X,, Xp) = nap, and {€?} is a dual basis for T*M with
g(e?, e?) = n?. We additionally define

X =n"Xp,  eq=nape’. (A.1)

Operations b and g correspond to ‘lowering’ and ‘rising’ of indices of vectors and forms, re-
spectively. We shall further make use of the n-fold contracted wedge product defined for any
p-form « and g-form B inductively by [9]

a/o\ﬂza/\ﬂ, oz/k\,3=(XaJOl)k/_\](Xa 1B, (A2)

where the ‘hook’ operator _ corresponds to the inner derivative. For an arbitrary p-form « this
product satisfies

Xaa(@np)= (=D (X, S A+ (=DPaAXa 1), (A3)
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Throughout the paper V denotes the Levi-Civita connection and we use a shorthand V, = Vy, .
The exterior derivative and co-derivative on forms are

d=e¢"AV,,  §=—-X",V,. (A.4)
With respect to the contracted wedge product, V,, is a derivation
Val@AB)=Vaa A+ AVaP, (A.5)
and, when @ € AP (M), then
Sanp)= (—=Dksa AB = (=D)PVaa /k\(X“ JB)
+(—1)pa/k\8,3—(—l)k(X“Ja)/k\Vaﬂ, (A.6)
d@np) = (—D*da N~ (—1)kaaak{\1(X“ 2 B)
+(=DPa ndp — (=DPk(X" La) A VaP. (A7)

When working with spinors, we identify the elements of the Clifford algebra with differential
forms and denote the Clifford multiplication by juxtaposition. This is defined for a 1-form « and
p-form w by

aa):a/\a)+a/l\a), a)a:(—l)p(a/\a)—(x/l\a)). (A.8)

By repeating the application of this rule we construct the Clifford product between forms of
arbitrary degree. Let « € A?(M) and B € AY(M). Then,

P 1\k(p—k)+Ik/2] k(p—k+1)+[k/2]
. (=D . pa (=D
aff = E —Oé/k\ﬂ, Ba=(-1) E ot/k\ﬂ,

k!
k=0

(A9)

with [k/2] being the integer part of k/2. We further define the following bracket used in the
paper, Eq. (13):

{a, B} =ap — (=1)?Ba. (A.10)

(Note that unless p is odd, this bracket differs from the Clifford graded commutator, (o, B] =
aff — (—=1)P4Ba, used in [7].) In terms of more familiar y-matrices, the identification between
differential forms and elements of the Clifford algebra is expressed as

1
©= 0, A N — ;wa....apy[‘“ SRS (A-11)

EVidently, the relations (A.8) are equivalent to the usual anti-commutator for the y-matrices

vyt + byt =2,

We shall also work with inhomogeneous forms o which we decompose either into their odd,
o,, and even, «,, Z>-homogeneous parts, o = &, + «,, or into their p-form homogeneous parts
ap as follows:

n
a=) o, apecA’(M). (A.12)
p=0
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For such forms we define the following two operations:
n n
naEZpoep, naEZ(—l)pap. (A.13)
p:o p:O
It is obvious that all the above operations naturally extend to inhomogeneous forms. In particular,

for the bracket (A.10) we have
{a, B} =af — (nB)c. (A.14)

One alsohas e A (X, sa)=maand X, 2 (e Aa) =(n — 7).
Finally, we shall need the curvature operator

R(X4, Xp) =2V1aVp — VX, Xplis> (A.15)

where [, ]zp denotes the Lie bracket of two vector fields. When acting on a spinor, it is given by
[20]

R(Xq, Xp)¥ =Rx,.x, ¥, (A.16)
where Ry, x, is a 2-form associated with the usual curvature 2-form R, of the Levi-Civita
connection V, Rx, x, = —AI—tXa 2Xpa RcdeCd. To simplify our calculations we shall freely use
a basis which is parallel at a point, i.e., which satisfies

VaXp = Vae” =[Xa, Xpl1 =0. (A.17)
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