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1 Introduction

Symmetries play an important role in the study of dynamical systems. In general relativity,
explicit spacetime symmetries are characterized by Killing vector fields, which generate
conserved quantities and simplify the analysis of geodesic motion and field equations. However,
beyond these explicit symmetries, certain spacetimes exhibit hidden symmetries, encoded in
higher-rank tensor fields known as (symmetric) Killing tensors [1] and (antisymmetric) Killing-
Yano tensors [2]. Such symmetries are known to underlie remarkable properties of rotating



black holes described by Kerr geometry [3] and its higher-dimensional generalizations [4—
6], see e.g. [7-11] for details and references. In this work we focus on hidden symmetries
encoded in Killing tensors.

A Killing tensor of rank-p is a completely symmetric tensor, K#1-#» = K1) obeying
the following Killing tensor equation:

V) = (1.1)

Incorporating Killing vectors as p = 1 subcase, Killing tensors are in one-to-one correspondence
with monomial constants of geodesic motion — obtained by contracting all indices of the
Killing tensor with the corresponding geodesic momenta p,, p”V,p"* = 0, namely

Cp = KM-trp, ... .py, (1.2)

-
The Poisson bracket on these constants induces the so called Schouten-Nijenhuis (SN)
bracket [12, 13] on Killing tensors (see appendix C). This gives rise to an algebra of Killing
tensors (see refs. [14-21] for details on the algebraic structure), and in principle allows one
to generate new (higher rank) Killing tensors via the SN bracket. If, for a geodesic motion
in d spacetime dimensions, one can find d functionally independent and mutually Poisson
commuting constants of motion (1.2), the motion is completely integrable.

To capture the ‘independence’ of the corresponding Killing tensors, the following notions
have often been used. Killing tensors are called reducible, if they can be decomposed as a
linear combination of a symmetrized product of lower rank Killing tensors. Otherwise they
are called irreducible [1, 14]. Although this terminology is not particularly useful when it

I we will keep using it in this work.

comes to the integrability purposes

Recently, in a series of papers [23-25], it was argued that ‘magic square’ Lense-Thirring
spacetimes, first introduced in [26, 27] (see also [28]), admit a growing tower of higher-rank
Killing tensors. These tensors, constructed via the SN bracket, form a growing (quadratically
with the number of spacetime dimensions) sequence of Killing tensors, giving rise to a
spacetime with more hidden symmetries than explicit ones. While these results suggest
a deep underlying algebraic structure, a clear geometric and physical explanation of this
phenomenon remains an open question.

In this work, we aim to demystify these results by proposing a systematic construction
of irreducible Killing tensors from lower-dimensional Killing vectors. Similar such ideas
have appeared earlier. We refer the reader to [29, 30] for work on conditions under which
Killing initial data (i.e. Killing vectors on a hypersurface-spacelike or characteristic) extend
to the full spacetime using the Einstein equations. On the other hand, the works [31, 32]
have considered a foliation of co-dimension-1 hypersurfaces and a geometric procedure to lift
symmetries of the hypersurface to the full spacetime. Similarly, in [33] the Killing tensors

'Reducible Killing tensors obviously do not imply the existence of new independent constants of geodesic
motion and thence can be discarded. However, the above notion of irreducibility itself does not imply that
the corresponding constants of geodesic motion are automatically functionally independent (as complicated
non-polynomial relations may exist among such constants). Note also that, whereas the upper bound on
independent constants of motion in d dimensions is 2d — 1 (corresponding to a mazimally superintegrable
system, see e.g. [22]), the number of rank-p Killing tensors can be larger, see (2.42) below.



of the off shell Kerr-NUT-AdS class of spacetimes have been shown to be Killing tensors of
the induced metric on the ¢ =const. co-dimension-1 foliation. See also [34, 35] for similar
ideas (the latter with an application to Killing-Yano tensors), [36, 37] for studies of the lift of
hidden symmetries on warped spacetimes, and [38] for the Eisenhart lift of lower-dimensional
hidden symmetries to higher-rank Killing tensors.

In contrast, we consider a spacetime in which an off-shell geometry is foliated by
codimension-2 hypersurfaces and demonstrate that the non-commutativity of Killing vectors
in the lower-dimensional base space comes into play when generating a hierarchy of Killing
tensors. The structure constants of the underlying Lie algebra dictate the emergence of a
growing tower of Killing tensors in the full spacetime. To illustrate this general construc-
tion, we explore its realization in the aforementioned generalized Lense-Thirring spacetimes.
Furthermore, we identify an explicit on-shell realization of our framework in the context of
Einstein-Mazwell-Dilaton-Azion (EMDA) black hole solutions [39]. We also show that the
well-known U([d — 1]/2) symmetry of the Myers-Perry black holes in d dimensions with equal
rotation parameters [40] can be understood as arising from the Killing vector symmetries of
the base space. Finally, to further illustrate the construction we consider two (mathematical)
examples: a lifting of a planar metric and the Euclidean Taub-NUT instanton to a Lorentzian
spacetime in two dimensions higher.

The structure of this paper is as follows. In section 2, we introduce our metric ansatz
and outline the formalism for lifting Killing vectors to Killing tensors. In section 3, we apply
our framework to generalized Lense-Thirring spacetimes — demonstrating the construction
of Killing tensors in arbitrary number of spacetime dimensions and presenting an explicit
on-shell realization in the EMDA theory in 4D. Further examples are discussed in section 4.
We conclude in section 5. Additional material has been moved to the appendices. Namely,
appendix A reviews the construction of the codimension-2 foliation, appendix B presents an
alternative construction with ‘dual metric ansatz’, and appendix C reviews the properties
of the SN brackets.

2 Lifting symmetries from codimension-2 hypersurfaces

Let us consider a d-dimensional spacetime (M, g), foliated by a (Riemannian) codimension-2
hypersurface (S,7), which we will sometimes refer to as the ‘base space’. Our aim is to
investigate the conditions under which the full spacetime ‘inherits’ interesting symmetry
properties from S.

2.1 Metric ansatz

In what follows, we will use the Greek alphabet u, v, p,... to label coordinates x* and the
indices of tensors in the full spacetime M and the uppercase Latin script A, B, C,... to label
coordinates 2t and the indices of tensors intrinsic to codimension-2 hypersurface S. We
further assume the spacetime metric takes the following form:

d 2
g = gudatde” = —N fdt* + % + yap(dz? + vAdt) (da® 4+ vPdt) . (2.1)



Here, 0; and 0, are (decoupled) timelike and radial directions, N = N(¢,r) and f = f(¢,7)
are arbitrary functions of ¢t and r, and yap = yap(t,r,2¢) and v4 = vA(t,r,2°) are the
metric and an arbitrary vector on 8.2 The inverse metric is given by

1
g =9"0,0, = ~x @ - vA00)% + f02 + 4 B0,08 , (2.2)

where 448 is the inverse of 4. For completeness we discuss the gauge freedom of such
foliations in appendix A and an alternative anasatz in appendix B.

2.2 Lifting the SN bracket

In what follows, we will employ a ‘natural lift’ of tensors on S to M. Namely, for a vector
£eTS, &4 = ¢At,r,xB), we define the corresponding ‘lifted’ vector & € T M as:

E=Er9, =0 x40 x 8, +&%a. (2.3)
More generally, the above lift naturally extends to any rank-p-tensor X 41+4» € TPS, namely:
TPM> X =XMM0, ... 04, (2.4)

with any component in ¢ and r directions missing. Due to the splitting of the metric (2.1) it
can be shown that this lift preserves the inner product: < X,Y >,=< X , Y >q -

In order to lift the symmetries from S to M, we shall employ the tool of SN brackets.
For symmetric tensors A #» and B¥**a on M, these are defined as follows [12, 13]:

[A, B]gﬁ--%wfl — pAP(Ml---/L;Dfl 5pBup---up+q—1) _ qBP(Ml---qulapAqu---Nqup*l) ) (2.5)

In particular, for a vector A = &, the above reduces to the Lie derivative. The definition
also extends naturally to scalars, B = ® by

[A, @JEyHP7! = pAPHI-tr=19, 8 (2.6)
Note further, that the rank-p Killing tensor equation (1.1) can be conveniently expressed as
K,g7" =0. (2.7)

Moreover, it follows from the definition of the SN bracket (derived from the Poisson
algebra of the corresponding monomial constants of geodesic motion) that the SN bracket
of two Killing tensors produces again a (possibly trivial) Killing tensor; see appendix C for
more details. We also refer the reader to [15-21] for the characterization of Killing tensors

in spaces of constant curvature.

2While ¢, are coordinates on the full spacetime, they are ‘external parameters’ for objects on S such as
~vap and v?. In fact, this means that we truly consider a family of hypersurfaces S together with the
corresponding family of intrinsic metrics 4" This subtlety does not play any significant role in what follows.
4 as well then the metric (2.1) is valid (locally) for any
generic spacetime — although some gauge fixing is used, see appendix (A) for details.

Moreover, if f and N are allowed to depend on =



Since we also need to distinguish brackets and symmetries on M from symmetries on
S, we shall use the following notation for the SN bracket between tensors intrinsic to S,
XAr-Ap and Y Br--Ba:

[[X7 Y]],SAI\%...Aerqfl — pXC(Al...Ap,1 8cyAp...Ap+q,1) _ qu(Al...AqflacXAq...quLp,l) . (28)

Notice that we have the natural relationship between the bracket of the lift of an object
and the lift of the intrinsically defined object:

X, Vs = [X, V]oy (2.9)

Next, a short calculation using (2.2) shows we can decompose the bracket of a lifted
object on M with ¢g—! into the bracket on S with 7! as follows: for a given X414» we have

(X, g T s ) = — X, (FN) T 0,040, -0,y (2.10)
+ X, fIN T 94,0,04, - 04, )
+2 (FN) 19X M4 1 X, (FN) Q) 904, - Oa)
—2f (8TXA1"'AP) 0404, -+ Oa,)
—2(fN) g X A2 A1) 4 L0

+ ([[X77_1HSN - [[Xv (fN)_ll/ & V]]SN

p+1)

AlA
) g0

p+1)

Here, on the right hand side, f, N, and v are viewed as intrinsic quantities to S.
Let us now assume that X is a symmetry of ~, that is

[X,7 'sn =0. (2.11)

Then, X will be a symmetry of the full spacetime, i.e. [X .9 Ysy = 0, provided that i)
[X, flsx =0 = [X, N]sx (which is in our case automatically satisfied as the functions f, N
depend on ¢t and r only), and ii)

atX = 07 8TX - 07 [[X, V]]SN == O (212)

Notice here that requiring X to be lifted to a symmetry of the full spacetime imposes no
requirements for 4 to be a symmetry of (S,7v).?

In particular, the above equations imply that © itself will not be a Killing vector on M
as it is (¢,7)-dependent. In what follows, we assume that v can be decomposed as

v = p(t, )& (), (2.13)

where &j is a Killing vector on S, in order that our full spacetime have at least one Killing
vector, namely éo.

3 As mentioned in Footnote 2, if f and N depend on the full set of coordinates z* = (¢, r, ) the metric (2.1)
actually has enough freedom to describe (locally) any spacetime. Thus, (2.10), or points i) and ii), provide
generic conditions for symmetries of (S,7) to lift to (M, g) using the mapping in (2.4).



Let & be another Killing vector on (v, S). Then, in order that its lift &; be a Killing vector
of the full spacetime, the above conditions then impose that the vector 514 be (t,r)-independent

67‘514 =0= 815514 ) (214>

and that the two Killing vectors & and & on S must Lie commute:*

1
[0, &11% = LR alt=o0. (2.15)

Lifting of explicit symmetries thus requires commutativity on S. In what follows we shall

concentrate now on the case where the lower-dimensional Killing vectors do not commute,
but give rise to hidden symmetries in the full spacetime.

2.3 Rank-2 irreducible Killing tensors from lower-dimensional Killing vectors

Suppose now that, apart from the Killing vector &, (2.13), we have two additional Killing
vectors on TS, & = &M, r, 2P) and &4 = €4 (t,r,27), which do not necessarily commute
with 5()4. Instead we have the Lie algebra

[[gzagj]] = fljk{k 5 where i7j7 kv € {07 17 2} ) (216>

where fijr = fiijjx are some (nonzero) structure constants. This implies that individually 51

and & are not necessarily Killing vectors of g. However, suppose further that their ‘square
(which clearly commutes with v~! due to the Leibniz rule C.13),

012 Egl ®£1 +£2 ®€277 (217)

also commutes with &y in the SN sense:

[Ci2,&0]sn = 0. (2.18)

In fact, the latter follows automatically if the symmetry group of v is semi-simple. In
that case, the structure constants will be totally anti-symmetric

fijk = fiijn] » (2.19)

provided {&;} forms a basis of the Lie algebra, see e.g. chapter 1 in [41], and C12 is essentially

the Casimir of the algebra.’

To show this, we use the fact that for a symmetric rank-p
tensor X and ¢ vectors &;, the SN-bracket (on S or M) satisfies a Leibniz type rule (see

appendix C for details)

q q q—1
(O x] =Yl Xxo(O). (2.20)

j=1 SN j=1

J#i
“We will differentiate notation for the Lie bracket of a vector field on TS and T M, as above. That is, [-,]
and [+, -] respectively — a bracket without a subscript SN will denote the Lie bracket (which for two vectors is

the same object).

5In fact, in maximally symmetric spaces (constant curvature manifolds), e.g. [15-21], a certain quotient of
the universal covering algebra of the symmetry group is isomorphic to the space of Killing tensors with the
Lie bracket realized by the SN bracket (see Theorem 4.13 and corollary 4.14 in [21]).



where () denotes the repeated symmetrized tensor product ®, e.g. for two vectors X ® Y =
1/2(X ® Y +Y ® X). Thus, employing the form of Cj2 the commutation (2.18) reads

2 2 2
[Cra, &oliad =2 & [&, &]P) = QZinjfi(Aﬁf) =) injﬁfAQB) =0, (221
=1

i=1 = 1,j=0 if fije=1lijn)

as anticipated.

In any case, provided &; and & are (t,r)-independent, and condition (2.18) holds:
[Ci2. &7 =0, o =0=0&", a& =0=0a.&', (2.22)

we also have [Ci2, v]sx = p(t,7)[Ci2, &) sk = 0. In other words, the above conditions (2.22)
are sufficient to guarantee that the lift Cio is a Killing tensor of the full spacetime.

In summary, starting from the form of the metric (2.1) with v given by (2.13) and
assuming &4 (2.13) is a Killing vector of y4p, we have shown:

1. & is a Killing vector in (M, g).

2. If & is another (¢, r)-independent Killing vector of v which commutes with &, i.e.

[0, &4 =0,
then ¢ is a Killing vector in (M, g).

3. If instead we have two (¢, r)-independent Killing vectors of v whose square SN commutes
with &p;

Clo=60&+&®E, [Cu &l =0,

then Cys is a Killing tensor of the full spacetime (M, g).

Notice that the last point extends to any second order C' constructed from a finite number of
Killing vectors of 7. Moreover, if C' is a rank-p Killing tensor of v which is (¢, r)-independent
and SN commutes with » then (2.10) shows that its lift C' will be a Killing tensor of (M, g).

2.4 Axisymmetric spacetimes

We would now like to adapt the above discussion to metrics in d spacetime dimensions which
are symmetric about m = [431] axes of rotation (where [A] denotes the integer part of A).
That is, let us assume the existence of m Killing vectors 0y, of the metric 45, where each
¢; is a 27 periodic coordinate on an axis of rotation of v4p. Similar to before, we further

A

assume that the vector v** can be written

A = ipi(t,r)(dm)A, (2.23)
i=1

where p;(t,7) are arbitrary functions of ¢t and r. Since all the 04,’s mutually commute on
TS their lifts are also Killing vectors of the metric g, .



Construction of Killing tensors. We can also now assume that v4p has some particular
n-dimensional symmetry group G(n) which is generated by some set of Killing vectors
(§p)A € g(n) where p € S = {1,...,n} (not to be confused with the base space §), of
which the Jp,’s generate an Abelian subgroup. Let us write again the Lie algebra g(n) of
the symmetries as

[[gpa gq]] = qurfr' (2'24)

Again, if g is semi-simple and the {&,} form a basis then the structure constants are totally

antisymmetric

qur = f[pqr] . (2.25)

For example, 74p could represent a metric of constant curvature, such as the (d—2)-sphere
S92 in which case the symmetry group would be SO(d — 2).
Suppose now, that there exists a subset I C S such that

Cr= ) &®&, (2.26)

pelCS

commutes with v. That is,

[Cr vl = 3Pt 1)ICr 0. Jsn = 23 it ) D6 © 14, 0] = 0. (2.27)

qel

In the case that each of the functions p; are independent® this is equivalent to

Now, the results of the previous section apply and we have immediately that Crisa Killing
tensor of (M, g) (here we again silently assume that all §, are ‘innate to’ S, that is ¢t and
r independent).

Moreover, if we have two such subsets I, I’ C S, with possible overlap, i.e. I NI’ need
not be empty, such that

HCI?a(bi]]SN :O: IICI,78¢7;]]SN VZ (S {1,...,m}, (229)

Then if their SN bracket is non zero, by the Jacobi identity (C.9), we have a new non-trivial
symmetry given by the following rank 3 Killing tensor:

Crr = [Cr, Crlsx, (2.30)

which lifts to the full spacetime symmetry Cir. On the other hand, if this bracket vanishes,
Cr and Cp yield constants of motion on § and M which are in involution. More explicitly,

5In the case that the metric is asymptotically flat or (A)dS this is equivalent to independent asymptotic
angular momenta corresponding to the Killing vectors Jyg, introduced section 3.



using (2.20) repeatedly, the SN bracket (2.30) can be written as
A
[Cr, CrlaPC =2 Y [0 &I"e) =4 Y. &%l &l

qel’ pel qel’

=4 Z qurfz()Aff TC)

pelgel’,

=43 (X + X X & (2.31)

reS pel\I' pelnl’ pel\l'
qel’\I  q€I'\I  qel'nI
Notice, that due to the automatic antisymmetry of the structure constants on the first two
indices, the sum on p and g must be over distinct ranges. Moreover, if we have a semi-simple
Lie algebra for which &, form a basis then the ranges of p, ¢, and r have to be all distinct. Of
course, this relation continues to hold at the level of the spacetime, i.e.

[é[, OI’]glzpauauap =4 Z ( Z + Z + Z )qur é;(;uégéf)auauap
reS pel\I'’ pelnl’ pel\l'
qel'\I  qeI'\I qel'nI

:42( )OEID DD )qur@(aAfffS)aAaBac. (2.32)

reS pel\I' pelnl’ pel\l'
qeIl’\I q€I'\I qel'nI
However, whereas (2.31) is a reducible Killing tensor on the base space (simply written
as a linear combination of symmetrized products of various 3 Killing vectors), (2.32) is an
irreducible Killing tensor of the full spacetime, provided not all Killing vectors £ lift to
Killing vectors on the spacetime.

Mutual commutativity and geodesic integrability. If we want a completely integrable
geodesic system, then we need a set of (d — 1 —m) mutually commuting Killing tensors to
complement m axial Killing vectors, 04, plus the inverse metric g~'. If, in addition, the
spacetime is also stationary, an extra timelike Killing vector 0; is present, and we need one
less Killing tensor lifted from S.

One way that a set of mutually commuting Killing tensors of M could arise is if we have
a collection of nested subsets Iy C Iy C ... C Iy, each of which generate a Lie subalgebra,
such that each

Cli: Z £p®§p: ng@)gp, (2'33)
pel;CS pel;

commute with all of the rotational Killing vectors,

From (2.31) it is clear that any two such Killing tensors Cj, and C7; will not necessarily
commute with each other. Now, since either I; C I;, or I; C I;, if ¢ < j, or j < 7 respectively,
the first term in the sum in (2.31) will be empty. However, one of the last two terms will
survive: e.g. if I; C Ij,

IICIHC[]‘]] =4 Z Tpar&p © &g © & (2.35)
p,rel;
q€l\I;



where the summation range of r is restricted to I; because the set generates a Lie subalgebra
and so is closed. If, in addition, the Killing vectors that these subsets label form a semi-simple
Lie subalgebra, i.e. &,,&,, &, for p,q,r € I;

ngu fq]] = qurﬁr’ f[pqr] = qur7 (2-36)

then similarly to (2.21) the quadratic Killing tensor Cj, commutes with each ¢,

[Cr,,&]sn =0, (2.37)

hence they are Casimirs of the subalgebra and we have the desired commutativity.”

Finally, the results of the preceding calculations (in particular (2.10)) show that the
lift, C’Ii, of the Casimirs to the full spacetime M form a set of mutually commuting Killing
tensors of g,,. That is,

[éliugil]lslll\llp =0 9 [éfiv CA(IJ']/SLI\VIP =0. (238)

Furthermore, each Cg is irreducible to Killing vectors provided one removes any set of the
axial Killing vectors, 0g,, which may have appeared in the sum (2.33). In fact one could
already quotient out this subgroup in (2.33) because all the 0y4,’s mutually commute and
we are only interested in additional symmetries.

2.5 Growing tower of higher rank Killing tensors

In the previous we have shown as to how the reducible ‘Casimirs’ on S can give rise to
irreducible rank 2 Killing tensors on M, and that, in their turn, these may generate new
(possibly irreducible) rank 3 Killing tensors on M via the SN bracket. Starting from these
objects and applying the SN bracket iteratively, one can, at least in principle, generate a
tower of (possibly irreducible) growing rank Killing tensors.

For example, we can generate the following rank 4 Killing tensor (applying the Jacobi
identity (C.9)):

ABCD
licncmen] ™" = 5 2 etePon(ele?)
pel,qel’
sel” res
S fp O (€P 676D (2.39)

= -8 E : {qurfSPtngffchqup) +
pelgel’,sel”
rtes

+ Foor Fsat€SAEBECED) 1 fogr for€AEBECED ﬂ . (2.40)

"Essentially this construction is related to the Noetherian property of the universal enveloping algebra (see
section 7 of [42]). For example, in SO(d —2) we have the canonical chain [43] SO(d—2) D SO(d—3)--- D SO(2)
and so the nested subsets correspond to labelling rotation subgroups. It may be of interest to make such
statements precise, at least for the case where 7 is maximally symmetric.

,10,



As before, the summation ranges will reduce when g is a semi-simple Lie algebra (totally
antisymmetric structure constants); however, the resulting expression is not particularly
enlightening and so we do not reproduce it here.

More generally, taking repeated SN brackets we can go to arbitrary rank k4 1 as follows:

k—2
[[[[ [[0117012]]7"']]7011@}] = _(_2)k 1:](:) Z f3i+2tiri+l @ §u7 (2'41)

s;€l; u€{s1,...,Sk,

;€S T, k=11

LiE{S1, 380415 1550 1\ {t1,etk—2}
{t1,tio1}

where again the summation range of the first two indices s;42, t; in each structure fs,, ,¢,r,
constant must be disjoint and, in particular, when the algebra is semi-simple all three
summation ranges must be disjoint (when appearing in combination with the symmetrized
vector product &, ., ©® &, or &,., ©®&; © &, respectively). However, similar to the last line
of (2.31) each of the terms in the product will have a different collection of (disjoint) summation
ranges. Hence, it is not obvious that any cancellations cause this nested commutator to
terminate. Furthermore, as the summation terms are distinct (2.41) is not reducible to the
Killing tensors in (2.33) which involve a summation over products of two identical vectors.
Together, this hints that these higher rank Killing tensors are irreducible.

On the other hand, the process in (2.41) will not generate an infinite set of functionally
independent constants of geodesic motion since the commutators are determined from the
structure constants of the group. In particular, for geodesic motion confined to & with
dimension d — 2 there can only be 2d — 5 functionally independent constants of motion
(corresponding to a maximally superintegrable system) [22]. Furthermore, the maximum
number of independent rank-p Killing tensors (including Killing vectors), achieved when
S is maximally symmetric, is (see e.g. [44] for an extended discussion and the original
references [15-18]):

1 (d=2)+p\ [((d=2)+p—1
Y ] oo

This gives a bound on the number of Killing tensors of rank p = k 4+ 1 generated by k
subsets Iy,..., I}.

3 Generalized Lense-Thirring spacetimes

We will now apply our formalism to a physically motivated example, namely the class of
generalized Lense-Thirring spacetimes [23-25], which are an off-shell (i.e. no field equations
imposed) class of spacetimes well suited to describing slowly rotating black holes in many
different theories; as discussed at the end of this section, they also represent an exact rotating
black hole solution in the EMDA theory.
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3.1 Introducing the metric

The generalized Lense-Thirring metric is stationary and axially symmetric and reads®

d’l”2 m 9 m-+te
ds? = —N fdt? + -+ 2>} (dey + pudt) +07 Y dud (3.1)
i=1 i=1
Here, as before, m = [%] and now ¢ = 1,0 for even, odd dimensions d = 2m + € + 1,

respectively. The metric functions f, IV, p; are functions of the radial coordinate r, and the
‘angular’ coordinates pu; are constrained as follows:

m-+e

Z u% =1. (3.2)
i=1

Moreover, in [24], it was useful to define

Z;nﬂ Pij (T)aj

bi (T) = r2 5

to explicitly introduce the corresponding rotation parameters a;.

The above introduced spacetime is off-shell, meaning that no field equations have been
imposed. However, by specifying the metric functions f, N, p; one can obtain approximate
(slowly rotating) black hole solutions in various theories. For example, the vacuum Einstein
gravity slowly rotating black solution in all dimensions is recovered upon setting

ry d—3 a;

r

where the parameter r is related to the black hole mass and parameters a; are its rotation
parameters (see [24] for more such examples).

More generally, let us assume that the above spacetime describes a black hole solution.
In that case the black hole horizon is located at r, given by the due root of f(ry) = 0. Such
a horizon is then a Killing horizon generated by the following Killing vector:

m
E=0+ Z Qi&-a@ R QZ_,'_ = —pi(?”+) . (35)
i=1
The spacetime then features an ergoregion, a region outside of the horizon where the Killing
vector 0; has negative norm; £2; here play the role of angular velocities of the horizon. Moreover,
one can impose leading order asymptotic flat or (A)dS fall-off conditions for large r:
2A7? 2m

N:1+O(T_kN)a f:—m—Fl—rdi_g’"FO(r_kf)»pi

DBy po-aj _

= = 0T,
(3.6)

where A is the cosmological constant, p?j is the leading order term of p;;(r) in (3.3), and

{kn, k¢, kp,} are positive integers.” Then, to each of the Killing vectors one can associate

8 As discussed in the previous section, the assumption of stationarity is not necessary, and one could consider
time dependent metric functions N, f and p;. In such a case, the same symmetries except for 9; would arise.

In principle, one could choose a more general, e.g. polyhomogeneous [45], asymptotic expansion but that
is not required here.
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the generalized Komar charge [46, 47]:

Q[¢] 0</Sgo2 ( C—d4A2w<> (3.7)

where w¢ is a Killing co-potential V% ab = (p. In this case the mass and angular momenta
of the spacetime are

M = Q[0y] Q[0g,] x Zp”a] (3.8)

Thus, the requirement for independent asymptotic angular momenta is equivalent to the
requirement for independent p; functions.

Irrespective of its physical interpretation, it was shown in [23-28] that the above general-
ized Lense-Thirring spacetime (3.1) possesses many remarkable properties. Namely, it can be
cast in the Painlevé-Gullstrand form and admits arapidly growing tower of (increasing rank)
Killing tensors which guarantee separability of the Hamilton-Jacobi equation for geodesics
and the Klein-Gordon equation for scalar fields (see [28] and [25] for their respective explicit
separation). Our goal here is to demystify the appearance of such hidden symmetries.

3.2 Rank-2 Killing tensors and their brackets

To start with, observe that the metric (3.1) is of the form (2.1) with the vector v given
by (2.23). Clearly, we have the Killing vectors of the full metric 9; and 0Jp,, while the
metric on § is

m-+te
yapdrde® = r ( > it + Z/ﬁdcﬁz) , (3.9)

which is just the metric on the (d — 2)-sphere. Naturally, the symmetry group is simply
SO(d — 1) = SO(2m + €) which becomes manifest in the coordinates on the i-th two-plane,
namely [4, 48]:

m-te
Ti = picos g,y =pising;, 1= a7 +yl, ymy1=0, (3.10)
i=1
upon which the metric on & becomes
m
yapdztdz? = r? <eda:$n et [dxf + dyﬂ ) : (3.11)
i=1

,13,



In these coordinate the symmetry algebra is generated by the following Killing vectors

for i,j7 < m + !0

inxj = xing - -Tjari
= €08 ¢; €08 O (iOpu; — f150,;) — COS ¢; sin @, %8@ + cos ¢; sin qﬁi%%j )
1 J
Lwiyj = xiayj — YjOu;
= €08 ¢; sin ¢ (1O, — p150,;) + cOS ¢; cos ¢ %8% + sin ¢; sin ¢; %8@ )
J 1

Ly.y; = yi0y; — y;0y,
= sin ¢; sin ¢ (1O, — p;0y,) + sin ¢; cos ¢; %8@ — sin ¢; cos qSi%(‘)(pj , (3.12)
7 J

where it should be understood that 9,,,,., =0 = 0y,,.,. Notice Ly, = 0y, and Ly, ., =
0=1L 1 In total this gives the required number, 1(2m + €)(2m + € — 1), of generators.

If I,J, K, L stand for any of x;,y; (except ym4+1 = 0) then we can express the algebra
as simply

TiYm+1°

L1y, Lxr]l = 0Lk + 6y Lir — 6Ly — 05 Lk = frokpmNnLun - (3.13)

This is exactly the usual algebra of so(2m + €) with structure constants in this basis

1
frokLMN = 5(51L5JM5KN +07K0rMOLN — 01O MOKN — 07LOTMOK N

—O01LOJNOKM — OgKrOINOLM + 01O NOK M + 6 JLOINOK M) - (3.14)
We can then introduce the Casimirs for each plane

1
Cij = 3 Z L;ij®Lypy

Te{w;,yi}
Jedz;5}
1
9 (inxj O Lajz; + Lay; © Loy, + Ly © Lyz; + Lyy; © Lyiyj)
1 i wia \
= 2((“%’8#;' - ujaﬂi)2 + (l,&i)j + jadh) ) : (3.15)
Hj Hi

We call them Casimirs here because they SN commute with any Killing vector in a different
two-plane to i and j, i.e. [Cij, Ly]sx = 0 for {3, j} # {k,{}. This follows immediately from the
Kronecker deltas in (3.13). Moreover the Casimirs (3.15) also commute with all 0y, = Ly, , -

10Tn these coordinates it is clear that if Tmc,Ymre Were not constrained, we would have just a flat metric,
with the usual Killing vectors of (2m + €)-dimensional Euclidean space, i.e. rotations and translations. However,

due to the constraint we are left with only the rotations in (3.12).
YThus, in all of the following expressions with sums it should be understood that ¥, 1 does not appear.
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Namely, for all 7, j,k we have (no sum)

1

IICZ_W 8¢k]]SN = 5 Z IILIJ ® L1J7 L.Z’k,yk]]SN - Z HL1J7 sz,yk]] O] LIJ
S ERTY Ie{ziyi}
Je{zj,u5} Je{zjy;}
= > (6ryLyay + 0jayLiy, — 01w, Ly, — 05y, Lia,) @ L1s
Ie{ziyi}
JE{Z‘j,yj}
= Oik Z (LJxk © LykJ - LJyk © kaJ)
Je{zj,yj}
+ djk Z (Lfyk O Lig, = L1y, © L) =0. (3.16)

Ie{zyi}

Thus, from our previous discussion and in particular (2.10), we see that each Cj; lifts
to a Killing tensor of the full spacetime

A 1 (i 7 2
Cij = 2((/%8,” — wiOu,)* + <Nja¢j + /28@.) ) : (3.17)

It should be observed that not all of these are independent since C;; = Cj;. Moreover,

Cii = 20y, ® Oy, so these are only irreducible Killing tensors on M; for m +¢ >i > j > 1.

Therefore, there are 2(m + €)(m + e — 1) irreducible Killing tensors. We note that these

Killing tensors do not all commute with each other. Using (2.31) and (3.13) we have

[Cij, Cralsw = Y > (612Lyx +0skLin — 61k Lyr — 050Lik) © Ly © Lir,

Ie{ziyi} Ke{zg,yr}
Je{zj,y;} Le{z,yi}

=01 Y, LikOLyOLki+6k >, LipOLiyoLyg (3.18)
Ie{zi,yi} Ie{zi,yi}
Je{x;,y;} Je{zj,y;}
KE{IkZ?yk} LE{.Z'l,yl}
—0px Y, Ljp®©Ly©Lip—06; Y, Lixk®LiyoLgy
ITe{ziyi} Te{ziyi}
Je{zj,y;} Je{zj,y;}
Le{zi,ui} Ke{zp,yr}
:(5j _5il) Z L[J@L[KQLJK+(5j _(5ik) Z Lij®Li,®Lyyg.
Ie{x;,y:} Ie{xi,yi}
JE{J?]',:I/J'} Je{xjvy]'}
Ke{z,yn} Le{x,y}

We can observe the following consequences of (3.18):

1. As expected, when [ = k or when ¢ = j the commutator vanishes corresponding to
the situation that either Cj; = 283% or Cip = 263% and hence the bracket must vanish
by (3.16).

2. The expression is symmetric on the swap of indices i «+ j or k +> [ as required by (3.15).

3. Since the SN bracket is antisymmetric, the right hand side of (3.18) is antisymmetric
under the swap of pairs of indices {ij} <> {kl}. This is not immediately obvious but
requires relabelling using the Kronecker deltas.
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4. For i # j and k # [ this bracket does not vanish if one of the indices equals each other,
as then one of the Kronecker deltas will be nonzero. Thus, when {i, 7, k,[} are all
distinct (3.15) gives a set of new non-trivial (i.e. irreducible) constants of motion which
are mutually commuting, i.e. in involution.

Point 4 gives a total of m + ¢ — 2 Casimirs, corresponding to the distinct pairs, which
are mutually commuting. We can add to this

m-+te
C=)> Cj=ry", (3.19)

1,j=1

which commutes with all other C;’s. Thus giving m + ¢ — 1 mutually commuting Killing
tensors of §. In addition we have the m Killing vectors dy, and thus we have explicitly
obtained the d — 3 = 2m + ¢ — 1 symmetries necessary for the complete integrability of
motion in the (d — 2)-sphere. Moreover the motion in the full spacetime M is also completely
integrable as we also have the full metric g and timelike Killing vector 9.

We now make contact with the previous work on the generalized LT spacetimes [23, 24, 28].

3.3 Comparison with previous results

Alternative expressions for Killing tensors. To begin, the Killing tensors C’ij, (3.17),
were first written down in [28] in response to the works [23, 24]. However, they were described
in terms of the u(m) subalgebra with generators (see [40, 49])

fij = Lﬂ&z‘l’j + Lyiyj = miaﬂ»‘j - ‘Tjal’i + yiayj - yjayi
= cos(6s 60, — i)+ snos — ) (L5, + 20, ) (s20)
g 7
Pij = er’yj + L%‘yz’ = wiayj - yjari + xjayi - yiaxj

= —sin0s = 6,) (s, ~ 1i0) +cos(es — o) (K05, + 220, ), 32)
J

(2

for i,j € {1,...m}. Explicitly these generators satisfy the following u(m) sub-algebra:

iy &) = (Ou&a + 0uje — 0in&ji — 6k »
[pij, Pri] = (=& — 0ir&ji — Oukjk — 01k »
(&ij, prt] = (Ojpir + Sj1pir — Sikpjt — Supjk) - (3.22)

Moreover, the square of these generators gives the same Casimir in (3.15), i.e.
1
Cij = 5(&]‘ ® &ij + pij @ pij) (3.23)

but they do not cover the C;,,, 1. cases. Furthermore, the relationship between the symmetries
of the transverse space S and the full spacetime, as in (2.10), was not observed.
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Next, as previously shown in [23, 24] up to d = 13, the Lense-Thirring spacetimes (3.1)
admit the following Killing tensors explicitly written as:

m—1+e€
KD = 37 10 =pf = 1) 0u) =2 Y piny amauj]
il jer JEIU{a}
]GI Iuj 8 2 3 24
Sk (997 (3:24)
il Ml

where we define the set S = {1,...,m} (not to be confused with the base space S) and let
I € P(S) where P(95) is the power set of S, i.e. the set of all subsets I C S. Again not all of

these are independent, in particular ;-lf)g (T) of these are reducible, leaving

m—2+e€ m m—3 m 1
k= > <i>—z<i>=2(m+e)(m+e—l) (3.25)

1=0 i=0

irreducible rank-2 Killing tensors in d dimensions.'?> The question then remains: what is the
relationship between these two expressions for the Killing tensors?

Since the number of independent Killing tensors, C’ij and K| is the same, it is
perhaps not surprising that we can express them in terms of each other. Namely, using
the constraint (3.2) we can write

m-+e m-e

=2 2

igl j¢Iu{i}

m+e m-te 9 m+€e m+e 1L 1L 2
Z Z (1i0u; = 1j0p;)” + Z Z [( 20y, + ]8¢ ) - 28@8%1
igl jgIu{i} il jglu{i} Hi pi

m-+e m-e

- Z Z (éZJ - 2a¢ia¢j) ) (3.27)

il jI0{i}

m-+e m-e

2“““’] aﬂzaﬂj] + Z Z MJ )2

igl jgIu{i} “Z

where we have used the symmetry on the summed indices and it should be understood that,
as above, 0y, ,, = 0 = Oy, ., and fiy, ¢ is given by the constraint (3.2).

Therefore, up the reducible product of Killing vectors we see that K) is given by a
sum over the Killing tensors lifted from the SO(2m + €) symmetry of the transverse space S.
Moreover, the previously obtained expressions (3.24) are therefore valid in every dimension.

Commutation relations. Previously it was verified in [23, 24] up to d = 13, that the
SN bracket of any two Killing tensors (3.24) vanishes if the intersection of the two label
sets equals the first. That is,

(KW kU2 =0, ifjclyorbcl. (3.28)
12Previously the following equivalent expression was stated (for € = 0,1) in [23, 24]:
k= %m(m —1+4+2¢). (3.26)

However, the current form makes the structure clearer.
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In the framework of this paper, such a commutation relation seems to follow from the general
discussion in section 2.4. However, we now seek to prove this relation using the explicit
algebra of Killing vectors of S. From (3.27) and (3.18) we have

m-+te m-+te o
[K(h), K(I2)]SN = Z Z [Cij, Crilsn = Z Z [Cij, Crallgx
il kgl i,j€S\I1 kleS\ I

JELU{i} IgIu{k}

= Y Y G- Y LuolLixwolx

1,§€S\I1 kl€S\I2 Te{ziyi}
Je{xj,yj}
+ > Gp-dw) D>, LuoLpeli
1,JES\I1 k€S2 Ie{zi,y:}
JE{a:j,yj}
Le{zy}
=2 > N ©Gu-d) Y LiyoLikoLk
i7j€SE\Il ]C,ZGSE\IQ Ie{xi,yi}
Je{zj,y;}
=4y > Liy©Lik® L. (3.29)

1€INIs ITe{z;y:}

JELINIy Je{zjy;}

keI\I¢ Ke{ziyi}
Here, we have introduced the notation Sc = {1,...,m + €}, If := Se\I;, and to change the
index range, we have used the fact that if ¢ = j or k = [ then, as Cj; or Cyr commute
with all other C’s, their commutator is zero. So we can add this zero to the sum to get
the second equality. To show the final equality, one needs to expand the sum and observe
that the double sums over the Kronecker deltas will not only eliminate one sum but also
restrict the range of the remaining one to the intersection of the sets. Finally one notices
that the antisymmetry of the terms in the summation on any exchange of two indices will
reduce the sum to be over disjoint ranges.

We also mention this can be written explicitly in terms of the u(m) generators:

[K(h),K(b)]SN =4 Z (ﬁ” @ﬁikQéjk—ﬁij @ﬁjk@éik"‘éij Qéik®éjk+éij QﬁikQﬁjk) - (3.30)
ieIe\IS
jerenis
keIS\I¢

Now, to complete the proof of (3.28) we note that the final result in (3.29) or (3.30) is
a sum over all three disjoint sets and so none of the terms can ever cancel. Therefore it is
never zero unless the sum is over the empty set. From set algebra, we have I\ ;=1 i\
and therefore IT\I§ (resp. IS\I{) is empty if Iy C I} (resp. I3 C I3). Thus we have proven
the equivalence: [K(Il),K(IZ)] =0iff I, Cc Iy or I} C Is.

Finally, we have an obvious collection of m + ¢ — 1 mutually commuting Killing tensors
given by I; € {0, {1},{1,2},...,{1,2,...,m + e — 2}} or any other such collection of m + €
nested sets. Physically speaking we can understand this as follows. The choice of subsets
is a choice of which rotation axes to hold fixed: i.e. dp, for j € I;. Then K (1)) becomes the
Casimir of the subgroup of rotations which holds fixed these same axes of rotation dy,. Thus,
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if each successive subset only fixes an additional axis, i.e. [;11 = I; U {k} for some 0y, , then
the Casimirs will commute with each other. The Casimirs K /i) thus represent the totally
angular momentum about the axis of rotation 9y, € I;.

The construction of the higher rank Killing tensors from the iterated SN brackets, as
in (2.41), applies straightforwardly to this case. This is the origin of the growing tower of
Killing tensors in the Lense-Thirring spacetimes.

3.4 Exact on-shell realization

The generalized Lense-Thirring spacetimes discussed above represent an off-shell example of
geometry for which our construction works. It is well known, e.g. [24], that upon choosing
particular metric functions these embody approximate slowly rotating black hole solutions in
various theories, see e.g. (3.4) for slowly rotating black solutions in Einstein gravity. However,
it is interesting to ask whether any exact solution of possibly modified Einstein gravity with
some matter fields can be cast in this form. Fortunately, at least in four dimensions, this
is the case. In what follows we present an exact rotating black hole solution of the EMDA
theory which takes the form of generalized Lense-Thirring spacetimes and for which our
construction straightforwardly applies.

The EMDA theory is a scalar-vector-tensor theory of gravity, which arises from the
low energy effective action of superstring theories, upon compactifying the ten-dimensional
heterotic string theory on a six-dimensional torus [50]. It is described by the following action:

1
S = /d4a:\/—g [R —20,00"p — 564(;5 Ouk0"k + 6_2¢FM,,F“V + KF, (xF)*

where F),,, is the field strength of U(1) Maxwell field, and s and ¢ are the axion and the
dilaton, respectively. A generalization of the vacuum Kerr solution in this theory has been
found by Sen [50], while [51] represents the most general, locally asymptotically flat, extension
known (see also [52] and more recently [53]). Here, we are interested in a different exact
rotating black hole solution in this theory, namely the one obtained in [39]. It reads

d 2

g = _ dt® + ror [T + do? + sin29(dcp -4 dt)2 ,
ror f rorT
92 2

A= i (pdt + asin? 9d<p> )
2 \ror

_ ror roa cos 0
e 2¢:?, H:—T, (331)

where p? = r? + a? cos? and f = r? — 2mr + a®. This solution represents a rotating black
hole with mass M = 7 and angular momentum J = %% [39].

Interestingly, upon the following coordinate transformation
ror — 12, (3.32)
the metric takes the form
g::—Nfﬁ2+%;%ﬂjﬁﬁecw—wiﬁ)2+ﬁwﬁ,

mro  a’rd 4r
— 52 T N="_7,
r T ’I"O

2

.1
F=3 (3.33)
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which is precisely of the generalized Lense-Thirring form. Thus, the above EMDA solution
represents an exact on-shell example of our construction, with the irreducible Killing tensor
given by [39]:

1

K= sinZg(a*”)Q +(0p)? =Li+ L.+ L2, (3.34)

which originates from the underlying Killing vectors of the spherical transverse space S;
L. = 0,, Ly = cotfcospd, + sinpdy, L, = — cot fsin pd, + cos pdy.

4 More examples

We now turn to a discussion of other metrics which are of the form (2.1) starting with a physical
example where the Killing vector symmetries of the base space lift to the full spacetime.
We then consider some illustrative but purely mathematical examples of applications of
this formalism.

4.1 Kerr-(A)dS metrics with equal rotation parameters

It is well known that the symmetry of the Kerr-(A)dS metrics in d = 2m + 1 + € dimensions
is enhanced from a U(1)™ to a U(m) symmetry [40, 49]. We point out here that this fits
within our metric ansatz (2.1). In particular, the Kerr-Ad(S) metric is given by [5, 6]:

2M azM d(bz
ds® = —W (1 +r?2/03)dt* + <Wdt . >
s (1 +r2/0%)dt? + = +Z

i=1 =i

m 2
+ 2 Ud'f‘ 9 2
; = pde? + dpg) + Vo € bty 1e
1 ’/“2 —|— a2 9 2
7W(£2 + 7"2) (; E’L : lu’ldlu’l + er :U’ered,UfTrH»e) P (41)
where ¢ is the AdS radius and
m uz m
W:Z?z+€ﬂ$n+ev V=r 1+T2/€2HT —|—a
i=1 =" =1
~  u 7/ .2 2 a?
UZr&(Z r2—1fa2>H(r +a;), Ez‘zl—?;. (4.2)
i=1 i/ =1

)

the same constraint as before (3.2). Finally in these expressions am+1 = 0 = dpt1-

Here, as before, € = 1,0 for even, odd dimensions, m = | , and the coordinates p; obey

Next, we can use calculations similar to those detailed in section 3.8 and appendix A
of [54] to put (4.1) into a form like (2.1), namely:

dr?
fr, i)
m 2+ 2

+ Z hij(dg; + vidt)(de; + v7dt) + Z DN 02 + erdpi?,
i,5=1 =1 i

1 "2 4 a? 9 2

1

— — i dp; + €re pmtedp +> . (4.3)
|4/(€2+T2) (; =, 1O m—+eHm—+e

d82 = _f(rv Ml)N(T’ :U’Z)dt2 +
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Here we have introduced

te ru?
V -2M Uit r2+a?
=1 (r2+a$)5i

and

hl]deld(bj ZT +a 2d¢@ 2M (Zazﬂqubz) :

=1 U =1
, 2M  N(r, ;) a;
7 —
V' 0y, = U ~mte 202 7"2—1—&28@ (4.5)
S

Some comments are in order. Although, the form of (4.3) is similar to the generic
form (2.1), it is much messier. In particular, f(r, ;) and N(r, ;) depend on the transverse
coordinates p;, and the transverse metric y4p itself (yap being h;; and all the remaining
terms in the second and third lines of (4.3)) has no obvious symmetries to consider trying to
lift to the full spacetime. Thus, although it is possible that the Killing tensor symmetries
of Kerr lift from Killing vector symmetries of the transverse space we consider it unlikely,
at least from this construction.

However, the situation is very different when all rotation parameters are equal, i.e. a; = a.
The constraint implies that the terms in the bracket of the final line of (4.3) are zero in odd
dimensions because they are its derivative, i.e. 0 = d(3 74 u?) = 23 74€ uidp;. In even
dimensions, they can be written together in terms of eu?, | du?, ... That is,

1 ( r? 4+ a? 2 (r? 4 %) ea4uzn+6/€2 9
e ST deuz + er? Hmefim E) = dp Mo te
e\ reltmee ) = U a2]0) (1= ea? /22, 0)
(4.6)
Thus combining the du? terms gives,
r2+a2 (r? + 2) catp2 , /02
d 2d . m-+e d 2 d 2
2/62 Z :uz +er Mm-‘,—s (1 o CL2/€2) (1 . €a2/£2ﬂgn+g) :u'm—i-e Mm—i—&
+2m+€ + 2402 edyd, /0
= 2a22d“z+6 - 2a2+2 U 2 )2 M2+2/ T
1—a?/t? ¢ —a?/t (1—a?/0?) (1 —ea?/0?u2,, )
r2 4 a? TS a’ (r? + 0?) 9
= d/’% ) Aty ye - (4.7)
T—a/F & —2JP)(1 - calii,, )
Hence, in this case we have
ds® = —f(r,ep2,, )N (r, e, )dt* + L (4.8)
9 m—e ) m—e f(’l", GIUJ%H_E)
m ; ) ’I” + a2 m-e
+ Y hij(de + vidt)(dg; + vidt) + Y dpi — €S(r epie) dite
i,j=1 ==
where now
a’® (r? +¢2)
D) 2 4.9
retimre) = B (1= 2/ @) (1 = ca?yi2 o) (49)

— 21 —



and

1 — ea’p? 02 a

W = l:Lere/ , E=1- 2 U=7r"2r*+a*)" ' (r* +ea’ul, ).  (4.10)
Notice that N and f are now functions of 7 and eu2, |, = e(1 — X7 1 42), ie. N =
N(riep2, o), [ = f(r, eu, +e), whose explicit expressions are not important. Moreover,

this yields

r2 4+ a2 - 2Mar?2—e
hijdgide; = = 3" pddg? + = s,
R = ; TR (12 4 a?)m (2 + ea?pl, ) E2 Z v

2MN(T7 6/‘72”@—&—6)
re(r2 4 q2)ym-1 "%

V0, = (4.11)
One can check that this recovers the expressions in [49] in the asymptotically flat limit,
i.e. when ¢ — oo.

Now, in odd dimensions it is clear that the metric is in the form of (2.1) since e = 0 the
dependence on y; in N, f, and v/* is gone.'3 In fact, we shall show that certain symmetries
of the transverse metric lift to symmetries of M in both even and odd dimensions.

The question is then: what are the Killing vectors of the transverse metric? To answer
this, we observe the transverse metric of (4.8) is

r2 —|—a mte
yapdrida® = <Z dpi + Z u2d¢>2> — €X(r, €ptiy ) At e
62 =1
‘=Y apdrAdxB

2Ma’r?=¢
(r2 + a?)m=1(r? + ea®p2, , )= (Z ,u?d@) ' (4.12)
The first line of this equation is, in odd dimensions, simply the metric on the m sphere
%ap. Thus it has the same Killing vectors (3.12) for i,j < m. The extra edu?,,, in even
dimensions breaks this symmetry. However, one can easily check, using Cartan’s formula
for the Lie derivative, that the sub-algebra u(m) generators ((3.20) and (3.21)) are still
symmetries. Clearly they are symmetries of the bracketed term in both even and odd
dimensions and moreover,

Le(dptm.e) = igd (Hpye) + dlic () =0,
[‘P(dluzn—i-e) = Z.de(lu’?n—f—e) + d( (lum—i-e)) 0 (413)

The last equality in each case follows from using the explicit expressions of £ and p ((3.20)
and (3.21)) to see that

40412 1) = 0= poa(pl, ). (4.14)

This also implies the Lie derivative along £ or p of any function of pi2, , . is zero, e.g. X(r, eu2, . ).
Hence, their Lie derivatives of the final term in 4 vanishes. Thus, £ and p are Killing
vectors of 4.

13Tn 0dd dimensions the metric has also be rewritten into the dual ansatz form presented in appendix B (B.1),
see e.g. [55].
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Next, one can see that the off-diagonal d¢;d¢; terms in (4.12) are of the form
m 1 m
h(r, eu%nﬂ)("yAB(Bd:rA)Q, where (19, = Za@ =3 Zpii7 (4.15)
i=1 i=1

for some function h(r, €2, ) whose particular form is unimportant. Then one can immediately
check, using (3.22) that the u(m) generators (£ and p) commute with ¢. That is,

1 m m
[€5.¢1 = 5 > T&ij prel =D (6kpit — Siwpir) = pji — pij =0,
k=1 k=1
1 m m
[pij, ¢1 =5 > Tpigs k) = = > Gjnéin + 6injn) = —(&i + &) = 0. (4.16)
k=1 k=1

As mentioned above, they also Lie commute with any function h(euZ,,.) and hence are Killing
vectors not only of 4 but also of the full y4p in (4.12).14

Furthermore, this means that £ and p lift to Killing vectors of the full spacetime, since
v = h(r,eu?,,.)¢ and so for precisely the same reasons

[[57 V]] =0= [[pa V]] ) ‘SABAf(r7 :u?n-i—e) =0= pAaAf(?”, M?Qn—l—e) )
anAN(Ta p“zn—&-e) =0= pAaAN(T7 :U‘gn—i-e) . (417)

and thence making use of the decomposition (2.10), we see

€9 Nsn =0=[p,g "Jsn. (4.18)

Therefore, we have shown that the U(m) symmetry of Myers-Perry black holes with
equal rotation parameters can be understood as the lifting of the U(m) symmetry of the
transverse metric to the full spacetime. At the same time, the corresponding Casimirs give
rise to reducible Killing tensors of the full spacetime. We expect that similar conclusions can
also be derived in less symmetric cases, such as those when there are two sets of equal rotation
parameters [56], in which case, however, there already exists a single irreducible Killing tensor.

4.2 Planar symmetry

Four-dimensional example. To discuss our first ‘purely mathematical example’, we
consider the following metric:

dr’
f

where w = w(r) is a function of the radial coordinate.

ds? = g drtds” = —N fdt* + — + r’dp* + r*p*(dp + wdt)?, (4.19)

In the special case where w = 0, the metric exhibits four Killing vector fields, corresponding
to the isometries 0y, 04, Oz, and 9,, where we introduce Cartesian coordinates x = p cos ¢ and
y = psin ¢. These symmetries reflect the underlying planar invariance of the two-dimensional

'1n four dimensions these results apply to Kerr-(A)dS, in particular (4.12) remains true. However, the only
non-zero vector is the U(1) symmetry of 5. So the only obvious symmetry of the base space is the usual
axi-symmetry.
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spatial slices parametrised by (z,y). Specifically, 0, and J, generate translations in the
Cartesian plane, while J4 corresponds to rotational symmetry about the origin, and 0;
represents time translation invariance.

However, when w # 0, the presence of additional terms in the metric explicitly breaks the
full planar symmetry. In particular, the full Killing algebra no longer includes 9, and 9J, as
global symmetries of the spacetime. Nevertheless, the two-dimensional spatial metric, given by

v = ’yABdacAda:B = r2(dp2 + p2d<b2) = r2(da:2 + dy2) , (4.20)

remains invariant under translations in the (z,y) plane.

Using the notation from section 2, the shift vector in (4.19) is given by v = w(r)0y.
Killing vector d, does not commute with 0, and 9, separately, but it does commute with
their quadratic combination given by C = 92 + 85 = r2y L

[[aqﬁa 82:]] = _6y7 [[8¢7 ay]] = a&v )

[[8¢, C]]SN == [[a¢>, QQ%HSN -+ [[8(;5, 8%]]51\] - —28x(9y + 2(995(% - O, (421)

with the latter obvious, as dy is a Killing vector of . Since it is a linear combination of Killing
vectors, C' is a rank-two reducible Killing tensor of the 2-planes. Its commutativity with
0y ensures that this rank-two reducible Killing tensor of the 2-planes lifts to an irreducible
Killing tensor of the full spacetime

A 2 2
C=02+02. (4.22)

The implications for geodesic motion are as follows. The 2-dimensional base space
admits 3 independent integrals of motion, associated with for example the following set of
independent symmetries: {0y, 0, C}. Of these one can choose 2 commuting: {Jy,C}. As
expected, the motion on § is thus maximally superintegrable. Upon the lift to M we now
have the following set of 4 independent and mutually commuting symmetries: {0, 04, C, g 11,
while J, is no longer a Killing vector. The motion in M is thus ‘only’ completely integrable.

The spacetime (4.19) was identified in [57] in the context of broken planar symmetry,
and shown to admit a hidden symmetry encoded in the rank-two Killing tensor matching
our expression for C'. Here we have shown that this hidden symmetry stems from explicit
symmetries in the two-dimensional leaves.'

Higher dimensions. The previous example generalizes naturally to higher dimensions.
The metric now takes the form:

dr?
ds® = —N fdt* + 5 +r2dSg,) + r2p7 (dn—1 + wdt)? (4.24)
'5Moreover, one can check that the generalization of (4.19) introduced in [57]:
2 _ 2 ﬁ 25 2 r’p’ 2
ds® = =N fdt” + 7 +rodp” + 15 5()p? (d¢ + wdt)”, (4.23)

represents the most general deformation of the transverse metric, yapdz?dz® = r2(dp? + p?/(1 + s(r)p?)d¢?,
which breaks the Killing vector symmetry of d, and 8y, such that C in (4.22) remains a Killing tensor. The
lifting of C' to a Killing tensor of the full metric C is immediate in our construction.
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where dE(Qn) represents the metric of an n-dimensional Euclidean space in polar coordinates,

given by

A3,y = dp® + p*d;,_; . (4.25)
Here, d22_, is the standard metric on the (n—1)-dimensional unit sphere, explicitly written as

n—2
A0, 1) = dOf + sin® 01d63 + sin® 0, sin® 05d03 + - - - + [ sin® 6,405 _, . (4.26)

i=1

The shift vector in (4.24) is again proportional to a Killing vector,

v=uw(r)oy,_, - (4.27)

To analyse the isometries, we introduce Cartesian coordinates (x1,...,z,) related to the
spherical coordinates by

x1 = pcosb,

o = psin by cos by,

Tp_1 = psinfysinfy---sinb,_scosb,_1, (4.28)

Ty = psinfysinfy---sinf, osinfd,_1 .

Isometries of the n-dimensional Euclidean space correspond to the generators d,,. The
special Killing vector 0y, , induces a rotation in the (x,_1, z,)-plane, leading to the following

commutation relations:
H:aen—l7amnflﬂ = _awn ) ”:aan—l7amn]] = 8177171 ) [[89n—17a$i]] =0 fori<n-—1. (4'29>

Vectors 0, for i < n—1 remain Killing vectors of the full spacetime due to their commutativity
with the shift vector. However, 0., , and 0., do not, as they mix under the action of dy, .
Nevertheless, their quadratic combination remains a symmetry and lifts to a rank-two Killing
tensor. Specifically, defining C = (ﬁn_ L+ 8§n, we find that it remains invariant under the
action of Oy

n—1°"

[[aen—170:[|SN = [[6071,—1 7a§n_1ﬂSN + [[8971,—178%”]]81\1 = _285371718:571 + 28:577.8-'577,71 = 0 : (430)

Again, C is a rank-two reducible Killing tensor in the n-dimensional Euclidean space.
Its commutativity with 0y, , ensures that it lifts to an irreducible Killing tensor of the
full spacetime:

C=02  +02. (4.31)

Tn—1
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4.3 Lifting the Taub-NUT metric

To emphasise the utility of the formalism, let us now construct a final mathematical example. A
recent analysis of symmetry reductions of the gravitational Lagrangian [58] offers a compelling
starting point for selecting the symmetry group of the base space in our construction. Their
classification of admissible isometry groups can be used as a guide for building spacetimes with
hidden symmetries within our framework. While their approach is formulated in Lorentzian
signature, it can be adapted to our setting either by implementing a timelike foliation in our
construction or by extending their methods to spacetimes with Euclidean signature. One of
the viable symmetry groups identified there is that of Taub-NUT spacetime.

Here we start from its Euclideanized version [59-61] discussed in appendix B, where we
set n — in and t — ip. Let us also (for simplicity) suppress the radial direction of the full
Taub-NUT, that is, we consider 24 = {, 6, p}. Then we have

v = yapdz?dz® = g(dp — 2n cos 0dp)? + (12 — n?)(d6? + sin® Adp?) . (4.32)

Here we have introduced an arbitrary function g = g(¢,7) and ¢, r are treated as external pa-
rameters. The metric v admits 4 Killing vectors corresponding to SU(2) X R isometry, namely:

1—cosb

&1 = —sinpcot 80, + cos pdy — 2n sin p—— 0p,
sin 0
1—cosf
& = cos @ cot 00, + sin pdy + 2n cos @% b 5
sin
& =0,—2n0,, 1n=20,, (4.33)

see [61-63] for a complete discussion of the symmetries of y45. We also have

[C,&]sn =0, C= Z‘f? (4.34)

Then, choosing v = p(t,r)&s the following spacetime:

e
S
where f = f(t,r),N = N(t,r), and p = p(t,r) are arbitrary functions of ¢ and r, satisfies

ds? = =N fdi* + = + yap(de® + p[5} — 2n0;]dt ) (da” + p[6] — 2m6F)dt),  (4.35)

all conditions of our construction. In particular it will admit a non-trivial Killing tensor,
given by C. Of course one could generalize this example to arbitrary dimensions using
the (d — 2)-dimensional version of the Euclideanized Taub-NUT, e.g. [64, 65] (suppressing
potentially its radial direction which plays no role).

5 Discussion and summary

In this work we have investigated the emergence of irreducible Killing tensors from lower-
dimensional Killing vectors. While explicit spacetime symmetries are described by Killing
vectors, many spacetimes exhibit hidden symmetries encoded in higher-rank Killing tensors.
Recent studies on Lense-Thirring spacetimes have suggested the existence of an infinite
hierarchy of such tensors, but their geometric origin had remained unclear.
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In contrast to previous related ideas [29-32] we have proposed a systematic construction
based on a spacetime ansatz foliated by codimension-2 hypersurfaces. Our key finding is
that Killing tensors, which are reducible to products of non-commuting Killing vectors in the
base space, naturally lift to irreducible Killing tensors of the full spacetime. This structure is
dictated by the Lie algebra of the base space symmetries, leading to a tower of higher-rank
Killing tensors. We then applied this framework to generalized Lense-Thirring spacetimes
and demonstrated its realization in exact four-dimensional EMDA black hole solutions. It
remains to be seen, if any other irreducible Killing tensors of exact black hole spacetimes can
be understood in this way. Moreover, the U([d/2] — 1) symmetry of Kerr-(A)dS spacetimes
with equal angular momenta was shown to emerge from the same such symmetry of the
lower-dimensional hypersurface.

These results provide a new geometric understanding of hidden symmetries in higher-
dimensional spacetimes and have several natural extensions. In particular, one could consider
topological Lense-Thirring spacetimes, where the cross-sectional metric y45 on S has for
example negative constant curvature. Such metrics solve, for example, the linearised Einstein
equations (see appendix H of [66]) and will inherit in exactly the same way the symmetries
of yap. Of course, if S is compact and negatively curved it has no (global) Killing vectors.
We expect this would also lead to new topological slowly rotating black holes in many such
theories beyond Einstein gravity (e.g, those discussed in [24]) with lifted symmetries.

More generally speaking, can one construct initial data a la [29] for higher order sym-
metries i.e. Killing tensors? And under what conditions would Killing-Yano tensors lift to
the full spacetime for our metric ansatz (2.1)? Furthermore, we could seek to adapt the
geometric lifting procedure in [31, 32] to the general co-dimension-2 foliations outlined in
appendix A. It would be natural to expect that geometrically nice (e.g. geodesic) foliations
lead to natural lifts of symmetries of the transverse space. These would be applicable to such
special coordinate systems like Gaussian null (Isenberg-Moncrief) [67] and Bondi [68, 69],
which have become ubiquitous for understanding important physical situations.

Finally, continuing this theme, we could seek to understand the emergence of near hori-
zon/near future null infinity symmetries via our geometric construction. In these asymptotic
regimes, the spacetime geometry simplifies and can be effectively described by a fibration over
a transverse spatial surface S. Using our construction one could study possible extensions of
asymptotic symmetry algebras, such as the BMS group at null infinity [68-70], to include
higher-rank symmetry generators. It would be interesting to investigate whether lifted Killing
tensors associated with the transverse space in codimension-2 foliations could give rise to a
novel class of asymptotic symmetries, potentially forming a higher-spin or tensorial extension
of the BMS algebra, similar to what was shown for flat space in [71], or generalizing the
Killing tensor surface charges presented in [72] for constant curvature spacetimes. Such
a structure could lead to new insights into conserved quantities relevant for gravitational
radiation, memory effects, and soft theorems. We leave these directions for future work.
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A Foliation of spacetime by codimension-2 hypersurfaces

A.1 Construction

In this appendix we follow the conventions set up in chapter 2 of [73]. We consider a
(2 + (d — 2)) foliation of spacetime induced by two scalar fields ¢*, with a = 0,1. These
define two closed one-forms, n* = di®, which we interpret as normal covectors to a family
of codimension-2 surfaces, denoted S.

The symmetric lapse matrix is defined by

Ny = nan" , (A.1)

and assumed to be non-degenerate with det Ny, < 0, so that the surfaces S are spacelike.
The inverse matrix N is used to define the dual basis of vector fields

nh = Nabguyng ) (A2)

a

where each n# is tangent to the hypersurface Y® = const for b # a. We introduce the
projector onto the codimension-2 leaves S as

VW = 6l — Napnin™, (A.3)
with the induced metric on S given by
Vv = VpVo Gro- (A.4)

The complement of the surfaces S is a two-dimensional plane spanned by n/, which need not
be integrable. The obstruction to integrability is the twist, defined through the commutator

[no,n1]* ¢ Span {nk}, or equivalently ~%[ng,ni]"” # 0. (A.5)

To facilitate coordinate expressions, we introduce a set of coordinates adapted to the
foliation, ()%, 24), where 24 parameterize the leaves S, and 1 serve as foliation parameters.
The coordinate vectors 8& need not be orthogonal to S; this motivates the introduction
of shift vectors

bl = (O ) — nf. (A.6)
In this coordinate system, the spacetime metric takes the form

[ Nap +7ab2P  vachf w Nab —N““bf (A7)
I vBobS yag )Y —Nby 4B 4 NepdpE ) '
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with the determinant
g = det Ny detyap. (A.8)
We also note the expression for the inverse relation
nt = Ngyg"'nb = Nygh?, (A.9)
and the expression for the commutator of the normal vectors
Mg, nplt = —28[6162‘] + [ba, bp]*, (A.10)
with b* = (0,b7) in adapted coordinates.

A.2 Gauge fixing

Up to this point, the formalism is fully general and no gauge fixing has been imposed. To

connect with the metric ansatz discussed in section 2, we now impose a specific choice of
coordinates (t,7,z4) and gauge conditions:
1. We fix the off-diagonal components of the lapse matrix Ny = Nyt = 0.

2. We choose the radial shift vector to vanish b# = 0, which amounts to taking the

A

coordinates z** constant along the radial direction.

With this, we identify:

524 =4, (A.11)

Ny = —Nf, (A.12)
1

Ny = —. A.13

7 (A.13)

The resulting parametrized metric becomes

—Nf+ TZ’YCDVCVD 0 ’yAcuc
uv = 0 % 0 , (A.14)
vpev® 0 VAB
1 1 B
-~n7 0 N7V
g =1 0 f 0 : (A.15)
ﬁVA 0 ~4B _ NLfVAUB

which agrees with (2.1) and (2.2) in the main text. Here, however for full generality the
functions f and N depend on all the coordinates xz# = (t,r, 24).

From the general integrability condition in eq. (A.10), we observe that the normal 2-
planes are integrable if and only if v is independent of the radial coordinate . However,

if 4 has the form

VA :p(t,T)féq(.%'B), (A16>
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as assumed in the main text, then the twist is non-vanishing and proportional to the Killing
vector 564. Explicitly,

8p(t ) o

[y, ) = =0, 0" = {0 (A.17)

B Alternative construction

B.1 Dual metric ansatz

In this appendix we briefly comment on a possible dual formulation of our general ansatz (2.1).
Namely, let us consider the following metric:

d 2
= —fN(dt + padz™)? + % + Fapdrida? (B.1)

cf. the inverse metric (2.2). Here, we again assume f and N to be functions of ¢, r only and
74 and vap to be functions of all coordinates. Moreover, 74 is naturally a 1-form while
previously v was naturally a vector. The inverse now reads

1 .
G l= _Waf + f02 + 31804 — 748;) (9B + 7pdy) . (B.2)

Notice that the structures are more or less the same, except by comparing the 92, 8,04,
040p terms we have

(fN)—l - I;A'?ABﬁB — (fN)_l, ];A — *(fN)_IVA, fN~A ~B ,YAB’ (B3)

where 48 = (y71)4B and 348 = (571)4B. Thus one can translate from one description
to another. However, if the transverse metric is fixed (e.g. in both case setting it to be the

metric on the sphere) then symmetries in one description will not be symmetries in the

other unless 72 = 743,407 is 4 independent.

In this case the decomposition of the SN bracket (2.10) becomes

A

o1 A
(X, g6 0 i) — [X, (fN) e 40104, - .- 0p,_)
+ X, A 0 0r0a, -+ 0a, 1)
—1 Al... ~ A1-~~Ap
2 ((fN) o XM — [X, D)5 00, - - Oa)
—of (a,,XAl--~Ap) 004, -+ O,
+ Qﬁ(AlatXAQ'“AP+1)8(A1 . 8A

- ipALA
+[X, 7 T Oy -0

p+1)

(B.4)

p+1)

Hence with this dual choice of metric ansatz, the conditions for a symmetry of S to lift to the
full spacetime M are almost exactly the same as previously. Namely, [X, fN]sx = 0 (again
automatically satisfied as f, N depend on t,r only, i.e. f = f(t,r) and N = N(¢t,r)), and

XX =0, 0,X=0, [X,7*]sx=0, [X,7]sx=0. (B.5)
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It is worth now discussing the third condition in more detail. If 72 is 24 independent
then it is trivial. But, in the case where X = ) . ¢ ® & for Killing vectors &;, it reduces
to the requirement

Y la@6 7" =2y &'l 7). (B.6)

This is different to last condition of (B.5) (which as we have seen previously is given by (2.27))
because there is no symmetrization over the indices {AB}. Thus for the dual metric ansatz
we actually have a stronger requirement for a symmetry to lift to the full spacetime.

As we have remarked in the main text, the Myers-Perry metrics with equal rotation
parameters [55] are in the form of (B.1). We note moreover that, the Killing tensors of
the Kerr-NUT-AdS black are almost of this form. See [33] wherein, the Killing tensors are
shown to be Killing tensors of the induced metric on the ¢ =const. hypersurfaces, i.e. a
co-dimension one foliation.

B.2 Comparison with Taub-NUT metrics

An example of a spacetime that takes also the form (B.1) is the Taub-NUT metric [59, 60]

dr?

f(r)

where f(r) = (r?+n?—2mr)/(r?>+n?). However, one can check that the corresponding vector

ds® = —f(r)(dt — 2ncos 0dg)> + —— + (r* + n?)(d6? + sin® 0d¢?) , (B.7)

—2n cos
(r2 + n?)sin? 0 ¢
is not a symmetry of the metric ¥ = Japdrdda®? = (r? + n?)(dh? + sin®0d$?). These are
simply the Killing vectors of the 2-sphere

(B.8)

U=

Ly =—sin¢g0p —cospcot 00y, Ly=cos¢pdy—singcotfdy, L.=0. (B.9)

Note that, as mentioned in subsection 4.3, the Taub-NUT metric actually admits 4 full Killing
vectors — see, e.g. appendix A of [63] for details. Moreover, the total angular momentum
(our natural candidate for lifting)

C=I2+I2+I2=0%+ ﬁa@ I (B.10)
does not commute with v4, i.e.,
[v, Clsx # 0. (B.11)
Finally, since CA8 = (r2 + n?)y48 the third condition of (B.5) becomes simply that
4n?
oa(vPup) = m@,4(60‘52 0) #0, (B.12)

which is also explicitly violated.

Therefore, C is not one of the Killing tensors of the Taub-NUT spacetime. See, e.g. [61, 62]
for a complete discussion of the symmetries of the Taub-NUT spacetime. We also mention
that exactly the same calculations apply to the Page instanton [74] (or any other such
Euclideanization of the Taub-NUT), that is, the symmetries do not lift from a base space
according to the procedure discussed in this appendix.
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C Schouten-Nijenhuis brackets

Here we collect various properties of the SN bracket defined over any manifold AV which we
employ in the main text. We use the early greek alphabet indices «, 3,7 on N and note
that the properties apply equally to quantities on M or §. These properties of the SN
bracket are due to the one-to-one correspondence with the Poisson bracket which satisfies
the same kind of properties.

Namely, consider the Poisson bracket on the space of functions on the cotangent bundle
T*N, defined in Darboux coordinates

af 0Og of 0Og

= - . 1

{1.9} 0x® Opo  Opa 0T (C.1)

Such a Poisson bracket is clearly antisymmetric and bilinear and satisfies the following
properties:

i) Jacobi: {{f. 95,0} +{{h, f}. g} + {{g, h}, f} =0, (C.2)

i) Leibniz: {fg,h} ={f.h}g+ f{g.h}. (C.3)

Thus, it defines a Leibniz Lie algebra.

We can then use the isomorsphism between the space of monomials on the contangent
bundle and the space of symmetric tensors to define the SN bracket.'® That is, for symmetric
rank-p/rank-q tensors A% and B! define their corresponding monomials of momentum

on the cotangent bundle as a = A% *py, ...pa, and b = B*%p,, ...ps,. Then from

P
their Poisson bracket

¢ ={a,b} = —[A, Blsx™ """ pay - Dayiq 1 s (C.4)
we have the SN bracket naturally defined
[4, BJ2Lrtat = pAr(@1-ap-1. Baveapia-1) _ qBia1-aa-1g Ata-Qatp-1) (C.5)
For a scalar A = & it is clear that
[A, Plgy = pATH =10, D, (C.6)

Thus the SN bracket reduces to the Lie derivative when A = £* and in particular the vanishing
of the SN bracket is equivalent to the Killing vector equation when also B = ¢g"”. For our
interests a p-symmetry of the manifold A is a p-symmetric tensor K#1-#» for which the
SN bracket with the inverse metric, G~ on N vanishes:

[K,G7 =0 <= V{ Koy 0,01 =0. (C.7)

That is K is a rank-p Killing tensor. We also denote the vector space of rank-p Killing
tensors over M as KP(M).

16Unfortunately, in the mathematical community the SN bracket often refers to a similar construction but
for anti-symmetric tensors. In the physics community this is almost never the case.
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Notice, that due to the isomorphism with the Poisson bracket a Killing tensor is equivalent
to the quantity k = K*%Pp,, ...pa, being a constant of motion for the geodesic Hamiltonian
= lgooa
g =3 Pai a2

{k,g}=0. (C8)
Now, the SN bracket defines a Lie algebra since it satisfies the Jacobi identity
HA7 B]SN7 C]SN + HC7 A]SN? B]SN + [[37 C]SN7 A]SN =0. (C,Q)

This implies that, a non-trivial SN bracket of any two symmetries K7 and K5 generates a
new non-trivial symmetry, given by K3 = [K1, Ka|sn # 0

[K?HGil]SN = [[KlaKQ]SNyGil]SN =0. (C.10)

Thus, we can keep generating new symmetries of the manifold by iterating SN bracket as
in the main text.

Next, noting that the multiplication of two monomials of momenta corresponds to the
symmetrized tensor product ® (e.g. for two vectors X © Y = %(X ®Y +Y ® X) of their
corresponding tensors we have generically a Leibniz rule

{ab,c} ={a,c}b+ a{b,c} = —[A® B, C’]?l\ll"'Aerq”_lpl o Papygiri (C.11)
= —([A4, C]?&“"‘Pﬂ*lBap+q~-~ap+q+r_1 + A%1-2r[B, C]g‘gﬂ“'%ﬂ”*l)pl e Dapigir 1 s
(C.12)
so that
[A® B,Clsy =[A,Clsn © B+ A® [B,Clsx - (C.13)

Together, these properties mean that the SN bracket forms a graded Lie algebra (see
e.g. [19, 20]) on the space of Killing tensors of M,

K(M) =P K (M), (C.14)
1=0

where K° = R and K! is the space Killing vectors/isometries over M. Finally we remark,
in manifolds of constant Riemann curvature, i.e. symmetric spaces, the representation of
the algebra of Killing tensors is well studied, see e.g. [15-20]. In particular, there is an
isomorphism between a certain quotient of the universal covering algebra of the symmetry
group, and the space of Killing tensors with the Lie bracket realized by the SN bracket (see
Theorem 4.13 and corollary 4.14 of [21]).
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