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Jiřı́ Bičák* and Pavel Krtouš†
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The scalar and electromagnetic fields produced by the geodesic and uniformly accelerated discrete charges
in de Sitter spacetime are constructed by employing the conformal relation between de Sitter and Minkowski
space. Special attention is paid to new effects arising in spacetimes which, like de Sitter space, have spacelike
conformal infinities. Under the presence of particle and event horizons, purely retarded fields �appropriately
defined� become necessarily singular or even cannot be constructed at the ‘‘creation light cones’’—future light
cones of the ‘‘points’’ at which the sources ‘‘enter’’ the universe. We construct smooth �outside the sources�
fields involving both retarded and advanced effects, and analyze the fields in detail in case of �i� scalar
monopoles, �ii� electromagnetic monopoles, and �iii� electromagnetic rigid and geodesic dipoles.
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I. INTRODUCTION

The de Sitter 1917 solution of the vacuum Einstein equa-
tions with a positive cosmological constant � , in which
freely moving test particles accelerate away from one an-
other, played a crucial role in the acceptance of expanding
standard cosmological models at the end of the 1920s �1,2�.
It reappeared as the basic arena in steady-state cosmology in
the 1950s, and it has been resurrected in cosmology again in
the context of inflationary theory since the 1980s �2�. de
Sitter spacetime represents the ‘‘asymptotic state’’ of cosmo-
logical models with ��0 �3�.

Since de Sitter space shares with Minkowski space the
property of being maximally symmetric but has a nonvanish-
ing constant positive curvature and nontrivial global proper-
ties, it has been widely used in numerous works studying the
effects of curvature in quantum field theory and particle
physics �see, e.g., Ref. �4� for references�. Recently, its coun-
terpart with a constant negative curvature, anti–de Sitter
space, has received much attention again from quantum field
and string theorists �e.g., Ref. �5��.

These three maximally symmetric spacetimes of constant
curvature also played a most important role in gaining many
valuable insights in mathematical relativity. For example,
both the particle �cosmological� horizons and the event hori-
zons for geodesic observers occur in de Sitter spacetime, and
the Cauchy horizons in anti–de Sitter space �e.g., Ref. �6��.
The existence of the past event horizons of the world lines of
sources producing fields on de Sitter background is of crucial
significance for the structure of the fields.

The existence of the particle and event horizons is inti-
mately related to the fact that de Sitter spacetime has, in
contrast with Minkowski spacetime, two spacelike
infinities—past and future—at which all timelike and null
worldlines start and end �6�. Since the pioneering work of
Penrose �7,8� it has been well known that Minkowski, de
Sitter, and anti–de Sitter spacetimes, being conformally flat,

can be represented as parts of the �conformally flat� Einstein
static universe. However, the causal structure of these three
spaces is globally very different. The causal character of the
conformal boundary I to the physical spacetime that repre-
sents the endpoints at infinity reached by infinitely extended
null geodesics, depends on the sign of � . In Minkowski
space, these are null hypersurfaces—future and past null in-
finity, I � and I �. In de Sitter space, both I � and I � are
spacelike; in anti–de Sitter space the conformal infinity I is
not the disjoint union of two hypersurfaces, and it is time-
like.

Towards the end of his 1963 Les Houches lectures �9�,
Penrose discusses briefly the zero rest-mass-free fields with
spin s in cosmological �not necessarily de Sitter� back-
grounds. At a given point P, not too far from I �, say, the
field can be expressed as an integral over quantities defined
on the intersection of the past null cone of P and I � � ‘‘free
incoming radiation field’’� plus contributions from sources
whose worldlines intersect the past null cone. However, the
concept of ‘‘incoming radiation field’’ at I � depends on the
position of P if I � is spacelike �9,10�. If there should be no
incoming radiation at I � with respect to all ‘‘origins P ,’’ all
components of the fields must vanish at I �. Imagine that
spacelike I � is met by the worldlines of discrete sources.
Then there will be points P near I � whose past null cones
will not cross the worldlines—see Fig. 1. The field at P
should vanish if an incoming field is absent. This, however,
is not possible since the ‘‘Coulomb-type’’ part of the field of
the sources cannot vanish there �as follows from Gauss’s
law�. Penrose �9� thus concludes that ‘‘if there is a particle
horizon, then purely retarded fields of spin s� 1

2 do not exist
for general source distributions.’’1 �The restriction on s fol-
lows from the number of arbitrarily specifiable initial data
for the field with spin s—see Ref. �9�.� Penrose also empha-
sized that the result depends on the definition of advanced
and retarded fields, and ‘‘the application of the result to ac-
tual physical models is not at all clear cut . . . .’’ This ob-
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1The corresponding result holds for spacelike I � and advanced
fields.
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servation was reported in somewhat more detail at the meet-
ing on ‘‘the nature of time’’ �11�, with an appended
discussion �in which, among others, Bondi, Feynman, and
Wheeler participated� but technically it was not developed
further since 1963. In a much later monograph Penrose and
Rindler �10� discuss �see p. 363 in Vol. II� the fact that the
radiation field is ‘‘less invariantly’’ defined when I is space-
like than when it is null, but no comments or references are
given there on the absence of ‘‘purely retarded fields.’’

One of the purposes of this paper is to study the properties
of fields of pointlike sources ‘‘entering’’ the de Sitter uni-
verse across spacelike I �. We thus provide a specific physi-
cal model on which Penrose’s observation can be demon-
strated and analyzed. We assume the sources and their fields
to be weak enough so that they do not change the de Sitter
background.

In de Sitter space we identify retarded �advanced� fields
of a source as those which are in general nonvanishing only
in the future �past� domain of influence of the source. As a
consequence, purely retarded �advanced� fields have to van-
ish at the past �future� infinity. Adopting this definition we
shall see that indeed purely retarded fields produced by
pointlike sources cannot be smooth or even do not exist. We
find this general conclusion to be true not only for charges
�monopoles and dipoles� producing electromagnetic fields
(s�1) but, to some degree, also for scalar fields (s�0)
produced by scalar charges.

In general, purely retarded fields of monopoles and di-
poles become singular on the past horizons �‘‘creation light
cones’’� of the particle’s worldlines. A ‘‘shock-wave-type’’
singularity at the particle’s creation light cone can be under-
stood similarly to a Cauchy horizon instability inside a black
hole �see, e.g., Ref. �12��; an observer crossing the creation
light cone sees an infinitely long history of the source in a
finite interval of proper time. In the scalar field case �not
considered by Penrose� no ‘‘Gaussian-type’’ constraints exist
and retarded fields can be constructed. However, we shall see
that the strength of the retarded field �the gradient of the

field� of a scalar monopole has a �-function character on the
creation light cone so that, for example, its energy-
momentum tensor cannot be evaluated there. In the electro-
magnetic case it is not even posible to construct a purely
retarded field of a single monopole—one has to allow addi-
tional sources on the creation light cone to find a consistent
retarded solution vanishing outside the future domain of in-
fluence of the sources.

In both our somewhat different explanation of the nonex-
istence of purely retarded fields of general sources, and in
Penrose’s original discussion, the main cause of difficulties is
the spacelike character of I � and the consequential exis-
tence of the past horizons, respectively, ‘‘creation light
cones.’’

It was only after we constructed the various types of fields
produced by sources on de Sitter background and analyzed
their behavior that we noticed Penrose’s general consider-
ations in Ref. �9�. Our original motivation has been to under-
stand fields of accelerated sources, and in particular, the elec-
tromagnetic field of uniformly accelerated charges in de
Sitter spacetime. The question of electromagnetic field and
its radiative properties produced by a charge with hyperbolic
motion in Minkowski spacetime has perhaps been one of the
most discussed ‘‘perpetual problems’’ of classical electrody-
namics, if not of all classical physics in the 20th century.
Here let us only notice that the December 2000 issue of
Annals of Physics contains the series of three papers �cover-
ing 80 pp.� by Eriksen and Grøn �13�, which study in depth
and detail various aspects of ‘‘electrodynamics of hyperboli-
cally accelerated charges’’; the papers also contain many
�though not all� references on the subject.

The electromagnetic field of a uniformly accelerated
charge along the z axis, say, is symmetrical not only with
respect to the rotations around the axis, but also with respect
to the boosts along the axis. Now spacetimes with boost-
rotation symmetry play an important role in full general rela-
tivity �see, e.g., Ref. �14�, and references therein�. They rep-
resent the only explicitly known exact solutions of the
Einstein vacuum field equations, which describe moving
‘‘objects’’—accelerated singularities or black holes—
emitting gravitational waves, and which are asymptotically
flat in the sense that they admit global, though not complete,
smooth null infinity I �. Their radiative character is best
manifested in a nonvanishing Bondi’s news function, which
is an analog of the radiative part of the Poynting vector in
electrodynamics. The general structure of all vacuum boost-
rotation symmetric spacetimes with hypersurface orthogonal
Killing vectors was analyzed in detail in Ref. �15�. One of
the best known examples is the C-metric, describing uni-
formly accelerated black holes attached to conical singulari-
ties �‘‘cosmic strings’’ or ‘‘struts’’� along the axis of symme-
try.

There exists also the generalization of the C-metric in-
cluding a nonvanishing � �16�. It has been used to study the
pair creation of black holes �17�; its interpretation as uni-
formly accelerating black holes in a de Sitter space has been
discussed recently �18�. However, no general framework is
available to analyze the whole class of boost-rotation sym-
metric spacetimes, which are asymptotically approaching a

FIG. 1. Fields at spacelike I �. When past infinity I � is space-
like, and some discrete sources ‘‘enter’’ the spacetime, then incom-
ing fields must necessarily be present at I � and also at such points
as P, the past null cones of which are not crossed by the worldlines
of the sources. If this is not the case, inconsistencies arise. The past
null cone of P is shaded in light gray, whereas the future domain of
influence of sources is shaded in dark gray. �Figure taken after
Penrose �9�.�
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de Sitter �or anti–de Sitter� spacetime as it is given in Ref.
�15� for ��0. Before developing such a framework in full
general relativity, we wish to gain an understanding of fields
produced by �uniformly� accelerated sources in a de Sitter
background. This has been our original motivation for this
work.

Although it has been widely known and used in various
contexts that there exists a conformal transformation be-
tween de Sitter and Minkowski spacetimes, this fact does not
seem to be employed for constructing the fields of specific
sources. In the following we make use of this conformal
relation to find scalar and electromagnetic fields of the scalar
and electric charges in de Sitter spacetime.

The plan of the paper is as follows. In Sec. II, we will
analyze the behavior of scalar and electromagnetic field
equations with source terms under general conformal trans-
formations. Few points contained here appear to be new, like
the behavior of scalar sources in a general, n-dimensional
spacetime, but the main purpose of this section is to review
results and introduce notation needed in subsequent parts. In
Sec. III, the compactification of Minkowski and de Sitter
spacetimes and their conformal properties are discussed.
Again, all main ideas are known, especially from works of
Penrose. But we need the detailed picture of the complete
compactification of both spaces and explicit formulas con-
necting them in various coordinate systems, in order to be
able to ‘‘translate’’ appropriate motion of the sources and
their fields from Minkowski into de Sitter spacetime. The
worldlines of uniformly accelerated particles in de Sitter
space are defined, found, and their relation to the correspond-
ing worldlines in Minkowski space under the conformal
mapping is discussed in Sec. IV. In general, a single world-
line in Minkowski space gets transformed into two world-
lines in de Sitter space.

In Sec. V, by using the conformal transformation of
simple boosted spherically symmetric fields of sources in
Minkowski spacetime, we construct the fields of uniformly
accelerated monopole sources in de Sitter spacetime. In par-
ticular, with both the scalar and electromagnetic fields, we
obtain what we call ‘‘symmetric fields.’’ They are analytic
everywhere outside the sources and can be written as a linear
combination of retarded and advanced fields from both par-
ticles. From the symmetric fields we wish to construct purely
retarded fields that are nonvanishing only in the future do-
main of influence of particles’ worldlines. For the scalar
field, this is accomplished in Sec. VI. We do find the retarded
field, but its strength contains a �-function term located on
the particle’s past horizon �creation light cone�. In Sec. VII,
the retarded electromagnetic fields are analyzed for free �un-
accelerated� monopoles �Sec. VII A�, for ‘‘rigid dipoles’’
�Sec. VII C�, consisting of two close, uniformly accelerated
charges of opposite sign, and for ‘‘geodesic dipoles’’ �Sec.
VII D�, made of two free opposite charges moving along
geodesics. In Sec. VII B the role of the contraints, which
electromagnetic fields and charges have to satisfy on any
spacelike hypersurface, is emphasized. These constraints in
de Sitter space with compact spatial slicings require the total
charge to be zero. As is well known, there can be no net
charge in a closed universe �see, e.g., Ref. �19��. However,

we find out that the constraints imply even local conditions
on the charge distribution if I � is spacelike and purely re-
tarded fields are only admitted. In the case of an unacceler-
ated electromagnetic monopole, we discover that the solution
resembling retarded field represents not only the monopole
charge but also a spherical shell of charges moving with the
velocity of light along the creation light cone of the mono-
pole. The total charge of the shell is precisely opposite to that
of the monopole. Retarded fields of both rigid and geodesic
dipoles blow up along the creation light cone since, by re-
stricting ourselves to the fields nonvanishing in the future
domain of influence, we ‘‘squeeze’’ the field lines produced
by the dipoles into their past horizon �creation light cone�.

We do not discuss the radiative character of the fields
obtained. The problem of radiation is not a straightforward
issue since the conformal transformation does not map an
infinity onto an infinity and, thus, one has to analyze care-
fully the falloff �‘‘the peeling off’’� of the fields along appro-
priate null geodesics going to future, respectively, past space-
like infinity. A detailed discussion of the radiative properties
of the solutions found here and of some additional fields will
be given in a forthcoming publication �24�.

A brief discussion in Sec. VIII concludes the paper. Some
details concerning coordinate systems on de Sitter space are
relegated to the Appendix.

II. CONFORMAL INVARIANCE OF SCALAR AND
ELECTROMAGNETIC FIELD EQUATIONS

WITH SOURCES

Conformal rescaling of metric is given by a common
spacetime dependent conformal factor �(x):

g�	→ ĝ�	��2g�	 , g�	→ ĝ�	���2g�	. �2.1�

An equation for a physical field 
 is called conformally
invariant if there exists a number— conformal weight—

p�R such that 
̂��p
 solves a field equation with metric
ĝ , if and only if 
 is a solution of the original equation with
metric g.

It is well known �see, e.g., Ref. �20�� that �i� the wave
equation for a scalar field � can be generalized in a confor-
mally invariant way to curved n-dimensional spacetime ge-
ometry by a suitable coupling with the scalar curvature R,
and �ii� the vacuum Maxwell’s equations are conformally
invariant in four dimensions with conformal weight p�0 of
covariant components �2-form� of electromagnetic field
F�	 , but they fail to be conformally invariant for dimen-
sions n�4.

The behavior of the above equations with sources is not
so widely known �cf. Ref. �10,21� for the electromagnetic
case�. It is, however, easy to see that the wave equation for
the scalar field � with the scalar charge source S,

���
R���S , �2.2�

where in n dimensions 
� 1
4 (n�2)/(n�1), R is the scalar

curvature, and ��g�	���	 is the d’Alembertian con-
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structed from the covariant metric derivative �� , under the
conformal rescaling Eq. �2.1� goes over into the equation of
the same form

��̂�
R̂��̂� Ŝ , �2.3�

provided that

�→�̂��1�(n/2)� , �2.4�

S→ Ŝ���1�(n/2)S , �2.5�

and �̂� and R̂ are the metric covariant derivative and scalar
curvature associated with the rescaled metric ĝ �see, e.g.,
Eqs. �D.1�–�D.14� in Ref. �20��.

Next, it is easy to demonstrate that in four dimensions
Maxwell’s equations with a source given by a four-current
J�,

��F���J�,

� [�F	�]�0 or F�	���A	��	A� , �2.6�

are conformally invariant if the vector potential does not
change, so that

Â��A� , F̂�	�F�	 , F̂�	���4F�	, �2.7�

and the current behaves as follows:

Ĵ����4J�, Ĵ����2J� . �2.8�

Since the Levi-Civita tensor transforms as

�̂�	����4��	�� , �2.9�

the following quantities are conformally invariant:

*Ĵ�	�� �̂�	��Ĵ�� *J�	� , �2.10�

*F̂�	�
1

2!
�̂�	��F̂��� *F�	 . �2.11�

Therefore, Maxwell’s equations with a source can be written
using the external derivative as

dF�0, d *F��2 *J , �2.12�

where only conformally invariant quantities appear.
The continuity equation for the electromagnetic current is

also conformally invariant:

��J��0→�̂�Ĵ����4��J��0 �2.13�

thanks to Eq. �2.8� and the conformal property of the four-
dimensional volume element g1/2�(�Det g�	)1/2:

ĝ1/2��4g1/2. �2.14�

It is interesting to notice, however, that as a consequence of
the invariance �2.7� of the electromagnetic potential under a
conformal rescaling, the Lorentz gauge condition is not con-
formally invariant:

��A��0 �2.15�

implies

�̂�Â��2Â�d� log����0. �2.16�

A remarkable property arises in four-dimensional space-
times: in both the scalar and electromagnetic case the total
charge distributed on a three-dimensional spacelike hyper-
surface is conformally �pseudo�invariant.2 This follows from
the conformal invariance of spatial charge distributions.

Denoting n� , a future-oriented unit 1-form normal to the
hypersurface � , we get

n̂�����n� , n̂������1n�. �2.17�

The three-dimensional volume element is given by
q1/2�(Det q�	)1/2, where three-metric q�	 is the restriction
of the four-metric g�	 to the hypersurface � . Under the con-
formal transformation,

q1/2→ q̂1/2����3q1/2. �2.18�

A charge distribution is defined as a charge density multi-
plied by this volume element. Hence, the scalar charge dis-
tribution reads

��S q1/2, �2.19�

and

�→�̂�sign���� . �2.20�

We see that it is conformal invariant except for a change of
sign if the conformal factor � is negative. As seen from Eq.
�2.5�, this fails to be true for n�4. In the following we
consider only the case n�4.

The electromagnetic charge distribution is given by

��n� J�q1/2. �2.21�

Again, regarding Eqs. �2.8�, �2.17�, and �2.18�, we get

�→ �̂�� . �2.22�

Thus, the electromagnetic charge is invariant even under
conformal transformation with a negative conformal factor
� .

Similarly, we define the electric field with the three-
dimensional volume element included:

E ��n�F��q1/2, �2.23�

2A quantity is a conformal pseudoinvariant if it is invariant under
conformal transformation, except for a change of sign if the confor-
mal factor is negative. See Eq. �2.20�.
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which represents the momentum conjugated to the potential
A� �cf., e.g., Ref. �19��. With the definition �2.23�, E � is
conformally invariant. Gauss’s law simply reads

�
D
��

(3)E ���
�D

E �dS� , �2.24�

where � (3) is three-metric covariant derivative and D is a
region in � .

III. MINKOWSKI AND de SITTER SPACETIMES:
COMPACTIFICATION AND CONFORMAL RELATION

The conformal structure of Minkowski and de Sitter
spacetimes and their conformal relation to the regions of the
Einstein static universe is well known and has been much
used �see, e.g., Refs. �6,20� for basic expositions�. However,
the complete compactified picture of both spaces and their
conformal structure do not appear to be described in detail in
the literature, although all main ideas are contained in vari-
ous writings by Penrose �e.g., Refs. �9,10��. Since we shall
need some details in explicit form when analyzing the char-
acter of the fields of sources in de Sitter spacetime and their
relation to their counterparts in Minkowski spacetime, we
shall now discuss the compactification and conformal prop-
erties of these spaces.

Recall first that flat Euclidean plane E2 can be compacti-
fied by adding a point at infinity so that the resulting space is
a two-sphere S2 with a regular homogenous metric gsph ,
conformally related to the Euclidean metric:

gsph��2�d� 2�sin2� d� 2�

��2�dr 2�r2d� 2���2gEucl , �3.1�

where � is a constant parameter with the dimension of
length, r�� tan(�/2), and ��1�cos �. Notice that gEucl is
not regular at r�� , where the conformal factor ��0. The
group of conformal transformations of E2 acts on the com-
pact manifold S2.

Analogously, one can construct compactified Minkowski
space M # �see Ref. �10�, Sec. 9.2 and references therein� on
which the 15-parameter conformal group acts. One starts
with the standard Penrose diagram of Minkowski space and
makes an identification of I Mink

� and I Mink
� by identifying the

past and future endpoints of null geodesics as indicated in
Fig. 2. The future and past timelike infinities, iMink

� , and the
spatial infinity, iMink

0 , are also identified into one point. The
topology of M # is S3�S1 �this is not evident from first sight,
but see Ref. �10��.

Rescaled Minkowski space �without the identification�
can be drawn in a two-dimensional diagram as a part of the
Einstein static universe, which is visualized by a cylindrical
surface imbedded in E3—see, e.g., Refs. �6,20�. However, in
Fig. 3 we illustrate the compactified Minkowski space M # by
a three-dimensional diagram as a part of the Einstein uni-
verse represented by a solid cylinder in E3. This is achieved
in the following way: In Fig. 2 the Minkowski spacetime
�with one dimension suppressed� is illustrated as a region
bounded by two cones joined base to base. Now we take a

two-dimensional cut C and we compactify it by dividing it
into four regions, I–IV, as indicated in Fig. 2. We cut out
regions III and IV and place them ‘‘above’’ regions II and I
so that they are joined along their corresponding null bound-
aries �e.g., points B,B� and A,A� become identical�. Now the
segment PO has to be identified with ÕQ̃ and OQ with
P̃Õ—they correspond to a single segment in Fig. 2. Simi-
larly, boundaries PP̃ and QQ̃ are identified, and as a result a
compact manifold is formed. Consider then all posible cuts
C, i.e., ‘‘rotate’’ C around the ‘‘line’’ iMink

� OiMink
� , and make

the same identifications as we just described. Now all ‘‘ver-
tical’’ boundary lines as PP̃ and QQ̃ have to be identified
�notice that all these points were on the segment iMink

� O in
Fig. 2�. The resulting four-dimensional compact manifold is
represented in the three-dimensional Fig. 3. From the con-
struction described, it follows that the top and bottom bases
of the solid cylinder are identified and each of the circles on
the cylindrical surface, as, e.g., k, should be considered as a
single point. The ‘‘disks’’ inside these circles are thus two
spheres, i.e., without suppressing one dimension—three
spheres in M #.

Now it is important to realize that Fig. 3 can be under-
stood as a part of the Einstein static cylinder, which also

FIG. 2. Three-dimensional Penrose diagram of Minkowski
space. The whole spacetime is mapped into the interior of two
cones joined base to base along a spacelike �Cauchy� hypersurface
t�0. The boundary of the two cones consists of past and future null
infinities, I Mink

� ,I Mink
� , of the past and future timelike infinities

iMink
� ,iMink

� , and of the spacelike infinity, iMink
0 . At these infinities,

the null, timelike, and spacelike geodesics start and end. A two-
dimensional cut C going through iMink

� , iMink
� , and P ,Q�iMink

0 is
considered, with two null geodesics A�XA and B�YB indicated. It
is divided into four separate regions, I–IV. Regions III and IV are
mapped into regions III’ and IV’ in the compactified Minkowski
space illustrated in Fig. 3.
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represents the compactified de Sitter space. In de Sitter space
two bases are future and past spacelike infinities. They are
not usually identified in the standard two-dimensional Pen-
rose diagram of de Sitter spacetime �see, e.g., Ref. �6��, as
I Mink

� and I Mink
� are not identified in the standard Penrose

diagram of Minkowski space.
Manifold M # represents the compactification of both

Minkowski and de Sitter space. Similarly as S2, representing
the compactification of E2, can be equipped with a regular
metric gsph mentioned above, M # can be equipped with the
regular metric

gEins��2��d t̃ 2�dr̃ 2�sin2 r̃d�2�, �3.2�

where dimensionless coordinates t̃ , r̃��0,��, spacelike hy-
persurfaces t̃ �0, and t̃ �� are identified by means of null
geodesics, d�2�d� 2�sin2 � d�2, and the constant � has
dimension of length. The metric �3.2� is the well-known met-
ric of the Einstein universe, in which case

�2�
3

�
, �3.3�

where � is the cosmological constant.
In order to see this explicitly, write the Minkowski metric

in standard spherical coordinates,

gMink��dt 2�dr 2�r2d�2, �3.4�

and introduce coordinates t̃ , r̃��0,�� by

t̃ �arctan
2�t

�2�t2�r2
, r̃�arctan

2�r

�2�t2�r2
, �3.5�

inversely

t�
� sin t̃

cos r̃�cos t̃
, r�

� sin r̃

cos r̃�cos t̃
, �3.6�

so that

gMink�
�2

�cos r̃�cos t̃ �2
��d t̃ 2�dr̃ 2�sin2 r̃ d�2�.

�3.7�

Let us notice that by requiring the ranges t̃ , r̃��0,�� , we fix
the branch of arctan in Eq. �3.5�. Further, observe that for
t̃ � r̃�� , relations �3.6� imply negative r—we shall return to
this point in a moment.

In the case of de Sitter space with the metric

gdS��d� 2��2 cosh2
�

�
�d� 2�sin2 � d�2�, �3.8�

we put

t̃ �2 arctan� exp
�

� � , r̃�� , �3.9�

or

��� log� tan
t̃

2 � , �� r̃ , �3.10�

so that

gdS�
�2

sin2 t̃
��d t̃ 2�dr̃ 2�sin2 r̃ d�2�. �3.11�

In this way we obtain explicit forms of the conformal
rescaling of both spaces into the metric of the Einstein uni-
verse:

gEins��Mink
2 gMink , �Mink�cos r̃�cos t̃ , �3.12�

gEins��dS
2 gdS , �dS�sin t̃ , �3.13�

where gEins is given by Eq. �3.2�. As in the simple case of
conformal relation of E2 to S2, the conformal factors �Mink
and �dS vanish at infinities of Minkowski, respectively,
de Sitter space.

As a consequence of Eqs. �3.5�–�3.11� we also find the
conformal relation between Minkowski and de Sitter space:

gMink��2gdS , ���Mink
�1 �dS , �3.14�

FIG. 3. Compactified Minkowski and de Sitter spaces. The com-
pactified Minkowski and de Sitter space M #, illustrated by the
three-dimensional diagram—a part of the Einstein universe repre-
sented here as a solid cylinder. The compactification is achieved by
considering first the two-dimensional section C in Fig. 2, cutting out
regions III and IV and placing them ‘‘above’’ regions II and I so that

two-dimensional figure POQQ̃ÕP̃ is formed. PO is identified with

ÕQ̃ �e.g., point X with X�), OQ with P̃Õ �e.g., Y with Y �), and PP̃

with QQ̃ . All two-dimensional cuts C are identified in this way
with, in addition, all ‘‘vertical’’ boundary lines being identified so
that the circle k, for example, is considered as a point. The top and
bottom bases of the cylinder, representing the past and the future
spacelike infinities of de Sitter space, are identified in the compact
manifold M #.
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where �Mink ,�dS are given by Eqs. �3.12� and �3.13�. The
conformal factor � has the simplest form when expressed in
terms of the Minkowski time t:

��
sin t̃

cos r̃�cos t̃
�

t

�
. �3.15�

The conformal transformation is not regular at the infinity of
Minkowski, respectively, de Sitter space because � diverges,
respectively, vanishes there. We shall return to this point at
the end of this section. First, however, we have to describe
the coordinate systems employed in relating particular re-
gions I–IV in Figs. 2 and 3.

Relations �3.5� and �3.6� can be used automatically in
region I only. In other regions, ranges of coordinates have to
be specified more carefully. In the following we always re-
quire t̃ ��0,��. Then, if r̃��0,��, we find that relations
�3.5� and �3.6� imply negative r in region IV. Also, if we
consider events with t�0, r�0 �region III�, we notice that
as a consequence of Eqs. �3.5� and �3.6� with t̃ ��0,�� , we
get r̃�0. Relations �3.5� and �3.6� can be made meaningful
in all regions I–IV if we allow negative r , r̃ and adopt the
following convention: at a fixed value of time coordinate t,
respectively, t̃ , the points symmetrical with respect to the
origin of spherical coordinates have opposite signs of the
radial coordinate, i.e., points with given  t ,r ,� ,�!, respec-
tively  t̃ , r̃ ,� ,�!, are identical with  t ,�r ,��� ,���!, re-
spectively  t̃ ,� r̃ ,��� ,���!. The way in which regions
I–IV are covered by the particular ranges of coordinates is
explicitly illustrated in Figs. 5�a�–5�c� in the Appendix,
where our convention is described in more detail.

In the Appendix, various useful coordinate systems in de
Sitter space are given. First, we shall frequently employ co-
ordinates  t̃ , r̃ ,� ,�! which are simply related �by Eqs. �3.9�
and �3.10�� to the standard coordinates  � ,� ,� ,�! covering
nicely the whole de Sitter hyperboloid. Next, relations �3.5�
and �3.6� can be viewed as the definition of another coordi-
nate system  t ,r ,� ,�! on de Sitter space �with the metric
being given by Eq. �A6��. Let us remind that for fixed � ,�
values r̃ �0 �commonly assumed in de Sitter space� corre-
spond to r�0 for t̃ � r̃�� �region I� and to r�0 for
t̃ � r̃�� �region IV�. Further, one frequently uses static co-
ordinates T ,R associated with the static Killing vector of
de Sitter spacetime—Eqs. �A8� in the Appendix.

Finally, it will be useful to introduce the null coordinates
�cf. Eq. �A12��

u�t�r , v�t�r , �3.16�

ũ� t̃ � r̃ , ṽ� t̃ � r̃ . �3.17�

When employing null coordinates we shall consider only
r̃�0 ( ũ , ṽ would ‘‘exchange their role’’ if r̃�0); the ranges
of ũ , ṽ and u ,v are thus given by the choice t̃ , r̃��0,��. This
leaves the standard �Minkowski� meaning of u ,v in region I;
however, u and v exchange their usual �Minkowski� role in
region IV ( ṽ� t̃ � r̃��) because here r�0. With this

choice, the coordinates ũ , ṽ and u cover de Sitter space

continuously, in particular the horizon ṽ�� �v→�� on this
horizon—see Fig. 5�e��.

From Eqs. �3.5� and �3.6� we get the simple relations

u�� tan
ũ

2
, v�� tan

ṽ
2

, �3.18�

which explicitly verify that local null cones �local causal
structure� are unchanged under conformal mapping. Never-
theless, it is well known that the global causal structure of
the Minkowski and de Sitter space is different. This is re-
flected in the fact that, as mentioned above, the conformal
transformation between the two spaces is not regular every-
where. In particular, relation �3.18� shows that points at null
infinity with v→�� in Minkowski space go over into regu-
lar points with ṽ→� in de Sitter space, whereas spacelike
hypersurface t� 1

2 (u�v)�0 goes into spacelike infinities
t̃ �0,� in de Sitter space.

In the next sections, when we shall generate solutions for
the scalar and electromagnetic fields for given sources in
de Sitter space by employing the conformal transformation
from Minkowski space, we have to check the behavior of the
new solutions at points where the transformation is not regu-
lar.

Before turning to the construction of the fields produced
by specific sources, let us emphasize that in all the following
expressions for fields in de Sitter spacetime only positive r̃
can be considered. However, the results contained in Secs.
IV and V are valid also for r̃�0 provided that the convention
described above is used.3

IV. UNIFORMLY ACCELERATED PARTICLES
IN de SITTER SPACETIME

In this section we study the correspondence of the world-
lines of uniformly accelerated particles under the conformal
mapping �3.5� and �3.6� between Minkowski and de Sitter
spacetimes. Let a particle have four-velocity u�,
u�u���1, so that its acceleration is a�� u̇��u���u�,
a�u��0. We say that the particle is uniformly accelerated if
the projection of ȧ��u���a� into the three surface or-
thogonal to u� vanishes:

P�
� ȧ�� ȧ���a�a��u��0. �4.1�

Here the projection tensor P�
����

��u�u� and

u�ȧ���a�a�. Multiplying Eq. �4.1� by a�, we get
ȧ�a��0 so that

3In Sec. VII, we require r̃�0. The right-hand sides of expressions
�7.1�, �7.2�, �7.12�, and �7.19� would have to be multiplied by a
factor of sgn r̃ to be also valid for r̃�0. Similar changes would also
necessary be in other equations but these contain null coordinates
that have not been defined for r̃�0.
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a�a��constant. �4.2�

This definition of uniform acceleration goes over into the
standard definition used in Minkowski space �22�. It implies
that the components of a particle’s acceleration in its instan-
taneous rest frames remain constant. Of course, as a special
case, a particle may have zero acceleration when it moves
along the geodesic.

Consider a particle moving with a constant velocity

Ro

�
�tanh 	�constant �4.3�

along the z axis (��0, ��0) of the inertial frame in
Minkowski spacetime with coordinates  t ,r ,� ,�! so that it
passes through r�0 at t�0. Transformations �3.5� and �3.6�
map its worldline into two worldlines in de Sitter spacetime,
given in terms of parameter "Mink , its proper time in
Minkowski space, or in terms of "dS , its proper time in de
Sitter space, as follows:

t̃ �arctan� �2�
"Mink cosh 	

"Mink
2 ��2 �

�arctan� �
cosh 	

sinh��"dS /��cosh 	� � , �4.4�

r̃�arctan� 2�
"Mink sinh 	

"Mink
2 ��2 �

�arctan� �
sinh 	

cosh��"dS /��cosh 	� � .

In these expressions, the arctan has values in4 �0,��;
"dS�R, and "Mink�(0,�) for the worldline starting and end-

ing with r̃�0 �denoted by 1 in Fig. 4; plus sign in the last
equation in �4.4��, whereas "Mink�(�� ,0) for the second
worldline, starting and ending with r̃�� �denoted by 1� in
Fig. 4; minus sign in �4.4��. One thus gets two worldlines in
de Sitter space from two ‘‘halves’’ of one worldline in
Minkowski space.

These two worldlines are uniformly accelerated with the
constant magnitude of the acceleration equal �up to the sign�
to

ao��
1

�
sinh 	 . �4.5�

An intuitive understanding of the acceleration is gained if we
introduce standard static coordinates  T ,R ,� ,�! in de Sitter
space �see the Appendix�. The two worldlines described by
Eq. �4.4� in coordinates t̃ , r̃ are in the static coordinates sim-
ply given by R�Ro�constant. �As seen from Eq. �A8�, for a
given t̃ , r̃ , the same R corresponds to r̃ and �� r̃ .� Owing to
the ‘‘cosmic repulsion’’ caused by the presence of a cosmo-
logical constant, fundamental geodesic observers with fixed
r̃ �i.e., fixed �) are ‘‘repelled’’ one from the other in propor-
tion to their distance. Their initial implosion starting at
t̃ �0 (����) is stopped at t̃ ��/2 (��0—at the ‘‘neck’’
of the de Sitter hyperboloid� and changes into expansion. A
particle having constant R�Ro , thus a constant proper dis-
tance from an observer at r̃�R�0 �or at r̃�� , R�0), has
to be accelerated towards that observer. The acceleration of
particle 1 points towards the observer at r̃�0, whereas that
of particle 1� points towards the observer at r̃�� �Fig. 4�.
Notice that the two uniformly accelerated worldlines are
causally disconnected; no retarded or advanced effects from
the particle 1 can reach the particle 1� and vice versa. This is
analogous to two particles symmetrically located along op-
posite parts of say the z axis and uniformly accelerated in
opposite directions in Minkowski space. The worldlines of
uniformly accelerated particles in Minkowski space are the
orbits of the boost Killing vector. Analogously, in de Sitter
space the Killing vector �/�T also has the character of a
boost.

Another type of simple worldline in de Sitter space arises
from transforming the worldlines of a particle at rest at
r�ro (�ro���), ��0, ��0 in Minkowski space. It trans-
forms to two worldlines in de Sitter space given by

t̃ �arctan� 2�"Mink

�"Mink
2 �ro

2��2� , �4.6�

r̃�arctan� �2�ro

�"Mink
2 �ro

2��2� ,

��0, ��0,

with t̃ ��0,��, and r̃ sign ro��0,�� for "Mink�0 and
r̃ sign ro���� ,0� for "Mink�0. Thus, a geodesic in
Minkowski space goes over into two geodesics in de Sitter
space. In Fig. 4 these are the worldlines 2 and 2�.4r̃���� ,0� for 	�0.

FIG. 4. Worldlines of particles in de Sitter spacetime. The
worldlines of geodesics and of uniformly accelerated particles in de
Sitter spacetime, obtained by the conformal transformation of ap-
propriate worldlines in Minkowski space: 1,1� from the worldline
of a particle moving uniformly through the origin, 2,2� from a par-
ticle at rest outside the origin, and 3,3� from two uniformly accel-
erated particles. In de Sitter space, the worldlines 1 and 1� describe
two uniformly accelerated particles; 2,2� and 3,3� are geodesics.
Both particles in each pair are causally disconnected.
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As the last example, let us just mention that the world-
lines of two particles uniformly accelerated in Minkowski
space get transformed into two geodesics 3,3� in de Sitter
space.

V. SCALAR AND ELECTROMAGNETIC FIELDS
FROM UNIFORMLY ACCELERATED PARTICLES:

THE SYMMETRIC SOLUTIONS

Two uniformly accelerated particles described by world-
lines �4.4� were obtained by the conformal transformation
from the worldline of a particle moving with a uniform ve-
locity Ro /� in Minkowski space. Hence, their fields can be
constructed by the conformal transformation of a simple
boosted spherically symmetric field. In the case of scalar
field, Eqs. �2.4�, �2.20�, and �3.15� then lead to the field

��
s

4�

t

�

1

�r��
, �5.1�

where r� is spherical coordinate in an inertial frame in which
the particle is at rest at the origin.

As emphasized earlier, we have to examine the field at the
null hypersurface ṽ�� , where the conformal transformation
fails to be regular. We find that the field �5.1� is indeed not
smooth there. The limit of � as ṽ�� is approached from the
region ṽ�� differs from the limit from ṽ��; � has a jump
at ṽ�� , although, as can be checked by a direct calculation,
this discontinuous field satisfies the scalar wave equation.
However, a field analytic everywhere outside the sources can
be obtained by an analytic continuation of the field �5.1�
from the domain ṽ�� to the domain ṽ�� . We discover that
the new field in ṽ�� differs from Eq. �5.1� just by a sign.
Therefore it simply corresponds to the charge of the particle
in ṽ�� , which is opposite to that implied by conformal
transformation. It is easy to see that, due to the conformal
transformation, the sign of the charge on the worldline with
ṽ�� is opposite to the original charge s because the confor-
mal factor ��t/��0 for ṽ�� . Hence, the field which is
analytic represents the field of two uniformly accelerated
particles with the same scalar charge s, which move along
two worldlines given by Eq. �4.4�. In Sec. VI we shall see
that this field can be written as a linear combination of re-
tarded and advanced fields from both particles. We call it the
symmetric field. Regarding Eq. �5.1�, in which r� is first ex-
pressed in terms of the original Minkowski coordinates
 t ,r ,� ,�!, and then using the transformation �3.6�, we find
the field as a function of  t̃ , r̃ ,� ,�!:

�sym�
s

4�

��2�Ro
2

���2�RRo cos ��2���2�R2���2�Ro
2�

,

�5.2�

where R��(sin r̃/sin t̃) is the static radial de Sitter coordi-
nate �see the Appendix�. As could have been anticipated, the
field is static in the static coordinates since the accelerated
particles are at rest at R�Ro , ����0. �Recall that we
need two sets of such coordinates to cover both worldlines
but the coordinate R is well defined in the whole de Sitter

spacetime—cf. the Appendix.� However, it is dynamical in
the coordinates  t̃ , r̃ ,� ,�!, or in the standard coordinates
 � ,� ,� ,�!, covering—in contrast to the static coordinates—
the whole de Sitter spacetime.

In order to construct the electromagnetic field produced
by uniformly accelerated particles in de Sitter spacetime, we
start, analogously to the scalar field case, from the boosted
Coulomb field in Minkowski space. The potential 1-form is
thus simply

A��
e

4�

1

�r��
dt�, �5.3�

where the prime again denotes the coordinates in an inertial
frame in which the particle is at rest. Since electromagnetic
field described by its covariant component is conformally
invariant, the field �5.3� is automatically a solution of Max-
well’s equations in de Sitter space. However, like in the sca-
lar field case, we have to examine its character at ṽ�� . We
discover that the potential �5.3� does not, in fact, solve Max-
well’s equations there �in contrast to the scalar field �5.1�,
which is discontinuous on ṽ�� , but satisfies the scalar wave
equation�. This result can be understood when we realize that
by the conformal transformation the sign of the electric
charge—in contrast to the scalar charge—does not change at
the worldline with ṽ�� so that the total electric charge is
2e . A nonzero total charge in de Sitter spacetime, however,
violates the constraint, as we shall see in Sec. VII B. In fact,
it is well-known that in a closed universe the total electric
charge must be zero due to Gauss’s law �e.g., Ref. �19��.

As with the scalar field, we still can construct a field
smooth everywhere outside the sources by analytic continu-
ation of the field obtained in the region ṽ�� across ṽ��
into whole spacetime. Similar to the scalar case, the resulting
field in ṽ�� corresponds just to the opposite charge, so that
now, in the electromagnetic case, the total charge is indeed
zero. The electromagnetic field can be written as a combina-
tion of retarded and advanced fields from both charges, as
will be shown in Sec. VII. The potential describing this sym-
metric field has a simple form in the static coordinates:

Asym��
e

4�X � � 1�
RoR

�2
cos � � � dT

�
R�Ro cos �

1�R2/�2
dR�RRo sin � d�� , �5.4�

where5

X 2���2�RRo cos ��2���2�Ro
2���2�R2�. �5.5�

As noticed in Sec. II, the Lorentz gauge condition is not
conformally invariant, so that the potential �5.4� need
not satisfy the condition, although the original Coulomb
field does. Expressing the static radial coordinate as

5The positive root X �0 is taken here—as in Eq. �5.2�.
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R��(sin r̃/sin t̃), and similarly T �see the Appendix� we can
find the potential in global coordinates  t̃ , r̃ ,� ,�!, respec-
tively,  � ,� ,� ,�!. Since the resulting form is not simple, we
do not write it here, but we give the electromagnetic field
explicitly in both the static and global coordinates. In static
coordinates it reads

F�dA��
e

4�

���2�Ro
2�

X 3 � �R�Ro cos ��dT∧dR

�� 1�
R2

�2� RRo sin � dT∧d�� , �5.6�

where X is given by Eq. �5.5�. In  t̃ , r̃ ,� ,�! coordinates we
explicitly find

F��
e

4�

�2�Ro
2

X 3

�3

sin3 t̃

���� sin r̃�Ro sin t̃ cos ��d t̃ ∧dr̃

�Ro sin t̃ cos r̃ sin r̃ sin � d t̃ ∧d�

�Ro cos t̃ sin r̃ sin r̃ sin �dr̃∧d�� . �5.7�

Summarizing, the field �5.7� represents the time-
dependent electromagnetic field of two particles with charges
�e , uniformly accelerated along the worldlines �4.4� with
accelerations ���1sinh 	��Ro /(���2�Ro

2). The field is
analytic everywhere outside the charges. In the static coordi-
nates the charges are at rest at R�Ro and their static field is
given by Eq. �5.6�.

VI. SCALAR FIELD: THE RETARDED SOLUTIONS

The symmetric scalar field solution �5.2�, representing
two uniformly accelerated scalar charges, is nonvanishing in
the whole de Sitter spacetime. As mentioned before, and will
be proved at the end of this section �see Eqs. �6.6� and �6.7��,
this field is a combination of retarded and advanced effects
from both charges. A retarded field of a point particle should
in general be nonzero only in the future domain of influence
of a particle’s worldline, i.e., at those points from which past
causal curves exist that intersect the worldline. Hence, the
retarded field of the uniformly accelerated charge, which
starts and ends at r̃�0 �see Fig. 4�, should be nonvanishing
only at ũ� t̃ � r̃�0. It is natural to try to construct such a
field by restricting the symmetric field to this region, i.e., to
ask whether the field

� ret��sym#� ũ �, �6.1�

where # is the usual Heaviside step function, is a solution of
the field equation.

The field �6.1� does, of course, satisfy the scalar field
wave equation �2.2� at ũ�0 since �sym does, and also at
ũ�0 since ��0 is a solution of Eq. �2.2� outside a source.
Thus we have to examine the field �6.1� only at ũ�0, i.e., at

‘‘creation light cone’’ of the particle’s worldline, also re-
ferred to as the past event horizon of the worldline �6�. The
field strength 1-form implied by Eq. �6.1� becomes

d� ret��d�sym�#� ũ ���sym�� ũ �dũ . �6.2�

An explicit calculation shows that

�� ret����sym�#� ũ �. �6.3�

Therefore, the conformally invariant scalar wave equation
�2.2� �with 
�1/6) has the form

��� 1
6 R�� ret����� 1

6 R��sym�#� ũ �

�Ssym#� ũ ��Smon 1 , �6.4�

where Smon 1 denotes the monopole scalar charge starting and
ending at r̃�0. Hence, we proved that the field �6.1�, where
�sym is given by Eq. �5.2�, satisfies the field Eq. �6.3� every-
where, including the past event horizon of the particle.

Analogously, we can make sure that

�adv��sym#�� ũ � �6.5�

has its support in the future domain of influence of the mono-
pole particle 1�, starting and ending at r̃�� , and is thus the
advanced field of source Smon 1��Ssym#(� ũ).

From the results above, it is not difficult to conclude that
the symmetric field can be interpreted as arising from the
combinations of retarded and advanced potentials due to
both particles 1 and 1�, in which the potentials due to one
particle can be taken with arbitrary weights, and the weights
due the other particle then determined by

�sym�$� ret 1��1�$��adv 1��1�$�� ret 1��$�adv 1� ,
�6.6�

where $�R is an arbitrary constant factor. In particular,
choosing $�1/2, the field

�sym� 1
2 �� ret��adv� �6.7�

is the symmetric field from both particles. This freedom in
the interpretation is exactly the same as with two uniformly
accelerated scalar particles in Minkowski spacetime �see Ref.
�15�, Sec. IV B�.

A remarkable property of the retarded field �6.1� is that
the field strength �6.2� has a term proportional to �( ũ), i.e., it
is singular at the past horizon. Since the energy-momentum
tensor of the scalar field is quadratic in the field strength, it
cannot be evaluated at ũ�0. The ‘‘shock wave’’ at the ‘‘cre-
ation light cone’’ can be understood on physical grounds
similarly as the instability of Cauchy horizons inside black
holes �e.g., Ref. �12��; an observer crossing the pulse along a
timelike worldline will see an infinitely long history of the
source within a finite proper time. The character of the shock
is given by the pointlike nature of the source. If, for example,
a scalar charge has typical extension l at t̃ ��/2, i.e., at the
moment of the minimal size of the de Sitter universe
(��0), and the extension of the charge in the r̃ coordinate
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would be roughly the same at I dS
� , the corresponding shock

would be smoothed around ũ�0 with a width %l . However,
the proper extension of the charge at I dS

� would be infinite in
that case.

Let us note that the retarded field �6.1� could also be
computed by means of the retarded Green’s function. In our
case of the conformally invariant equation for a scalar field,
the retarded Green’s function in de Sitter space is localized
on the future null cone, as it is in the ‘‘original’’ Minkowski
space. �It is interesting to note that in the case of a minimal,
or more general coupling, the scalar field does not vanish
inside the null cone.� Thanks to this property we can under-
stand a ‘‘jump’’ in the field on the creation light cone: the
creation light cone is precisely the future light cone of the
point at which the source ‘‘enters’’ the spacetime, i.e., it is
the boundary of a domain where we can obtain a contribu-
tion from the retarded Green’s function integrated over
sources.

VII. ELECTROMAGNETIC FIELDS: THE RETARDED
SOLUTIONS

In this section we shall analyze the electromagnetic fields
of free or accelerated charges with monopole and also with a
dipole structure. We shall pay attention to the constraints
which the electromagnetic field, in contrast to the scalar
field, has to satisfy on any spacelike hypersurface.

A. Free monopole

Let us start with an unaccelerated monopole at rest at the
origin of both coordinate systems used, i.e., at r̃�R�0.
With Ro�0, the potential �5.4� and the field �5.6� simplify to

Asym��
e

4�

sin t̃

cos t̃ �cos r̃
� 1�cos t̃ cos r̃

sin t̃ sin r̃
d t̃ �dr̃ �

�7.1�

and

Fsym��
e

4�

1

sin2 r̃
d t̃ ∧dr̃ . �7.2�

Let us restrict the potential to the ‘‘creation light cone’’
and its interior by defining

Ao�Asym#� ũ �. �7.3�

The field in null coordinates ũ , ṽ then reads

Fo�dAo�Fsym#� ũ ��
e

4�

1

sin ṽ
�� ũ �dũ∧d ṽ , �7.4�

so that the left-hand side of Maxwell’s equations becomes

��Fo
���Jmon

�

�
e

4��4 �1�cos ṽ

1�cos ṽ

��

� ũ
�2�1�cos ṽ �

��

� ṽ
��� ũ �

�
e

4��4

��

� ṽ
��� ũ �. �7.5�

Here Jmon
� �(��Fsym

�� )#( ũ) is the current produced by the
charge at r̃�0. Additional terms on the right-hand side of
Eq. �7.5�, localized on the null hypersurface ũ�0, clearly
show that the restricted field �7.3� does not correspond to a
single point source. The terms of this type did not arise in the
case of the scalar field discussed in the previous section.

We can try to add a field localized on ũ�0, which would
cancel the additional terms. Although we shall see in the
following section that this cannot be achieved, it is instruc-
tive to add, for example, the field

A*��
e

4�
ln� tan

ṽ
2 � �� ũ �dũ , �7.6�

which cancels the second term on the right-hand side of the
field �7.4�. Thus, denoting

Amon�Ao�A* ,
�7.7�

Fmon�dAmon�Fsym#� ũ �,

we find that with Fmon , Maxwell’s equations become

��Fmon
�� �Jmon

� �
e

4��4
�1�cos ṽ ��� ũ �

��

� ṽ
. �7.8�

Hence, the field Amon does not represent only the unacceler-
ated monopole charge but also a spherical shell of charges
moving outwards from the monopole with the velocity of
light along the ‘‘creation light cone’’ ũ�0. The total charge
of the shell is precisely opposite to the monopole charge so
that the total charge of the system is zero.

We shall return to this point in the following section; now
let us add yet two comments. It is interesting that, in contrast
to the scalar field strength �6.2�, the electromagnetic field
Fmon is not singular at ũ�0. Apparently, the effects of the
monopole and the charged shell compensate along ũ�0 in
such a way that even the energy-momentum tensor of the
field is finite there.

Second, if the field Amon , corresponding to the retarded
field from the charge e at r̃�0 and the outgoing charged
shell is superposed with the analogous field corresponding to
the advanced field from the charge �e at r̃�� and the in-
going charged shell, the fields corresponding to charged
shells localized on ũ�0 cancel each other and the field Asym
�Eq. �5.4�� with Ro�0 is obtained. The same compensation
occurs for two uniformly accelerated charges (Ro�0) con-
sidered in Sec. V, as it follows from the symmetry. Therefore,
the symmetric electromagnetic field �5.4� can be interpreted
as arising from the combinations of retarded and advanced
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potentials due to both charges 1 and 1� in the same way as
was the case for the symmetric scalar field; relation �6.6�
remains true if �’s are replaced by A’s.

B. Constraints

The appearance of a shell with the total charge exactly
opposite to that of the monopole discussed above has deeper
reasons. It is a consequence of the constraints, which any
electromagnetic field and charge distributions have to satisfy
on a spatial hypersurface, and of the fact that spatial hyper-
surfaces, including past and future infinities, in de Sitter
spacetime, are compact. Integrating the constraint equation

��
(3)E ��� �7.9�

�see Eq. �2.23� for the definition of E �� over a compact
Cauchy hypersurface � , we convert the integral of the diver-
gence on the left-hand side to the integral over a ‘‘boundary’’
which, however, does not exist for a compact � . Hence, as it
is well-known, the total charge on a compact hypersurface
�in any spacetime, not only de Sitter� must vanish:

Q tot�0. �7.10�

Therefore, the field Fmon constructed in Eq. �7.7� represents
the monopole field plus the ‘‘simplest’’ additional source lo-
calized on the past horizon of the monopole that leads to the
total zero charge. This enables the monopole electric-field
lines to end on this horizon.

A stronger, even local condition on the charge distribution
in de Sitter spacetime �or, indeed, in any spacetime with
spacelike past infinity I �) arises if we admit purely retarded
fields only. Here we define purely retarded fields as those
that vanish at I �. Then, however, the constraint �7.9� di-
rectly implies that at I � the charge distribution vanishes:

�� t̃ �0�0. �7.11�

In the Les Houches lectures in 1963 Penrose �9� gave a
general argument showing that if I � is spacelike and the
charges meet it in a discrete set of points, then there will be
inconsistencies if an incoming field is absent �see in particu-
lar Fig. 16 in Ref. �9�, cf. Fig. 1, see also Ref. �11��. Penrose
also remarked that an alternative definition of advanced and
retarded fields might be found that leads to different results,
and that the application of the result to physical models is not
clear. We found nothing more on this problem in the litera-
ture since Penrose’s observation in 1963. Our work appears
to give the first explicit model in which this issue can be
analyzed.

C. Rigid dipole

As the first example of a simple source satisfying both the
constraint �7.10� and the local condition �7.11� required by
the absence of incoming radiation, we consider a rigid di-
pole. To construct an elementary rigid dipole, we place point
charges e/� and �e/� on the worldlines with Ro�

1
2 �� and

��0,� , fixed in the static coordinates, and take the limit
�→0. The constant dipole moment is thus given by p�e� .

The resulting symmetric field can easily be deduced from the
symmetric fields �5.4�–�5.7� of electric monopoles:6

Asym��
p

4��

cos �

sin2 r̃
�sin t̃ cos r̃ d t̃ �cos t̃ sin r̃ dr̃ �,

Fsym��
p

4�� �2 cos �
sin t̃

sin3 r̃
d t̃ ∧dr̃

�
sin �

sin2 r̃
�sin t̃ cos r̃ d�∧d t̃

�cos t̃ sin r̃ d�∧dr̃ �� . �7.12�

As in Sec. V, Ro�0 corresponds to two worldlines and the
symmetric solution �7.12� describes the fields of two dipoles,
one at rest at r̃�0, the other at r̃�� .

To construct a purely retarded field of the dipole at r̃�0,
we first restrict the symmetric field �7.12� to the inside of the
‘‘creation light cone’’ of the dipole, analogously as we did
with the monopole charge in Sec. VII A. Writing �cf. Eq.
�7.3��

Ao�Asym#� ũ �, �7.13�

we now get

Fo�Fsym#� ũ �, �7.14�

so that no additional term like that in Eq. �7.4� arises; how-
ever, expressing the left-hand side of Maxwell’s equations as
in Eq. �7.5�, we find

��Fo
���J rdip

� �
p

4��
2 cos ��1�cos ṽ ��� ũ �

��

� ṽ
.

�7.15�

Here J rdip
� �(��Fsym

�� )#( ũ) is the current corresponding to the
rigid dipole at r̃�0. Similarly to the case of the monopole,
there is an additional term on the right-hand side of Eq.
�7.15�, localized on the null cone ũ�0, indicating that the
field �7.13� represents, in addition to the dipole, an additional
source located on the horizon ũ�0. In contrast to the mono-
pole case, however, this source can be compensated by add-
ing to the potential �7.13� the term

A*��
p

4��
cos � �� ũ �dũ . �7.16�

In this way we finally obtain the purely retarded field of the
dipole with dipole moment p, located at r̃�R�0, in the
form

6Here in the potential we ignore a trivial gauge term proportional
to d cos �.
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A rdip�Ao�A* ,

�7.17�

F rdip�Fsym#� ũ ��
p

4��
sin ��� ũ �d�∧dũ ,

where Ao , A* , Fsym are given by Eqs. �7.13�, �7.16�, and
�7.12�. It is easy to check that ��F rdip

�� �J rdip
� is satisfied.

Regarding the retarded field �7.17�, we see that it is, in
contrast to the symmetric field �7.12�, singular on the ‘‘cre-
ation light cone’’ �past event horizon� ũ�0. This is not su-
prising; in order to obtain a purely retarded field, we
‘‘squeezed’’ the field lines produced by the dipole into the
horizon.

D. Geodesic dipole

Next we consider dipoles consisting of two free charges
moving along the geodesic7 r�constant, ��constant,
��constant in the Minkowski space which, as discussed at
the end of Sec. IV �see Eq. �4.6� and the worldlines 2,2� in
Fig. 4� transforms into geodesics of the conformally related
de Sitter space. We call two free opposite charges a geodesic
dipole.

We start again by constructing first the symmetric field.
Two elementary geodesic dipoles located at r̃�0 and r̃��
can be obtained by placing point charges �e/� on the world-
lines r� 1

2 �� , ��0,� and taking the limit �→0. As with
monopoles, to find the symmetric field we conformally trans-
form the field of a standard rigid Minkowski dipole �bewar-
ing the signs for t�0 and t�0 so that the field is analytic
outside the sources�. The dipole moment in Minkowski space
p̂�e� is constant, the corresponding value in de Sitter
spacetime, however, depends now on time:

p�
�

t
p̂�

�1�cos t̃

sin t̃
e� , �7.18�

as it follows from the transformation relations �2.22� and
�3.6�. In terms of p̂ we find the symmetric field of geodesic
dipoles located at r̃�0 and r̃�� to read

Asym��
p̂

4�

cos �

r2
dt

��
p̂

4��2

cos �

sin2r̃
��1�cos t̃ cos r̃ �d t̃ �sin t̃ sin r̃dr̃� ,

Fsym��
p̂

4��2 � 2
cos �

sin3r̃
�cos t̃ �cos r̃ �d t̃ ∧dr̃

�
sin �

sin2r̃
��1�cos t̃ cos r̃ �d�∧d t̃

�sin t̃ sin r̃ d�∧dr̃�� . �7.19�

Proceeding as with the rigid dipole, we generate the retarded
field of only one geodesic dipole at r̃�0 by restricting the
symmetric field by the step function:

Ao�Asym#� ũ �,
�7.20�

Fo�Fsym#� ũ ��
p̂

4��2

2 cos �

1�cos ṽ
�� ũ �d ṽ∧dũ .

Since

��Fo
���Jgdip

� �
2 p̂

4��6
�� ũ �� �sin �

��

��
�cos � sin ṽ

��

� ṽ
�

�
2 p̂

4��6
cos ��1�cos ṽ ���� ũ �

��

� ṽ
, �7.21�

where Jgdip
� �(��Fsym

�� )#( ũ), an additional source is present
at the horizon ũ�0; it can be compensated by adding an
additional field with potential, for example, given by

A*��
2 p̂

4��2
�� ũ �� cos �

sin ṽ

1�cos ṽ
dũ�sin �d� � .

�7.22�

The total retarded field of the geodesic dipole is then given
as follows:

Agdip�Ao�A* ,

Fgdip�Fsym#� ũ ��
2 p̂

4��2
�� ũ �� 2 cos �

1�cos ṽ
d ṽ∧dũ

�sin �
sin ṽ

1�cos ṽ
d�∧dũ �

�
2 p̂

4��2
sin ���� ũ �d�∧dũ . �7.23�

It indeed satisfies Maxwell’s equations:

��Fgdip
�� �Jgdip

� . �7.24�

VIII. CONCLUSION

By using the conformal relation between de Sitter and
Minkowski space, we constructed various types of fields pro-

7Charges are called free in the sense that they are assumed to be
moving along geodesics. Of course, there is an electromagnetic in-
teraction between them, which is neglected or has to be compen-
sated.
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duced by scalar and electromagnetic charges moving with a
uniform �possibly zero� acceleration in de Sitter background.
One of our main conclusions has been the explicit confirma-
tion and elucidation of the observation by Penrose that in
spacetimes with a spacelike past infinity, which implies the
existence of a particle horizon, purely retarded fields do not
exist for general source distributions.

In Sec. VII D we constructed the field �7.23� of the geo-
desic dipole which, at first sight, appears as being a purely
retarded field. Can thus purely retarded fields of, for ex-
ample, two opposite monopoles, be constructed by distribut-
ing the elementary geodesic dipoles along a segment r̃
��0,a�, ����0, so that neighboring opposite charges
cancel out, and only two monopoles, at r̃�0 and r̃�a , re-
main? Then, however, the local constraint �7.11� on the
charge distribution would clearly be violated!

The solution of this paradox is in the fact that the field
�7.23� is not a purely retarded field; if we calculate �by using
distributions� the initial data leading to the field strength
�7.23�, we discover that the electric-field strength contains
terms proportional to the �-function at t̃ �0, r̃�0 so that the
field does not vanish at I �. Hence the field of the dipoles
distributed along the segment does not vanish at I � and thus
cannot be considered as a purely retarded field of the two
monopoles at r̃�0 and r̃�a .

We thus arrive at the conclusion that a purely retarded
field of even two opposite charges �so that the global con-
straint of a zero net charge is satisfied� cannot be constructed
in the de Sitter spacetime unless the charges ‘‘enter’’ the
universe at the same point at I � and the local constraint
�7.11� is satisfied. If we allow nonvanishing initial data at
I �, the resulting fields can hardly be considered as ‘‘purely
retarded.’’

By applying the superposition principle we can consider a
greater number of sources, and our arguments of the insuffi-
ciency of purely retarded fields �based on the global and
local constraints� can clearly be generalized also to infinitely
many discrete sources. Our discussion of the fields of dipoles
indicates that interesting situations may arise.

The absence of purely retarded fields in de Sitter space-
time or, in fact, in any spacetime with spacelike I � is, of
course, to be expected to occur for higher-spin fields as well.
In particular, there has been much interest in the primordial
gravitational radiation. Since de Sitter spacetime is a stan-
dard arena for inflationary models, the generation of gravita-
tional waves by �test� sources in de Sitter spacetime has been
studied in recent literature �see Ref. �23�, and references
therein�. We plan to analyze the linearized gravity on
de Sitter background in light of the results described above.
The fact that particles are expected to have only positive
gravitational mass will apparently prevent any purely re-
tarded field to exist.

First, however, we shall present the generalization of the
well-known Born solution for uniformly accelerated charges
in Minkowski spacetime to the generalized Born solution
representing uniformly accelerated charges in de Sitter
spacetime �24�. As demonstrated in the present paper, to be

‘‘born in de Sitter’’ is quite a different matter than to be
‘‘born in Minkowski.’’
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APPENDIX: COORDINATE SYSTEMS IN de SITTER
SPACE

We describe here coordinate systems employed in the
main text. There exists extensive literature on various useful
coordinates in de Sitter spacetime—for standard reference
see Ref. �6�, for more recent reviews, containing also many
references, see, for example, Refs. �25,26�.

de Sitter spacetime has topology S3�R. It is best visual-
ized as the four-dimensional hyperboloid imbedded in flat
five-dimensional Minkowski space; it is the homogeneous
space of constant curvature spherically symmetric about any
point. The following coordinate systems are constructed
around any fixed �though arbitrary� point. Two of the coor-
dinates are just standard spherical angular coordinates
���0,�� and ����� ,�� on the orbits of the Killing vec-
tors of spherical symmetry with the homogeneous metric

d�2�d� 2�sin2# d� 2. �A1�

In the transformations considered below, these coordinates
remain unchanged and are thus are not written down. The
axis is fixed by ��0,� .

Next, we have to introduce time and radial coordinates
labeling the orbits of spherical symmetry. The coordinate
systems defined below differ only in these time and radial
coordinates and, therefore, we essentially work with a two-
dimensional system. Radial coordinates commonly take posi-
tive values and coordinate systems are degenerate for their
value zero.

As discussed in Sec. III below Eq. �3.15�, the relations
between various regions I–IV of Minkowski and de Sitter
spaces are conveniently described if we allow radial coordi-
nates to attain negative values. We adopt the convention that
at a fixed time the points symmetrical with respect to the
origin of spherical coordinates have the opposite sign of the
radial coordinate. Hence, the points with  t ,r ,� ,�! are iden-
tical with  t ,�r ,��� ,���!, analogously for the coordi-
nates  t̃ , r̃ ,� ,�! introduced below.

Let us characterize this convention in more detail. Imag-
ine that on our manifold �either compactified Minkowski
space or de Sitter space� two coordinate maps
 t� ,r� ,�� ,��! and  t� ,r� ,�� ,��! are introduced,
which for any fixed point are connected by the relations
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t��t� , r���r� ,

�A2�
������� , ������� mod 2� ,

where r��R� and r��R�. Both maps cover the whole

spacetime manifold. Now we consider a two-dimensional cut
given by ����o , ����o , with t� , r� changing. This
represents the history of a half-line l� in Fig. 2, illustrated by
regions I and III, say. The history of a half-line l� , obtained
by the smooth extension of l� through the origin, illustrated
by regions II and IV, is covered by the coordinates
 t� ,r� ,�� ,��! with the same angular coordinates
����o , ����o but r��0 �which, in our convention, is
identical to r��0, ������o , ����o���.

In exactly the same way we may introduce coordinates
 t̃ � , r̃� ,� ,�!, with  t̃ � , r̃�! covering regions I and IV in
Fig. 3, whereas  t̃ � , r̃�! cover regions II and III. In Fig. 5,
the two-dimensional cuts �with angular coordinates fixed�
through de Sitter space �or through the compactified space
M #) are illustrated. Both regions covered by  t̃ � , r̃�! and by
 t̃ � , r̃�! are included �the right and left parts of the dia-
grams�. However, in the figures, as well as in the main text,
we do not write down subscripts ‘‘�’’ and ‘‘�’’ at the coor-
dinates, since the sign of the radial coordinate specifies
which map is used.

de Sitter spacetime can be covered by standard coordi-
nates � , � (��R, ��R�) in which the metric has the form
�6�:

g��d� 2��2 cosh2
�

�
�d� 2�sin2 � d�2�. �A3�

It is useful to rescale the coordinate � to obtain conformally
Einstein coordinates  t̃ , r̃!:

t̃ �2 arctan� exp
�

� � , t̃ ��0,��,

r̃�� , r̃��0,�� , �A4�

g�
�2

sin2 t̃
��d t̃ 2�dr̃ 2�sin2 r̃ d�2�. �A5�

In these coordinates, de Sitter space is explicitly seen to be
conformal to the part of the Einstein static universe. Coordi-
nate lines are drawn in Fig. 5�b�.

Another coordinate system used in our work are inertial
coordinates t ,r of conformally related Minkowski space. We
call them conformally flat coordinates:

t�
� sin t̃

cos r̃�cos t̃
, t̃ �arctan

2t�

�2�t2�r2
, t�R,

�A6�

r�
� sin r̃

cos r̃�cos t̃
, r̃�arctan

2r�

�2�t2�r2
, r�R�,

g�
�2

t2
��dt 2�dr 2�r2d�2�. �A7�

Coordinate lines are drawn in Fig. 5�c�.

FIG. 5. Coordinates in de Sitter space. �a� Regions I–IV are
specified. They correspond to the same regions as in the cut C in
Fig. 3. Coordinate lines of the conformally Einstein coordinates �b�,
of the conformally flat coordinates �c�, of the static coordinates �d�,
and of the null coordinates �e�, are indicated. For the definition of
all these coordinate systems, see Eqs. �A4�–�A14�. All the figures
describe the same cut of de Sitter space. The ranges of coordinates
covering the cut, as well as directions in which they grow, can be
seen from the figures.
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Commonly used are static coordinates T ,R , related to the
timelike Killing vector �/�T of de Sitter spacetime:

T�
�

2
log

t2�r2

�2
�

�

2
log

cos r̃�cos t̃

cos r̃�cos t̃
, T�R,

R��
r

t
��

sin r̃

sin t̃
, R��0,�� , �A8�

g��� 1�
R2

�2� dT 2�� 1�
R2

�2� �1

dR 2�R2d�2.

�A9�

As it is well known, these coordinates do not cover the
whole spacetime but only the domain with t̃ � r̃�� and
t̃ � r̃ �0. The boundary of this domain is the Killing hori-
zon. The coordinate R can be extended smoothly to the
whole spacetime but it is not unique globally. It is also useful
to rescale coordinate R to obtain the expanded static coordi-
nates t̄ , r̄:

t̄ �T , t̄ �R,

r̄�� arctanh
R

�
, r̄�R, �A10�

g�� cosh
r̄

� � �2� �d t̄ 2�dr̄ 2��2 sinh2
r̄

�
d�2� .

�A11�

Coordinate lines for the static coordinates are drawn in Fig.
5�d�.

Finally, three sets of null coordinates  u ,v!,  ū , v̄!, and
 ũ , ṽ! are defined by

u�t�r , ũ� t̃ � r̃ , ū� t̄ � r̄ ,
�A12�

v�t�r , ṽ� t̃ � r̃ , v̄� t̄ � r̄ .

From here we find

u�� tan
ũ

2
�� exp

ū

�
, v�� tan

ṽ
2

�� exp
v̄
�

.

�A13�

The metric in these coordinates reads

g�
�2

�u�v �2
��2 du∨dv��u�v �2d�2�

�
�2

1�cos� ṽ� ũ �
��d ṽ∨dũ�„1�cos� ṽ� ũ �…d�2�

�A14�

��eū/��e v̄/���2��2 e � ū� v̄ �/�dū∨d v̄

��2�eū/��e v̄/��2d�2� .

The corresponding coordinate lines are illustrated in Fig.
5�e�.
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The scalar and electromagnetic fields of charges uniformly accelerated in de Sitter spacetime are
constructed. They represent the generalization of the Born solutions describing fields of two particles
with hyperbolic motion in flat spacetime. In the limit L ! 0, the Born solutions are retrieved. Since in
the de Sitter universe the infinities I 6 are spacelike, the radiative properties of the fields depend on the
way in which a given point of I6 is approached. The fields must involve both retarded and advanced
effects: Purely retarded fields do not satisfy the constraints at the past infinity I2.
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The question of the electromagnetic field and associated
radiation from uniformly accelerated charges has been one
of the best known “perpetual problems” in classical physics
from the beginning of the past century. In the pioneering
work in 1909, Born gave the time-symmetric solution for
the field of two point particles with opposite charges, uni-
formly accelerated in opposite directions in Minkowski
space. In the 1920s, Sommerfeld, von Laue, Pauli, Schott,
and others discussed the properties of the field. The con-
troversial point that the field exhibits radiative features but
that the radiation reaction force vanishes for the hyperbolic
motion, and related questions, was discussed in many ar-
ticles from the 1960s onward. Even the December 2000
issue of Annals of Physics contains three papers [1] with
numerous references on “electrodynamics of hyperboli-
cally accelerated charges.”

In general relativity, solutions of Einstein’s equations,
representing “uniformly accelerated particles or black
holes,” are the only explicitly known exact radiative space-
times describing finite sources. They are asymptotically
flat at null infinity [2] (except for some special points) and
have been used in gravitational radiation theory, quan-
tum gravity, and numerical relativity (cf. review [3]). One
of the best known examples is the C-metric, describing
uniformly accelerated black holes. There exists also the
C-metric for a nonvanishing cosmological constant L.
However, no general framework is available to analyze
these spacetimes for L fi 0 as that given in Ref. [2] for
L � 0.

In this Letter, we present the generalization of the
Born solutions for scalar and electromagnetic fields to the
case of two charges uniformly accelerated in a de Sitter
universe, and explicitly show how in the limit L ! 0 the
Born solutions are retrieved. We also study the asymp-
totic expansions of the fields in the neighborhood of
future infinity I1. In de Sitter spacetime, conformal in-
finities, I6, are spacelike, which implies the presence of
particle and event horizons. It is known [4] that the radia-
tion field is “less invariantly” defined when I1 is spacelike
(it depends on the direction in which I1 is approached),
but no explicit model appears to be available thus far.

Our solutions can serve as prototypes for studying these
issues.

In recent work [5], we analyzed fields of accelerated
sources to show the insufficiency of purely retarded fields
in de Sitter spacetime. Consider a point P near I2 whose
past null cone will not cross the particles’ world lines
(Fig. 1). The field at P should vanish if an incoming field
is absent. However, the “Coulomb-type” field of particles
cannot vanish there because of Gauss law [6]. The require-
ment that the field be purely retarded leads, in general, to
a bad behavior of the field along the “creation light cone”
of the “point” at which a source enters the universe (see
Ref. [5] for detailed discussion).

It is natural to use de Sitter space for studying radiat-
ing sources in spacetimes which are not asymptotically flat
and possess spacelike infinities: It is the space of con-
stant curvature, conformal to Minkowski space, and with
the Huygens principle satisfied for conformally invari-
ant fields. The de Sitter universe also plays an important
role in cosmology —not only in the context of inflation-
ary theories but also as the “asymptotic state” of standard
cosmological models with L . 0, which has been indeed
suggested by recent observations. In addition, the Born
fields generalized to de Sitter space should be relevant from
quantum perspectives: for example, for studying particle
production in strong fields, or accelerating detectors in the
presence of a cosmological horizon.

The de Sitter universe has topology S3 3 �. The metric
in standard “spherical” coordinates (note [7]) is

gdS � 2dt2 1 a2 cosh2�t�a� �dx2 1 sin2xdv2� ,
(1)

where dv2 � dq 2 1 sin2qdw2, t [ �, and a2 � 3�L.
Putting x � r̃, t � a log tan�t̃�2�, t̃ [ �0, p�, in Eq. (1),
the de Sitter metric can be written in the form

gdS � a2 sin22t̃�2dt̃2 1 dr̃2 1 sin2r̃dv2� . (2)

The lines r̃ � p and r̃ � 2p are identified, the spacelike
hypersurfaces t̃ � 0, p represent I2 and I1 (Fig. 1).

By employing conformal techniques, we recently stud-
ied [5] two particles moving with uniform acceleration
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FIG. 1. The conformal diagram of de Sitter spacetime. Uni-
formly accelerated particles move along world lines 1 and 10.
The shaded region is the domain of influence of 1, its boundary
H is the “creation light cone” of this particle “born” at t̃ � 0
at “point” O. Retarded fields of 1 and 10 cannot affect point P;
a Coulomb-type field, however, cannot vanish there.

(note [8]) in de Sitter space. Their world lines are plot-
ted in Fig. 1 as 1, 10 [for explicit formulas see Ref. [5],
Eq. (4.4); see also Eqs. (6) and (10) below]. Both particles
start at antipodes of the spatial section of de Sitter space at
I2 and move one towards the other until t̃ � p�2, the
moment of the maximal contraction of de Sitter space.
Then they move, in a time-symmetric manner, apart from
each other until they reach future infinity at the antipodes
from which they started. Their physical velocities, as mea-
sured in the “comoving” coordinates �t, x, q ,w�, have
simple forms yx �

p
gxx dx�dt � 7aoa tanh�t�a� 3

�1 1 a2
oa2 tanh2�t�a�	21�2, where jaoj is the magnitude

of their acceleration. In contrast to the flat space case,

the particles do not approach the velocity of light in the
“natural” global coordinate system. They are causally dis-
connected (Fig. 1) as in the flat space case: No signal
from one particle can reach the other particle.

Two charges moving along the orbits of the boost Killing
vector in flat space are at rest in the Rindler coordinate sys-
tem and have a constant distance from the spacetime ori-
gin, as measured along the slices orthogonal to the Killing
vector. Similarly, the world lines 1 and 10 are the orbits
of the “static” Killing vector ≠�≠T of de Sitter space. In
static coordinates �T , R, q , w �, T � a

2 log��cosr̃ 2 cost̃��
�cosr̃ 1 cost̃�	, R � a sinr̃�sint̃, the particles 1, 10 are at
rest at R � 6Ro � 7aoa2�

p
1 1 a2

oa2, with four accel-
erations 2�Ro�a2�≠�≠R. The particle 1 �10� has, as mea-
sured at fixed T , a constant proper distance from the origin
t̃ � p�2, r̃ � 0 �r̃ � p�. As with Rindler coordinates in
Minkowski space, the static coordinates cover only a “half”
of de Sitter space; in the other half the Killing vector ≠�≠T
becomes spacelike.

By the conformal transformation of the boosted Cou-
lomb fields in Minkowski space, we constructed [5] test
scalar and electromagnetic fields produced by charges
moving along the world lines 1, 10 in de Sitter space. The
scalar field from two identical scalar charges s is given by

Fsym � �s�4p�Q21, (3)

Q � �a2�
p

1 1 a2
oa2 1 aoR cosq �2 2 a2 1 R2	1�2

(4)

[Ref. [5], Eq. (5.4)], whereas the electromagnetic field due
to opposite charges 1e and 2e is [Ref. [5], Eq. (5.7)]

Fsym � 2
e

4p

1
Q3

aoa4

sin3 t̃
�cost̃ sin2r̃ sinqdr̃ ^ dq 1 �a21

o

p
a2

o 1 a22 sinr̃ 1 sint̃ cosq �dt̃ ^ dr̃

2 sint̃ cosr̃ sinr̃ sinqdt̃ ^ dq 	 . (5)

We call these smooth (outside the sources) fields symmet-
ric because they can be written as a symmetric combination
of retarded and advanced effects from both charges.

Although Eqs. (3) and (5) represent fields due to uni-
formly accelerated charges in de Sitter space, their re-
lation to the Born solutions is not transparent because
the sources are not located symmetrically with respect
to r̃ � 0. Hence, we consider the world lines 2 and
20 (Fig. 2) which, due to homogeneity and isotropy of
de Sitter space, also represent uniformly accelerated par-

ticles. These world lines and the resulting fields can be
obtained from Eqs. (3)–(5) by a spatial rotation by p�2.
We find the world lines 2, 20 to be given by

cott̃ � 2 sinh�ldSa21
p

1 1 a2
oa2 ��

p
1 1 a2

oa2 ,

tanr̃ � 6 cosh�ldSa21
p

1 1 a2
oa2 ���aoa� ,

(6)

q � 0, w � 0. The scalar and electromagnetic fields are

FBdS � �s�4p� sint̃�sint̃ 1 cosr̃�21R21, (7)

FBdS � 2
e

4p

a3

R3

aoa sinq

�sint̃ 1 cosr̃�3 �sin2r̃ cost̃dr̃ ^ dq 2 �a21
o

p
a2

o 1 a22 cosr̃ 2 sint̃� cotqdt̃ ^ dr̃

1 �a21
o

p
a2

o 1 a22 2 cosr̃ sint̃� sinr̃dt̃ ^ dq 	 ,

R
a

�
��aoa sint̃ 2

p
1 1 a2

oa2 cosr̃�2 1 sin2r̃ sin2q 	1�2

sint̃ 1 cosr̃
.

(8)

In order to understand explicitly the relation of these
fields to the classical Born solutions, consider Minkowski
spacetime with spherical coordinates �t, r, q , w� with met-
ric gM � 2dt2 1 dr2 1 r2dv2. If we set

t � 2a cost̃��cosr̃ 1 sint̃� ,

r � a sinr̃��cosr̃ 1 sint̃� ,
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FIG. 2. The world lines 2, 20 of uniformly accelerated charges
symmetrically located with respect to the origins of both
de Sitter and conformally related Minkowski spacetimes.

with q , w unchanged, we find that this Minkowski
space is conformally related to de Sitter space as follows
(Fig. 2):

gdS � V2gM, V �
cosr̃ 1 sint̃

sint̃
�

2a2

a2 2 t2 1 r2
.

(9)

In coordinates �t, r,q , w �, which can also be used in
de Sitter space (note [9]), the world lines 2, 20, Eqs. (6),
acquire the simple form: q � 0, w � 0, and

t � bo sinh�lM�bo�, r � 6bo cosh�lM�bo� , (10)

where lM is the proper time as measured by gM, and
bo�a �

p
1 1 a2

oa2 2 aoa. The world lines (10) are
just two hyperbolas (Fig. 2), representing particles with
uniform acceleration 1�bo as measured in Minkowski
space.

Transforming the fields (7) and (8) into conformally flat
coordinates �t, r, q , w�, we obtain

FBdS � �s�4p�V21R21, (11)

FBdS � 2
e

4p

a3

2bo

sinq

R3

3 �r�b2
o 1 t2 1 r2�dt ^ dq 2 �b2

o 1 t2 2 r2�
3 cotqdt ^ dr 2 2tr2dr ^ dq 	 , (12)

the factor R now being given by

R � ��b2
o 1 t2 2 r2�2 1 4b2

or2 sin2q 	1�2��2bo� . (13)

Expressions (7), (8), (11), and (12) represent the gen-
eralized Born scalar and electromagnetic fields from the
sources moving with constant acceleration ao along the
world lines (6), respectively (10), in de Sitter universe.

To connect these fields with their counterparts in flat
space, note that they are conformally related by transfor-

mation (9). Under the conformal transformation, the field
FBdS in (11) has to be multiplied by factor V, which
gives FBdS � �s�4p�R21, and FBdS in (12) remains un-
changed. The transformed fields then precisely coincide
with the classical Born fields; see, e.g., Refs. [1,2,10].

In order to see the limit for L ! 0, we parametrize
the sequence of de Sitter spaces by L, identifying them
in terms of coordinates �t,r, q , w�. As L � 3�a2 ! 0,
Eq. (9) implies VL ! 2, gdS L ! 4gM. After the trivial
rescaling of t, r by factor 2, the standard Minkowski metric
is obtained. The limit of the fields (11) and (12), in which
bo is kept constant [cf. ao � �1 2 b2

oa22���2bo�], leads
to the scalar and electromagnetic Born fields in flat space.
Because of the rescaling of coordinates by factor 2, we get
the physical acceleration 1�bo � 2ao, and the scalar field
rescaled by 1�2.

What is the character of the generalized Born fields?
Focusing on the electromagnetic case, we first decompose
the field (8) into the orthonormal tetrad �em� tied to coordi-
nates �t̃, r̃ , q , w�; for example, et̃ � �a21 sint̃�≠�≠t̃, etc.,
the dual tetrad et̃ � �a� sint̃�dt̃, etc. Splitting the field
into the electric and the magnetic parts, FBdS � E ^ et̃ 1
B ? er̃ ^ eq ^ ew, we get

E �
e

4p

a sin2t̃

R3�sint̃ 1 cosr̃�3

3 �2�
p

1 1 a2
oa2 cosr̃ 2 aoa sint̃� cosqer̃

1 �
p

1 1 a2
oa2 2 aoa sint̃ cosr̃� sinqeq 	 ,

B � 2
e

4p

aoa2 sin2 t̃
R3�sint̃ 1 cosr̃�3

cost̃ sinr̃ sinqew .
(14)

The fields exhibit some features typical for the classical
Born solution. The toroidal electric field, Ew, vanishes;
only Bw is nonvanishing. At t̃ � p�2, the moment of time
symmetry, Bw � 0. It vanishes also for q � 0—there is
no Poynting flux along the axis of symmetry.

The classical Born field decays rapidly (E 
 r24, B 

r25) at spatial infinity, but it is “radiative” �E, B 
 r21�
if we expand it along null geodesics t 2 r � const, ap-
proaching thus null infinity. In de Sitter spacetime with
standard slicing, the space is finite �S3�. However, we can
approach infinity along spacelike hypersurfaces if, for ex-
ample, we consider the “steady-state” half of the de Sitter
universe (cf. Fig. 1) with flat-space slices, i.e., if we take
the “conformally flat” time ť � const (note [9]). Intro-
ducing the orthogonal tetrad tied to conformally flat co-
ordinates �ť, ř , q , w�, the tetrad components of the fields
decay as ř22 at ť � const, ř ! `, so that the Poynting
flux falls off as ř24.

The fields decay very rapidly along timelike world lines
as I1 is approached. This is caused by the exponential ex-
pansion of slices t � const [cf. Eq. (1)]. As t ! `, the
electric field (14) becomes radial, Er̃ 
 exp�22t�a�, and
Bw 
 exp�22t�a�. The energy density, u � 1

2 �E2 1

B2�, decays as �expansion factor�24 —as energy density
in the radiation dominated standard cosmologies. The
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FIG. 3. Space trajectories of null geodesics g, gs, and ḡs
indicated on the slice t̃ � const �w � 0�. Charges 1, 10 move
along q � 0 from poles O, O0 to points E, E0 and back. g, gs,
and ḡs start at N2 at t̃ � 0 and arrive at N1 (with coordinates
x1, q1) at t̃ � p . The direction of g at N1 is specified by
angles q�, w� (w� describes rotation around ex in the dimen-
sion not seen). gs crosses the world line of particle 1 at Eret; ḡs
reaches N1 from the opposite direction.

density of the conserved energy uconf � �a� sint̃�u 

exp�23t�a� (determined by a timelike conformal Killing
vector ≠�≠t̃) gets rarified at the same rate that the volume
increases.

Will a slower decay occur if I1 is approached along
null geodesics? To study the asymptotic behavior of a
field along a null geodesic (see, e.g., Ref. [4]), we have to
(i) find a geodesic and parametrize it by an affine parame-
ter z , (ii) construct a tetrad parallelly propagated along the
geodesic, and (iii) study the asymptotic expansion of the
tetrad components of the field. We find that along null
geodesics lying in the axis q � 0 (thus crossing the par-
ticles’ world lines) the “radiation field,” i.e., the coefficient
of the leading term in 1�z , vanishes, as could have been
anticipated —particles do not radiate in the direction of
their acceleration. The radiation field also vanishes along
null geodesics reaching infinity along directions opposite
to those of geodesics emanating from the particles (see
Fig. 3). Along all other geodesics, the field has radiative
character. Along a null geodesic coming from a general
direction to a general point on I1, we find the electric
and magnetic fields (in a parallelly transported tetrad � fm�)
to be perpendicular one to the other, equal in magnitude,
and proportional to z21. The magnitude of Poynting flux,
jS� f�j � jE� f�j2 � jB� f�j2, is

jS� f�j �
e2

�4p�2

a2
o sin2q1 csc4x1

4�1 1 a2
oa2 cos2q1�3

�cos2q� sin2w� 1 �cosw� 1 a21
o

p
a2

o 1 a22 sinq� cscq1�2	z 22 (15)

(see Fig. 3 for the definition of angles x1, q1, q�, w�).
These results are typical for a radiative field. Most in-
terestingly, this radiative aspect depends on the specific
geodesic along which a given point on spacelike I1 is ap-
proached (cf. [4]). Moreover, the radiative character does
not disappear even for static sources but it does along null
geodesics emanating from such sources.

Since the field can be interpreted as the combination of
retarded and advanced effects, similarly to the flat space
case [2], the radiation reaction force also vanishes.

In summary, we have constructed the fields of uniformly
accelerated charges in a de Sitter universe which go over
to classical Born fields in the limit L ! 0. Aside from
some similarities found, the generalized fields provide the
models showing how a positive cosmological constant im-
plies essential differences from physics in flat spacetime:
Advanced effects occur inevitably, and the character of the
far fields depends substantially on the way in which future
(spacelike) infinity is approached. Since vacuum energy
seems to be dominant in the universe, it is of interest to
understand fundamental physics in the vacuum dominated
de Sitter spacetime.
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[5] J. Bičák and P. Krtouš, Phys. Rev. D 64, 124020 (2001).
[6] R. Penrose, in The Nature of Time, edited by T. Gold

(Cornell University, Ithaca, New York, 1967), pp. 42–54.
[7] It is convenient to allow the angular coordinates x , q ,

w on S3 to attain values in � and use the identifica-
tions “mod2p ,” and �x , q , w� � �2x , p 2 q , w 1 p�,
�x , q , w� � �x , 2q , w 1 p�. Thus, the “radial” coordi-
nate x can be negative, the points with x , 0 being iden-
tical to those with jxj . 0, located “symmetrically” with
respect to the origin x � 0. The same convention is used
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Radiative properties of gravitational and electromagnetic fields generated by uniformly accelerated charged
black holes in asymptotically de Sitter spacetime are studied by analyzing the C-metric exact solution of the
Einstein-Maxwell equations with a positive cosmological constant �. Its global structure and physical prop-
erties are thoroughly discussed. We explicitly find and describe the specific pattern of radiation which exhibits
the dependence of the fields on a null direction along which the �spacelike� conformal infinity is approached.
This directional characteristic of radiation supplements the peeling behavior of the fields near infinity. The
interpretation of the solution is achieved by means of various coordinate systems, and suitable tetrads. The
relation to the Robinson-Trautman framework is also presented.
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I. INTRODUCTION

There has been great effort in general relativity devoted to
investigation of gravitational radiation in asymptotically flat
spacetimes. Some of the now classical works, which date
back to the 1960s, set up rigorous frameworks within which
a general asymptotic character of radiative fields near infinity
could be elucidated �1–11�. Also, particular examples of ex-
plicit exact radiative spacetimes have been found and ana-
lyzed, e.g., Refs. �12–15�, for a review of these important
contributions to the theory of radiation see, for example,
Refs. �16–20�.

One of the fundamental approaches to investigate the ra-
diative properties of a gravitational field at large distances
from a bounded source is based on introducing a suitable
Bondi-Sachs coordinate system adapted to outgoing null hy-
persurfaces, and expanding the metric functions in negative
powers of the luminosity distance �1–4�. In the case of
asymptotically flat spacetimes this framework enables one to
define the Bondi mass �total mass of the system as measured
at future null infinity I �), and characterize the time evolu-
tion including radiation in terms of the news functions. Us-
ing these concepts it is possible to formulate a balance be-
tween the amount of energy radiated by gravitational waves
and the decrease of the Bondi mass of an isolated system.
Unfortunately, this standard explicit approach is not directly
applicable to spacetimes whose conformal infinity I � has a
spacelike character as is the case of an asymptotically
de Sitter universe which we wish to study here.

Alternatively, in accordance with the Newman-Penrose
formalism �5,6�, information about the character of radiation
in asymptotically flat spacetimes can be extracted from the
tetrad components of fields measured along a family of null
geodesics approaching I �. The gravitational field is radia-
tive if the dominant components of the Weyl tensor C�	��
�or of the Maxwell tensor F�	 in the electromagnetic case�
fall off as 1/&, where & is an affine parameter along the null

geodesics. The rate of approach to zero of the Weyl and
electromagnetic tensor is generally given by the ‘‘peeling
off’’ theorem of Sachs �3,7,8�. In analogy to this well-known
behavior it is natural to expect that those components of the
fields in parallelly transported tetrad which are proportional
to 1/& characterize gravitational and electromagnetic radia-
tion also in more general cases of spacetimes not asymptoti-
cally flat. We shall adopt such a definition of radiation below.

In the presence of a positive cosmological constant �,
however, the conformal infinity I � has a spacelike charac-
ter, and for principal reasons the rigorous concept of gravi-
tational and electromagnetic radiation is much less clear. As
Penrose noted in the 1960s �9,10� already, following his geo-
metrical formalization of the idea of asymptotical flatness
based of the conformal technique �8,11�, radiation is defined
‘‘less invariantly’’ when I is spacelike than when it has a null
character.

One of the difficulties related to the spacelike character of
the infinity is that initial data on I � �or final data on I �)
for, e.g., electromagnetic field with sources cannot be pre-
scribed freely because the Gauss constraint has to be satisfied
at I � �or I �). This results in the insufficiency of purely
retarded solutions in case of a spacelike I �—advanced ef-
fects must also be presented. This phenomenon has been
demonstrated explicitly recently �21� by analyzing test elec-
tromagnetic fields of uniformly accelerated charges in de Sit-
ter background.

We will concentrate on another crucial difference in be-
havior of radiative fields near null versus spacelike infinity.
In the case of asymptotically flat spacetimes, any point N� at
null infinity I � can be approached essentially only along
one null direction. However, if future infinity I � has a
spacelike character, one can approach the point N� from
infinitely many different null directions. It is not a priori clear
how the radiation components of the fields depend on a di-
rection along which N� is approached. In this paper such
dependence will be thoroughly investigated.

In fact, radiative properties of a test electromagnetic field
of two uniformly accelerated pointlike charges in the de Sit-
ter background has recently been studied �22,23�. Within this
context, the above mentioned directional dependence has
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been explicitly found. In particular, it has been demonstrated
that there are always exactly two special directions—those
opposite to the direction from the sources—along which the
radiation vanishes. For all other directions the radiation is
nonvanishing and it is described by an explicit formula
which completely characterizes its angular dependence.

In the present paper, these results will be considerably
generalized to both gravitational and electromagnetic field
which are not just test fields in the de Sitter background.
Interestingly, it will be demonstrated that the gravitational
and electromagnetic fields of the C-metric with ��0, which
is an exact solution representing a pair of uniformly acceler-
ated possibly charged black holes in the de Sitter–like uni-
verse, exhibits exactly the same asymptotic radiative behav-
ior as the test fields �22,23�. We are thus able to supplement
the information about the peeling behavior of the fields near
I � with an additional general property of radiation, namely,
with the specific directional pattern of the radiation at con-
formal infinity.

The C-metric with ��0 is a well-known solution of the
Einstein �-Maxwell� equations which, together with the fa-
mous Bonnor-Swaminarayan solutions �15�, belongs to a
large class of asymptotically flat spacetimes with boost and
rotational symmetry �24� representing accelerated sources. It
was discovered already in 1917 by Levi-Civita �25� and
Weyl �26�, and named by Ehlers and Kundt �13�. Physical
interpretation and understanding of the global structure of
the C-metric as a spacetime with radiation generated by a
pair of accelerated black holes came with the fundamental
papers by Kinnersley and Walker �27� and Bonnor �28�. Con-
sequently, a great number of works analyzed various aspects
and properties of this solution, including its generalization
which admits a rotation of the black holes. References
and summary of the results can be found e.g., in Refs.
�24,29–31�. Another possible generalization of the standard
C-metric exists, namely, that to a nonvanishing value of the
cosmological constant � �32�, cf. �33,34�. However, in this
case a complete understanding of global properties, mainly a
character of radiation, is still missing despite a successful
application of this solution to the problem of cosmological
production of black holes �35�, and its recent analysis and
interpretation �36–38�.

There exists a strong motivation to investigate the
C-metric solution with ��0. As will be demonstrated below,
it may serve as an interesting exact model of gravitational
and electromagnetic radiation of bounded sources in the
asymptotically de Sitter universe �in contrast to ��0, in
which case the system is not permanently bounded�. The
character of radiation, in particular the above mentioned de-
pendence of the asymptotic fields on directions, along which
points on the de Sitter–like infinity I � are approached, can
explicitly be found and studied. These results may provide an
important clue to formulation of a general theory of radiation
in spacetimes which are not asymptotically flat. In addition
to this purely theoretical motivation, understanding the be-
havior of accelerated black holes in the universe with a posi-
tive value of the cosmological constant can also be interest-
ing from perspective of contemporary cosmology.

The paper is organized as follows. First, in Sec. II we

present the C-metric solution with a positive cosmological
constant in various coordinates which will be necessary for
the subsequent analysis. The global structure of the space-
time is described in detail in Sec. III. Next, in Sec. IV we
introduce and discuss various privileged orthonormal and
null tetrads near the de Sitter–like infinity I � together with
their mutual relations, and we give corresponding compo-
nents of the gravitational and electromagnetic C-metric
fields. Section V contains the core of our analysis. We care-
fully define interpretation tetrad parallelly transported along
all null geodesics approaching asymptotically a given point
on spacelike I � from different spatial directions. The mag-
nitude of the leading terms of gravitational and electromag-
netic fields in such a tetrad then provides us with a specific
directional pattern of radiation which is described and ana-
lyzed. This result is subsequently rederived in Sec. VI using
the Robinson-Trautman framework which also reveals some
other aspects of the radiative properties. Particular behavior
of radiation along the algebraically special null directions is
studied in Sec. VII. For these privileged geodesics the results
are obtained explicitly without performing asymptotic ex-
pansions of the physical quantities near I �. In this case we
also study a specific dependence of the field components on
a choice of initial conditions on horizons.

The paper contains four appendixes. Appendix A summa-
rizes known and also several new coordinates for the
C-metric with ��0. The properties of the specific metric
functions are described in Appendix B. In Appendix C useful
relations between the various coordinate one-form and vector
frames are presented, together with the relations between the
different privileged null tetrads. Appendix D contains general
Lorentz transformations of the null-tetrad components of the
gravitational and electromagnetic fields.

II. THE C-METRIC WITH A COSMOLOGICAL
CONSTANT IN SUITABLE COORDINATES

The generalization of the C-metric which admits a nonva-
nishing cosmological constant ��0, representing a pair of
uniformly accelerated black holes in a ‘‘de Sitter back-
ground,’’ has the form

g�
1

A2�x�y �2 � �Fdt2�
1

F
dy2�

1

G
dx2�Gd�2� ,

�2.1�

where

F��
1

a�
2 A2�1�y2�2mAy3�e2A2y4,

�2.2�
G�1�x2�2mAx3�e2A2x4,

see Eqs. �A1�, �A2�. Here t�R, ��(��C ,�C), m, e, A, C
are constants, and ranges of the coordinates x, y �or, more
precisely, of the related coordinates 
, ' defined below by Eq.
�2.7�� will be discussed in detail in the next section. For
convenience, we have parameterized the cosmological con-
stant � by the ‘‘de Sitter radius’’ as
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a���3

�
. �2.3�

The metric �2.1� is a solution of the Einstein-Maxwell
equations with the electromagnetic field given by �see
�39,40��

F�edy∧dt . �2.4�

The constants m, e, A, and C parametrize mass, charge,
acceleration, and conicity of the black holes, although their
relation to physical quantities is not, in general, direct. For
example, the total charge Q on a timelike hypersurface
t�const localized inside a surface y�const, defined using
the Gauss law, is given by Q� 1

2 (
2�
1)Ce , where the con-
stants 
1 , 
2 are introduced at the beginning of the next
section. Obviously, Q depends not only on the charge param-
eter e. Similarly, physical conicity is proportional to the pa-
rameter C, but it also depends on other parameters, see Eq.
�3.4� below. The concept of mass �outside the context of
asymptotically flat spacetimes� and of physical acceleration
of black holes is even more complicated. We will return to
this point at the end of the next section. For satisfactory
interpretation of the parameters m, e, and A in the limit of
their small values see, e.g., Ref. �36�.

In the following we will always assume

m�0, e2�m2, A�0, �2.5�

and F, as a polynomial in y, to have only distinct real roots.
Also, instead of the acceleration constant A we will conve-
niently use the dimensionless acceleration parameter � de-
fined as

sinh ��a�A , cosh ���1�a�
2 A2. �2.6�

We will also use other suitable coordinates which are in-
troduced and discussed in more detail in Appendix A. Here
we list only the basic definitions and the corresponding
forms of metric.

The rescaled coordinates �, ', 
, � are defined

��t coth � , ��� ,
�2.7�

'�y tanh � , 
��x ,

cf. Eq. �A5�, in which the metric takes the form �A6�,

g�r2� �Fd�2�
1

F d'2�
1

G d
2�Gd�2� , �2.8�

where

r�
1

A�x�y �
�

a�

' cosh ��
 sinh �
�2.9�

and

�F�1�'2�cosh �
2m

a�
'3�cosh2 �

e2

a�
2 '4, �2.10�

G�1�
2�sinh �
2m

a�

3�sinh2 �

e2

a�
2 
4.

The coordinates �, �, �, � adapted to the Killing vectors
�� , �� and the conformal infinity I (��0) are defined by

���' cosh ��
 sinh � ,
�2.11�

d��
sinh �

F d'�
cosh �

G d
 ,

see Eqs. �A21�, �A22�, and the metric �A23�,

g�
a�

2

�2 � �Fd�2�
1

E d�2�
FG
E d�2�Gd�2� , �2.12�

where

E�F cosh2 ��G sinh2 � . �2.13�

Finally, we will also use the C-metric expressed in the
Robinson-Trautman coordinates $, $̄ , u, r which has the form
�A29� �see �41� for a definition of the symmetric product ∨�

g�
r2

P2 d$∨d$̄�du∨dr�Hdu2, �2.14�

with

1

P2 �G, H�
r2

a�
2 E. �2.15�

It follows immediately from Eqs. �2.9� and �2.11� that

r��
a�

�
. �2.16�

For explicit definitions of the coordinates u, $ and
further details see Eqs. �A25�, �A28�, and related text in
Appendix A.

III. THE GLOBAL STRUCTURE

In this section we shall describe the global structure of the
C-metric with ��0. In particular, we shall analyze the char-
acter of infinity, singularities, and possible horizons. �See
recent work �38� for similar discussions that also cover cases
not studied here.� From the form �2.8� of the metric we ob-
serve that it is necessary to investigate zeros of the metric
functions F and G given by Eq. �2.10�. We will only discuss
the particular case when the function F has n distinct real
roots, where n is the degree of polynomial dependence of F
on ' (n�4 for e�0). Let us denote these roots as ' i , 'o ,
'c , and 'm in a descending order �the meaning of the sub-
scripts will be explained below�. In the case e�0, the value
of ' i is not defined, etc. Analogously, we denote the roots of
G as 
1 , 
2 , 
3 , and 
4 in an ascending order. Similarly to
discussion of the C-metric with vanishing � �27,29,30�, the
zeros of the function F correspond to horizons, and the zeros
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of G to axes of � symmetry. Following these works and Ref.
�36� for ��0 in particular, the qualitative diagrams of the

-' slice �i.e., �, ��const) are drawn in Fig. 1. In this dia-
gram we use relations

'm coth ��
1�0�
2�'c coth � , �3.1�

which are obvious from Fig. 9 in Appendix B. Different col-
umns and rows in the diagrams in Fig. 1 correspond to dif-
ferent signs of the functions G and F. The metric has a physi-
cal signature ������ for 
1�
�
2 and 
3�
�
4 . We
will be interested only in the first region.

Infinity I of the spacetime corresponds to r�� , or
equivalently to

��0, i.e., '�
 tanh � , �3.2�

�double line in Fig. 1�. We will restrict to the region
'�
 tanh � �i.e. r�0) which describes both interior and ex-
terior of accelerated black holes in de Sitter–like spacetime
�the shaded areas in Fig. 1�. The metric has an unbounded
curvature for r�0 which corresponds to a physical singular-
ity inside the black holes, a zigzag line on the boundary of
the diagrams in Fig. 1, in particular of the column

1�
�
2 .

For a further discussion of the global structure we employ
the double null coordinates ũ , ṽ , 
, � defined by Eqs. �A38�,
�A33�, �A34� in which the metric is �A39�,

g�r2� 2�2F
sin ũ sin ṽ

dũ∨dṽ�
1

G d
2�Gd�2� . �3.3�

Using these coordinates we can draw the conformal diagram
of the spacetime section �-', i.e., for 
, ��const—see Fig. 2.
The domains I–IV in this figure correspond to the regions
I–IV in Fig. 1.

The region I describes the domain of spacetime above the
cosmological horizons given by '�'c , which has a similar
structure as an analogous domain in the de Sitter spacetime.
The region II corresponds to a static spacetime domain be-
tween the cosmological horizon and the �outer� horizon of
the black hole. If the black hole is charged (e�0), region III
corresponds to a spacetime domain between the outer hori-
zon '�'o and the inner horizon '�' i , and region IV to a
domain below the inner horizon of the black hole �similar to
the analogous domains of the Reissner-Nordström space-
time�. The domain IV contains a timelike singularity at
'�� (r�0). In the uncharged case (e�0, m�0) there is
only region III which corresponds to a domain below the
single black hole horizon '�'o . In this case the singularity
at '�� has a spacelike character, similarly as for the
Schwarzschild black hole. If both e�0, m�0, we obtain de
Sitter spacetime expressed in accelerated coordinates. In this
case there is no black hole horizon, and region II �the domain
below the cosmological horizon 'c) is ‘‘cut off’’ by nonsin-
gular poles '�� . We will return to this particular case at the
end of this section.

Before we proceed to discuss further properties in detail
let us note that �as will be explicitly demonstrated in the next
section� the C-metric is the Petrov type D spacetime, i.e., it

admits two double principal null directions. These directions
lie exactly in the section �-' depicted in Fig. 2.

In this paper we are mainly interested in a behavior of
fields near the infinity. Therefore, we will concentrate mostly
on the region I. This region has similar properties for all
possible values of the parameters m, e, and �. Its more pre-
cise diagrams are drawn in Fig. 3. Observers in one of the
regions I �near the future infinity I �) will consider them-
selves to live in an asymptotically de Sitter–like universe
‘‘containing’’ two causally disconnected black holes �for m
�0). Here by two black holes we understand those black
holes �i.e., regions III and IV� immediately ‘‘visible’’ from
the given asymptotical region I, although the geodesically
complete spacetime can, of course, contain an infinite num-
ber of black holes. As we have said, the conformal infinity I
is given by the condition �3.2�, ��0. Thanks to a timelike
character of d� at ��0 �see Eq. �2.12�� the infinity has
indeed a spacelike character as for de Sitter universe �see
Refs. �8,9,42� for a general discussion of conformal infinity�.
In Fig. 1 the infinity corresponds to the diagonal line, in Fig.
2, however, it obtains a richer structure. It comprises of two
parts—future infinity I � and the past infinity I �—both pos-
sibly consisting of several disjoint parts �depending on the
global topology� in different asymptotically de Sitter do-
mains I. Because the conformal diagrams in Fig. 2 are slices
with a fixed coordinate 
, and the condition �3.2� depends on

, the conformal infinity I would have a different position in
diagrams with different values of 
. We shall return to this
fact at the end of this section. Note, that for values of the
coordinate ' smaller than 
2 tanh �, the hypersurface
'�const reaches I. Clearly, the coordinate ' is not well
adapted to the region near the conformal infinity I. Near the
infinity it is more convenient to use the coordinates �, �, �,
� defined by Eqs. �2.11� �see Eqs. �A21�, �A22�; see also Fig.
3�.

The coordinate � is a coordinate along the ‘‘boost’’ Killing
vector �� , and in region I it can be understood simply as a
translational spatial coordinate. The coordinates 
, � play
roles of longitudinal and latitudinal coordinates of a suitably
defined hypersurface at an ‘‘instant of time.’’ For example, in
region I the spacelike hypersurface '�const has topology
R�S2 �if it does not cross infinity I� with the coordinate �
along the R direction, and 
, � on the sphere S2. To justify
the ‘‘longitudinal’’ character of the coordinate 
, we intro-
duce, instead of 
, an angular coordinate � by the relation
sin ���G �cf. Eq. �A10��. This is a longitudinal angle mea-
sured by a circumference of the � circle �see the metric
�2.8��. Alternatively, we can introduce the angle (, defined
by Eq. �A12�, measured by the length of a ‘‘meridian.’’ At
infinity I or, in general, on any hypersurface ��const, the
coordinate lines ��const coincide with the lines of constant

. The coordinate � thus also parameterizes the longitudinal
direction near the infinity, similarly to the coordinate 
.

In Sec. II we mentioned that the coordinate � along the
second Killing vector �� takes values in the interval
(��C ,�C). Here C�0 is the parameter which allows us to
change the conicity on the axis of the � symmetry, i.e., it
allows us to choose a deficit �or excess� angle around the
axis arbitrarily. Such a change of the range of the coordinate

P. KRTOUŠ AND J. PODOLSKÝ PHYSICAL REVIEW D 68, 024005 �2003�

024005-4

98 Pavel Krtouš



FIG. 1. A qualitative diagram of the 
-' section (� ,�
�constant) of the studied spacetime. The three cases correspond to
�a� charged accelerated black holes in asymptotically de Sitter uni-
verse (e�0, m�0), �b� uncharged black holes (e�0, m�0), and
�c� de Sitter universe (e�0, m�0). Horizontal lines indicate the
horizons, vertical lines are axes of � symmetry. The diagonal
double line '�
 tanh � corresponds to infinity I. Singularities are
depicted by ‘‘zigzag’’ lines. The boundary of each diagram corre-
sponds to 
, '��� . Mutual intersections of different lines are
governed by relations �3.1�. Different columns and rows correspond
to different signs of the functions G and F, respectively, and thus to
different signatures of the metric, which are indicated on the sides
of the diagrams. The metric �2.8� describes, in general, four distinct
spacetimes—the domains in columns 
1�
�
2 and 
3�
�
4 ,
separated in addition by infinity �the diagonal line�. In this paper we
discuss only the physically most reasonable spacetime with the co-
ordinates 
, ' in the ranges 
1�
�
2 and '�
 tanh � �the shaded
areas�. Sections 
�const which correspond to the conformal dia-
grams in Fig. 2 are indicated by thick lines.

FIG. 2. The conformal diagrams of the �-' section (
 ,�
�const). Similarly to Fig. 1, the three diagrams correspond to the
cases of �a� charged accelerated black holes, �b� uncharged black
holes, and �c� de Sitter universe �in accelerated coordinates�. The
conformal infinities I are indicated by double lines, the singularities
are drawn by ‘‘zigzag’’ lines, and horizons by thin lines. The hori-
zons '�'c , 'o , ' i correspond to the values ũ�m� or ṽ�n� , m,
n�Z. Thus, the integers �m, n�, indicated in the figure, label differ-
ent blocks ũ�„m� ,(m�1)�…, ṽ�„n� ,(n�1)�… of the conformal
diagrams. There are four types of these blocks, labeled by I–IV,
which correspond to the regions I–IV in Fig. 1. The sections
��const �drawn in Fig. 1� are indicated by thick lines. Similar lines
could, of course, be drawn also in other blocks. Only a part of the
complete conformal diagram is shown in the cases �a� and �b�,
however, the rest of the diagram would have a similar structure as
the part shown. The complete diagram depends on a freedom in the
choice of a global topology of the spacetime given by identifica-
tions of different blocks of the conformal diagram. In the case �c�,
the diagram does not contain any black hole—it is ‘‘closed on its
sides’’ by poles of a spacelike section S3 of de Sitter universe �see
the discussion at the end of Sec. III�.
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� is allowed for any axially symmetric spacetime. The range
is usually chosen in such a way that the axis of the � sym-
metry is regular. However, for the C-metric such a choice is
not globally possible. In this case the axis consists of two
parts 
�
1 and 
�
2—one of them joins the ‘‘north’’ poles
of the black holes, the other one joins the ‘‘south’’ poles. The
physical conicity �defined as a limiting ratio of ‘‘circumfer-
ence’’ and 2��‘‘radius’’ of a small circle around the axis�
calculated at the axes 
1 and 
2 is

)1�
1

2
CG��
�
1

, )2��
1

2
CG��
�
2

, �3.4�

respectively, see, e.g., Ref. �36�. In general, the values of �G��
at 
1 and 
2 are not the same, see Eq. �3.5� below. Therefore
we can set )�1 �zero deficit of angle, i.e., a regular axis� by
a suitable choice of the parameter C only at one part of the
axis.

This fact has a clear physical interpretation. The axis with
nonregular conicity corresponds to a cosmic string which
causes the ‘‘accelerated motion’’ of the black holes. The cos-
mic string �43� is a one-dimensional object, sort of a ‘‘rod’’
or a ‘‘spring,’’ which is characterized by its mass density
equal to its linear tension. These parameters are proportional
to the deficit angle, namely, a string with a deficit angle
()�1) has a positive mass density and it is stretched, a
string with an excess angle ()�1) has negative mass density
and is squeezed. In Appendix B, Eq. �B7�, we prove for
m�0, A�0 that

)2�)1 . �3.5�

Using this fact, we may conclude that by eliminating a non-
trivial conicity at the axis 
�
2 �so that )2�1) we obtain
)1�1, i.e., a squeezed cosmic string at the axis 
�
1 . Al-
ternatively, if we set the physical conicity )1�1 at 
�
1 ,

we obtain )2�1, i.e., a stretched cosmic string at the axis

�
2 . In both these cases, as well as in the general cases of
cosmic strings on both parts of the axis, the system of black
holes with string�s� between them is not in an equilibrium.
The string�s� acts on both black holes and cause what we
usually call an ‘‘accelerated motion’’ of black holes. How-
ever, the precise interpretation of acceleration is not so
straightforward.

The problem here is that we consider a fully self-
gravitating system, not just a motion of test particles on a
fixed background. The motion of black holes is actually re-
alized through a nonstatic, nonspherical deformation of ge-
ometry of the spacetime in a direction of motion, i.e., along
the axis of � symmetry. Moving black holes together with
the cosmic string�s� curve the spacetime in such a way that,
strictly speaking, it is not justified to use the term accelera-
tion in a rigorous sense. This has several reasons. First, black
holes are nonlocal objects and one can hardly expect a
uniquely defined acceleration for such extended objects. Sec-
ondly, thanks to the equivalence principle we cannot distin-
guish between acceleration of the black holes with respect to
the universe, and acceleration due to the gravitational field of
each hole. Finally, one has to expect a gravitational dragging
of local inertial frames by moving black holes, i.e., it is not
obvious how to define an acceleration of black holes with
respect to these frames. A plausible definition could be given
if some privileged cosmological coordinate system playing a
role of ‘‘nonmoving’’ background is available. Unfortunately,
we are not aware of such a system applicable in a general
case. In the next paragraph we shall demonstrate this ap-
proach just for a simple case of empty de Sitter spacetime.
Summarizing, it is not straightforward to define the accelera-
tion of black holes in the general case. One usually identifies
the acceleration only in an appropriate limiting regime. The
usage of the term acceleration for the parameter A in the
C-metric �see Refs. �28–30� for the case ��0, and, e.g.,

FIG. 3. The 
-' �left� and the conformal �right� diagrams near infinity I. Only one asymptotically de Sitter–like region of the spacetime
�domains I and II of Figs. 1 and 2� is shown. Ranges of various coordinates introduced in the paper are indicated �orientation of the
coordinate labels suggests a direction in which the coordinates increase�. The thick line in the conformal diagram corresponds to the 
-'
diagram and vice versa. In the 
-' diagram the lines of constant � and � are also drawn. The coordinates �, � are not unambiguous in the
full domain I, however, they are invertible near I, in the domain E�0. On the boundary E�0 �shown in diagram� the coordinates �, �
change their timelike/spacelike character. �Notice the difference between the null coordinate v �‘‘v’’; diagonal straight lines� and the ‘‘radial’’
coordinate ' �‘‘upsilon’’; curved lines� in the �-' conformal diagram.�
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Ref. �36� for the case ��0) has been justified exactly in this
way.

Of course, the situation extremely simplifies in the case of
vanishing mass and charge (m�0, e�0). In this case there
are no black holes, and the spacetime reduces to de Sitter
universe. However, if we still keep A�0, a trace of �now
vanished� ‘‘accelerated’’ sources remains in the metric �2.8�
through the parameter �. By a simple transformation �A12�,

T�a�� , R�
a�

'
, cos (��
 , ��� , �3.6�

we obtain the metric �A17� of the de Sitter space in acceler-
ated coordinates T, R, (, � introduced in Ref. �36� and
discussed in Ref. �23�. These coordinates are an analogue of
the Rindler coordinates in Minkowski space generalized to
the case of the de Sitter universe. They are adapted to accel-
erated observers: the origins R�0 represent two uniformly
accelerated observers which are decelerating from antipodal
poles of the spherical space section of the de Sitter universe
towards each other until the moment of minimal contraction
of the universe, and then accelerate away back to the antipo-
dal poles �see Fig. 4�. In the standard de Sitter static coordi-
nates TdS , RdS , (dS , �dS of the metric �A19�, related to Eq.
�3.6� by Eq. �A20�, these observers are characterized by
RdS�Ro , (dS�0. Thus, they are static observers staying at
constant distance Ro�a� tanh � �see Eq. �A18�� from the
poles RdS�0 of de Sitter space, measured in their instanta-
neous rest frame �or, equivalently, in the de Sitter static
frame�. They are uniformly accelerated with acceleration
A�a�

�1 sinh � toward these poles—in fact, this acceleration
exactly compensates the acceleration due to cosmological
contraction and subsequent expansion of de Sitter universe.

We can consider the above accelerated observers as ‘‘rem-
nants’’ of accelerated black holes of the full C-metric uni-
verse. Of course, in the oversimplified case of de Sitter space
these ‘‘sources’’ just move along the worldlines and we are
able to measure their acceleration explicitly. It is thus natural
to draw the conformal diagram �Fig. 4�a�� of de Sitter uni-
verse, based on the standard global cosmological coordi-
nates, in which the remnants of sources are obviously de-
picted as moving ‘‘objects.’’ On other hand, we can draw an
alternative conformal diagram based on the accelerated co-
ordinates �Fig. 4�b��, in which the remnants of the sources
are located at the ‘‘fixed’’ poles of the space sections of the
universe. The diagram in Fig. 4�a� is adapted to global cos-
mological structure of the universe and explicitly visualizes
the motion of the sources, whereas the diagram in Fig. 4�b� is
adapted to sources and thus ‘‘hides’’ their motion.

This intuition can be carried on to the general case with
nontrivial sources. The coordinates �, ', 
, � �or alternatively
the accelerated coordinates defined in the general case by Eq.
�A12�� are adapted to sources and thus the conformal dia-
grams in Fig. 2 ‘‘hide’’ the motion of the black holes. There-
fore, it would be very useful to find an analogue of the co-
ordinates of Fig. 4�a� for the general case m�0, e�0, to be
able to explicitly identify the accelerated motion of the black
holes. However, as was already mentioned, we are not aware
of such coordinates.

Using the insight obtained from the de Sitter case, we also
observe that the ‘‘changing of shape’’ of infinity I in the
conformal diagrams for different values of the coordinate 
,
as discussed above, is actually an evidence of nonvanishing
acceleration of the sources. In the case of pure de Sitter space
we have obtained this ‘‘changing of position’’ of I when we

FIG. 4. Conformal diagrams of de Sitter universe �a� in the
standard cosmological coordinates �A20�, and �b� based on the ac-
celerated coordinates �3.6� �cf. Eq. �A12��. In contrast to Fig. 2�c�,
the diagram �b� depicts two sections of constant 
, namely, 
�
1

((�0) at the right half of the diagram, and 
�
2 ((��) at the
left half. We can see that the position of infinity �double line� is
different for these two values of 
. For intermediate values of 

infinity I would attain an intermediate position at
R�a� /
 coth �, according to Eq. �3.2�. The infinity has a simple
shape in diagram �a�, where it is indicated by the horizontal lines
RdS�� . In both diagrams the left and right boundaries are
identified—they correspond to one of the two poles of the appro-
priate coordinates �the other pole is located in the center of the
diagram�. A horizontal line thus corresponds to the main circle of a
spatial S3 section of de Sitter universe. Bold lines corresponds to
the origins of the accelerated coordinates (R�0) which have been
employed in the paper as ‘‘remnants’’ of the sources. In diagram �a�
they move with respect to the cosmological frame. Diagram �b� is
adapted to their accelerated motion and therefore the sources are
located at origins. Dashed line corresponds to value R�� , i.e.,
'�0, where the accelerated coordinates are not well defined. Rela-
tive position of the hypersurface R�� and of infinity RdS�� can
be visualized with help of a conformally related Minkowski space
�lower half indicated by the shaded domain P, the upper half indi-
cated by dotted line�. In this space the infinity corresponds to hy-
persurface t�0, the coordinate singularity R�� corresponds to
t��0, where t and t� are Minkowski time coordinates in inertial
frames moving with relative velocity tanh �—see Appendix A for a
related discussion.
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have used the coordinates adapted to the accelerated observ-
ers. We expect that the analogous ‘‘changing of shape’’ of the
infinity in a general case also indicates accelerated motion of
the sources.

IV. PRIVILEGED ORTHONORMAL AND NULL TETRADS
NEAR I ¿

We wish to investigate properties of null geodesics and
the character of fields near infinity I �domain I in Figs. 1, 2�.
Therefore, we will assume F�0, G�0, and E�0. Before we
discuss the geodesics and behavior of the fields we first in-
troduce some privileged tetrads which will be used for physi-
cal interpretation. In the following, we will denote a normal-
ized vector tangent to the coordinate x�, i.e., the unit vector
proportional to the coordinate vector �� , by e� .

We will employ several types of orthonormal and null
tetrads which will be distinguished by specific labels in sub-
script. We denote the vectors of an orthonormal tetrad as
n, q, r, s. Here n is a unit timelike vector and the remaining
three are spacelike. With this normalized tetrad we associate
a null tetrad of null vectors k, l, m, m̄, such that

k�
1

&
�n�q�, l�

1

&
�n�q�,

�4.1�

m�
1

&
�r�is�, m̄�

1

&
�r�is�.

Using the associated tetrad of null one-forms �, �, �, �̄ dual
to the null tetrad k, l, m, m̄, the metric can be written as

g���∨���∨�̄, �4.2�

which implies

k•l��1, m•m̄�1, �4.3�

all other scalar products being zero. From this it follows that

����g�	l	, ����g�	k	,
�4.4�

���g�	m̄	, �̄��g�	m	.

The Weyl tensor C�	�� has ten independent real compo-
nents which can be parametrized by five standard complex
coefficients defined as its components with respect to the
above null tetrad �see, e.g., Refs. �42,44��:


0�C�	�� k�m	k�m�,


1�C�	�� k�l	k�m�,


2��C�	�� k�m	l�m̄�, �4.5�


3�C�	�� l�k	l�m̄�,


4�C�	�� l�m̄	l�m̄�.

The coefficients 
n transform in a simple way under special
Lorentz transformations of the null tetrad k, l, m, m̄, namely,

under null rotation around null vectors k or l, under a boost
in the k-l plane, and a spatial rotation in the m-m̄ plane �44�.
These transformation are summarized in Appendix D. The
tensor of electromagnetic field F�	 has six independent real
components which can be parametrized, similarly to the
Weyl tensor, as

�0�F�	 k�m	,

�1�
1

2
F�	 �k�l	�m�m̄	�, �4.6�

�2�F�	 m̄�l	.

The transformation properties of coefficients �n under the
null rotations, special boost, and spatial rotation can also be
found in Appendix D.

Now, we first introduce an algebraically special tetrad
ns , qs , rs , ss which is associated with the principal null
directions of the C-metric spacetime. We define

ns��e'��
��F

r
�' , rs�e
�

�G
r

�
 ,

�4.7�

qs��e���
1

r��F �� , ss�e��
1

r�G �� ,

and the corresponding null tetrad ks , ls , ms , m̄s by Eqs.
�4.1�. It is straightforward to check that these null directions
ks , ls can be expressed as

ks�
sin ṽ

&r���

1

��F �ṽ , ls�
sin ũ

&r���

1

��F �ũ , �4.8�

where the global null coordinates ũ , ṽ , parametrized by a
constant �, are introduced in Eq. �A38�. It turns out that the
Weyl tensor has the simplest form in this tetrad. It can be
expressed as

C�
1

12
�F��G��r2

�� 1

FG d'∧d
 d'∧d
�FG d�∧d�d�∧d�

�
G
F d'∧d� d'∧d��

F
G d�∧d
 d�∧d


�2d�∧d' d�∧d'�2d
∧d� d
∧d� � . �4.9�

Transforming this into the null tetrad �s , �s , �s , �̄s we find
that the only nonvanishing component is 
2

s , namely,
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2
s �

1

12
�F��G��r�2

��� m

a�
�

e2

a�
2 �' cosh ��
 sinh �� � a�

r3

��� m�2e2A
�
e2

r � 1

r3 ,

�4.10�

0

s �
1
s �
3

s �
4
s �0.

This exhibits explicitly that ks , ls are the double principal
null directions �44�, which lie in the �-' plane.

Similarly, the electromagnetic field tensor �2.4� in coordi-
nates �, ', 
, � reads

F�ed'∧d� . �4.11�

Using relations �4.1�, �4.7�, we find that the only nonvanish-
ing coefficient of electromagnetic field is �1

s ,

�1
s ��

e

2r2 , �0
s ��2

s �0. �4.12�

The special null tetrad defined above is appropriate for
discussion of algebraic properties of the fields. However,
near future infinity I � we will also have to use a different
tetrad no , qo , ro , so and the related null tetrad ko , lo , mo ,
m̄o . These will serve as reference tetrads with respect to
which we will parametrize a general asymptotic direction.
These tetrads are adapted to the Killing vectors �� , �� and
to de Sitter–like infinity I �. Namely, the timelike vector no
is asymptotically orthogonal to I �, and qo , ro , so are tan-
gent to I �. We define

no�e��
��E

r
�� , ro�e��

1

r
� E

FG �� ,

�4.13�

qo��e���
1

r��F �� , so�e��
1

r�G �� ,

the corresponding null tetrad ko , lo , mo , m̄o is given by Eqs.
�4.1�.

Relations between the tetrads ns , qs , rs , ss and no , qo ,
ro , so immediately follow from the definitions �4.7�, �4.13�
and from relations of coordinates �2.11� �cf. Eqs. �C2b�,
�C2c��,

ns��F
E cosh � no�� G

�E sinh � ro ,

rs�� G
�E sinh � no��F

E cosh � ro , �4.14�

qs�qo , ss�so .

A geometrical meaning of these transformations is seen in
Fig. 5. Both tetrads are related by a simple boost in the no-ro
plane with a boost parameter 	s given by

tanh 	s�� G
�F tanh � . �4.15�

This boost is described by relations similar to Eq. �D10�,
with the vectors q and r interchanged.

We obtain even a better visualization if we perform a
projection of the principal null directions ks , ls to a three-
dimensional hyperplane orthogonal to the timelike vector no .
We thus obtain ‘‘spatial’’ directions ks

� , ls
� ,

ks
��ks��ks•no�no , etc., �4.16�

of the null vectors ks , ls which lie in the qo-ro plane, sym-
metrically with respect to the vector ro �see Fig. 5�. If we
denote by #s the angle between qo and ks

� , we can write
ks

�*sin #s ro�cos #s qo , and taking into account the normal-
ization �4.3� we obtain

FIG. 5. A spacetime diagram �� direction is suppressed� that
depicts relations between the reference tetrad no , qo , ro , so �or
ko , lo , mo , m̄o), the algebraically special tetrad ns , qs , rs , ss �or
ks , ls , ms , m̄s), and the Robinson-Trautman tetrad kRT , lRT , mRT ,
m̄RT . The reference tetrad is naturally adapted to the infinity (no is
normal to I �) and the Killing vectors (qo and so are tangent to
them�, while the algebraically special tetrad is adapted to both
double principal null directions ks and ls . These two are related by
a boost in the no�ro plane, with the boost parameter 	s given by
Eq. �4.15�. The vectors qo and qs are identical, similarly so�ss .
Orthogonal projections ks

� , ls
� of the principal null directions onto

��const hyperplane �shaded� define the angle #s �Eq. �4.18�� that,
similarly to 	s , characterizes the relation between the reference and
the special tetrads. The vector kRT of the Robinson-Trautman tetrad
points into the principal null direction ks with the coefficient of
proportionality approaching zero on I �, cf. Eq. �4.28�. The other
null direction lRT belongs to the no-ks plane and it becomes ‘‘infi-
nitely long’’ on I �.
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ks�
1

& cos #s

�no�sin #s ro�cos #s qo�,

�4.17�

ls�
1

& cos #s

�no�sin #s ro�cos #s qo�,

see also Eq. �C3�. Comparing this with relations �4.14� and
using Eq. �4.1�, we find that the angle #s is given in terms of
the metric functions F, G, E as

sin #s�� G
�F tanh � , cos #s���F

E cosh � � �1

,

�4.18�

i.e., tanh 	s�sin #s .
We will be interested mainly in the tetrads at the confor-

mal infinity I �, i.e., for ��0, where '�
 tanh � and
E��1, see Eqs. �3.2�, �A24�. From the definitions �4.15�,
�4.18� and using Eqs. �A10�, �A11� we find that the boost
parameter 	s and the angle #s �which both characterize di-
rections ‘‘from the sources’’� may on the I � have values in
the ranges

	s��0,�� , sin #s��0,tanh �� . �4.19�

The zero values occur on the axis of � symmetry �points
‘‘between’’ the moving black holes; 
�
1 ,
2), the maximal
values occur on the ‘‘equator’’—the � circle of maximal cir-
cumference (
�0, v�0).

Transformation formulas �C3� allow us to find compo-
nents of the Weyl tensor and tensor of electromagnetic field
in the reference null tetrad ko , lo , mo , m̄o , namely,


2
o�

1

2

2

s �3 cos�2 #s�1 �,


1
o�
3

o��
3

2

2

s sin #s cos�2 #s , �4.20�


0
o�
4

o�
3

2

2

s sin2 #s cos�2 #s ,

�0
o��2

o��tan #s�1
s , �1

o�cos�1 #s�1
s , �4.21�

or, more explicitly �using Eqs. �4.10�, �4.12�, and �4.18��


2
o�

F��G�

8Er2

1

3
�2F cosh2 ��G sinh2 ��,


1
o�
3

o�
F��G�

8Er2 ��FG cosh � sinh � , �4.22�


0
o�
4

o��
F��G�

8Er2 G sinh2 � ,

�1
o��

e

2r2�F
E cosh � ,

�4.23�

�0
o��2

o�
e

2r2� G
�E sinh � .

As we have already mentioned, the tetrad no , qo , ro , so
serves as the reference tetrad with respect to which we char-
acterize an arbitrarily rotated tetrad nr , qr , rr , sr . The tetrad
nr , qr , rr , sr is obtained from the reference tetrad by a spa-
tial rotation given by angles #, +,

nr�no ,

qr�cos #qo�sin # cos +ro�sin # sin +so ,
�4.24�

rr��sin #qo�cos # cos +ro�cos # sin +so ,

sr��sin +ro�cos +so .

Let us note that the angles #, +, understood as standard
spherical coordinates spanned on the axes qo , ro , so , de-
scribe exactly the spatial direction kr

��(1/&)qr of the null
vector kr , where the spatial direction means projection or-
thogonal to the vector no . The relation between null tetrads
following from Eq. �4.24� can be found in Eq. �C5�. This
transformation is obtained as a consecutive composition of
null rotation with fixed k �Eq. �D3��, null rotation with fixed
l �Eq. �D6��, and of special boost and spatial rotation �D9�
with parameters

L��tan
#

2
exp��i+�,

K�sin
#

2
cos

#

2
exp��i+�, �4.25�

B�cos�2
#

2
, ��+ .

Finally, we also introduce the Robinson-Trautman tetrad
kRT , lRT , mRT , m̄RT �see, e.g., Ref. �44�� naturally connected
with the Robinson-Trautman coordinates $, $̄ , u, r �see Eqs.
�2.9� and �A25�, �A28��

kRT��r ,

lRT��
1

2
H�r��u��

r2E
2a�

2 �r��u ,

�4.26�

mRT�
P

r
�$̄�

1

�Gr
�$̄ ,

m̄RT�
P

r
�$�

1

�Gr
�$ .
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Here we have written down equivalent expressions using
both metric functions H, P commonly used in the Robinson-
Trautman framework, and the metric functions G, E of the
C-metric �see Eqs. �2.14�, �2.15��. The vector kRT of this
tetrad is oriented along the principal null direction ks , and it
will be demonstrated in Sec. VII that this tetrad is parallelly
transported along the geodesics tangent to principal null di-
rections.

The tetrad �4.26� is simply related to the particularly ro-
tated tetrad kr , lr , mr , m̄r �Eq. �C5�� with #�#s , +�0, #s
given by Eq. �4.18�:

kRT�exp�	RT�kr , lRT�exp��	RT�lr ,
�4.27�

mRT�mr , m̄RT�m̄r ,

i.e., the Robinson-Trautman tetrad can be obtained from the
reference tetrad ko , lo , mo , m̄o by the spatial rotation �C5�
with #�#s , +�0, followed by the boost �D9� with param-
eter

B�exp 	RT��
&�

��E ���
2

H
. �4.28�

We also give the relation between the Robinson-Trautman
and the algebraically special tetrad. Because the vectors kRT
and ks are proportional, the Robinson-Trautman tetrad is ob-
tained from the special tetrad by the null rotation �D3� fol-
lowed by the boost �D9� with the parameters

L��sin #s��� G
�F tanh � ,

�4.29�

B�exp 	RT cos #s�
&a�

r��F cosh �
.

The explicit relation of both tetrads can be found in Eqs.
�C3� and �C4�.

Using the transformations �D4�, �D11� and �D5�, �D12�
with these parameters L, B, we find that the only nonvanish-
ing components of the gravitational and electromagnetic
fields in the Robinson-Trautman tetrad are


2
RT�
2

s ��� m�2e2A
�
e2

r � 1

r3 ,

�4.30�


3
RT��

3

&

Ar

P

2

s , 
4
RT�3

A2r2

P2 
2
s ,

�1
RT��1

s ��
e

2r2 , �2
RT��&

Ar

P
�1

s , �4.31�

with 
2
s and �1

s also given by Eqs. �4.10� and �4.12�, see
Ref. �44�.

V. GRAVITATIONAL AND ELECTROMAGNETIC
FIELDS NEAR I ¿

Now we are prepared to discuss radiative properties of the
C-metric fields near the de Sitter–like infinity I �. As we
have already explained in Sec. I, by the radiative field we
understand a field with a dominant component having the
1/& fall-off, calculated in a tetrad parallelly transported along
a null geodesic z(&). We will in particular concentrate on
investigation of a directional dependence of the gravitational
and electromagnetic radiation.

To study the dependence of the fields on the directions
along which the spacelike infinity I � is approached, it is
crucial to find a parallelly transported tetrad along all null
geodesics. However, it is difficult to find a general geodesic
and the corresponding tetrad in an explicit form, except for
the case of very special geodesics along the privileged prin-
cipal null directions, which will be discussed in Sec. VII.
Fortunately, it is not, in fact, necessary to find an explicit
form of the geodesics and tetrads because we are interested
only in the dominant terms of the fields close to I �. It is
fully sufficient to study only their asymptotic forms.

Near infinity I �, null geodesics z(&) can be expanded in
the inverse powers of the affine parameter &→� . In particu-
lar, in coordinates �, �, �, � introduced in Eq. �2.11�, the null
geodesics z(&) can be expanded as

��&�,�*
a�

&
�¯ ,

��&�,����*
a�

&
�¯ ,

�5.1�

��&�,����*
a�

&
�¯ ,

��&�,����*
a�

&
�¯ ,

where the affine parameter & has the dimension of length.
There is no absolute term in the expansion of the coordinate
� because ��0 at I �. The constant parameters
�� , �� , �� �and the corresponding values '� and 
� given
by Eq. �2.11�� label the point N� at I � which is approached
by the geodesic z(&). The parameters �* , �* , �* charac-
terize the direction along which this point N� is approached.
The remaining coefficient �* can be determined from the
normalization of the tangent vector which must be null. The
tangent vector has the form

Dz

d&
,�

a�

&2 ��*����*����*����*���. �5.2�

The asymptotic form of the metric �2.12� along the null geo-
desic is

g,
&2

�
*
2 ��d�2�F�d�2�F�G�d�2�G�d�2�, �5.3�
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where F� and G� are the functions F and G evaluated at the
point N� at infinity I �, and we used E���1. Therefore,
the condition that the tangent vector is a null vector implies

�
*
2 ��F��

*
2 �F�G��

*
2 �G��

*
2 . �5.4�

Notice that �*�0 since ��0, and

r�&�,�&�¯ , where ���
1

�*
, �5.5�

which follows from Eq. �2.16�.
We wish to compare geodesics approaching the given

point N� along different directions. We thus need to ensure
‘‘the same’’ universal choice of the affine parameter & for all
geodesics. It is natural to require that the energy �or, equiva-
lently, the frequency� of the ray represented by the null geo-
desic

Eo��p•no��a�

Dz

d&
•no �5.6�

�see �45��, is the same independently of the direction of the
geodesic, i.e., that the component of the tangent vector to the
normal direction no is fixed. From Eqs. �5.6�, �5.2�, and
�4.13� it immediately follows that

Eo,
a�

2

&
��

a�
2

r
. �5.7�

The value of the energy Eo with respect to any asymptotic
observer characterized by the four-velocity no thus obviously
approaches zero as &→� . This behavior is caused by the de
Sitter–like character of I �. Therefore, we have to compare
the values of Eo at the same ‘‘proximity’’ to I �, i.e., at some
fixed large but finite value of the coordinate r �see �46��. We
conclude from Eq. �5.7� that fixing the energy at a given
prescribed value of r is equivalent to fixing the value of the
constant parameter � independently of a direction of the geo-
desic. Let us note that this approach is fully equivalent to
fixing a finite value of conformal energy, i.e., of the energy
defined with respect to a vector normal to I � normalized
using a conformal metric g̃��2g.

Next, it is necessary to find an interpretation tetrad ki , li ,
mi , m̄i which is parallelly transported along the geodesic
z(&). However, using only an asymptotic expansion of the
tetrad at infinity I �, we cannot determine unique initial con-
ditions which define this tetrad somewhere in a finite region
of the spacetime. But without specifying these initial condi-
tions, the parallelly transported tetrad at I � is given only up
to an arbitrary �finite� Lorentz transformation. It thus seems
that we are losing all information because of this nonunique-
ness. However, it is not so. It will be demonstrated that the
crucial information about the behavior of the fields at infinity
I � is hidden in an ‘‘infinite’’ Lorentz transformation corre-
sponding to the parallel transport from a finite region of the
spacetime up to infinity. It will thus be sufficient to find only
the leading term of this transformation.

To be more specific, we naturally choose the vector ki of
the parallelly transported interpretation null tetrad to be pro-

portional to the �parallelly transported� tangent vector of the
geodesic. This ensures that ki is finite in finite regions of
spacetime �see �47��. However, we still have a freedom in the
normalization of ki which can be multiplied by an arbitrary
finite factor, constant along the geodesic. Similarly to the
choice of the ‘‘universal’’ affine parameter for different geo-
desics, we have to choose the parallelly transported tetrads in
some suitable ‘‘comparable’’ way for various geodesics ap-
proaching the same point N� at infinity from different direc-
tions. Not having an explicit form of the geodesics �except
for those special ones discussed in Sec. VII�, we have to
eliminate the dependence on initial conditions by fixing final
conditions for the tetrad at infinity I �. Namely, we will
require that the normalization of the vector ki is specified
independently of the direction of the geodesics. This is
achieved, for example, by the condition

ki•dr�1. �5.8�

Thanks to Eq. �5.5� we thus have

ki�
1

�

Dz

d&
. �5.9�

Concerning vectors mi , m̄i of the parallelly transported
interpretation tetrad, there is a priori no ‘‘canonical’’ pre-
scription how to choose these in a universal way for different
geodesics. The only constraint is the correct normalization
�4.3�. Therefore, we have to find such physical quantities
which are invariant under this freedom. It will be shown
below �see Eq. �5.18� and discussion therein� that the mag-
nitude of the leading term of the fields at I � is, in fact,
independent of the specific choice of the vectors mi , m̄i .

However, there is a natural possibility to fix the null vec-
tor li of the tetrad by the condition that the timelike unit
vector no , orthogonal to infinity I �, lies in the ki-li plane. In
this case the parallelly transported tetrad can be obtained by
a boost in the ki-li plane from the rotated tetrad kr , lr , mr ,
m̄r �see Eqs. �4.24� or �C5�� with properly chosen angles #,
+. Clearly, the vector kr has to point exactly in the direction
of the geodesic or, equivalently, the spatial vector qr has to
point in the spatial direction of the geodesic �here again by
spatial vectors we mean those orthogonal to no�nr , i.e.,
tangent to I �). Using Eqs. �5.9�, �5.2�, and �4.13� we obtain

ki,
a�

�& � no�
1

&
��*����*����*��� � . �5.10�

The unit vector qr in the spatial direction of the geodesic is
thus

qr,�
1

&
��*����*����*���

����F�

�*
�*

qo���F�G�

�*
�*

ro��G�

�*
�*

so .

�5.11�
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The leading term of the expansion of the parallelly trans-
ported tetrad near the infinity then can be written as

ki,
&a�

�&
kr�

a�

�&
�no�qr�, mi,mr ,

�5.12�

li,
�&

&a�

lr�
�&

2a�
�no�qr�, m̄i,m̄r .

Here, we have made a particular choice of the vectors mi ,
m̄i . In general, mi could differ from mr by a phase factor �a
rotation in the mi-m̄i plane� which, as we mentioned, cannot
be fixed in a canonical way. Our choice mi,mr is ‘‘natural’’
for the approach presented here. However, in the next section
we will encounter another ‘‘suitable’’ choice of the vector
mi .

Now we have to identify the angles #, +. Let us recall that
these angles are just spherical coordinates of the spatial di-
rection qr*ki

� with respect to the reference frame qo , ro , so .
Comparing Eqs. �5.11� and �4.24� we find that the parameters
�* , �* , �* , characterizing the asymptotic spatial direction
of the geodesic �5.1�, fix the angles #, + as

�*�
1

���F�

cos # ,

�*��
1

���F�G�

sin # cos + , �5.13�

�*��
1

��G�

sin # sin + .

In the following we will use these angles #, + to parametrize
the direction along which a null geodesic approaches the
point N� on I �.

Now we are ready to calculate the leading terms of the
components 
n

i of the Weyl tensor in the parallelly trans-
ported tetrad given above. First we find the components 
n

r

in the rotated tetrad kr , lr , mr , m̄r . These can easily be
obtained from Eq. �4.22� using relations �D4�, �D7�, and
�D11� with the parameters �4.25�. Notice that all these com-
ponents are of the same order in &, namely, %&�3 �cf. also
Eq. �5.17� below�. To obtain the components 
n

i in the par-
allelly transported tetrad we perform an additional boost
�5.12� in the kr-lr plane with the boost parameter given by

B�
&a�

�&
. �5.14�

Using relations �D11� we immediately observe that it res-
cales 
n

i by different powers of &, namely,


n
i %

1

&5�n , n�0,1,2,3,4. �5.15�

The field thus clearly exhibits the peeling behavior. The
leading term of the gravitational field representing radiation
near infinity I � is 
4

i %1/& . Explicitly, this term asymptoti-
cally takes the form


4
i ,

1

16a�
2 cos2 #s

�F��G��

��sin #�sin #s cos +�i sin #s cos # sin +�2.

�5.16�

Here we should note that �see Eq. �4.10��

1

12
�F��G��,��m�2e2A
��

1

�&
. �5.17�

The phase of the component 
4
i depends on the choice of

the vector m̄i �see Eq. �4.5��. Because the vector m̄i was
chosen arbitrarily, only the modulus �
4

i � can have a physi-
cal meaning. Using the peeling behavior �5.15� we can even
justify that the magnitude �
4

i � does not depend on any
change of the null vectors li , mi , m̄i at infinity. Indeed, we
may perform an arbitrary finite Lorentz transformation which
leaves the vector ki fixed. Such a transformation can be gen-
erated by a combination of the discussed spatial rotation in
the mi-m̄i plane �D9� which change only a phase of 
4

i , and
of a null rotation �D3�. Under this transformation, the com-
ponent 
4

i transforms according to Eq. �D4� as


4
i��
4

i �4L̄
3
i �6L̄2
2

i �4L̄3
1
i �L̄4
0

i . �5.18�

Since L is finite and the components 
n
i %&n�5,

n�0, 1, 2, 3 are of the higher order in 1/& than 
4
i %&�1,

they do not change the leading term of the field, i.e., 
4
i

remains invariant. �Let us note that the same is obviously not
true for leading terms of other components of the Weyl ten-
sor.�

The invariant physical quantity �
4
i � is thus

�
4
i �,

3

4

�m�2e2A
��

�a�
2 cos2 #s

1

&

���sin #�sin #s cos +�2�sin2 #s cos2 # sin2 +� ,

�5.19�

where the angle #s identifying the principal null directions at
infinity is, thanks to Eqs. �4.18�, �2.6�, �2.13� and E���1,
given by

sin #s�� G�a�
2 A2

1�G�a�
2 A2,

1

cos2 #s
�1�G�a�

2 A2.

�5.20�

Note that the term (m�2e2A
�) in Eq. �5.19� is positive,
which follows �although not immediately, see Appendix B�
from the conditions �2.5�.
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Analogously, we obtain the components �n
i of the elec-

tromagnetic field in the parallelly transported null tetrad in
the form

�n
i %

1

&3�n , n�0,1,2, �5.21�

which also exhibits the peeling behavior. The leading term of
the radiative component �2

i is asymptotically

�2
i ,

1

2&

e

�a� cos #s

1

&

��sin #�sin #s cos +�i sin #s cos # sin +�.

�5.22�

Similarly to the 
4
i component, only the modulus of this

expression is independent of a choice of the interpretation

tetrad. Moreover, the square of modulus now has a clear
physical meaning—it is exactly the leading term of the mag-
nitude of the Poynting vector Si in the parallelly transported
frame defined with respect to the timelike vector ni . Thus,
we obtain

4��Si�,��2
i �2,

1

8

e2

�2a�
2 cos2 #s

1

&2

���sin #�sin #s cos +�2�sin2 #s cos2 # sin2 +� .

�5.23�

The direction of the Poynting vector Si is asymptotically
given by the vector qi . Interestingly, the dependence of �
4

i �
and ��2

i �2 on the direction along which a point N� at infinity
I � is approached �i.e., the dependence on angles # and +� is
exactly the same, namely,

FIG. 6. The magnitude of the leading terms of gravitational and
electromagnetic fields, given by Eqs. �5.19� and �5.23�, as a func-
tion of a direction from which the point N� at infinity is
approached—the directional pattern of radiation. The directions
from the origin N� of the diagram correspond to spatial directions
in spacelike conformal infinity I �. The magnitude of the fields
measured along a null geodesic with a tangent vector k is drawn in
the spatial direction �k� from which the geodesic arrives �i.e., the
geodesic points into the spatial direction k�). The angles #, + pa-
rametrizing the spatial direction k� are measured from the axis qo

and around the axis qo starting from the ro-qo plane, respectively.
The special geodesics in principal null directions ks and ls , i.e., the
null geodesics coming from the ‘‘left’’ black hole and the ‘‘right’’
black hole �pointing ‘‘from the sources’’�, are denoted by zs

(1) and
zs

(r) . They approach the point N� at infinity along the spatial direc-
tions ks

� and ls
� . On the other hand, za

(r) and za
(l) are ‘‘antipodal’’

null geodesics approaching the infinity along the spatial directions
�ks

� , �ls
� , opposite to that of zs

(l) and zs
(r) , respectively. The

leading radiative term of the fields completely vanishes along these
antipodal geodesics.

FIG. 7. The particular sections �-�, �-�, and �-� of the direc-
tional pattern of radiation shown in Fig. 6. The oriented angles # of
the spatial directions of the geodesics from sources (#�#s and #
���#s , +�0) and of the antipodal geodesics (#�#s and
#���#s , +��) are indicated.
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A�# ,+���sin #�sin #s cos +�2�sin2 #s cos2 # sin2 + .
�5.24�

The angular dependence �5.24� for a fixed value of #s which
characterize the directional pattern of radiation at a given
point of I � is shown in Figs. 6 and 7, and for various #s in
Fig. 8.

Let us now discuss the main results �5.19� and �5.23�.
These expressions can be understood as a more detailed
characterization of radiative fields near the spacelike confor-
mal infinity, supplementing thus the peeling behavior �5.15�,
�5.21�. It follows from Eqs. �5.19�, �5.22� that the dominant
components of both fields decay asymptotically near I �,
corresponding to r�� , as (�&)�1�r�1. The electromag-
netic field is proportional to the charge parameter e whereas
the gravitational field is proportional to the mass parameter
m modified, interestingly, by the term �2e2A
� which is a
combination of electric charge and acceleration parameters,
and the constant 
� denoting a specific point at infinity I �.
Both the gravitational field �
4

i � and the electromagnetic
Poynting vector 4� �Si�,��2

i �2 are proportional to a�
�2

� 1
3 � �but they also depend implicitly on � through the pa-

rameter #s , see Eq. �5.20��. The radiation at I � thus in-
creases with a growing value of the cosmological constant �.

The angular dependence of the magnitude of radiation
A�#, +� is presented in Figs. 6 and 8. Their grid is given by
the coordinate lines #�const and +�const, respectively. It
is straightforward to investigate the behavior of the function
A�#, +� for a fixed #. The minimal value is A(# ,�)
�(sin #�sin #s)

2, and the maximum is A(# ,0)�(sin #
�sin #s)

2. The global maximum A�(1�sin #)2 occurs for
#��/2, +�0. The greatest magnitude of radiation thus ar-
rives at infinity from the direction of ro . On the other hand,
the minimal value A�0 is obtained for #�#s , +�� and
#���#s , +�� . These are exactly the spatial directions
�ls

� , �ks
� of antipodal null geodesics za

(l) and za
(r) , along

which the radiation completely vanishes. The value of A
along the geodesics zs

(l) and zs
(r) coming from the black holes

in the directions ks
� (#�#s ,+�0) and ls

� (#���#s ,

+�0) is A�4 sin2 #s . The value along the direction qo �cor-
responding to #�0) is A�sin2 #s , and along so (#��/2,
+��/2) is A�1.

Finally, it is interesting to observe that for a vanishing
acceleration of the black holes, i.e., for A�0 which implies
#s�0, we obtain

�
4
i �,

3

4

m

�a�
2

1

&
sin2 # ,

�5.25�

��2
i �,

1

2&

e

�a�

1

&
sin # .

The angular dependence A�sin2 # is now independent of +
so that the directional pattern is axially symmetric �see the
diagram on the very left of Fig. 8�. Moreover, the gravita-
tional and electromagnetic fields decay as 1/& even in this
case of nonaccelerated black holes if the fields are measured
along a nonradial null geodesic (#�0,�). A generic ob-
server thus detects radiation. This effect is intuitively caused
by observer’s asymptotic motion relative to the ‘‘static’’
black holes. Only for special observers moving along null
geodesics radially from the black holes (#�0,�) the radia-
tion vanishes as one would expect for ‘‘static’’ sources.

Interestingly, the angular dependence A�#, +� is exactly
the same as that obtained in Ref. �22� for test electromag-
netic field of two accelerated charges in de Sitter space �see
�48��.

VI. THE RADIATION IN THE ROBINSON-TRAUTMAN
FRAMEWORK

In this part we rederive the above results using the frame-
work naturally adapted to the Robinson-Trautman coordinate
system �2.14�. This will not only provide us with an indepen-
dent way of deriving the characteristic directional pattern of
radiation generated by accelerated charged black holes in the
asymptotically de Sitter universe, but opens a possibility to
investigate even more general exact radiative solutions from

FIG. 8. The directional pattern of radiation from Fig. 6 for different values of the angular parameter #s . Because the directional
dependence �5.24� of the gravitational and electromagnetic radiation depends only on this single parameter #s given by Eq. �4.18�, both
changes of a position N� at infinity I � and changes of the physical parameters m, e, A, and � manifest only through a change of the angle
#s . The diagrams with different values of #s can thus be interpreted either as the directional patterns at different points of infinity I �, or as
the directional characteristics at ‘‘the same’’ point �with fixed values of the metric functions F and G�, but in spacetimes with, for example,
different acceleration of the black holes.

RADIATION FROM ACCELERATED BLACK HOLES IN A . . . PHYSICAL REVIEW D 68, 024005 �2003�

024005-15

Urychlené černé díry a struktura záření ... 109



the large and important Robinson-Trautman family.
We start again with investigation of asymptotic null geo-

desics approaching infinity I �, i.e., those for which r→� .
Assuming a natural expansion of these geodesics in powers
of 1/r �rather than in the affine parameter 1/& as was done in
the previous section�,

$,$��
c

r
�¯ ,

u,u� �
d

r
�¯ , �6.1�

r�&�→� as &→� ,

where $� , u� , c, d are constants, the derivatives with re-
spect to the affine parameter & are

$̇,�
ṙ

r2 c�¯ ,

�6.2�

$̈, �
r̈

r2 �c�¯ ��
ṙ2

r3 �2c�¯ �.

The expressions for u̇ , ü are obtained from Eq. �6.2� by
replacing c with d. Similarly, we may expand the metric
functions and other quantities. Using Eqs. �6.1� and �6.2� and
the Christoffel symbols �A32�, the geodesic equations in the
highest order read

c
r̈

r
�0, d

r̈

r
�N ṙ2

r2 , a�
2 r̈

r
��N ṙ2

r2 , �6.3�

where

N�2P�
�2cc̄�2d�a�

�2d2, �6.4�

P� being the asymptotic value of P at the point N� at infin-
ity. However, a normalization of the tangent vector for null
geodesics requires

N�0. �6.5�

Consequently, the asymptotic form of the null geodesics ap-
proaching I � is

r,�& , $,$��
c

r
, u,u��

d

r
,

�6.6�
Dz

d&
��� �r�

c

r2 �$�
c̄

r2 �$̄�
d

r2 �u� ,

where the constant � can be identified with that introduced in
Eq. �5.5�, $� , u� specify the point N� on I � towards
which the particular geodesic is approaching, and c, d are
parameters representing the direction along which N� is
reached. In fact, this direction is basically parameterized just
by the complex constant c since, using relations �6.5�, �6.4�,
d is then given as d��a�

2 (1��1�2a�
�2P�

�2cc̄). For a
particular c, there are thus only two real values of d which

represent two possible different orientations with which the
null geodesics may approach I � in the given spatial direc-
tion. In particular, for the special choice c�0 we obtain
d�0 and d��2a�

2 . The first corresponds exactly to the
privileged principal null direction along ks ‘‘from the
source’’ �i.e., the null geodesic zs

(l) along the spatial direction
ks

�), the second to an opposite orientation of this direction
‘‘away from the source’’ �the ‘‘antipodal’’ null geodesic za

(r)

along �ks
�), see Fig. 6.

In order to find the behavior of radiation near I � we
again have to set up the interpretation tetrad transported par-
allelly along a general asymptotic null geodesic, and project
the Weyl tensor and the tensor of electromagnetic field onto
this tetrad. We start with the Robinson-Trautman null tetrad
�4.26�, naturally adapted to the Robinson-Trautman coordi-
nate system �2.14�. We have seen in Sec. IV that the vector
kRT is oriented along one of the principal null direction,
namely, ks , and �as we will see in Sec. VII� the tetrad �4.26�
is parallelly transported along the algebraically special geo-
desics. In this standard tetrad the only nontrivial components

n

RT and �n
RT , which represent the gravitational and electro-

magnetic field, are given by Eqs. �4.30� and �4.31�. Let us
now perform two subsequent null rotations and a boost of
this Robinson-Trautman null tetrad �4.26�. We first apply Eq.
�D6�, then �D3�, and finally �D9� with the parameters

K��
c

� 1� 1
2 a�

�2d�Pr
,

L�
cr

2a�
2 P

, �6.7�

B�1� 1
2 a�

�2d , ��0.

The resulting null tetrad, using relation �6.5�, then takes the
following asymptotic form as r→�:

ki,� �r�
c

r2 �$�
c̄

r2 �$̄�
d

r2 �u� ,

li,
r2

2a�
2 � �r�

c

r2 �$�
c̄

r2 �$̄�
d�2a�

2

r2 �u� ,

�6.8�

mi,
P

r � cd

2a�
2 c̄

�$�� 1�
1

2
a�

�2d ��$̄�
c

P2 �u� ,

m̄i,
P

r � � 1�
1

2
a�

�2d ��$�
c̄d

2a�
2 c

�$̄�
c̄

P2 �u� .

Obviously, the above vector ki is tangent to a general
asymptotic null geodesics �6.6�. Moreover, the tetrad is cho-
sen in such a way that the timelike unit vector orthogonal to
I �

no�
1

��H
��H�r��u�,

r

a�
�r�

a�

r
�u , �6.9�
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introduced in Eq. �4.13�, belongs to the plane spanned by the
two null vectors ki and li . Indeed,

no,
1

&
� r

&a�

ki�
&a�

r
li� . �6.10�

Note that this choice corresponds to a boost Eq. �D9� which
becomes unbounded as r→� .

As discussed in the previous section, in order to compare
the radiation for all null geodesics approaching the given
point at de Sitter–like infinity I �, it is necessary to intro-
duce a unique and universal normalization of the affine pa-
rameter & and of the vector ki . We concluded that a natural
and also the most convenient choice is to keep the parameter
� fixed �see discussion near Eq. �5.6�� and to require Eq.
�5.9�. These conditions are obviously satisfied by Eq. �6.8�,
cf. Eq. �6.6�. Therefore, the tetrad �6.8� is exactly the inter-
pretation tetrad suitable for analysis of behavior of fields on
I �.

Now we perform a projection of the above null tetrad onto
the spacelike infinity I �. These projections ki

� , li
� , mi

� �cf.
Eq. �4.16�� are

ki
�,�

1

r2 �c�$� c̄�$̄��d�a�
2 ��u� ,

�6.11�

li
�,�

r2

2a�
2 ki

� , mi
��mi , m̄i

��m̄i .

The radiation approaching I � along the null vector ki propa-
gates in the spatial direction ki

�*qr . Imposing the normal-
ization condition qr•qr�1, the unit vector of the radiation
direction thus takes the form

qr,�
1

a�r
�c�$� c̄�$̄��d�a�

2 ��u� . �6.12�

Of course, this vector is identical to the vector qr introduced
previously in Eq. �4.24�. Using Eqs. �C2f�–�C2h�, �4.13�,
and �4.18� we obtain

�$�
1

&

r

P
��sin #sqo�cos #s ro�iso�,

�u����H�cos #sqo�sin #sro�, �6.13�

�r�
1

��H
�no�cos #sqo�sin #sro�.

Substituting this into Eq. �6.12�, using E���1, and compar-
ing with the expression �4.24�, we obtain the following rela-
tion between the Robinson-Trautman parameters c, d and the
angles #, +

c� c̄

&a�P�

�sin #s cos #�cos #s sin # cos + ,

i
c� c̄

&a�P�

��sin # sin + , �6.14�

1�a�
�2d�cos #s cos #�sin #s sin # cos + .

Of course, this parametrization identically satisfies the nor-
malization condition �6.5�. Moreover, it can now be demon-
strated that the above null tetrad �6.8� is in fact identical to
the parallelly transported tetrad �5.12�, except for the trans-
verse vector mi , which was previously defined as mi,mr ,
mr given by Eq. �C5� �cf. Eqs. �4.24�, �4.1��. Such a vector is
related to the vector mi adapted to the Robinson-Trautman
framework �6.8� by the spatial rotation �D9�,
mi�exp(�i+i)mr , where the rotation angle + i is given by

sin + i�
�cos #s�cos #�sin +

1�cos #s cos #�sin #s sin # cos +
,

cos + i�
sin #s sin #��1�cos #s cos #�cos +

1�cos #s cos #�sin #s sin # cos +
,

�6.15�

exp� i+ i��

exp� i+�cos
#s

2
cos

#

2
�sin

#s

2
sin

#

2

cos
#s

2
cos

#

2
�exp� i+� sin

#s

2
sin

#

2

.

Finally, we calculate the leading components of the gravi-
tational and electromagnetic fields in the interpretation frame
�6.8� asymptotically close to infinity I �. As we have said,
the Lorentz transformation from the tetrad �4.26� to the
tetrad �6.8� is given by two subsequent null rotations and the
boost with the parameters given by Eq. �6.7�. Starting with
the components �4.30� in the standard Robinson-Trautman
frame, using Eqs. �D7�, �D4�, �D11� and �D8�, �D5�, �D12�,
we obtain after somewhat lengthy calculation


4
i ,�

3A2�m�2e2A
��

rP�
2 � 1�

1

&a�
2 A

c̄�
1

2a�
2 d � 2

,

�6.16�

�2
i ,

eA

&rP�
� 1�

1

&a�
2 A

c̄�
1

2a�
2 d � .

Substituting from Eq. �6.14� for the parameters c and d, and
using Eqs. �5.20� and �2.15� we get


4
i ,�

3

4

�m�2e2A
��

a�
2 r cos2 #s

��sin #s�sin # cos +�i cos #s sin # sin +�2, �6.17�

�2
i ,

1

2&

e

a�r cos #s

��sin #s�sin # cos +�i cos #s sin # sin +�.
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We should have recovered the previous results �5.16� and
�5.22�. Comparing them we find that the expressions differ in
the angular part. However, this is a consequence of the dif-
ference of interpretation tetrads used in the previous and in
this sections. The results are, in fact, identical after perform-
ing a spatial rotation �D9� with the angular parameter + i
given by Eq. �6.15�. This changes the phase of the compo-
nents according to Eqs. �D11�, �D12�, and we obtain 
4

i

�exp(2i+i)
4
i , �2

i �exp(i+i)�2
i , where the left hand side

is given by Eq. �6.17�, and the right-hand side by Eqs. �5.16�,
�5.22�. Both results are thus equivalent.

The tetrads �5.12� and �6.8� have been introduced in a
way natural to each specific approach. The fact that they
differ in definitions of the vector mi documents what we
have already discussed above: there is no canonical way how
to choose the interpretation tetrad. It also means that the
phase of the results �5.16�, �5.22�, or �6.17� is not physical.
Invariant information, independent of a choice of the inter-
pretation tetrad, is contained in the modulus of the tetrad
components of the fields. Obviously, the magnitudes of the
field components �6.17� are the same as the results �5.19� and
�5.23� derived previously.

VII. RADIATION ALONG THE ALGEBRAICALLY
SPECIAL NULL DIRECTIONS

In the final section we concentrate on a family of special
geodesics zs

(l) approaching infinity I � along principal null
direction ks , and investigate the fields with respect to the
corresponding interpretation tetrad. Using Eqs. �A32� it is
straightforward to observe that the coordinate lines

u�u��const, $�$��const �7.1�

�i.e., also 
�const, ��const) are null geodesics, r is their
affine parameter, and the tangent vector is kRT��r . �For
simplicity, in this section we use the affine parameter r, a
general affine parameter & can be introduced by a trivial
rescaling r��& , cf. Eq. �5.5�.� The geodesics zs

(l)(r) ema-
nate ‘‘radially’’ from the ‘‘left’’ black hole up to the infinity
�similarly we could investigate analogous geodesics zs

(r)

along ls from the ‘‘right’’ black hole�. As we have seen in
Sec. IV �cf. Eq. �4.27� and the subsequent discussion�, the
tangent vector kRT is oriented along the principal null direc-
tion ks . These geodesics thus approach the infinity from the
specific spatial direction characterized by the angles

#�#s , +�0 �7.2�

or by the parameters c�0, d�0 �see Eq. �6.14��.
Moreover, in such a case we can identify explicitly the

parallelly transported interpretation tetrad—it can easily be
shown using Eqs. �A32� that the Robinson-Trautman tetrad
�4.26� is parallelly transported along zs

(l)(r), i.e.,

kRT•�kRT�0, kRT•�lRT�0, kRT•�mRT�0. �7.3�

We can thus set the interpretation tetrad

�ki ,li ,mi ,m̄i�-�kRT ,lRT ,mRT ,m̄RT� �7.4�

in the whole spacetime, not only asymptotically near I �, as
in Eq. �6.8� for c�0, d�0. As follows from Eqs. �4.30� and
�4.31�, all components of gravitational and electromagnetic
fields are explicitly


4
i ��3� m�2e2A
�

e2

r �A2G 1

r
,


3
i �

3

&
� m�2e2A
�

e2

r �A�G 1

r2 , �7.5�


2
i ��� m�2e2A
�

e2

r � 1

r3 , 
1
i �
0

i �0,

and

�2
i �

eA�G
&

1

r
, �1

i ��
e

2

1

r2 , �0
i �0. �7.6�

Clearly, the leading terms in the 1/r expansion give the pre-
vious general asymptotical results �5.19� and �5.23� with #, +
specified by Eq. �7.2�, and r��& . In the case of de Sitter
spacetime (m�0, e�0) the field components identically
vanish, in the general case the fields have a radiative charac-
ter (%1/r) except for a vanishing acceleration A and/or for
G��0. The ‘‘static’’ case A�0 has been already discussed
after Eq. �5.25�. The case G��0 corresponds to observers
located at the privileged position—on the axes 
�
1 and

�
2 . This is analogous to the well-known situation of an
electromagnetic field of accelerated test charges in flat space-
time which is also not radiative along the axis of symmetry.

Let us note that in this case the affine parameter r coin-
cides, in fact, both with the luminosity distance and the par-
allax distance for the congurence of the above null
geodesics—as for any Robinson-Trautman spacetime de-
scribed by the metric �2.14�. Indeed, the luminosity distance
rL is related to the affine parameter r by the relation �3�

drL

dr
�

1

2
rL�•kRT . �7.7�

Thanks to Eqs. �A32� one obtains (1/2)�•kRT�1/r , and thus
rL�r . This means that the radiative 1/r fall-off of the fields
is naturally measurable �even locally� by observers moving
radially to infinity, using both the parallax and the luminosity
methods for determining the distance.

In the previous sections, when we studied the radiation
along general geodesics, we have been able to fix the inter-
pretation tetrad only asymptotically, by specifying appropri-
ate final conditions at infinity �see Eqs. �5.8�, �5.12� and the
discussion nearby�. For the special family of geodesics �7.1�
discussed here we can specify the interpretation tetrad by
setting the initial conditions anywhere in the finite region
inside the spacetime. Because any point at infinity I � is only
reached by one algebraically special geodesic zs

(1) from the
‘‘left’’ black hole, this does not allow us to study the direc-
tional pattern of radiation with respect to the interpretation
tetrad fixed by these explicit initial conditions. However, we
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can study the standard positional pattern of radiation along
these special geodesics—the dependence of radiation on the
position of asymptotic point N� in the infinity.

The initial conditions for interpretation tetrad inside a fi-
nite region of the spacetime can be chosen in many different
ways, e.g., using some natural tetrad on a spacelike hyper-
surface �‘‘initial instant of time,’’ cf. �49��, on a ‘‘surface of
sources,’’ on a special null hypersurface, etc. Obviously, geo-
metrically privileged locations where we can specify such
initial conditions are horizons, in particular the cosmological
horizon '�'c , or the outer horizon '�'o of the ‘‘left’’ black
hole. The former one �its ‘‘future’’ half� forms a �past�
boundary of the domain in which any observer has to reach
the future infinity I � �the domain I containing I � in Fig. 2�.
The latter one forms the ‘‘surface’’ of black hole and can thus
be understood as a ‘‘surface of sources’’ �the boundary be-
tween regions II and III�. Although we have in mind mainly
these two cases, the following discussion can be applied to
any horizon '�'h . The special geodesics cross such horizon
at null hypersurface ṽ�n� , the global null coordinates ũ , ṽ
being defined in Eq. �A38�, and the integer n fixed by the
horizon under consideration �in particular n�0 and n��1
in Fig. 2�.

First, we observe that the choice �7.4� is the most natural
one. The Robinson-Trautman tetrads in the whole
spacetime—and thus the corresponding initial conditions on
any horizon '�'h—are actually invariant under a shift along
the Killing vector �� . Indeed, expressing the Robinson-
Trautman tetrad in terms of the coordinate vectors
�� ,�� ,�� ,�� �using Eqs. �4.26�, and �C2f�-�C2h�� we find
that the coefficients are independent of �, i.e., the Lie deriva-
tives vanish,

L��
kRT�0, L��

lRT�0, L��
mRT�0. �7.8�

The definition of the interpretation tetrad �7.4� thus respects
the symmetry of spacetime.

There is also another possibility to fix the interpretation
tetrad ki� ,li� ,mi� ,m̄i� on the horizon '�'h . We choose the
null vector ki�*kRT tangent to the geodesic, and the null
vector li� tangent to the horizon. Now we have to specify the
length of one of these vectors, length of the other one is then
fixed by the normalization �4.3�. It will be achieved by re-
quiring that the vector li� is parallelly transported along the
null geodesic generator of the horizon �note, however, that
this condition cannot be satisfied for the vector ki�). Finally,
we should fix the remaining vectors mi� ,m̄i� . However, we
will be interested only in the magnitude of the leading terms
of the field components �as in the previous sections� and
therefore a specific choice of the vectors mi� ,m̄i� , is
irrelevant—see the discussion before Eq. �5.18�. The inter-
pretation tetrad defined in this way is a natural choice for
observers localized on the horizon—its definition remains
‘‘the same’’ �is parallelly transported� along the generators of
the horizon.

To follow explicitly the procedure described above, we
use the global null coordinates ũ , ṽ . The definition of these
coordinates depends on a choice of parameter �. As ex-

plained in Appendix A, the metric �A39� is regular with re-
spect of these coordinates on the horizon '�'h if we set

���h , �7.9�

where �h is given by Eq. �A36�. In the following we assume
such a choice. We also introduce the sign of �h :

�1�sgn �h , �7.10�

then

cos ũ	 '�'h
ũ�m�

�cos ṽ	 v�vh
ṽ�n�

��1. �7.11�

For the cosmological horizon sgn�c�1, whereas for the
outer horizon sgn�o��1. With these definitions the metric
coefficient gũ ṽ evaluated on the horizon '�'h reads

gũ ṽ	 '�'h
ṽ�n�

��rh
2 ��h�

�̃h

�1�cos ũ ��1, �7.12�

where �̃h is defined in Eq. �A42�, and

rh�r�'�'h
�

a�

'h cosh ��
 sinh �
. �7.13�

Here and in the following we repeatedly use relation �A41�.
Now, we fix the vectors ki� ,li� at the bifurcation two-

surface ũ�m� , ṽ�n� of the horizon in a ‘‘symmetric
way,’’ namely,

li�	 '�'h
ṽ�n�
ũ�m�

�
&

rh
� �̃h

��h�
�ũ , ki�	 '�'h

ũ�m�

ṽ�n�

�
&

rh
� �̃h

��h�
�ṽ .

�7.14�

Using the fact that the only nonvanishing Christoffel coeffi-
cient . ũ ũ

� is

. ũ ũ
ũ �'�'h

��� tan
ũ

2 � �1

, �7.15�

we find that the vector li� defined by

li�	 '�'h
ṽ�n�

�
1

&rh

� �̃h

��h� �1�cos ũ ��ũ , �7.16�

is parallelly transported along the geodesic null generators of
the horizon ṽ�const, 
�const, ��const, with the initial
condition �7.14�. Obviously, li� is tangent to the generator,
and li�•�li��

ṽ�n�

'�'h �0. Taking into account the normalization

�4.3� and the metric coefficient �7.12� we find the normaliza-
tion of the null vector ki� ,

ki�	 '�'h
ṽ�n�

�
&

rh
� �̃h

��h�
�ṽ . �7.17�

The null vectors ki� ,li� do not coincide on the horizon
with the Robinson-Trautman null vectors ki , li given by
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Eq. �7.4�. Expressing the tetrad �4.26� in the ũ , ṽ coordinates
�cf. Eqs. �C4�, �4.8�� we find

ki�
ṽ�n�

'�'h �
2a��̃h

rh
2 cosh � � cot

ũ

2 � �1

�ṽ , �7.18�

i.e., the vectors ki� and ki are proportional. The vectors li�
and li do not even point into the same null direction. We
could explicitly relate the interpretation tetrad
ki� ,li� ,mi� ,m̄i� to the tetrad �7.4� by a combination of a
boost in the k-l plane �D9� followed by a transformation
�D3� leaving k fixed. Of course, this relation obtained on the
horizon is propagated by a parallel transport up to infinity
I �. The parameter B of the boost transformation simply
follows from relation ki��Bki between the vectors ki� and ki
�see Eqs. �7.17�, �7.18��,

B�
rh cosh �

a�
�2��h��̃h

� tan
ũ

2
� �1

. �7.19�

As we discussed in Sec. V �see Eq. �5.18�� the magnitude of
the leading term of the fields is independent of the transfor-
mation with k fixed, so we do not need to identify the second
transformation �D3� explicitly.

Using the transformation properties �D11� and �D12� of
the fields we finally derive the magnitude of the leading term
of the fields with respect to the interpretation tetrad
ki� ,li� ,mi� ,m̄i� specified on the horizon '�'h . We obtain

�
4
i��,B�2�
4

i �, ��2
i��2,B�2��2

i �2, �7.20�

B�2�2��h��̃h�'h�
� tanh ��2 exp� �
cosh �

a�

u�

�h
� ,

where 
� and u� denote the coordinates of the point N� on
I �, and we have used relations �7.13� and �A38�.

As expected, such a different choice of the interpretation
tetrad does not change the radiative character of the fields
�the 1/r fall-off�, it only modifies the field components by a
finite factor. Nevertheless, such modification can be
substantial—we have obtained an additional factor which is
exponential in the Robinson-Trautman coordinate u, namely,
exp���(�/3)�A2 u� /�h� . This expresses the dependence
of the magnitude of gravitational and electro-magnetic radia-
tion on position of the asymptotic point N� at de Sitter–like
infinity I �. Notice that the exponential ‘‘damping’’ of radia-
tion depends not only on the cosmological constant � but
also on the acceleration A of the black holes. Interestingly,
the factor �(�/3)�A2 is exactly the Hawking temperature
2�T recently discussed, e.g., in Ref. �50�.

VIII. SUMMARY

In the present paper we have thoroughly investigated the
C-metric with a positive cosmological constant ��0. This
exact solution of the Einstein-Maxwell equations represents
a radiative spacetime in which the radiation is generated by a
pair of �charged� black holes uniformly accelerated in

asymptotically de Sitter universe. By introducing new con-
venient coordinates and suitable interpretation tetrads near
the conformal light infinity I � we were able to analyze the
asymptotic behavior of gravitational and electromagnetic
fields. The peeling off property has been demonstrated, the
leading components of the fields in the parallelly transported
tetrad are inversely proportional to the affine parameter of
the corresponding null geodesic.

In addition, as a main result of our investigation, an ex-
plicit formula which describes the directional pattern of ra-
diation has been derived: it expresses the dependence of the
fields on directions along which a given point N� at confor-
mal infinity I � is approached. This specific directional char-
acteristic supplements the peeling property, thus completing
the asymptotic behavior of gravitational and electromagnetic
fields near infinity I � with a spacelike character.

It was already observed in the 1960s by Penrose �9,10�
that radiation is defined ‘‘less invariantly’’ when I � is space-
like than in the case when it is null �asymptotically flat
spacetimes in particular�. Our results can thus be understood
as an investigation of this ‘‘nonuniqueness.’’ In fact, the peel-
ing off property supplemented by the directional pattern of
radiation �5.19�, �5.23� characterize fully the radiation near
the de Sitter–like infinity I �.

The specific pattern of radiation has been obtained here
by analyzing the exact model of uniformly accelerated black
holes in de Sitter universe. It is in agreement with the analo-
gous recent result for the test electromagnetic field generated
by accelerated charges in the de Sitter background �22,23�.
We are convinced that the directional pattern of radiation
derived has a ‘‘universal’’ validity and applies to all radiative
fields of a given Petrov algebraic type near the spacelike
conformal infinity I �. The proof of this statement will be
presented elsewhere �51�.
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APPENDIX A: VARIOUS COORDINATES
FOR THE C-METRIC WITH �

The C-metric with possibly nonvanishing cosmological
constant ��3/a�

2 can be written as

g�
1

A2�x�y �2 � �Fdt2�
1

F
dy2�

1

G
dx2�Gd�2�

�A1�

with

F��
1

a�
2 A2�1�y2�2mAy3�e2A2y4,

�A2�
G�1�x2�2mAx3�e2A2x4.
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The functions F and G are polynomials of the coordinates y
and x, respectively, and are mutually related by

F��Q�y ��
1

a�
2 A2 , G�Q��x �, �A3�

where Q(w) denotes the polynomial

Q�w ��1�w2�2mAw3�e2A2w4. �A4�

The constants A, m, e, and C �such that ��(��C ,�C)]
parametrize acceleration, mass, charge of the black holes,
and conicity of the �-symmetry axis, respectively.

The metric �A1�, �A2� is an ordinary form of the C-metric
in the case when the cosmological constant � vanishes, i.e.,
when F��Q(y). This has been extensively used for inves-
tigation of uniformly accelerated �pair� of black holes in
asymptotically flat spacetime, see, e.g., Refs.
�13,27,28,30,31�. However, for ��0 the form of the gener-
alization is not so obvious and unique. For example, in Ref.
�35� the term with the cosmological constant was included in
the metric function G rather than in F. Also, the parametri-
zation of the metric �A1� is not unique. A simple rescaling of
the coordinates can be performed which removes the accel-
eration parameter A from the conformal factor. These related
metric forms, which allow an explicit limit A→0, were in-
troduced, e.g., in Refs. �32,36,44�.

Throughout this paper we use the particularly rescaled
coordinates �, ', 
, � given by

��t coth � , ��� ,
�A5�

'�y tanh � , 
��x ,

where the dimensionless acceleration parameter � is intro-
duced in Eq. �2.6�. In these convenient coordinates the
C-metric �A1�, �A2� takes the form

g�r2� �Fd�2�
1

F d'2�
1

G d
2�Gd�2� , �A6�

with the function r given by

r�
1

A�x�y �
�

a�

' cosh ��
 sinh �
�A7�

and

�F�1�'2�cosh �
2m

a�
'3�cosh2 �

e2

a�
2 '4,

�A8�

G�1�
2�sinh �
2m

a�

3�sinh2 �

e2

a�
2 
4.

These coordinates have the following ranges: ��R,
��(��C ,�C), 
�(
1 ,
2), and '�(
 tanh �,�), with

1 ,
2 being the two smallest roots of G—see discussion in
Sec. III.

The metric functions F, G and F, G as functions on the
spacetime manifold are related by

F�F tanh2 � , G�G , �A9�

but they are usually understood as functions of different ar-
guments, namely, F(y), G(x) and F('), G(
). In this sense
we will also use a notation for differentiation of these func-
tions F��dF/dy and F��dF/d' or G��dG/dx and G�
�dF/d
 . The metric function G takes the values

G��0,1� , �A10�

G�0 for 
�
1 ,
2 �axes of � symmetry�, and G�1 for

�0 �on ‘‘equator,’’ i.e., a � circle of maximum circumfer-
ence�. At infinity I the metric function F takes the values

�F��cosh�2 � ,1� , �A11�

with F��cosh�2 � on the axes of � symmetry, and
F��1 on the equator (
 ,'�0).

The above coordinates �, ', 
, � are closely related to the
accelerated coordinates T, R, (, � introduced and discussed
in Refs. �36,52�. If we define

T�a�� , R�
a�

'
, d(�

1

�G d
 , ��� , �A12�

the metric �A6� takes the form

g�
r2

R2 ��HdT2�
1

H dR2�R2�d(2�Gd�2�� ,
�A13�

where

H�
1

'2 F�1�
R2

a�
2 �cosh �

2m

R
�cosh2 �

e2

R2 . �A14�

These coordinates have an obvious physical interpretation in
two particular cases—in the case of a vanishing acceleration
of the black holes (A�0), and for empty de Sitter spacetime
(m�0, e�0). In both these cases the metric function G re-
duces to a simple form G�1�
2, so the definition �A12� of
the angle ( gives

cos (��
 , sin (��1�
2. �A15�

For vanishing acceleration A�0, i.e., by setting ��0, we
obtain R�r , and the metric �A13� reduces to the well-known
metric for the Reissner-Nordström black hole in Minkowski
or de Sitter universe �36,53�,

g���0��HdT2�
1

H dR2�R2�d(2�sin2 (d�2�,

�A16�

with the metric function �A14� simplified by cosh ��1.
In the case of empty de Sitter space (m�0, e�0), but

with generally nonvanishing acceleration, the metric function
F also simplifies to F�'2�1. The de Sitter metric in accel-
erated coordinates thus takes the form �cf. Ref. �36��
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gdS�
1�a�

�2Ro
2

�1�a�
�2RoR cos (�2 � �� 1�

R2

a�
2 �dT2

�� 1�
R2

a�
2 � �1

dR2�R2�d(2�sin2 (d�2� � ,

�A17�

where we introduced the constant

Ro�a� tanh � . �A18�

An explicit relation to the standard de Sitter static coordi-
nates TdS , RdS , (dS , �dS , in which

gdS��� 1�
RdS

2

a�
2 � dTdS

2 �� 1�
RdS

2

a�
2 � �1

dRdS
2

�RdS
2 �d(dS

2 �sin2 (dSd�dS
2 � �A19�

is

RdS cos (dS�
R cos (�Ro

1�a�
�2RoR cos (

, TdS�T ,

�A20�

RdS sin (dS�
R sin (�1�a�

�2Ro
2

1�a�
�2RoR cos (

, �dS�� .

The origin R�0 clearly corresponds to worldlines of two
static observers RdS�Ro , (dS�0 which move with a uni-
form acceleration A. Further details concerning the interpre-
tation of the accelerated coordinates in de Sitter space were
discussed at the end of Sec. III �see also Ref. �23��.

It is also instructive to elucidate a geometrical relation
between these two coordinate systems �A17� and �A19�. It is
well known that the de Sitter spacetime is conformally re-
lated to Minkowski space �see Refs. �8,11�, or recently Ref.
�21��. Specifically, the �shaded� domain P of de Sitter space-
time depicted in Fig. 4 corresponds to the t�0 region of
Minkowski spacetime in standard spherical coordinates t, r,
�, �, the metrics being related by gdS�(a� /t)2gMink . The
de Sitter static coordinates TdS , RdS , (dS , �dS can be ob-
tained from the spherical coordinates of Minkowski space by
a ‘‘spherical Rindler’’ transformation, i.e., RdS�a�r/t,
TdS /a��(1/2) log �(t2�r2)/a�

2 �, (dS�� , �dS�� . On the
other hand, the accelerated coordinates T, R, (, � are also
obtained from conformally related Minkowski space by the
same construction, however, starting from a different spheri-
cal coordinates t�, r�, ��, �� which are defined in the iner-
tial frame boosted along the ��0 direction with the boost
given exactly by the acceleration parameter � �i.e., with the
relative velocity tanh �). Using this insight we can easily
visualize the relation between the hypersurface RdS�� �the
conformal infinity I of de Sitter universe; the t�0 hypersur-
face of conformally related Minkowski space� and the hyper-
surface R�� �the coordinate singularity of accelerated co-
ordinates in de Sitter space, which is easily removable, for

example, by the coordinate '�a� /R; the hypersurface
t��0 of Minkowski space�, as indicated in Fig. 4. For more
details see Ref. �23�.

It is particularly useful to introduce also new coordinates
�, �, �, � for the C-metric naturally adapted both to the
Killings vectors �� , �� and to infinity I. In terms of the new
coordinate

���' cosh ��
 sinh ���
a�

r
, �A21�

infinity I is given by a simple condition ��0. The coordi-
nate � is introduced by requiring an orthogonality of the
coordinates. Indeed, if we define � by the differential form

d��
sinh �

F d'�
cosh �

G d
 ,

�A22�
��0 for 
 ,v�0,

�which, thanks to Eq. �A8�, is integrable� the C-metric takes
the form

g�
a�

2

�2 � �Fd�2�
1

E d�2�
FG
E d�2�Gd�2� , �A23�

where

E�F cosh2 ��G sinh2 �

��1���' cosh ��
 sinh ��
2m

a�
�'2 cosh2 �

�'
 cosh � sinh ��
2 sinh2 ���
e2

a�
2 �'3 cosh3 �

�'2
 cosh2 � sinh ��'
2 cosh � sinh2 ��
3 sinh3 ��� .
�A24�

Obviously, on I, where ��0, we obtain E��1. Thanks to
relation F�0 in region I of Fig. 3, we observe from metric
�A23� that near infinity I �, the coordinate � plays the role
of a time if E�0. It can be shown that for E�0 the coordi-
nate transformation �A21�, �A22� from ', 
 to �, � is invert-
ible. We will use the coordinate � only in this region. The
hypersurface E�0 is always located above the cosmological
horizon and it touches the horizon on the axes 
�
1 , 
2 , see
the left part of Fig. 3.

The C-metric can also be put into the Robinson-Trautman
form �see Ref. �54��. Introducing the coordinates r and u,

Ar��x�y ��1,
�A25�

Adu�
dy

F
�dt ,

we obtain from Eq. �A1� the metric
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g�r2� 1

G
dx2�Gd�2��du∨dr�Ar2du∨dx�A2r2Fdu2,

�A26�

where the function A2r2F , expressed in the coordinates x, r
using y�(Ar)�1�x , reads

A2r2F��
r2

a�
2 �A2r2G�ArG��

1

2
G�

�
1

6
�Ar ��1G/�

1

24
�Ar ��2G/�. �A27�

This is the generalization of the Kinnersley-Walker coordi-
nates �27� to ��0. Introducing the complex coordinates $, $̄
�or real coordinates 0, �, related by $�(1/&)(0�i�)] in-
stead of the coordinates x, �,

1

&
�d$�d$̄ ��d0�Adu�

dx

G
,

�A28�
i

&
�d$�d$̄ ��d� ,

�notice that 0�� tanh ��� sech �), we put the C-metric into
the Robinson-Trautman form

g�
r2

P2 d$∨d$̄�du∨dr�Hdu2 �A29�

�or, alternatively, with d�∨d$̄ replaced by d02�d�2), where
the metric functions are

P�2�G�G,
�A30�

H�A2r2�F�G ��
r2

a�
2 E.

Using Eqs. �A27�, �A30�, and �A28�, which for P�G�1/2

imply AG���2(ln P),u and G���21 ln P with
1�2P2�$�$̄ , we recover that

H��
r2

a�
2 �2r� ln P � ,u�1 ln P�

2

r
�m�2e2A
��

e2

r2 .

�A31�

This is the standard general expression for the metric func-
tion of the Robinson-Trautman solution �44�. Let us finally
note that the Christoffel coefficients for the metric �A29� are

.r$
$ �

1

r
, .u$

$ ��
P ,u

P
, .$$

$ ��
2P ,$

P
, .uu

$ �
P2H , $̄

2r2 ,

.
$$̄

u
�

r

P2 , .uu
u ��

1

2
H ,r , .uu

r �
1

2
HH ,r�

1

2
H ,u ,

�A32�

.
$$̄

r
��

rPH�r2P ,u

P3 , .u$
r �

1

2
H ,$ , .ur

r �
1

2
H ,r .

Finally, for a discussion of the global structure of the
spacetime it is necessary, following the general approach
�55,56�, to introduce global double null coordinates ũ , ṽ , 
,
�. For this, we supplement the above defined null coordinate
u with the complementary null coordinate v �see �57��. In
terms of the coordinates �, ' these are �cf. Eq. �A25�, �A5��

u�
a�

cosh �
�'*���, v�

a�

cosh �
�'*���, �A33�

where the tortoise coordinate '* is defined by the differential
relation

d'*�
1

F d' . �A34�

Taking into account the polynomial structure �A8� of the
function F,

F��o2
h

�'�'h�, �A35�

where �o�const and 'h (h�i,o,c,m� are the values of the
coordinate ' at the horizons �the roots of F�, we obtain

'*�3
h

�h log�'�'h�, �h��F��'�'h
��1. �A36�

In these coordinates the C-metric with ��0 takes the form

g�r2� F cosh2 �

2a�
2 du∨dv�

1

G d
2�Gd�2� . �A37�

Now, we can define the global null coordinates ũ , ṽ , 
, �
parametrized by a constant coefficient �, covering, for suit-
able values of �, the horizons smoothly,

	tan
ũ

2	�exp� u cosh �

2���a�
� , sgn� tan

ũ

2 ����1 �m,

�A38�

	tan
ṽ
2	�exp� v cosh �

2���a�
� , sgn� tan

ṽ
2 ����1 �n.

The C-metric in these coordinates then takes the form

g�r2� 2�2F
sin ũ sin ṽ

dũ∨dṽ�
1

G d
2�Gd�2� . �A39�

The horizons '�' i , 'o , 'c now correspond to the values ũ
�m� or ṽ�n� , with m ,n�Z �see Fig. 2�.

Notice, that it follows from Eqs. �A38�, �A36� that

	tan
ũ

2
tan

ṽ
2	

sgn �

�2
k

�'�'k��k /�. �A40�
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Evaluating this expression on the particular horizon '�'h
and comparing with Eq. �A35� we find that with the choice
���h the expression

�F� tan
ũ

2
tan

ṽ

2
� �sgn �	

'�'h

��o2
k�h

�'h�'k�1��k /�h�
1

��h��̃h

�A41�

is finite and nonvanishing. Here we introduced the constant

�̃h�2
k�h

�'h�'k��k /�h. �A42�

Using this fact it is possible to guarantee a regularity of the
metric coefficient �2F/(sin ũ sin ṽ) in Eq. �A39� �including
smoothness and that it is finite and nonzero� and smoothness
of the coordinates r and ' near the horizon 'h by the choice
���h of the coefficient � in Eqs. �A38�, assuming that ũ , ṽ
forms a smooth coordinate map in the neighborhood of this
horizon. However, such an appropriate factor � cannot be
chosen for all horizons simultaneously—a different smooth
map ũ , ṽ parametrized by different coefficients � has to be
used near the different horizons to demonstrate the smooth-
ness of the metric in the whole spacetime �see, e.g., Refs.
�55,56� for a general discussion�.

APPENDIX B: PROPERTIES OF THE METRIC
FUNCTIONS F AND G

First, let us note that F and G can be represented in terms
of polynomial S(w)

�
cosh2 �

a�
2 F�S� cosh �

a�
' ��

cosh2 �

a�
2 ,

�B1�
sinh2 �

a�
2 G�S� sinh �

a�

 ��

sinh2 �

a�
2 ,

where

S�w ���w2�1�2mw�e2w2�. �B2�

A typical graph of the polynomial S(w) is drawn in Fig. 9.
By inspecting the graph we obtain, e.g., relations �3.1� be-
tween the roots of the metric functions F and G.

We may also prove some interesting properties, including
Eq. �3.5�, of the metric function G in the case of charged
accelerated black holes. �Similar properties—in particular
the inequality �B7�—can be also proved for uncharged accel-
erated black holes, i.e., for e�0, m�0, A�0.] In the case
e�0, A�0, the metric function G is a polynomial of the
fourth order in 
 and its zeros have been denoted in the
ascending order as 
1 , 
2 , 
3 , 
4 . The extremes of G �zeros
of G�) are 
0

(1)�0, 
�
(1)�(3m��9m2�8e2)/(4Ae2). The

zero of G/�12(Am�2e2A2
) is 
 (3)�m/(2Ae2), and G/
�0 for 
�
 (3). Using the conditions �2.5�, a straightforward

calculation leads to an inequality G�

�
(1)�0. The condition

that G has four real roots requires G�

�
(1)�0. This confirms

that the graph of G has always a qualitative shape shown on
Fig. 9. The extremes of G are located between its zeros, so
that 
1�0�
2�
�

(1) . Expressing the vanishing linear coef-
ficient in G in terms of the roots we obtain (
1�
2)
3
4�
�
1
2(
3�
4), the right-hand side is clearly positive, as
well as 
3
4 , so we obtain

�
1�
2 . �B3�

From the conditions �2.5� it also follows that 
�
(1)�
 (3) and

thus we have


1�0�
2�
�
�1 ��
�3 �. �B4�

This means that G� is convex on the relevant interval
(
1 ,
2), it is positive on the interval (
1,0) and negative on
(0,
2). The positivity of G/ on the interval (
1 ,
2) also
implies m�2e2A
��0, which is the relation used in the
discussion following the result �5.19�. Clearly, 4
1


2G�d
�0,

i.e., the areas

A1��

1

0

G�d
 , A2���
0


2G�d
 �B5�

are the same. Thanks to the convexity of G�, we can estimate
A1 and A2 by simpler triangular areas �see Fig. 9�b��, and we
obtain

�
1

2

2G��
�
2

�A2�A1��
1

2

1G��
�
1

. �B6�

FIG. 9. �a� A qualitative shape of the metric functions F and G
�in the case m�0, e�0) which are polynomials in ' and 
, respec-
tively. It follows from the representation �B1� that both functions F
and G are, up to the specific rescaling and the constant term, given
by the same polynomial S(w), the graph of which is presented here.
The zeros of F and G are thus given by intersections of the graph of
S with the horizontal lines �a�

�2 cosh2 � and �a�
�2 sinh2 �, respec-

tively. Relations �3.1� between the zeros of F and G follows imme-
diately from this fact. �b� A graphical representation of the triangu-
lar estimate �B6� for the areas A1 , A2 under the graph of G�.
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Using Eq. �B3� this implies

�G��
�
2
�G��
�
1

. �B7�

Considering Eq. �3.4� we obtain the important relation �3.5� which is necessary for the discussion of conicity in Sec. III.

APPENDIX C: RELATIONS BETWEEN THE COORDINATE FRAMES

In this appendix we summarize for convenience the relations between different coordinate one-form and vector frames. For
coordinate one-form frames (d� ,d' ,d
 ,d�), (d� ,d� ,d� ,d�), and (d$ ,d$̄ ,dr ,du) we obtain

d��d� �
E

F cosh �

1

a�
du�

1

F cosh �

a�

r2 dr�
G
F tanh �d0 , �C1a�

d'��
F
E cosh �d��

FG
E sinh �d� ��G sinh2 �

cosh �

1

a�
du�

1

cosh �

a�

r2 dr�G tanh �d0 , �C1b�

d
�
G
E sinh �d��

FG
E cosh �d� ��G sinh �

1

a�
du�Gd0 , �C1c�

d���cosh �d'�sinh �d
 �
a�

r2 dr , �C1d�

d��
sinh �

F d'�
cosh �

G d
 ��
E
F tanh �

1

a�
du�

tanh �

F
a�

r2 dr�
E

F cosh �
d0 , �C1e�

1

a�
du�

1

cosh �
d��

1

F cosh �
d' �

1

cosh �
d��

1

E d��
G
E tanh �d� , �C1f�

1

a�
dr��

cosh �

�2 d'�
sinh �

�2 d
 �
1

�2 d� , �C1g�

�2d$�tanh �d��
tanh �

F d'�
1

G d
�id� �tanh �d��
1

cosh �
d��id� , �C1h�

where

d0�
1

&
�d$�d$̄ �, d��

i

&
�d$�d$̄ �, d$�

1

&
�d0�id��, d$̄�d$ . �C1i�

Coordinate vector frames (�� ,�' ,�
 ,��), (�� ,�� ,�� ,��), and (�$ ,�$̄ ,�r ,�u) are related by

����� �
1

cosh �
a��u�tanh ��0 , �C2a�

�'��cosh ����
sinh �

F �� �
1

F cosh �
a��u�cosh �

r2

a�
�r�

tanh �

F �0 , �C2b�

�
�sinh ����
cosh �

G �� �sinh �
r2

a�
�r�

1

G �0 , �C2c�

����
F
E cosh ��'�

G
E sinh ��
 ��

1

E a��u�
r2

a�
�r , �C2d�

���
FG
E sinh ��'�

FG
E cosh ��
 �

G
E tanh �a��u�

1

cosh �
�0 , �C2e�

a��u�
E

F cosh �
���G sinh2 �

cosh �
�'�G sinh ��
 �

E
F cosh �

���
E
F tanh ��� , �C2f�

a��r�
�2

F cosh �
���

�2

cosh �
�' �

�2

F cosh �
����2���

tanh �

F �2�� , �C2g�

�2�$��
G
F tanh ����G tanh ��'�G�
�i�� ��

G
F tanh ����

E
F cosh �

���i�� , �C2h�
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where

�0�
1

&
��$��$̄ �, ����

i

&
��$��$̄ �, �$�

1

&
��0�i���, �$̄��$. �C2i�

It is also useful to express the relations between different null tetrads introduced in the paper. The special null tetrad
�defined by Eq. �4.7�, using Eq. �4.1�� the reference null tetrad �see Eq. �4.13��, and the Robinson-Trautman tetrad �4.26� are
related by

ks�
1

2
tan #s� cot

#s

2
ko�tan

#s

2
lo�mo�m̄o��exp��	RT�sec #skRT ,

ls�
1

2
tan #s� tan

#s

2
ko�cot

#s

2
lo�mo�m̄o��sin #s�exp��	RT�tan #skRT�exp�	RT�cot #slRT�mRT�m̄RT� ,

�C3�

ms�
1

2
tan #s� ko�lo�cot

#s

2
mo�tan

#s

2
m̄o��mRT�exp��	RT�tan #skRT ,

m̄s�
1

2
tan #s� ko�lo�tan

#s

2
mo�cot

#s

2
m̄o��m̄RT�exp��	RT�tan #skRT ,

kRT�
1

2
exp�	RT�sin #s� cot

#s

2
ko�tan

#s

2
lo�mo�m̄o��exp�	RT�cos #sks ,

lRT�
1

2
exp��	RT�sin #s� tan

#s

2
ko�cot

#s

2
lo�mo�m̄o��exp��	RT�tan #s�sin #sks�csc #sls�ms�m̄s�,

�C4�

mRT�
1

2
sin #s� �ko�lo�cot

#s

2
mo�tan

#s

2
m̄o��ms�sin #sks ,

m̄RT�
1

2
sin #s� �ko�lo�tan

#s

2
mo�cot

#s

2
m̄o��m̄s�sin #sks.

The factor 	RT is defined in Eq. �4.28�. The rotated null tetrad �cf. Eq. �4.24�� is related to the reference tetrad as

kr�
1

2
sin #� cot

#

2
ko�tan

#

2
lo�exp� i+�mo�exp��i+�m̄o� ,

lr�
1

2
sin #� tan

#

2
ko�cot

#

2
lo�exp� i+�mo�exp��i+�m̄o� ,

�C5�

mr�
1

2
sin #� �ko�lo�cot

#

2
exp� i+�mo�tan

#

2
exp��i+�m̄o� ,

m̄r�
1

2
sin #� �ko�lo�tan

#

2
exp� i+�mo�cot

#

2
exp��i+�m̄o� .

Here, the angle #s is defined by Eq. �4.18�.

APPENDIX D: TRANSFORMATIONS OF THE
COMPONENTS �n AND �n

The components 
n of the Weyl tensor �see �58��


0�C)�)� , 
4�C"�̄"�̄ ,


1��C)���̄��C��̄)��C)")��C)�)" ,


3��C)""�̄��C"�̄)"�C"�̄��̄�C��̄"�̄ ,
�D1�


2��C)�"�̄��C"�̄)� ,

2 Re 
2�C)")"�C��̄��̄ ,

2 Im 
2�iC)"��̄�iC��̄)" ,
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and the components �n of tensor of electromagnetic field

�0�F)� , 2 Re �1�F)" ,
�D2�

�2�F�̄" , 2 Im �1�iF��̄ ,

transform in the well-known way under special Lorentz
transformations, see, e.g., Ref. �44�.

For a null rotation with k fixed,

k�ko ,

l�lo�L̄mo�Lm̄o�LL̄ko ,
�D3�

m�mo�Lko ,

m̄�m̄o�L̄ko ,

L being a complex number which parametrize the rotation,
the components of the Weyl tensor transform as


0�
0
o ,


1�L̄
0
o�
1

o ,


2�L̄2
0
o�2L̄
1

o�
2
o , �D4�


3�L̄3
0
o�3L̄2
1

o�3L̄
2
o�
3

o ,


4�L̄4
0
o�4L̄3
1

o�6L̄2
2
o�4L̄
3

o�
4
o ,

and the components of tensor of electromagnetic field trans-
form according to

�0��0
o ,

�1�L̄�0
o��1

o , �D5�

�2�L̄2�0
o�2L̄�1

o��2
o .

Under a null rotation with l fixed,

k�ko�K̄mo�Km̄o�KK̄lo ,

l�lo ,
�D6�

m�mo�Klo ,

m̄�m̄o�K̄lo ,

K being a complex number which parameterize the rotation,
the components of the Weyl tensor transform as


0�K4
4
o�4K3
3

o�6K2
2
o�4K
1

o�
0
o ,


1�K3
4
o�3K2
3

o�3K
2
o�
1

o ,


2�K2
4
o�2K
3

o�
2
o , �D7�


3�K
4
o�
3

o ,


4�
4
o ,

and for electromagnetic field we have

�0�K2�2
o�2K�1

o��0
o ,

�1�K�2
o��1

o , �D8�

�2��2
o .

A boost in the n-q-k-l plane and a spatial rotation in the
r-s-m-m̄ plane is given by

k�Bko , l�B�1lo ,

�D9�
m�exp� i��mo , m̄�exp��i��m̄o

or, introducing B�exp 	,

n�cosh 	no�sinh 	qo ,

q�sinh 	no�cosh 	qo ,
�D10�

r�cos �ro�sin �so ,

s��sin �ro�cos �so ,

B, 	 being real numbers which parametrize the boost, �
parametrizing an angle of the rotation. The components 
n
now transform


0�B2 exp�2i��
0
o ,


1�B exp� i��
1
o ,


2�
2
o , �D11�


3�B�1 exp��i��
3
o ,


4�B�2 exp��2i��
4
o ,

and �n transform as

�0�B exp� i���0
o ,

�1��1
o , �D12�

�2�B�1 exp��i���2
o .
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We present a characterization of general gravitational and electromagnetic fields near de Sitter–like
conformal infinity which supplements the standard peeling behavior. This is based on an explicit
evaluation of the dependence of the radiative component of the fields on the null direction from which
infinity is approached. It is shown that the directional pattern of radiation has a universal character that
is determined by the algebraic (Petrov) type of the spacetime. Specifically, the radiation field vanishes
along directions opposite to principal null directions.
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A direct observation of gravitational waves will be
properly understood only when it can be compared with
reliable predictions supplied by numerical relativity. To
make such predictions is difficult since, among other
things, no rigorous statements are available which relate
the properties of sufficiently general strong sources to the
radiation fields produced. Only a few explicit radiative
solutions of Einstein’s equations are known which can be
used as test beds for numerical codes (see, e.g., [1,2]), in
particular, spacetimes representing ‘‘uniformly acceler-
ated particles or black holes.’’ These have also been the
main inspiration for our present analysis of the general
asymptotic properties of radiation in spacetimes with a
positive cosmological constant �. The motivation for
considering de Sitter–like universes arises not only by
their role in inflationary theories but also by the fact that
many nonvacuum cosmological models with � > 0 (as
suggested by recent observations) approach the de Sitter
universe asymptotically in time (‘‘cosmic no-hair con-
jecture’’) and hence have a de Sitter–like infinity.

We have recently constructed the test fields of uni-
formly accelerated charges in de Sitter spacetime (the
Born solutions generalized for � > 0) and investigated
how their radiative properties depend on the way in which
infinity is approached [3]. Somewhat surprisingly, we
have found analogous results [4] in the case of the exact
solution of the Einstein-Maxwell equations with � > 0,
namely, the ‘‘charged C-metric’’ describing a pair of
charged accelerated black holes in a de Sitter universe.

In the following, we shall demonstrate that the direc-
tional pattern of radiation near an infinity of de Sitter
type has a universal character that is determined by the
algebraic (Petrov) type of the spacetime. In spacetimes
which are asymptotically de Sitter, there are two disjoint
past and future (conformal) infinities I� and I�, both
spacelike [5,6]. In such spacetimes both cosmological
horizons and event horizons for geodesic observers occur
and, consequently, advanced effects have to be present if
the fields are smooth [7]. Curiously enough, with � > 0
the global existence has been established of asymptoti-
cally simple vacuum solutions which differ on an arbi-
trary given Cauchy surface by a finite but sufficiently

small amount from de Sitter data [8], while an analogous
result for data close to Minkowski (� � 0) is still under
investigation [2,8]. Thus, many vacuum asymptotically
simple spacetimes with de Sitter–like I� do exist.
Assuming their existence, Penrose proved already in
1965 [5,6] that both the gravitational and the electro-
magnetic fields satisfy the peeling-off property with re-
spect to null geodesics reaching any point of I�. This
means that along a null geodesic parametrized by an
affine parameter �, the part of any spin-s zero rest-
mass field proportional to ���k�1�, k � 0; 1; . . . ; 2s, has,
in general, 2s� k coincident principal null directions. In
particular, the part of the field that falls off as ��1 is a
radiation (‘‘null’’) field. The peeling-off property is easier
to prove with � > 0 than in asymptotically Minkowskian
spacetimes when I� is a null hypersurface [5]. With a
spacelike I�, however, one can approach any point on I�
from infinitely many different null directions and, con-
sequently, the radiation field becomes mixed up with
other components of the field when the null geodesic is
changed. This fact of the ‘‘origin dependence’’ of the
radiation field in the case of a spacelike I� has been
repeatedly emphasized by Penrose [5,6]. Exactly this
directional radiation pattern, i.e., the dependence of
fields (with respect to appropriate tetrad) on the direction
along which the null geodesic reaches a point on a space-
like I�, is analyzed in the present work.

Following general formalism [5,6], a spacetime M
with physical metric g can be embedded into a larger
conformal manifold Mf with conformal metric ~gg related
to g by ~gg � !2g. Here, the conformal factor !, negative
in M, vanishes on the boundary of M in Mf called con-
formal infinity I . It is spacelike if the gradient d! on I
has timelike character. This may be either future infin-
ity I� or past infinity I�. Near I� we decompose ~gg into
a spatial 3-metric I ~gg tangent to I� and a part orthogo-
nal to I�:

g � !�2�� ~NN2d!2 � I ~gg�: (1)

The conformal lapse function ~NN can be chosen to be
constant on I�, e.g., equal to ‘ � ���������

3=�
p

. The form (1)
allows us to define a timelike unit vector n normal to I�,
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n � � !�1 ~NNg��d�!: (2)

Next, we denote the vectors of an orthonormal tetrad as
t, q, r, s, where t is a unit timelike vector and the
remaining three are unit spacelike vectors. With this
tetrad we associate a null tetrad k, l, m, �mm, such that
k�l � �1, m� �mm � 1,

k � �t� q�= ���
2

p
; l � �t� q�= ���

2
p

;

m � �r� i s�= ���
2

p
; �mm � �r� i s�= ���

2
p

:
(3)

Various specific tetrads introduced below will be distin-
guished by an additional label in subscript.

As usual, we parametrize the Weyl tensor C����
(representing the gravitational field) by five complex
coefficients

�0 � C����k�m�k�m�; �1 � C����k�l�k�m�;

�2 � �C����k�m�l� �mm�; �3 � C����l�k�l� �mm�;

�4 � C����l� �mm�l� �mm�; (4)

and the electromagnetic field F�� by three coefficients

�0 � F��k�m�; �2 � F�� �mm�l�;

�1 � 1

2
F���k�l� �m� �mm��:

(5)

These simply transform under special Lorentz trans-
formations — null rotations with k or l fixed, boosts in
k-l plane, and spatial rotations in m- �mm plane. For in-
stance, under a null rotation with l fixed, parametrized
by K 2 C:

l � lo; k � ko � �KKmo � K �mmo � K �KK lo;

m � mo � K lo; �mm � �mmo � �KK lo;
(6)

�0 � K4�o
4 � 4K3�o

3 � 6K2�o
2 � 4K�o

1 ��o
0;

�0 � K2�o
2 � 2K�o

1 ��o
0:

(7)

Similarly, null rotations with k fixed can be parametrized
by L 2 C. For boosts in k-l plane, cf. Eqs. (12) and (13).
For details and notation, see, e.g., Refs. [4,9].

Our goal is to investigate the field components in an
appropriate interpretation tetrad parallelly transported
along all null geodesics z��� which terminate at I� at a
point P�. A geodesic reaches I� at an infinite value of the
affine parameter �. The conformal factor ! and lapse ~NN
can be expanded along the geodesic in powers of 1=�:

! � !���1 � � � � ; ~NN � ~NN� � . . . : (8)

The value ~NN� � ~NN jP� is the same for all geodesics
ending at point P�. We require that the approach of geo-
desics to I� is ‘‘comparable,’’ independent of their
direction, so we assume also !� to be constant. This is
equivalent to fixing the energy Eo � �p�n (p � Dz

d� being
4-momentum) at a given small value of !, i.e., at a given
proximity from the conformal infinity [4].

To define an interpretation null tetrad ki, li, mi, �mmi, we
have to specify it in a comparable way for all geodesics
along different directions. The geodesics reach the same
point P� and we prescribe its form there. We require the
null vector ki to be proportional to the tangent vector of
the geodesic,

k i � 1���
2

p
~NN�

Dz
d�

; (9)

the factor is again chosen independent of the direction.
The null vector li is fixed by ki�li � �1 and by the
requirement that the normal vector n belongs to the
ki-li plane. The vectors mi, �mmi (or, ri, si) cannot be
specified canonically—they will be chosen by Eqs. (12)
and (16).

Now, the projection of ki on the normal n is

�ki � n � �1= ���
2

p ���1; (10)

so that, as � ! 1, the interpretation tetrad is ‘‘infinitely
boosted’’ with respect to an observer with 4-velocity n.
To see this explicitly, we introduce an auxiliary tetrad tr,
qr, rr, sr adapted to the conformal infinity, tr � n, with qr

oriented along the spatial direction of the geodesic,

qr / k?
i � �ki�n�n� ki; (11)

and we choose the remaining spatial vectors rr, sr to
coincide with those of the interpretation tetrad. Using
Eqs. (8) and (9) and the definition of li, we get

ki � Bi kr � ��1�n� qr�=
���
2

p
; mi � mr;

li � B�1
i lr � ��n� qr�=

���
2

p
; �mmi � �mmr;

(12)

Bi � 1=� being the boost parameter. Under such a boost
the field components (4) and (5) transform as [4,9]

�i
j � B2�j

i �r
j; �i

j � B1�j
i �r

j: (13)

Together with behavior (22) of the field components in a
tetrad adapted to I� we obtain the peeling-off property.

We shall now derive the directional dependence of
radiation near a point P� at I�. It is necessary to pa-
rametrize the direction of the null geodesic reaching P�.
This can be done with respect to a suitable reference
tetrad to, qo, ro, so, with the time vector to adapted to
the conformal infinity, to � n, and spatial directions
chosen arbitrarily. It is convenient to choose them in
accordance with the spacetime geometry. Privileged
choices will be discussed later (cf. Fig. 1).

The unit spatial direction qr of a general null geodesic
near I� can be expressed in terms of spherical angles �,
	, with respect to the reference tetrad,

qr � cos� qo � sin� cos	 ro � sin� sin	 so: (14)

It is useful to introduce the stereographic representation
of the angles �, 	

R � tan��=2� exp��i	�: (15)
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Then the null rotation (6) with K � R transforms ko into
k with its spatial direction k? / qr specified by �, 	.

Now, the interpretation tetrad is related by boost (12) to
the tetrad tr, qr, rr, sr, which is a spatial rotation of the
reference tetrad. If we choose

rr � � sin� cos	
�
qo � tan

�
2
�cos	 ro � sin	 so�

�
�ro;

sr � � sin� cos	
�
qo � tan

�
2
�cos	 ro � sin	 so�

�
�so;

(16)

the spatial rotation is a composition of the null rotations
with l fixed, k fixed, and the boost, given by parameters
K � R, L � �R=�1� jRj2�, B � �1� jRj2��1. This de-
composition into elementary Lorentz transformations
enables us to calculate the field components in the inter-
pretation tetrad. We start with �o

j , or �o
j in the reference

tetrad and we characterize these in terms of algebraically
privileged principal null directions (PNDs).

Principal null directions of the gravitational (or elec-
tromagnetic) field are null directions k such that �0 � 0
(or �0 � 0) in a null tetrad k, l, m, �mm (a choice of l, m, �mm
is irrelevant). In the tetrad related to the reference tetrad
by null rotation (6), such a condition for �0 takes the
form of a quartic (or quadratic for �0) equation for K, cf.
Eqs. (7). The roots K � Rn, n � 1; 2; 3; 4 (or K � RE

n , n �
1; 2) of this equation thus parametrize PNDs kn (or kE

n ).
As follows from the note after Eq. (15), the angles �n, 	n
of these PNDs are related to Rn exactly by Eq. (15).

In a generic situation we have �o
4 � 0 (or �o

2 � 0), and
we can express the remaining components of the Weyl (or
electromagnetic) tensor in terms of roots Rn (or RE

n )

�o
3 ��1

4�
o
4�R1�R2�R3�R4�;

�o
2 � 1

6�
o
4�R1R2�R1R3�R1R4�R2R3�R2R4�R3R4�;

�o
1 ��1

4�
o
4�R1R2R3�R1R2R4�R1R3R4�R2R3R4�;

�o
0 ��o

4R1R2R3R4; (17)

�o
1 � �1

2�
o
2�RE

1 � RE
2 �; �o

0 � �o
2R

E
1R

E
2 : (18)

Transforming these to tetrad kr, lr, mr, �mmr, we obtain

�r
4 ��o

4 �1� jRj2��2

	
�
1� R1

Ra

��
1� R2

Ra

��
1� R3

Ra

��
1� R4

Ra

�
; (19)

�r
2 � �o

2�1� jRj2��1

�
1� RE

1

Ra

��
1� RE

2

Ra

�
: (20)

Here, the complex number Ra,

Ra � � �RR�1 � � cot��=2� exp��i	�; (21)

characterizes a spatial direction opposite to the direction
given by R, i.e., the antipodal direction with �a � 
� �

and 	a � 	� 
. Finally, we express the leading term of
the field components in the interpretation tetrad. The
freedom in the choice of the vectors mi, �mmi changes just
a phase of the field components, so only their modulus has
a physical meaning. It is also known [5,6] that as a
consequence of field equations, field components in a
reference tetrad near I� behave as

�o
j � �o

j���3; �o
j � �o

j���2: (22)

Combining Eqs. (13), (20), and (19), we thus obtain

j�i
4j � j�o

4�j��1cos4��=2�
	
�������1�R1

Ra

�������
�������1�R2

Ra

�������
�������1�R3

Ra

�������
�������1�R4

Ra

�������; (23)

j�i
2j � j�o

2�j��1cos4��=2�
�������1� RE

1

Ra

�������
�������1� RE

2

Ra

�������: (24)

These expressions characterize the asymptotic behav-
ior of fields near de Sitter–like infinity. In a general
spacetime there are four spatial directions along which
the radiative component of the gravitational field �i

4
vanishes, namely, directions Ra � Rn , n � 1; 2; 3; 4 (or
two such directions for electromagnetic field �i

2). In fact,
their spatial parts �k?

n are exactly opposite to the pro-
jections of the principal null directions k?

n onto I�.
In algebraically special spacetimes, some PNDs co-

incide and Eq. (23) simplifies. Moreover, it is always
possible to choose the ‘‘canonical’’ reference tetrad:
(i) the vector qo oriented along the spatial projection of
the degenerate (multiple) PND, say k?

4 (i.e., ko / k4);
(ii) the qo-ro plane oriented so that it contains the spatial
projection of one of the remaining PNDs (for type N
spacetimes this choice is arbitrary). Using such a refer-
ence tetrad, the degenerate PND k?

4 is given by �4 � 0,
i.e., R4 � 0 [cf. Eq. (15)], whereas one of the remaining
PNDs, say k?

1 , has 	1 � 0, i.e., R1 � tan�12 is real.
Thus, for Petrov type N spacetimes (with quadruple

PND) R1 � R2 � R3 � R4 � 0, so the asymptotic behav-
ior of gravitational field (23) becomes

j�i
4j � j�o

4�j��1cos4
�
2
: (25)

The corresponding directional pattern of radiation is
illustrated in Fig. 1(N). It is axisymmetric, with a maxi-
mum value at � � 0 along the spatial projection of the
quadruple PND onto I�. Along the opposite direction,
� � 
, the field vanishes.

In the Petrov type III spacetimes, R1 � tan�12 , R2 �
R3 � R4 � 0, so (23) implies

j�i
4j � j�o

4�j��1cos4
�
2

�������1� tan
�1
2

tan
�
2
ei	

�������: (26)

The directional pattern of radiation is shown in Fig. 1(III).
The field vanishes along � � 
 and along � � 
� �1,
	 � 
 which are spatial directions opposite to the PNDs.
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The type D spacetimes admit two double degenerate
PNDs, R1 � R2 � tan�12 and R3 � R4 � 0. The gravita-
tional field near I� thus takes the form

j�i
4j � j�o

4�j��1cos4
�
2

�������1� tan
�1
2

tan
�
2
ei	

�������2
; (27)

with two planes of symmetry, see Fig. 1(D). This direc-
tional dependence agrees with the radiation pattern for
the C metric with � > 0 derived recently [4].

For Petrov type II spacetimes only two PNDs coincide
so that R1 � tan�12 , R2 � tan�22 exp��i	2�, R3 � R4 � 0.
The directional pattern of radiation is in Fig. 1(II).
Finally, in the case of algebraically general spacetimes
one needs five real parameters to characterize the direc-
tional dependence Fig. 1(I) of the gravitational field.

An analogous discussion can be presented for the elec-
tromagnetic field. The square of expression (24) is, in fact,
the Poynting vector with respect to the interpretation
tetrad, jSij � 1

4
 j�i
2j2. If the two PNDs coincide (RE

1 �
RE
2 � 0) the directional dependence of the Poynting vec-

tor at I� is the same as in Eq. (25) [Fig. 1(N)]; if they
differ (RE

1 � tan�12 , RE
2 � 0), the angular dependence of

jSij is given by Eq. (27) [Fig. 1(D)]. The latter has already
been obtained for the test field of uniformly accelerated
charges in de Sitter spacetime [3].

To summarize: it is well known that for null I� the null
direction li, which is complementary to the tangent vector
ki of the null geodesic z��� reaching I�, is tangent to I�
and does not depend on the choice of z���. This is not the
case when I� is spacelike. The radiation field (��1 term)
is thus ‘‘less invariant’’ [6]. We have shown that the
dependence of this field on the choice of z��� has a
universal character that is determined by the algebraic
(Petrov) type of the fields. In particular, we have proved
that the radiation vanishes along directions opposite to
PNDs. In a generic direction the radiative component of
the fields generated by any source is nonvanishing. Thus,
unlike in asymptotically flat spacetimes, the absence of
��1 component cannot be used to distinguish nonradia-
tive sources: for a de Sitter–like infinity the radiative
component reflects not only properties of the sources
but also their ‘‘kinematic’’ relation to an observer at
infinity. Intuitively, near spacelike I� our observer is,
in general, moving ‘‘nonradially’’ from sources and
thus measures infinitely boosted fields. Some important
questions, such as how energy is radiated away in asymp-
totically de Sitter spacetimes, still remain open. Since
vacuum energy seems to be dominant in our Universe,
these appear to be of considerable interest.
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Radiation from accelerated black holes in an anti–de Sitter universe
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We study gravitational and electromagnetic radiation generated by uniformly accelerated charged black
holes in anti–de Sitter spacetime. This is described by the C-metric exact solution of the Einstein-Maxwell
equations with a negative cosmological constant �. We explicitly find and interpret the pattern of radiation that
characterizes the dependence of the fields on a null direction from which the �timelike� conformal infinity is
approached. This directional pattern exhibits specific properties which are more complicated if compared with
recent analogous results obtained for asymptotic behavior of fields near a de Sitter–like infinity. In particular,
for large acceleration the anti–de Sitter–like infinity is divided by Killing horizons into several distinct
domains with a different structure of principal null directions, in which the patterns of radiation differ.
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I. INTRODUCTION

In the context of exact solutions of Einstein’s field equa-
tions, gravitational radiation has been studied for decades. In
particular, various techniques have been developed to rigor-
ously characterize asymptotic properties of the gravitational
field, i.e., the geometry of spacetime at ‘‘large distance’’
from bounded sources.

In the fundamental work �1� gravitational waves emitted
by axisymmetric systems were analyzed by considering an
expansion of metric functions in inverse powers of an appro-
priate ‘‘radial’’ coordinate r parametrizing outgoing null geo-
desics. In particular, the news function was defined that char-
acterizes radiation, and which is related to a decreasing
�Bondi� mass of the source. Generalizations and refinement
of this method, with a deeper understanding of its relation to
the Petrov types �such as the peeling-off behavior of the
Weyl tensor� were subsequently achieved in �2–6�, see, e.g.,
�7–10� for reviews. Nevertheless, in these works the analysis
of radiative fields remained confined to asymptotically flat
spacetimes thus ruling out, for instance, the presence of a
nonvanishing cosmological constant �. In addition, it was
based on the use of privileged coordinate systems.

It was Penrose �11–13�, see �14� for a comprehensive
overview, who introduced a covariant approach to the defi-
nition of radiation for massless fields, which is based on the
conformal treatment of infinity �a comparison of the Bondi-
Sachs and Penrose approaches was recently presented in
�15��. This enables one to apply methods of local differential
geometry ‘‘at infinity,’’ and thus to define in a rigorous geo-
metric way such basic concepts as the Bondi mass, the
peeling-off property, and the Bondi-Metzner-Sachs group of
asymptotic symmetries. In particular, gravitational radiation
propagating along a given null geodesic is described by the

4 component of the Weyl tensor projected on a parallelly
transported complex null tetrad at infinity. The crucial point

is that such a tetrad is �essentially� determined uniquely by
the conformal geometry �14�. Moreover, an advantage of the
Penrose method is that it can be naturally applied also to
asymptotically simple spacetimes which include the cosmo-
logical constant �12–14�. This is quite remarkable since
there is no analogue of the news function in the presence of
� �16,17�.

However, specific new features appear in the case of
asymptotically de Sitter (��0) or anti–de Sitter (��0)
spacetimes, for which the conformal infinity I is, respec-
tively, spacelike or timelike �12–14,18�. First of all, the con-
cept of radiation for a massless field is ‘‘less invariant’’ in
cases when I is not null. Namely, it emerges as necessarily
direction dependent since the choice of the above-mentioned
null tetrad, and thus the radiative component 
4 of the field,
turns out to be different for different null geodesics reaching
the same point on I. This is related to the fact that with
nonvanishing � even fields of nonaccelerated sources are
radiative along a generic direction, as it has been shown for
test charges �19� or for Reissner-Nordström black holes �20�
in a de Sitter universe, and it will be shown here for a nega-
tive � �Sec. V C�. In addition, the character of infinity plays
a crucial role in the formulation of the initial value problem.
A spacelike I implies the insufficiency of purely retarded
massless fields so that, for example, in de Sitter space purely
retarded solutions of the Maxwell equations are impossible
for generic charge distributions �21�. On the other hand, it is
well known that a timelike I prevents the existence of a
Cauchy surface, and one is necessarily led to a kind of
‘‘mixed initial value boundary problem,’’ see, e.g., �22–24�.
For all the above reasons, the definition of radiation is much
less obvious when ��0.

Any explicit exact example of a source which generates
gravitational waves in an �anti–�de Sitter universe is thus of
paramount importance since this may provide us with insight
into the character of radiation in spacetimes which are not
asymptotically flat. Exact solutions with boost-rotation sym-
metry �25–27�, which represent radiative spacetimes with
uniformly accelerating sources, play a unique role when
��0. Among these the C-metric, which describes acceler-
ated black holes, admits a natural generalization to a nonva-
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nishing value of the cosmological constant, and it will thus
be considered in the present paper.

The C-metric �28–31� is a classic solution of the
Einstein�-Maxwell� equations which has been physically in-
terpreted and analyzed in fundamental papers �32–35� and in
many other works, see, e.g., �25,27,36–38� for references
and summary of the results. A generalization of the standard
C-metric to admit a nonvanishing value of � has also been
known for a long time �39�, cf. �40,41� �also, related solu-
tions have been obtained by considering extremal limits of
the C-metric with an arbitrary � �42��. These spacetimes
have found successful application to the problem of cosmo-
logical pair creation of black holes �43–46�. However, a
deeper understanding of their physical and global properties,
including the character of radiation, has been missing until
recently. The interpretation of the C-metric solutions with
��0, in particular the meaning of parameters in the metric
and the relation to the ‘‘background’’ de Sitter universe, was
clarified in �47� by introducing an appropriate coordinate
system adapted to uniformly accelerated observers. The
causal structure was further studied in �48� for various
choices of the physical parameters. Very recently �20�, we
have carefully analyzed the C-metric with ��0 and, among
other results, we have demonstrated that gravitational and
electromagnetic fields of this exact solution exhibit asymp-
totically a specific directional pattern of radiation at I. In-
terestingly, this directional dependence of fields on null di-
rections from which the conformal infinity is approached is
the same as for the test fields of uniformly accelerated
charges in a de Sitter universe �19�.

In the present work we wish to investigate an analogous
asymptotic behavior of fields of the C-metric with ��0, i.e.,
the directional dependence at conformal infinity I of radia-
tion generated by uniformly accelerated �possibly charged�
black holes in an anti–de Sitter universe. Some fundamental
differences from the cases �60 appear since I now has a
timelike character. In fact, the whole structure of the
‘‘anti–de Sitter C-metric’’ is much more complex and new
peculiar phenomena thus occur. As observed in �49� and
thoroughly studied in the recent work �38�, for a small value
of acceleration, A����/3, the metric describes a single
uniformly accelerated black hole in an anti–de Sitter uni-
verse �50� whereas for A����/3 this represents a pair of
accelerated black holes. The ‘‘limiting case’’ given by
A����/3, previously investigated in �51,52�, plays a spe-
cial important role in the context of the Randall-Sundrum
model since it describes a black hole bound to a two-brane in
four dimensions. However, this case is not investigated in the
present work.

Our paper is organized as follows. First, in Sec. II we
present the C-metric solution with a negative cosmological
constant, in particular the Robinson-Trautman coordinates
which will be used in the subsequent analysis. Basic proper-
ties of the solution are also summarized, including a descrip-
tion of the global structure. Sections III–V contain the core
of our analysis. First we define a suitable interpretation tetrad
parallelly transported along null geodesics approaching as-
ymptotically a given point on conformal infinity I from all
possible spacetime directions. The magnitude of the leading

terms of gravitational and electromagnetic fields in such a
tetrad then provides us with a specific directional pattern of
radiation. Convenient parametrizations of null directions ap-
proaching I are introduced in Sec. IV, and the results are
subsequently described and analyzed in Sec. V. This is done
for both the cases of a single black hole and a pair of black
holes accelerating in an anti–de Sitter universe �and for van-
ishing acceleration�. The paper also contains two appendixes.
In Appendix A the behavior of radiation along special null
directions is studied. In particular, for geodesics along prin-
cipal null directions the results are obtained in closed explicit
form without performing asymptotic expansions of the
physical quantities near I. Appendix B summarizes the Lor-
entz transformations of the null-tetrad components of the
gravitational and electromagnetic fields.

II. THE C-METRIC WITH A NEGATIVE COSMOLOGICAL
CONSTANT

The C-metric with a cosmological constant ��0, con-
tained in the family of solutions �39�, can be written as

g�
1

A2�x�y �2 � �Fdt2�
1

F
dy2�

1

G
dx2�Gd�2� ,

�2.1�

where F and G are, respectively, polynomials of y and x,

F�
��

3A2 �1�y2�2mAy3�e2A2y4,

G�1�x2�2mAx3�e2A2x4. �2.2�

These functions are mutually related by

F��Q�y ��
��

3A2 , G�Q��x �, �2.3�

where Q(w)�1�w2�2mAw3�e2A2w4. The metric �2.1�
is a solution of the Einstein-Maxwell equations with a non-
null electromagnetic field given by

F�edy∧dt , �2.4�

or related expressions which can be obtained by a constant
duality rotation. There exist two double-degenerate principal
null directions �PNDs�

k1*�t�F�y , k2*�t�F�y , �2.5�

so that the spacetime is of the Petrov type D. It admits two
Killing vectors �t , �� , and one conformal Killing tensor Q
�cf. Refs. �14,53,54��,

Q�
1

A4�x�y �4 � Fdt2�
1

F
dy2�

1

G
dx2�Gd�2� .

�2.6�

The metric �2.1� can describe different spacetimes, de-
pending on the choice of parameters and of ranges of coor-
dinates. We are interested in the physically most relevant
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case when the metric describes one black hole or pairs of
black holes uniformly accelerated in anti–de Sitter universe.
In this case the constants A, m, e, and C, such that
��(��C ,�C), characterize acceleration, mass, charge of
the black holes, and conicity of the � symmetry axis, respec-
tively. They have to satisfy m60, e2�m2, A, C�0, and they
have to be such that the function G has four real roots in the
charged case (e ,m�0) or three real roots in the uncharged
case (e�0,m�0). The coordinates x, y have to satisfy
y��x and x��x f ,xb� , where x f�0�xb are two roots of G,
namely those closest to zero �see �20,38,44,50� for details
and discussion of other cases, cf. also Figs. 1�d� and 3 be-
low�. From these conditions we obtain 07G71, and
m�2e2Ax�0. The spacetime �2.1� reduces to the anti–de
Sitter universe for m�0, e�0.

The coordinates x and � are longitudinal and latitudinal
angular coordinates, x f denotes the axis of � symmetry ex-
tending from the ‘‘forward’’ pole of the black hole �in the
direction of acceleration� to infinity, whereas xb denotes the
axis from the opposite ‘‘backward’’ pole. For nonvanishing
acceleration the axis cannot be regular everywhere—at least
one part of it has to have a nontrivial conicity, depending on
the choice of the parameter C. This corresponds to the pres-
ence of cosmic strings �or struts� which are responsible for
the acceleration of the black holes, see the references above
for more details.

The spacetime metric �2.1� can be put into various forms.
In this paper we concentrate on investigation of radiation
near infinity, for which the Robinson-Trautman form seems
to be a convenient one. Introducing real coordinates r, u and
complex coordinates $, $̄ by

Ar��x�y ��1,

Adu�
dy

F
�dt ,

1

&
�d$�d$̄ ��

dy

F
�

dx

G
�dt ,

i

&
�d$�d$̄ ��d� , �2.7�

we put the C-metric �2.1� into the form �55�

g�
r2

P2 d$∨d$̄�du∨dr�Hdu2. �2.8�

The metric functions are

P�2�G , H�A2r2�F�G �, �2.9�

or explicitly

H��
�

3
r2�2r� ln P � ,u�1 ln P�

2

r
�m�2e2Ax ��

e2

r2 ,

�2.10�

with 1�2P2�$�$̄ , where x is expressed using the relation

� dx

G�x �
�Au�

1

&
�$� $̄ �. �2.11�

The functions �2.9�, �2.10� represent a particular case, corre-
sponding to the C-metric, of the standard general expression
for the Robinson-Trautman spacetimes �31�. As opposed to
the metric form �2.1�, the Robinson-Trautman coordinates
allow an explicit limit A�0. The coordinates are not defined
globally but it is possible to cover the whole universe by
many coordinate patches of the same type. Therefore, it is
sufficient to study the spacetime only in just one Robinson-
Trautman coordinate map; such a patch is indicated by a
shaded domain in Figs. 4–6. We additionally assume there
that the coordinate u is increasing from the past to the future.

The global causal structure of the C-metric with ��0 has
recently been analyzed in �38�. In particular, the character of
infinity, singularities, and possible horizons has been de-
scribed in detail.

Infinity I of the spacetime is given by

r�� , or equivalently x�y�0, �2.12�

where the conformal factor

��
1

r
�A�x�y � �2.13�

vanishes. The conformal �unphysical� metric g̃��2g,

g̃�
1

P2 d$∨d$̄�du∨d��H�2du2, �2.14�

is regular at infinity, given by ��0. Moreover, it follows
from Eq. �2.10� that at I the metric function reads

H�2	
I
��

�

3
, �2.15�

i.e., it is independent of the parameters m, e, and A. The
vector nP��(H�2����u) is orthogonal to each hypersur-
face ��const. In particular, it is outgoing and normal to
infinity I at any of its point, with the norm g̃(nP ,nṖ)
�H�2���/3�0. The universe is thus weakly asymptoti-
cally anti–de Sitter �16�, at least locally, with the conformal
infinity I having a timelike character �in general, it is not
asymptotically anti–de Sitter according to the definition
based on the ‘‘reflective boundary condition’’ �16,17,23,56�:
the (2�1)-metric induced on I by g̃ is not conformally flat
since the associated Bach tensor is nonvanishing�. Through-
out the paper, however, it will be more convenient to employ
the spacelike outward vector n�nP /�H orthogonal to I,

n��H�r�
1

�H
�u , �2.16�

which has a unit norm n•n�g(n,n)�1 with respect to the
physical metric.

At r�0 the metric has unbounded curvature which corre-
sponds to a physical singularity hidden behind the black hole
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horizon. Similarly to the C-metric with vanishing � �32–37�
or the C-metric with ��0 �20,47,48�, the zeros of the func-
tion F correspond to Killing horizons associated with �t .
Interestingly, unlike in the �60 case, the anti–de Sitter
C-metric describes either a single uniformly accelerated
black hole �for A����/3), or a pair of uniformly acceler-
ated black holes �when A����/3).

A. A single accelerated black hole

Indeed, as described in �38,50�, when the acceleration pa-
rameter A is small, namely A����/3, and m�0, the met-
ric �2.1�, �2.2� describes a single uniformly accelerated black
hole. The condition of small acceleration guarantees that the
function F has only two zeros yo ,y i in the charged case, or
only one zero yo for the uncharged black hole. These zeros
define outer and, if applicable, inner horizons of the black
hole. The relevant ranges of coordinates x, y representing the
spacetime outside the black hole are depicted in Fig. 1�d�.

In �38� the causal structure of this spacetime was repre-
sented by the Penrose-Carter conformal diagram of a two-
dimensional t-y section �i.e., the section of constant angular
coordinates x, ��. This section is, in fact, spanned by the
PNDs k1 and k2 , cf. Eq. �2.5�. A part of such a conformal
diagram representing an exterior of the black hole is depicted
in Fig. 1�c�. The conformal infinity I is indicated here by a
double line. The outer horizons Ho , given by y�yo , sepa-
rate region II outside the black hole from an interior of the
black hole, denoted as III �57�. A more detailed structure of
the interior of the black hole depends on whether the hole is
charged or not, and its causal structure is analogous to the
Schwarzschild or Reissner-Nordström black holes. Because
we are mainly interested in region II near the infinity, we will
not discuss the interior of the hole here.

It seems to be more instructive to combine the t-y sections
for different values of x into a unifying three-dimensional
picture in which just the coordinate � is suppressed, as it is
done in Fig. 1�a�. Despite the fact that this is not a complete
and rigorous conformal diagram, it helps to visualize and
understand the global causal structure of the spacetime. The
outer horizon Ho of the black hole is here indicated by two
joined conical surfaces, and the conformal timelike infinity I
is depicted as a deformed outer boundary. It has a ‘‘simple’’
topology R�S2 if we include ‘‘nonsmooth’’ points on the �
axis where the string is located. For a vanishing acceleration
the timelike infinity would be rotationally symmetric around
the vertical axis, and smooth everywhere. Its deformation for
A�0 indicates that the coordinates are adapted to the accel-
erated source �for an analogous discussion in the ��0 case
see �20�� and that there is a string �a conical singularity� on
the � axis. Particular surfaces S of a constant x, correspond-
ing to the two-dimensional conformal diagram 1�c�, are also
indicated. The section SS with x�x f corresponds to the axis
from the ‘‘forward’’ pole of the black hole, the value x�xb to
the axis from the opposite ‘‘backward’’ pole. In Fig. 1�a� the
conicity parameter C is chosen in such a way that the string
is located only on the axis x�x f , and the conical singularity
is indicated by nonsmooth embedding of the t, y�const sur-
face into the three-dimensional diagram, i.e., by a nonsmooth

FIG. 1. Spacetime outside a single accelerated black hole mov-
ing in an anti–de Sitter universe with acceleration A����/3.
Diagrams �a� and �b� depict a three-dimensional section ��const,
diagram �c� is a conformal diagram of the t-y section, and diagram
�d� shows relevant ranges of coordinates x and y. The diagrams
focus on region II between the outer black hole horizon Ho

(y�yo) and timelike infinity I, y��x . Therefore, only a small
part of an interior of the black hole near the horizon Ho is shown
�region III�. In diagram �a� the horizon Ho is represented by two
conical surfaces which intersect on a bifurcation surface of the Kill-
ing vector �t �a continuation of cones inside the black hole to an-
other asymptotic domain is not shown�. The outer deformed bound-
ary of domain II corresponds to infinity I. A particular section S
given by x�const is shown, and the axes x�xb and x�x f are
indicated. It is assumed in diagram �a� that the string causing accel-
eration of the black hole is located on the ‘‘forward’’ axis x�x f and
the corresponding conical singularity is represented by nonsmooth
behavior at SS �the edge at x�x f) . Diagram �b� is a deformation of
diagram �a� in which both the top and the bottom of the diagram are
squeezed to single points, and the longitudinal x direction is embed-
ded smoothly at both axes. The black hole horizon Ho has thus a
droplike shape, symmetrical around the vertical axis. Diagram �c� is
the Penrose-Carter conformal diagram of the t-y section
S (x ,��const). Both principal null directions lie in this section.
The precise shape of infinity I �double line� depends on the value of
coordinate x, cf. Eq. �2.12� �and this dependence is the reason for
the deformed shape of I in diagram �a��. Lines t�const, and
y�const �coinciding with r�const in S� are drawn with labels
oriented in the direction of an increasing coordinate. A small part of
the interior of the black hole is indicated by the dark area at the left
of the diagram. Finally, diagram �d� depicts the x-y section for rel-
evant ranges of coordinates �shaded area�. The infinity is again rep-
resented by the double line, and the horizon Ho is shown. The thick
line x�const corresponds to the t-y section of diagram �c�; similarly
the thick line t�const in diagram �c� corresponds to the x-y section
from diagram �d�.

PODOLSKÝ, ORTAGGIO, AND KRTOUŠ PHYSICAL REVIEW D 68, 124004 �2003�

124004-4

132 Pavel Krtouš



gluing of x�const sections at x f . Notice that since F�0 for
y�yo , region II near infinity I is everywhere static, and
there are no Killing horizons which extend up to I �cf. also
Eqs. �5.6�, �5.7��. We can thus interpret the spacetime as a
universe having global anti–de Sitter–like infinity �except
the nonsmoothness at the string� with the black hole moving
‘‘inside’’ it �in contrast to the case discussed below, where
pairs of black holes ‘‘enter’’ and ‘‘exit’’ the spacetime
‘‘through’’ the infinity�.

The diagram 1�b� is a deformed version of the diagram
1�a�: gluing of the angular coordinate x is now done
smoothly even on the axis where the string is located, and
the top and the bottom of the diagram are ‘‘squeezed’’ to
single points. The horizon Ho thus has a shape of two joined
‘‘drops,’’ and sections x�const are deformed accordingly.
Here we can see that coordinates t, y, x, � used to construct
this diagram are adapted to the source, not to the infinity—
the horizon Ho is symmetric around the vertical axis in con-
trast to infinity I which is deformed in the direction of ac-
celeration. Diagram 1�b� is not so crucial in the present case
of a single black hole but an analogous representation of the
black hole horizon will be used in the case of two accelerated
holes which we are going to discuss now.

B. A pair of accelerated black holes

A more complicated situation occurs when A����/3,
m�0. For such large values of acceleration the metric �2.1�,
�2.2� describes an infinite number of pairs of accelerated
black holes in anti–de Sitter universe. In Fig. 2, representing
a part of the section ��const, one pair of black holes is
indicated by the �outer� horizons Ho which have droplike
shapes analogous to the horizon in diagram 1�b�. The main
difference from the previous case is that both black holes
‘‘simultaneously enter’’ the universe at infinity I, approach
each other with an opposite deceleration until they stop, and
start to move apart, again up to the infinity I. The same
situation repeats infinitely many times both in the past and in
the future—the diagrams in Fig. 2 should be infinitely long,
composed of parts isomorphic to the part shown there. In the
following we study only one such part of the whole universe.
Relevant ranges of coordinates x and y are drawn in Fig. 3.

Clearly, both the global causal structure of the spacetime
and the algebraic structure are now more complex. The met-
ric function F has two more zeros, y a and y c , which corre-
spond to the two additional Killing horizons outside of the
black holes. We shall refer to these as acceleration horizons
Ha , and cosmological horizons Hc �58�. In contrast to the
black hole horizons, spatial sections of these horizons are
noncompact. The horizons are represented by inclined planes
in Fig. 2�a� or as corresponding horizontal lines in Fig. 3.
They separate static and nonstatic regions of the spacetime
outside of the black holes: the domains O and II are static,
whereas the domains I� and I� are nonstatic. Regions II
enclose the black holes, the regions O are ‘‘as far as possible
away’’ from the black holes. Two black holes of a given pair
are separated by the acceleration horizons Ha , and they are
thus causally disconnected. Different pairs of black holes are
separated by the cosmological horizons Hc .

Figure 2�b� shows the foliation of the spacetime by the t-y
surfaces x�const, the surfaces spanned by the PNDs. These
are of three different types, namely SA , SB , and SC . Clas-
sification of these types is seen from the x-y diagram in
Fig. 3, where the t-y sections are represented by vertical
lines. These different types of t-y sections are distinguished
by the number of horizons which they intersect.

For x�(�y c ,xb� the section denoted as SA passes
through all regions O, I, II �and regions inside black holes�,
and intersects all horizons Hc , Ha , Ho . Such a section cor-
responds to the conformal diagram drawn in Fig. 4. The in-
tersection of such a section with the conformal infinity I
is timelike. We denote as IO a part of the infinity with
x�(�y c ,xb� , i.e., the part which can be reached by the sec-
tions SA , cf. also Fig. 10.

The situation is different for section SB of a constant
x�(�y a ,�y c) which goes only through regions I, II �and

FIG. 2. Schematic diagrams of a part of spacetime outside ac-
celerated black holes moving in an anti–de Sitter universe with
acceleration A����/3. Diagrams represent a three-dimensional
section ��const. They depict a domain near one pair of black
holes. However, they should continue periodically in the vertical
direction, featuring thus an infinite chain of pairs of black holes
entering and later exiting the spacetime through timelike infinity I.
Only regions of spacetime outside the outer black hole horizons Ho

are drawn. Interiors of black holes and continuations of the space-
time into other asymptotically anti–de Sitter universes �through the
Einstein-Rosen bridge or through charged black hole� are hidden
under the horizons Ho and not studied in the paper. The outer black
hole horizons Ho are represented by droplike gray shapes analogous
to that of Fig. 1�b�, the timelike infinity I is depicted as a deformed
cylindrical boundary of the diagrams. Diagram �a� shows the Kill-
ing horizons outside the black holes: acceleration horizons Ha sepa-
rating two black holes, and cosmological horizons Hc separating
different pairs of black holes �only one pair of holes is drawn in the
diagram�. These horizons divide spacetime into several regions:
static domains O and II, nonstatic domains I� and I�, and domains
inside the holes hidden under Ho . Diagram �b� indicates embedding
of t-y sections for different constant values of the coordinate x,
which are spanned by principal null directions. Three qualitatively
different sections SA , SB , and SC are shown. Exact conformal dia-
grams corresponding to these sections can be found in Figs. 4–6.
Diagram �c� shows hypersurfaces u�const which are generated by
null geodesics along the principal null directions k1 that are dis-
cussed in Appendix A.
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regions inside black holes�, and does not intersect the hori-
zon Hc . This section corresponds to the conformal diagram
presented in Fig. 5. The intersection of such a section with
infinity is spacelike, and consists of two disjoint parts, one in
the future and another in the past of the section. A part of the
infinity which can be reached in this way will be labeled as
II� and II�, respectively, cf. Fig. 10.

Finally, for x��x f ,�y a) the section SC of constant x ex-
tends only to the region II �and regions inside the black
hole�, and it does not intersect the horizons Ha and Hc . The
conformal diagram of this type is given in Fig. 6. Section SC
intersects the infinity in a timelike surface, and a part of the
infinity which can be reached by these sections will be de-
noted by III , cf. also Fig. 10.

The above described three types of conformal diagrams
depicted in Figs. 4–6 have been drawn recently in �38� �to-
gether with special limiting cases x��y c and x��y a
which we do not discuss here�. Their qualitative dependence
on the value of coordinate x has been already noted there but
not discussed in more details. Putting all these conformal
diagrams together to the single three-dimensional picture
shown in Fig. 2�b� elucidates the character of this depen-
dence. Moreover, it clarifies how the timelike infinity I can
form a spacelike boundary of a conformal diagram as for
section SB , Fig. 5—this spacelike boundary is the intersec-
tion of the two timelike hypersurfaces I and SB .

In Fig. 2�c� the surfaces u�const are shown. These null
surfaces are formed by null geodesics u, $�const tangent to
PND �see Appendix A�, and they indicate how the spacetime
is covered by Robinson-Trautman coordinates. A surface of

constant u reduces to a horizon Ha for u��� , and to a
horizon Ho and Hc for u�� . A connected domain covered
by finite values of coordinate u is indicated in Figs. 4–6 by
the shaded background. Remaining parts of spacetime have
to be covered by different patches of Robinson-Trautman
coordinates defined analogously. The domain indicated in
figures by a shaded background, covered by a single
Robinson-Trautman map, thus reaches up to all types of in-
finity except to the part II�, which is, however, related to the
part II� by a simple time reversion. Therefore, we do not
loose any substantial information using only this Robinson-
Trautman coordinate map.

III. GRAVITATIONAL AND ELECTROMAGNETIC FIELDS
NEAR I

Now we are prepared to discuss radiative properties of the
C-metric fields near the timelike infinity I. As we have al-
ready mentioned in Sec. I, following �14�, by radiative field
we understand a field with the dominant component having

FIG. 3. A qualitative x-y diagram in the case of large accelera-
tion A����/3 �cf. Fig. 1�d� for small acceleration�. The relevant
domain of coordinates x and y is indicated by the shaded area. It is
given by the coordinate x between the axes x f and xb , and the
coordinate y between the infinity I, y��x , and the outer black
hole horizon Ho , y�yo �the interior of black holes, y�yo , is not
studied here�. The infinity is represented by a double line, the ho-
rizons by horizontal lines. The t-y sections of constant x are repre-
sented by vertical lines. Three such typical sections SA , SB and SC

are shown. They are distinguished by the number of horizons which
they intersect. These sections correspond to the conformal diagrams
in Figs. 4–6. A� , B� , C� are points at the infinity which belong to
these three sections, respectively. They can be found also in Figs.
4–6.

FIG. 4. Conformal diagram of the t-y section SA intersecting
both the horizons Ha , Hc outside black holes �right�, and its em-
bedding into three-dimensional diagram ��const �left�. Each of
sections of constant x �and �� with x�(�y c ,xb� intersects all ho-
rizons and extends through the whole spacetime. Both three-
dimensional and two-dimensional diagrams should continue peri-
odically in the vertical direction. In the two-dimensional conformal
diagram the infinity I is depicted by double lines. Section SA inter-
sects the infinity in a timelike surface belonging to domain IO , cf.
Fig. 10. Cosmological horizons Hc , acceleration horizons Ha , and
outer black hole horizons Ho are represented by diagonal lines.
Domains between the horizons are labeled as O, I�, II, and III, cf.
Fig. 2�a�. Interiors of black holes are indicated only partially, by the
dark area behind the horizon Ho . Lines of coordinates t and y are
shown with labels oriented in direction of an increasing coordinate.
An area covered by one Robinson-Trautman coordinate map �coor-
dinates u, r� is indicated by the shaded background. Without the
loss of a typical behavior, the special section x�xb has been chosen
for this diagram; other sections with x��y c look qualitatively the
same, only with embedding not lying in the plane of symmetry of
the three-dimensional diagram.

PODOLSKÝ, ORTAGGIO, AND KRTOUŠ PHYSICAL REVIEW D 68, 124004 �2003�

124004-6

134 Pavel Krtouš



the 1/& fall-off, calculated in a tetrad parallelly transported
along a null geodesic z(&), & being the affine parameter. In
the following we derive the characteristic directional pattern
of radiation, i.e., the dependence of the radiative component
of the fields on the direction along which a given point at the
infinity is approached.

We start with a general null geodesics z(&) approaching a
fixed point N� at infinity I as &→�� �or &→��). We
observe that coordinates x, y, and u, $, as well as metric
functions F, G, and P, are finite at the point N� , whereas the
affine parameter & and the Robinson-Trautman coordinate r
go to infinity as the geodesic approaches I, cf. Sec. II. We
denote the limiting values on I of the coordinates and the
metric functions by a subscript ‘‘�.’’

To obtain a more detailed description how N� is reached,
we have to find the tangent vector of the geodesic,

Dz

d&
� ṫ�t� ẏ�y� ẋ�x��̇�� . �3.1�

As mentioned in �32�, an explicit form of the tangent vector
can be obtained using specific geometrical properties of the
C-metric �2.1�. The presence of two Killing vectors �t , �� ,
and of one conformal Killing tensor Q �cf. Sec. II� implies
that there exist three constants of motion E���t• Dz

d& ,

J���• Dz
d& , and Q� 1

2 Q( Dz
d& , Dz

d& ), respectively, for any null
geodesic. Namely, we have

E�
Fṫ

A2�x�y �2 , J�
G�̇

A2�x�y �2 ,

Q�
Fṫ 2�F�1ẏ2�G�1ẋ2�G�̇2

2A4�x�y �4 . �3.2�

In addition, Dz/d& has a null norm

�Fṫ 2�F�1ẏ2�G�1ẋ2�G�̇2�0. �3.3�

The above four equations imply

ṫ�EA2�x�y �2F�1, ẏ�8yA
2�x�y �2�E2�QF ,

�̇�JA2�x�y �2G�1, ẋ�8xA
2�x�y �2�QG�J2,

�3.4�

where 8y , 8x��1 are the signs of ẏ and ẋ , respectively.
The components of the tangent vector Dz/d& in the
Robinson-Trautman coordinates �2.7� are thus given by

ṙ��8xA�QG�J2�8yA�E2�QF ,

u̇�
1

Ar2F
�8y�E2�QF�E �,

$̇�
1

&r2
�8y�E2�QFF�1�EF�1

�8x�QG�J2G�1�iJG�1�. �3.5�

FIG. 5. Conformal diagram of the t-y section SB intersecting
only the horizons Ha outside black holes, and its embedding into
three-dimensional diagram ��const. Such a section of constant x
�and �� with x�(�y a ,�y c) intersects all horizons except the cos-
mological ones. In contrast to section SA of Fig. 4, section SB does
not extend through the whole spacetime, but it can be found near all
pairs of black holes. The section still extends between both holes of
a given pair. Section SB intersects the infinity in two spacelike
surfaces, one forming a future boundary of SB belonging to domain
II�, the other forming a past boundary belonging to domain II�, cf.
Fig. 10. Notation for infinity, horizons, etc., is the same as in Fig. 4.
The shaded area again indicates Robinson-Trautman coordinate
patch.

FIG. 6. Conformal diagram of the t-y section SC not intersecting
any horizons outside black holes, and its embedding into the three-
dimensional diagram ��const. Such a section of constant x �and ��
with x��x f ,�y a) does not intersect cosmological and acceleration
horizons. In contrast to section SA of Fig. 4, section SC does not
extend through the whole spacetime, but it can be found near any
black hole. Unlike section SB from Fig. 5, it even does not extend
between holes of a given pair of black holes. Section SC intersects
the infinity in a timelike surface which belongs to domain III of the
conformal infinity, cf. Fig. 10. Notation for infinity, horizons, etc.,
and the meaning of the shaded area are the same as in Fig. 4.
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We immediately observe that there exists a family of
simple null geodesics ṙ�AE , $̇�0� u̇ , corresponding to the
special choice of the constants J�0�Q , 8y��sgn E. These
lie in the planes x, ��const, cf. Eq. �3.4�, and they are
considered in Appendix A.

Now, we notice that ṙ remains finite at infinity I,

ṙ,�8xA�QG��J2�8yA�E2�QF�-� . �3.6�

This means that r and & are asymptotically proportional,

r,�& . �3.7�

We can thus easily obtain the asymptotic behavior of the
above tangent vector by expanding expressions �3.5� in pow-
ers of 1/& �assuming ��0 because the geodesic approaches
infinity�. We get �59�

Dz

d&
,

1

�&2 �r2�r�c�$� c̄�$̄�d�u�, �3.8�

with the constants c�C and d�R related to the conserved
quantities E, J, Q by

c��
1

�&
�8y�E2�QF�F�

�1�EF�
�1

�8x�QG��J2G�
�1�iJG�

�1�,

d��
1

�AF�
�8y�E2�QF��E �. �3.9�

These constants are not independent. In fact, they satisfy the
normalization condition �3.3� which in Robinson-Trautman
coordinates asymptotically reads �recall Eqs. �2.9� and
�2.15��

2P�
�2cc̄�2d�

�

3
d2�0. �3.10�

The expansion �3.8� of the tangent vector corresponds to
the asymptotic form of null geodesics z(&) near I given by
Eq. �3.7� and

$�$��
c

�&
�¯ , u�u��

d

�&
�¯ . �3.11�

The constants $� , u� specify the position at I which par-
ticular geodesic �3.11� is approaching �or from which it is
receding�, whereas c, d represent the �spacetime� direction
along which N� is reached. The constant � fixes the affine
parameter &. From Eq. �3.7� we see that if ��0 then r is
growing and geodesics are approaching the infinity for
&→��—we will denote these as outgoing. On the other
hand, when ��0 then the geodesics approach I (r→�) as
&→�� , i.e., the coordinate r is decreasing with a growing
&. The corresponding geodesics are ingoing: they ‘‘start’’ on
I and recede from this into finite regions of the spacetime.

Solving the normalization condition �3.10� we obtain

d�
3

�
�8

3

�
�1�

�

3

2cc̄

P�
2 , �3.12�

where 8��1. For any given c there are thus two real values
of d, according to the sign of 8. In fact, the above parameter
8 identifies whether the geodesic is future or past oriented. To
see this explicitly, let us consider the future-oriented timelike
vector �u near infinity ��u•�u��H,(�/3)r2�0� . The
projection of tangent vector �3.8� onto �u is, using Eq.
�3.12�,

Dz

d&
•�u,��� 1�

�

3
d ���8��1�

�

3

2cc̄

P�
2 .

�3.13�

The geodesic is thus future or past oriented when 8��0 or
8��0, respectively. Of course, it is physically natural to
restrict ourselves to future-oriented geodesics only. Without
loss of generality we thus assume the identification

sgn ��8 . �3.14�

Consequently, geodesics with 8��1 are outgoing �reaching
I for &→��) whereas those with 8��1 are ingoing �start-
ing at I for &→��).

In order to find the radiative behavior of fields near I we
have to set up an interpretation tetrad transported parallelly
along a general asymptotic null geodesic, and project the
Weyl tensor and the tensor of electromagnetic field onto this
tetrad. In fact, in the following we will employ several or-
thonormal and null tetrads which will be distinguished by
specific labels in subscript. We denote the vectors of a ge-
neric orthonormal tetrad as t, q, r, s, where t is a unit time-
like vector and the remaining three are spacelike. With this
normalized tetrad we associate a null tetrad k, l, m, m̄,

k�
1

&
�t�q�, l�

1

&
�t�q�,

m�
1

&
�r�is�, m̄�

1

&
�r�is�, �3.15�

such that

k•l��1, m•m̄�1, �3.16�

all other scalar products being zero.
The Weyl tensor is parametrized by five standard complex

coefficients 
n , n�0,1,2,3,4, defined as its specific compo-
nents with respect to the above null tetrad, see Eq. �B1�.
Similarly, the tensor of electromagnetic field is parametrized
by �n , n�0,1,2, see Eq. �B2�. The well-known transforma-
tion properties of coefficients 
n and �n under null rota-
tions, boost, and spatial rotation of the tetrad are summarized
in Appendix B.

To define a suitable interpretation tetrad ki , li , mi , m̄i we
need to specify either its initial condition inside the space-
time, or its final condition at timelike infinity I, in a compa-
rable way for all geodesics approaching infinity along differ-
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ent directions. We consider geodesics which reach the same
point N� at I, and thus we prescribe the final condition there.
We naturally require that the null vector ki is proportional to
the tangent vector �3.8� of the asymptotic null geodesic
�3.11�,

ki,
8

�

Dz

d&
. �3.17�

We wish to compare the radiation for all such null geodesics
approaching the given point at I, and it is thus necessary to
consider a unique and universal normalization of the affine
parameter &, and of the vector ki . A natural and also the
most convenient choice is to keep the parameter � fixed—
see an analogous discussion in �20� near Eqs. �5.6� and �5.9�.
In fact, this is equivalent to fixing the component p•n of the
4-momentum p�Dz/d& at some large value of r, i.e., at the
given proximity of the conformal infinity.

Following a general framework introduced in �14�, the
null vector li of the interpretation tetrad now can be fixed
asymptotically by normalization �3.16� and the requirement
that on I the vector n normal to the infinity belongs to ki-li
plane. Obviously, the direction of li at a point N� on I thus
uniquely depends on the choice of the particular null geode-
sic �3.11� approaching infinity, i.e., on the specific vector ki .
Remaining vectors mi , m̄i cannot be prescribed
canonically—there is a freedom in choice of their phase fac-
tor �a rotation in the transverse mi-m̄i plane�. Therefore, we
have to find such physical quantities which are invariant un-
der this freedom. Obviously, the moduli �
n� and ��n� of the
fields at I are independent of the specific choice of the vec-
tors mi , m̄i .

To derive the field components in the above-defined inter-
pretation tetrad we start with the simple Robinson-Trautman
null tetrad kRT , lRT , mRT , m̄RT �see, e.g., �31�� naturally
adapted to the Robinson-Trautman coordinates �2.8�

kRT��r , lRT�� 1
2 H�r��u ,

mRT�
P

r
�$̄ , m̄RT�

P

r
�$ . �3.18�

Note that the vector kRT is oriented along the double degen-
erate principal null direction k1 , cf. Eq. �5.4�. In this tetrad
the only nontrivial components 
n

RT and �n
RT , which repre-

sent the gravitational and electromagnetic fields, are


2
RT��� m�2e2Ax�

e2

r � 1

r3 ,


3
RT��

3

&

Ar

P

2

RT , 
4
RT�3

A2r2

P2 
2
RT ,

�1
RT��

e

2r2 , �2
RT��&

Ar

P
�1

RT . �3.19�

The interpretation tetrad ki , li , mi , m̄i can be obtained by
performing two subsequent null rotations and a boost of this

Robinson-Trautman null tetrad �3.18�. We first apply Eq.
�B6�, then Eq. �B3�, and finally Eq. �B9� of Appendix B with
the parameters �60�

K��� 1�
�

6
d � �1 c

Pr
,

L�
�

6

cr

P
,

B�8� 1�
�

6
d � , ��0. �3.20�

The resulting null tetrad, using relation �3.10�, then takes the
following asymptotic form as &→8�:

ki,8
1

�2&2 �r2�r�c�$� c̄�$̄�d�u�,

li,8
�

6 � r2�r�c�$� c̄�$̄�� d�
6

� ��u� ,
mi,

P�

�& ��6 cd

c̄
�$�� 1�

�

6
d ��$̄�

c

P�
2 �u� ,

m̄i,
P�

�& � � 1�
�

6
d ��$�

�

6

c̄d

c
�$̄�

c̄

P�
2 �u� . �3.21�

The above vector ki is indeed obviously tangent to a gen-
eral asymptotic null geodesics �3.11�, and satisfies the con-
dition �3.17�. Moreover, the normal n to I, cf. Eq. �2.16�,
belongs to the plane spanned by the two null vectors ki and
li , as required,

n,
8

&
���

�

6
�& ki���

6

�

1

�&
li� . �3.22�

Notice that the projection of ki on n is

ki•n,
8

�&
��

3

�
. �3.23�

For outgoing geodesics (8��1,&→��) we indeed obtain
ki•n�0, whereas for ingoing ones (8��1,&→��) there is
ki•n�0.

Therefore, the tetrad �3.21� is exactly the interpretation
tetrad suitable for analysis of the behavior of fields close to
infinity I. As seen above, the Lorentz transformations from
the tetrad �3.18� to �3.21� are given by two subsequent null
rotations and the boost with the parameters �3.20�. Starting
with the components �3.19� in the Robinson-Trautman frame
we thus obtain, using Eqs. �B7�, �B4�, �B10� and �B8�, �B5�,
�B11�, the asymptotic form of the leading terms of gravita-
tional and electromagnetic fields


4
i ,�

3�m�2e2Ax��

�&P�
2 �A� 1�

�

6
d ��

� c̄

3&
� 2

,
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�2
i ,

8e

&�&P�
�A� 1�

�

6
d ��

� c̄

3&
� , �3.24�

where x� is the coordinate of the point N� related to the
coordinates $� , u� by Eq. �2.11�. The other terms decrease
faster in accordance with the well-known peeling behavior,
which is a consequence of the boost contained in Eq. �3.22�
that is infinite on I, cf. �14�. Notice also that the square of
�2

i gives the modulus of the Poynting vector, 4��Si�
,��2

i �2, defined in the interpretation tetrad �3.21�. Interest-
ingly, the dependence of �
4

i � and ��2
i �2 on the direction

along which the point N� at infinity I is approached is ex-
actly the same.

Expressions �3.24� are �formally� identical to Eqs. �6.16�
of �20� in which radiation in the C-metric spacetime with
��0 was investigated. Interestingly enough, one can also
directly set ��0. The directional dependence given by the
parameters c and d vanishes in this limit �since li becomes
independent of ki) and formulas �3.24� can be compared with
the results obtained in classic work �32� �see also �33�� for
accelerated black holes in asymptotically flat spacetime.

Nevertheless, the physical and geometrical meanings of
Eqs. �3.24� is very different now since new interesting and
specific features occur for the ��0 case. The following sec-
tions will be devoted to deeper description and analysis of
the above result.

IV. PARAMETRIZATIONS OF THE NULL DIRECTION
AT I

For a physical understanding of expressions �3.24�, as
well as for explicit demonstration of fundamental differences
between radiation generated by accelerated black holes in
spacetimes with ��0 and ��0, we introduce more conve-
nient parameterizations of the direction ki along which the
infinity I—now timelike—is approached. To parametrize
this radiation direction we first choose a suitable reference
tetrad to , qo , ro , so on I which is orthonormal, adapted to
the infinity,

qo�n, �4.1�

and with to future oriented. Otherwise the tetrad can be cho-
sen arbitrarily. A natural choice is to consider a tetrad closely
related to the Robinson-Trautman tetrad �3.18�, namely,

ko��H

2
kRT , lo��2

H
lRT , mo�mRT , �4.2�

so that �cf. Eq. �3.15��

�u��H to ,

�r�
1

�H
�to�qo�,

�$�
1

&

r

P
�ro�iso�. �4.3�

The null direction ki can be obtained �up to normaliza-
tion� from the above reference vector ko by a null rotation
�B6�, and thus it can be parametrized by a complex param-
eter R as �61�

ki*ko�R̄mo�Rm̄o�RR̄lo . �4.4�

Comparing this expression with Eq. �3.21� we can relate R to
the parameters c and d,

c����
6

�
P�

R

1��R�2 ,

d�
6

�

�R�2

1��R�2 . �4.5�

Now we may rewrite the directional pattern �3.24� in terms
of the parameter R. First, recall that there is no canonical
way how to choose the phase of the transverse null vectors
mi , m̄i . Therefore, invariant information independent of a
choice of the interpretation tetrad is contained only in the
moduli of fields components. Substituting relations �4.5� into
expressions �3.24� we obtain

�
4
i �,

3A2�m�2e2Ax��

�&P�
2

�1�R1R̄�2�1�R2R̄�2

�1��R�2�2 ,

��2
i �,

�e�A

&�&P�

�1�R1R̄��1�R2R̄�
�1��R�2�

, �4.6�

where

R1�0, R2���
�

3

P�

A
. �4.7�

We have introduced here not only R2 but also a ‘‘super-
fluous’’ parameter R1�0. This is motivated by a general re-
sult �62� concerning an asymptotic structure of the fields
when ��0. In fact, the real parameters R1 , R2 have an
important physical meaning—they represent double-
degenerate principal null directions �PNDs� k1 and k2 �cf.
Eq. �2.5�� at the infinity I. Indeed, the specific complex pa-
rameter R representing a PND with respect to the reference
tetrad has to satisfy quartic equation 
0�0 �see, e.g., �31��,
i.e., using Eq. �B7�,

R4
4
o�4R3
3

o�6R2
2
o�4R
1

o�
0
o�0. �4.8�

This, in view of Eqs. �4.2�, �B10�, and �3.19�, asymptotically
reduces exactly to

�R�R1�
2�R�R2�

2�0. �4.9�

Therefore, the first double-degenerate PND k1 is indeed
given by R�R1 , whereas the second one, k2 , is given by
R�R2 .
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Instead of using the complex parameter R for identifica-
tion of the null direction ki we can introduce two real param-
eters with an obvious geometrical meaning. First, we per-
form a normalized projection of the null vector ki onto I,
defining thus the unit timelike vector tb tangent to the infin-
ity:

tb�
ki��ki•n�n

�ki•n�
. �4.10�

Then tb represents the radiation direction along I corre-
sponding to the null vector ki*tb�8n. We can characterize
tb �and thus ki) with respect to the reference tetrad as

tb�cosh 0 to�sinh 0�cos + ro�sin + so�. �4.11�

The parameters 0, + are pseudo-spherical coordinates,
0��0,�) corresponding to a boost, and +��0,2�) being an
angle. Their geometric meaning is visualized in Fig. 7. How-
ever, these parameters do not specify the null direction ki
uniquely—there always exists one ingoing and one outgoing
null direction with the same parameters 0 and +, which are
distinguished by 8.

Substituting Eq. �4.4� into Eq. �4.10� and comparing with
Eq. �4.11� we can express 0 and + in terms of R as

tanh 0�
2�R�

1��R�2
, +��arg R . �4.12�

Observing that the sign of the expression 1��R�2*ki•n de-
termines whether ki is ingoing or outgoing, i.e.,

8�sgn�1��R�2�, �4.13�

we can write down the inverse relations,

R�� tanh
0

2
exp��i+� for ki outgoing �8��1 �,

coth
0

2
exp��i+� for ki ingoing �8��1 �,

�4.14�

and also the relations to the parameters c and d,

�8��
�

6

2 c̄

P�
�sinh 0 exp� i+�, 8� 1�

�

3
d ��cosh 0 .

�4.15�

FIG. 7. Parametrizations of a null direction at timelike infinity
I. All null directions at a point N��I can be characterized by a
future oriented null vector k. According to their orientation
8�sgn(k•n) with respect to I, these can be divided into outgoing
and ingoing families—see, e.g., vectors k(out) and k(in) in the figure.
�Special null directions tangent to I will not be discussed here.� The
null direction is parametrized by a boost 0 and an angle +, or
alternatively by spherical angles #, +. These parametrizations are
defined with respect to the reference tetrad to , qo , ro , so . In the top
diagram the vectors to , qo , r+ �where r+�cos + ro�sin + so) are
depicted, the remaining spatial direction s+ is suppressed. In the
bottom left diagram the timelike direction to is suppressed and all
spatial directions are drawn. Finally, in the bottom right diagram the
spatial direction qo�n normal to I is omitted. The parameters 0, +
specify the normalized orthogonal projection tb �Eq. �4.10�� of the
null vector k onto I by Eq. �4.11�. All possible tb form a two-
dimensional hyperboloid H drawn in the bottom right diagram. This
hyperboloid can be radially projected onto a two-dimensional disk
tangent to the vertex of the hyperboloid given by to . The disk can
be parametrized by radial coordinate ��tanh 0, and angle +. Alter-
natively, the null direction can be characterized by the normalized
spatial projection qr �Eq. �4.17�� of the null vector k into the
3-space orthogonal to to . The projection qr can be parametrized by
spherical angles #, + with respect to the reference tetrad, see Eq.
�4.18�. All spatial projections qr form a two-dimensional sphere S
shown in the bottom left. This sphere can be orthogonally projected
onto I, where it again forms a two-dimensional disk parametrized
by ��sin #, and +, cf. Eq. �4.19�.
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Substituting from Eq. �4.15� into Eq. �3.24� we obtain

�
4
i �,

���
4

�m�2e2Ax��

�&

��R2
�1�1�8 cosh 0��8 sinh 0 exp� i+��2,

��2
i �,����

24

�e�
�&

��R2
�1�1�8 cosh 0��8 sinh 0 exp� i+��.

�4.16�

The dependence of the fields on the parameters 0 and + is
shown in Fig. 8.

There exists yet another natural possibility how to char-
acterize the null direction at the infinity. Instead of decom-
posing the propagation vector ki into the component normal
to I and the transverse timelike vector tb tangent to I, we
may alternatively consider its normalized spatial projection
qr , where by the spatial projection we mean a projection to a
suitable three-dimensional space, say that orthogonal to to
�see Fig. 7�. This spatial propagation vector

qr�
ki��ki•to�to

�ki•to�
, �4.17�

such that ki*to�qr , is naturally characterized by spherical
angles # and + with respect to the spatial vectors qo , ro , so
of the reference tetrad, namely,

qr�cos # qo�sin #�cos + ro�sin + so�. �4.18�

Obviously, this is more convenient for a unified description
of both outgoing (8��1) and ingoing (8��1) null geo-
desics. The former are parametrized by #��0,�/2), the latter
by #�(�/2,�� . Comparing with the previous parametriza-
tions of the null direction ki we obtain

sin #�tanh 0�
2�R�

1��R�2
-� ,

cos #�8 sech 0�
1��R�2

1��R�2
,

tan #�8 sinh 0�
2�R�

1��R�2
. �4.19�

The parameter � is used in Figs. 7, 8, and 11. The inverse
relation

R�tan
#

2
exp��i+�, �4.20�

FIG. 8. Possible directional patterns of radiation �4.16� �or, equivalently, �4.6�, �4.21�� which express the magnitude of the leading terms
of gravitational or electromagnetic fields as a function of a direction from which the point N� at infinity I is approached. The corresponding
outgoing (8��1, small white spot� or ingoing (8��1, black spot� null geodesic with a tangent vector k are parametrized by ��tanh 0 and
+, cf. Fig. 7. The patterns �a� apply to points N� in which the double degenerate PND k1 �white spot� is oriented outwards from the universe
whereas k2 �black spot� inside it. The patterns �b� apply to points in which both the PNDs are outgoing. The pattern �b� would also apply for
points where both PNDs are ingoing, only with exchanged words ‘‘ingoing’’ and ‘‘outgoing.’’ The radiation completely vanishes along
directions which are exactly mirrored of the PNDs, with respect to I.
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and analogous expression Eq. �4.14�, show that R is actually
a stereographic parametrization of qr , and Lorentzian stereo-
graphic parametrization of tb .

Expressing the fields �4.16� using # and + we get

�
4
i �,

���
4

�m�2e2Ax��

�& cos2 #
�R2

�1�1�cos #��sin # exp� i+��2,

��2
i �,����

24

�e�
�&�cos #�

�R2
�1�1�cos #��sin # exp� i+��.

�4.21�

We have thus presented the directional radiation pattern at
the anti–de Sitter infinity using three suitable parametriza-
tions of the null direction along which the infinity is ap-
proached, namely Eqs. �4.6�, �4.16�, and �4.21�. The pattern
is depicted in Fig. 8. Now we can proceed with its physical
interpretation.

V. ANALYSIS OF THE RADIATION PATTERN

First, we observe that the radiation ‘‘blows up’’ for direc-
tions with �R��1, i.e., 0→� , #��/2, ��1. These are null
directions tangent to the infinity I, and thus they do not
represent a direction of any outgoing or ingoing geodesic
approaching the infinity from the ‘‘interior’’ of the space-
time. The reason for this divergent behavior of the radiation
is purely kinematic: by imposing the ‘‘comparable’’ final
conditions for the interpretation tetrad �cf. the discussion
after Eq. �3.17�� we have fixed the projection of the
4-momentum p*ki onto the normal n. Clearly, this condition
leads to an ‘‘infinite’’ rescaling of ki if ki is tangent to I, i.e.,
orthogonal to n. Such rescaling results in the above diver-
gence of �
4

i � and ��2
i �.

This divergence at �R��1 actually splits the radiation pat-
tern into two components—the radiation pattern for outgoing
geodesics, �R��1, and to the pattern for ingoing geodesics,
�R��1, cf. Eq. �4.13�. These two different patterns corre-
spond to Eq. �4.16� with 8��1 and 8��1, respectively.
They are depicted in Fig. 8 as separate diagrams.

From Eqs. �4.6� it can immediately be observed that ra-
diation completely vanishes, �
4

i ��0���2
i �, along specific

null directions with R�Rm satisfying

Rm�
1

R1
or Rm�

1

R2
. �5.1�

In fact, the direction given by 1/Rn , n�1,2 is the mirrored
reflection of the PND kn with respect to I: using Eqs. �4.13�,
�4.14� we find that both 1/Rn and Rn correspond to the same
0�0n �and +�0) but with the opposite 8. The radiation
thus vanishes along mirrored reflections of the PNDs �63�.

In terms of pseudo-spherical parameters 0, + we find, cf.
also Eqs. �4.16�, that the radiation vanishes along outgoing
(8��1) null geodesics such that

coth
0m

2
�R2 , +m�0, �5.2�

or along ingoing (8��1) geodesics given by

tanh
0m

2
�R1⇒0m�0, or

tanh
0m

2
�R2 , +m�0. �5.3�

Clearly, only one of the conditions �5.2�, �5.3� involving R2
can be satisfied for a given value of R2 . Therefore, further
description of the radiation pattern necessarily depends on
the specific algebraic structure of the spacetime at a given
point N� at I, in particular on the orientation of PNDs.

The PNDs have explicit form, cf. Eqs. �4.4�, �4.7�,

k1*
1

&
�to�qo��ko*kRT ,

k2*
1

&
� to�

1�R2
2

1�R2
2 qo�

2R2

1�R2
2 ro� . �5.4�

Using the relation �4.14� they can be parametrized as

01�0,

tanh
02

2
�� R2 for R271

1/R2 for R261
, +2�0. �5.5�

By inspecting Eqs. �5.4� we observe that the first PND k1
always points along the normal n�qo , i.e., outside the uni-
verse. However, for the second PND k2 there are distinct
possibilities according to whether R291. At points on I
where R2�1 the vector k2 is outgoing (82��1), i.e., ori-
ented outside the universe. In the regions where R2�1 it is
ingoing (82��1), oriented inside the universe. At special
points where R2�1 the PND k2*(to�ro) has no component
along n; it is tangent to I.

Which of these three alternatives can occur depends on
values of the parameters describing the spacetime. Before we
continue with a discussion of the different possibilities, let us
note that the three possible regions of I with the distinct
structure of PNDs exactly coincide with regions of different
characters of the Killing vector field �t . Recalling �2.12�, the
value of the metric function F at a given point N� on I is
F��F�y��x�

. Considering Eqs. �2.3�, �2.9�, and �4.7� we
obtain

F��
R2

2�1

P�
2 ��R2

2�1 �G� , �5.6�

which demonstrates the relation between the structure of
PNDs and the character of the spacetime near infinity. If
R2�1 then F��0 and the Killing vector �t near I is space-
like. If, instead, R2�1 then F��0 and �t is a timelike Kill-
ing vector field—the region near I is thus static. The above
two domains of infinity are separated by the Killing horizon
consisting of points for which R2�1, where the Killing vec-
tor is null. Note that the Killing horizons may indeed extend
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�for sufficiently large acceleration� to the conformal infinity,
which is a specific property of anti–de Sitter C-metric.

A. A single accelerated black hole

We now discuss the case when the acceleration parameter
A is small, A����/3. As explained in Sec. II A, the
C-metric then describes a single uniformly accelerated black
hole in an anti–de Sitter universe. Its global structure for a
constant � is visualized in Fig. 1. There are no Killing hori-
zons extending to I �which would correspond to F��0, i.e.,
R2�1) since using Eq. �4.7�, �2.10�, and 07G71 there is

R2�P��
1

�G�

61, �5.7�

for all x��x f ,xb� . Accordingly, the region near infinity I is
everywhere static. We thus find that the first PND k1 is al-
ways oriented outside, whereas the second one k2 is always
oriented inside the universe, see Eq. �5.4� and Fig. 9.

The corresponding radiation pattern is shown in Fig. 8�a�.
There exists just one direction along which the outgoing
radiation (8��1, �R��1) vanishes, namely the direction
Rm�1/R2 . It is the mirrored reflection of the ingoing PND
k2 �see the left part of Fig. 8�a��. In terms of pseudo-
spherical parameters the direction is described by Eq. �5.2�,
i.e., 0m�02 and +m�+2�0, where 02—the boost param-
eter characterizing k2—is given by Eq. �5.5�. The radiation
pattern for ingoing radiation (8��1, �R��1) is visualized
in the right part of Fig. 8�a�. Again, there exists just one
direction of vanishing radiation given by Rm�1/R1�� �i.e.,
0m�01�0, cf. Eq. �5.3��, which is also the mirrored reflec-
tion of a PND, this time of the outgoing k1 .

B. A pair of accelerated black holes

A more interesting but also more complicated situation
occurs when A����/3. In this case the C-metric repre-
sents pairs of uniformly accelerated black holes in an anti–de
Sitter universe, as indicated in Figs. 2–6; see Sec. II B. There
are �outer� black-hole horizons Ho , acceleration horizons
Ha , and cosmological horizons Hc ; see Fig. 2�a�. At I, the
horizons Ha and Hc can be identified by R2�1. They sepa-
rate various static and nonstatic regions of I, and simulta-
neously the domains of infinity with different structure of the
PNDs, as shown in Fig. 10. The vector k1 is always oriented
outside the universe. In the static domains of I where

R2�1, denoted as IO and III , k2 is oriented inside it; see Eq.
�5.4�. These domains of the infinity can be reached through
the sections SA and SC , cf. Figs. 4, 6. On the other hand, in
the domain where R2�1, denoted as II� �accessible through
SB , Fig. 5�, both PNDs are oriented outside the spacetime.

In each of these regions the radiation pattern �4.16� is thus
different. In particular, it admits a different number of direc-
tions along which the radiation vanishes. Recalling that the
radiation vanishes along mirrored reflections of PNDs, we
see that in the static regions IO and III there is just one
outgoing (8��1) direction along which the radiation
vanishes, as in the previous case of a single black hole. This
is the mirrored reflection of k2 , Rm�1/R2 �0m�02 ,
+m�+2�0, cf. Eq. �5.2��. The corresponding directional
pattern is again given by the left part of Fig. 8�a�. However,
in the nonstatic region II� there is no outgoing direction
along which the radiation vanishes because mirrored reflec-
tions of both PNDs are ingoing. In other words, the condition
�5.2� cannot be satisfied because R2�1. The radiation pattern
for outgoing directions for this case is shown in the left part
of Fig. 8�b�.

Of course, the number of null directions with vanishing
radiation in the pattern for ingoing geodesics (8��1) is
complementary. In the domains IO and III with R2�1 there
is again just one zero, now given by the mirrored reflection
of k1 (Rm�� , 0m�01�0); see the right part of Fig. 8�a�.
On the other hand, in the domain II� there are exactly two
zeros for ingoing radiation given by mirrored reflections
of both PNDs �Rm�� , 0m�0, and Rm�1/R2 , 0m�02 ,
+m�0, cf. Eq. �5.3�� as shown in the right part of Fig. 8�b�.

In addition, there is also another domain with R2�1,
namely the domain II�; see Fig. 10. Here both PNDs are
oriented inside the spacetime. However, the region I� of the
spacetime and its infinity II� are not covered by the same
map of Robinson-Trautman coordinates as that used above.
We have to introduce another ‘‘time-reversed’’ map to cover
the white domain in Fig. 5. Still, the directions of vanishing
radiation are given by mirrored directions of the PNDs at the

FIG. 9. When A����/3, the C-metric represents a single,
uniformly accelerated black hole. The region near infinity I is ev-
erywhere static. The first PND k1 is oriented outside the universe,
whereas the second one k2 points inside it.

FIG. 10. For large values of A����/3 the C-metric represents
pairs of accelerated black holes. The conformal infinity I shown on
the left is divided by horizons Hc and Ha into several distinct do-
mains: IO and III are static, whereas II� and II� are nonstatic.
Moreover, in the regions IO �corresponding to sections SA) and III

�corresponding to SC) the PND k1 is oriented outwards, whereas
the PND k2 is oriented inwards. In II� �sections SB) both k1 and k2

point outside the universe, in II� both the PNDs point inside it.
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infinity, similarly to the cases discussed above. The mirrored
directions of the PNDs are both outgoing so that the radia-
tion pattern for outgoing geodesics contains two zeros �cf.
the right part of Fig. 8�b��, whereas the pattern for ingoing
geodesics does not have any zero directions, cf. the left part
of Fig. 8�b�.

To summarize, the directional patterns of outgoing radia-
tion �Eqs. �4.16� with 8��1, or Eqs. �4.6� with �R��1] in
the domains IO , II�, II�, and III of the conformal infinity
are given by the left �a�, left �b�, right �b�, and left �a� parts of
Fig. 8, respectively. For ingoing radiation �Eqs. �4.16� with
8��1, or Eqs. �4.6� with �R��1] these are given by the
right �a�, right �b�, left �b�, and right �a� parts of Fig. 8,
respectively.

C. Vanishing acceleration

Finally, we briefly describe the character of radiation
when the acceleration vanishes, in which case the spacetime
describes a single nonaccelerating black hole in an anti–de
Sitter universe �‘‘Reissner-Nordström–anti–de Sitter solu-
tion’’�. It is thus spherically symmetric with surfaces t, y
�const being the orbits of the rotational group, and radial
directions being contained in sections x, ��const. From
A�0 it follows R2�� , cf. Eq. �4.7�, and the above general
expressions simplify. In particular for A�0 not only
kRT*k1*(1/&)(to�qo), but also lRT*k2*(1/&)(to�qo) is
a PND, see Eq. �5.4�; this is consistent with relations �3.19�
in which only the components 
2

RT and �1
RT remain nonva-

nishing. At the infinity I the PNDs are mutually mirrored
reflections, k1 oriented outside the universe and k2 inside it,
parametrized by 01�0�02 ; see Eqs. �5.4�, �4.12�. Both the
PNDs point in radial directions of the spherical symmetry.
Moreover, since R2�1, it follows from relation �5.6� that the
region near I is always static, without the Killing horizon
extending there.

For vanishing acceleration the expressions �4.16� and
�4.21� reduce to

�
4
i �,

���
4

m

�&
sinh2 0�

���
4

m

�&
tan2 # ,

��2
i �,����

24

�e�
�&

sinh 0�����
24

�e�
�&

�tan #�. �5.8�

The corresponding directional pattern of radiation, shown in
Fig. 11, is axially symmetric and independent of 8, i.e., it is
the same both for ingoing and outgoing null geodesics. In-
terestingly, even for a nonaccelerated black hole there is thus
radiation on I along any nonradial null direction, i.e., except
for 0�0, 8��1, which corresponds to both PNDs. This
may seem quite surprising since the region near infinity is
static. It is a completely new specific feature: for ��0 a
generic, nonradial observer near I� would also detect radia-
tion generated by nonaccelerated black holes �20�, but the
region near infinity is nonstatic. In asymptotically flat space-
times (��0) there is no radiation on I� from black holes
with A�0 �32�, which, remarkably, also follows from ex-
pression �3.24�.

VI. SUMMARY

It was observed already in the 1960s by Penrose
�12,13,18� that radiation is defined ‘‘less invariantly’’ in
spacetimes with a non-null I. Recently we have analyzed the
C-metric solution with ��0 �20� and found an explicit di-
rectional pattern of radiation. This fully characterizes the ra-
diation from uniformly accelerated black holes near the de
Sitter–like conformal infinity I�, which has a spacelike
character. Here we have completed the picture by investigat-
ing the radiative properties of the C-metric with a negative
cosmological constant. This exact solution of the Einstein-
Maxwell equations with ��0 represents a spacetime in
which the radiation is generated either by a �possibly
charged� single black hole or pairs of black holes uniformly
accelerated in an anti–de Sitter universe.

We have analyzed the asymptotic behavior of the gravita-
tional and electromagnetic fields near the conformal infinity
I, which has a timelike character. The leading components of
the fields have been expressed in a suitable parallelly trans-
ported interpretation tetrad. These components are inversely
proportional to the affine parameter of the corresponding null
geodesic. In addition, an explicit formula �4.16� �or, equiva-
lently, Eqs. �4.6� and �4.21�� which describes the directional
pattern of radiation has been derived: it expresses the depen-
dence of the field magnitudes on spacetime directions from
which a given point N� at infinity I is approached. This
specific directional characteristic supplements the peeling
property, completing thus the asymptotic behavior of gravi-

FIG. 11. The directional patterns of outgoing/ingoing radiation
are the same and axially symmetric when A�0. In such a case the
PNDs k1 and k2 are mutual mirror images under reflection with
respect to I. Therefore, there is exactly one direction given by
0�0 along which the radiation vanishes, both for outgoing and
ingoing null geodesics.
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tational and electromagnetic fields near infinity I with a
timelike character.

We have demonstrated that the situation is much more
complicated in the anti–de Sitter case than in the case
��0. The new specific feature is that timelike conformal
infinity I is, in general, divided by Killing horizons into
several static and nonstatic regions with a different structure
of �double degenerate� principal null directions. In these dis-
tinct domains of infinity the directional patterns of radiation
differ. For example, there are different numbers of geometri-
cally privileged directions �namely one, two, or none� in
which the radiation vanishes completely. These exactly cor-
respond to mirrored directions of principal null direction,
with respect to I. Accordingly, there exists an asymmetry
between outgoing and ingoing radiation patterns in all the
domains.

As in the ��0 case �64�, it seems plausible that a general
structure of the radiation pattern at conformal infinity de-
pends only on the PNDs there, i.e., it is given by the alge-
braic �Petrov� type of the spacetime. This hypothesis will be
proven elsewhere �62�.
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APPENDIX A: RADIATION ALONG SOME PARTICULAR
NULL GEODESICS

Here we concentrate on a geometrically privileged family
of special geodesics which asymptotically take the form
�3.11� with c�0. It follows from Eq. �3.12� that this corre-
sponds either to outgoing null geodesics with d�0 or ingo-
ing ones with d��6/� .

In fact, the geodesics c�0�d are exact null geodesics

u�u��const, $�$��const, �A1�

in the whole spacetime, with r being their affine parameter.
They approach infinity I along the �double degenerate� prin-
cipal null direction kRT��r , which is characterized by the
parameter 0�0, see Eq. �4.15� �or by #�0). It can be
shown that the Robinson-Trautman tetrad �3.18� is parallelly
transported along these geodesics,

kRT•�kRT�0, kRT•�lRT�0, kRT•�mRT�0, �A2�

and it is also invariant under a shift along the Killing vector
�t , i.e., L�t

kRT�0, L�t
lRT�0, L�t

mRT�0, respecting thus a
symmetry of the spacetime. Consequently, we can
naturally set the interpretation tetrad (ki ,li ,mi ,m̄i)
-(kRT ,lRT ,mRT ,m̄RT) in the whole spacetime, not only as-
ymptotically near I, as in Eq. �3.21� for c�0, d�0. As
follows from Eqs. �3.19�, all components of gravitational and
electromagnetic fields are explicitly given by


4
i ��

3A2

P � m�2e2Ax�
e2

r � 1

r
,


3
i �

3A

&P
� m�2e2Ax�

e2

r � 1

r2 ,


2
i ��� m�2e2Ax�

e2

r � 1

r3 , 
1
i �
0

i �0, �A3�

and

�2
i �

eA

&P

1

r
, �1

i ��
e

2

1

r2 , �0
i �0. �A4�

Clearly, the leading terms in the 1/r expansion give the pre-
vious general asymptotical results �3.24� with c�0�d . In
the case of anti–de Sitter spacetime (m�0,e�0) the field
components obviously identically vanish. In the general case
the fields have a radiative character (%1/r) except for a van-
ishing acceleration A and/or for P�� . The interesting
‘‘static’’ limiting case A�0 has been already discussed in
Sec. V C. The case P�� corresponds to observers located at
the privileged position where G�0, i.e., on the axes x�xb
and x�x f where the strings/struts are localized. This is
analogous to the situation when ��0 �20�, and an electro-
magnetic field of accelerated test charges in flat spacetime:
this is also not radiative along the axis of symmetry, which is
the direction of acceleration.

Let us also recall �see �20�� that the affine parameter r
coincides both with the luminosity and the parallax distance
for the congruence of the above null geodesics. The radiative
1/r fall-off of the fields is naturally measurable �even locally�
by observers moving radially to infinity, using both the lu-
minosity and the parallax methods for determining the dis-
tance.

Concerning the other special family of ingoing null geo-
desics, c�0, d��6/� , 8��1, it can be observed that the
transformation given by Eq. �3.20� becomes singular and Eq.
�3.21� is not thus justified. However, from Eqs. �3.8�, �3.17�,
and �3.18�, with the condition �3.22� for fixing li , it follows
that in this case

ki,�
1

�2&2 � r2�r�
6

�
�u�,�

6

�

1

�2&2 lRT ,

li,�
�

6
r2�r,�

�

6
�2&2kRT , �A5�

which—somewhat surprisingly—fully agrees with expres-
sions �3.21� for the special case c�0, d��6/� . Thus the
interpretation tetrad along these geodesics is equivalent to
the tetrad �3.21� along the PND given by c�0, d�0 �which
itself agrees with the Robinson-Trautman tetrad �3.18�� after
interchanging ki↔li and mi↔�m̄i , accompanied by a boost
�B9� with B��6/(�r2). Components of the gravitational
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and electromagnetic fields can thus easily be obtained from
Eq. �A3�,�A4�. In particular, it follows that 
4

i ,0,
3
i ,


2
i %&�3, 
1

i %&�4, 
0
i %&�5, and �2

i ,0, �1
i %&�2,

�0
i %&�3. Obviously, the radiative parts of the fields vanish

along these special ingoing geodesics, which agrees with the
expression 0m�0 in Eq. �5.3�, cf. Eq. �4.15�. Indeed, this
direction is just the reflection of the PND k1 .

APPENDIX B: TRANSFORMATIONS
OF THE COMPONENTS �n AND �n

The Weyl tensor can be parametrized by five standard
complex coefficients defined as components with respect to a
null tetrad �see, e.g., �31��:


0�C�	��k�m	k�m�,


1�C�	��k�l	k�m�,


2��C�	��k�m	l�m̄�,


3�C�	��l�k	l�m̄�,


4�C�	��l�m̄	l�m̄�. �B1�

Similarly, the tensor of electromagnetic field is parametrized
as

�0�F�	k�m	,

�1� 1
2 F�	�k�l	�m�m̄	�,

�2�F�	m̄�l	. �B2�

These transform in a well-known way under the following
particular Lorentz transformations. For a null rotation with k
fixed, L�C,

k�ko ,

l�lo�L̄mo�Lm̄o�Lm̄o�LL̄ko ,

m�mo�Lko , �B3�


0�
0
o ,


1�L̄
0
o�
1

o ,


2�L̄2
0
o�2L̄
1

o�
2
o ,


3�L̄3
0
o�3L̄2
1

o�3L̄
2
o�
3

o ,


4�L̄4
0
o�4L̄3
1

o�6L̄2
2
o�4L̄
3

o�
4
o , �B4�

�0��0
o ,

�1�L̄�0
o��1

o ,

�2�L̄2�0
o�2L̄�1

o��2
o . �B5�

Under a null rotation with l fixed, K�C,

k�ko�K̄mo�Km̄o�KK̄lo ,

l�lo ,

m�mo�Klo , �B6�


0�K4
4
o�4K3
3

o�6K2
2
o�4K
1

o�
0
o ,


1�K3
4
o�3K2
3

o�3K
2
o�
1

o ,


2�K2
4
o�2K
3

o�
2
o ,


3�K
4
o�
3

o ,


4�
4
o , �B7�

�0�K2�2
o�2K�1

o��0
o ,

�1�K�2
o��1

o ,

�2��2
o . �B8�

Under a boost in the k-l plane and a spatial rotation in the
m-m̄ plane given by

k�Bko , l�B�1lo ,

m�exp� i��mo , �B9�

B, ��R, the components 
n and �n transform as


0�B2 exp�2i��
0
o ,


1�B exp� i��
1
o ,


2�
2
o ,


3�B�1 exp��i��
3
o ,


4�B�2 exp��2i��
4
o , �B10�

�0�B exp� i���0
o ,

�1��1
o ,

�2�B�1 exp��i���2
o . �B11�
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�27� V. Pravda and A. Pravdová, Czech. J. Phys. 50, 333 �2000�.
�28� T. Levi-Civita, Atti Accad. Naz. Lincei, Cl. Sci. Fis., Mat. Nat.,

Rend. 26, 307 �1917�.
�29� H. Weyl, Ann. Phys. �Leipzig� 59, 185 �1918�.
�30� J. Ehlers and W. Kundt, in Gravitation: An Introduction to

Current Research, edited by L. Witten �Wiley, New York,
1962�, pp. 49–101.

�31� D. Kramer, H. Stephani, E. Herlt, and M. MacCallum, Exact
Solutions of Einstein’s Field Equations �Cambridge University
Press, Cambridge, England, 1980�.

�32� W. Kinnersley and M. Walker, Phys. Rev. D 2, 1359 �1970�.
�33� H. Farhoosh and R. L. Zimmerman, J. Math. Phys. 20, 2272

�1979�.
�34� A. Ashtekar and T. Dray, Commun. Math. Phys. 79, 581

�1981�.
�35� W. B. Bonnor, Gen. Relativ. Gravit. 15, 535 �1983�.
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Gravitational and electromagnetic fields near an anti–de Sitter–like infinity
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We analyze the asymptotic structure of general gravitational and electromagnetic fields near an anti–de
Sitter–like conformal infinity. The dependence of the radiative component of the fields on a null direction
along which the infinity is approached is obtained. The directional pattern of outgoing and ingoing radiation,
which supplements standard peeling property, is determined by the algebraic �Petrov� type of the fields and also
by the orientation of the principal null directions with respect to timelike infinity. The dependence on the
orientation is a new feature if compared to spacelike infinity.
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In spacetimes which are asymptotically flat the behavior
of radiative gravitational and electromagnetic fields near in-
finity has been rigorously analyzed by means of now classi-
cal techniques, such as those in Refs. �1–3�. However, it still
remains an open problem to fully characterize the asymptotic
properties of more general exact solutions of the Einstein-
Maxwell equations. Even in spacetimes which admit a
smooth infinity I the concept of radiation is not obvious
when the cosmological constant � is nonvanishing. If we
define the radiative component of a field as the &�1 term of
the field with respect to a parallelly transported tetrad along
a null geodesic �& being affine parameter�, then for ��0 the
radiation depends on the direction along which the geodesics
approach a given point at I �2,3�.

It is natural to analyze and describe such dependence.
Recently, we studied �4� this behavior of fields near I in the
case ��0 and demonstrated that the directional pattern of
radiation close to de Sitter–like infinity has a universal char-
acter that is determined by the algebraic type of the fields. In
the present work we investigate the complementary situation
when ��0. Interestingly, although the method is similar to
the previous case, the results turn out to be more compli-
cated, and completely new phenomena occur. This stems
from the fundamental difference that the anti–de Sitter–like
infinity I is timelike, and thus admits a ‘‘richer structure’’ of
radiative patterns. This fact was recently demonstrated by
analyzing radiation generated by accelerating black holes in
an anti–de Sitter �AdS� universe �5�: I is divided by the
Killing horizons into several domains with a different struc-
ture of principal null directions, in which the patterns of
radiation differ. Moreover, ingoing and outgoing radiation
have to be treated separately. It is the purpose of our work to
generalize these results and to describe all the possible radia-
tive patterns for gravitational and electromagnetic fields near
an anti–de Sitter–like infinity.

A study of spacetimes with ��0 is motivated also by the
fact that they have now become commonly used in various
branches of physical research, e.g., in inflationary models
brane cosmologies, supergravity or string theories, in par-
ticular due to the AdS conformal field theory �CFT� corre-
spondence. Although branes and strings are typically studied
in higher-dimensional spacetimes, four-dimensional models
have also been considered �see, e.g., Refs. �6�, �7��. Our con-

tribution analyzes only standard 3�1 universes with
��0; generalization to higher dimensions does not seem to
be straightforward.

I. SPACETIME INFINITY, FIELDS, AND TETRADS

The conformal infinity I can be introduced �2,3� as a
boundary of physical spacetime M with physical metric g,
when embedded into a larger conformal manifold M̃ with
conformal metric g̃��2g; the conformal factor � �negative
in M� vanishes on I. Assuming g̃ is regular there, the metric
g is ‘‘infinite’’ on I, and I is thus infinitely distant from the
interior of spacetime M. We will be interested here in a
timelike conformal infinity which is characterized by a space-
like gradient d� on I. The conformal metric g̃ near such an
anti–de Sitter–like infinity can always be decomposed into
Lorentzian three-metric Ig̃ tangent to I, and a part orthogo-
nal to it,

g���2�Ig̃�Ñ2d�2�. �1�

The spacelike unit vector n normal to the infinity is then

n�����1Ñg��d�� . �2�

We denote the vectors of an orthonormal tetrad as
t, q, r, s �t timelike� and the associated null tetrad as

k�
1

&
�t�q�, l�

1

&
�t�q�,

m�
1

&
�r�is�, m̄�

1

&
�r�is�, �3�

so that k•l��1, m•m̄�1. In the null tetrad the Weyl tensor
C�	�� can be parametrized by five complex coefficients 
 j ,
j�0,1,2,3,4, and the electromagnetic tensor F�	 by three
coefficients � j , j�0,1,2; see Refs. �8�, �9�.

We wish to investigate the behavior of these field compo-
nents in an appropriate interpretation tetrad parallelly trans-
ported along future oriented null geodesics z(&) which reach
a given point P� at I. Such geodesics form two distinct
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families which are distinguished by their orientation 8: geo-
desics outgoing to I which end at P� (8��1) and geode-
sics ingoing from I which start at P� (8��1). A geodesic
thus reaches the point P� for the affine parameter &→8� .
The lapse-like function Ñ�0 and the conformal factor
��0 can be expanded along the geodesic in powers of 1/&
as Ñ,Ñ��¯ , �,8�*&�1�¯ . Here, Ñ��Ñ�P�

is the

same for all geodesics reaching P� . Moreover, we require
that the approach of all geodesics to the infinity is ‘‘compa-
rable,’’ independent of their direction, so we assume �* to
be a �negative� constant. It is equivalent to fixing the mo-
mentum po�p•n (p�Dz/d& being the four-momentum� at
a given small value of �. This choice of the ‘‘comparable’’
approach to I is the only one we can apply unless there are
additional geometrical structures �as, e.g., a Killing vector�
which would allow us to fix a different quantity �e.g., the
energy�. We will see that this choice has significant conse-
quences for the character of the radiation pattern.

The interpretation tetrad ki , li , mi , m̄i also has to be
specified ‘‘comparably’’ for all geodesics having different di-
rections. We require that �i� the null vector ki is proportional
to the tangent vector of the geodesic

ki�
1

&Ñ�

Dz

d&
, �4�

the factor being independent of the direction, and �ii� the null
vector li is fixed by normalization ki•li��1 and the require-
ment that normal vector n belongs to ki-li plane �3�. The
remaining vectors mi , m̄i cannot be specified canonically.
Below, these vectors will be chosen arbitrarily and we will
only study moduli �
4

i � and ��2
i � of the radiative field com-

ponents which are independent of such a choice.
As &→8� , the interpretation tetrad is ‘‘infinitely’’

boosted with respect to an observer with four-velocity tan-
gent to I. To see this explicitly, we introduce an auxiliary
tetrad tb , qb , rb , sb adapted to the infinity, qb�8n, with
timelike vector tb given by the projection of ki to I,

tb*ki��ki•n�n, �5�

and the spatial vectors rb , sb being identical to ri , si . Check-
ing that ki•n,8(1/&)&�1 we obtain

ki�B ikb�&�1
1

&
�tb�8n�, mi�mb ,

li�B i
�1lb�&

1

&
�tb�8n�, m̄i�m̄b , �6�

B i�1/& being a boost parameter which approaches zero on
I, i.e., it represents an ‘‘infinite’’ boost. Under this the fields
transform as 
 j

i�B i
2� j
 j

b , � j
i�B i

1� j� j
b . Considering the

behavior �10� in a tetrad adapted to I this implies standard
peeling-off property.

II. DIRECTIONAL PATTERN OF RADIATION

Now we explicitly derive the dependence of the radiation
on the direction of a null geodesic along which the infinity is
approached. First, we parametrize this direction with respect
to a suitable reference tetrad to , qo , ro , so adapted to the
conformal infinity, namely qo�n. The vectors to , ro , so can
be fixed conveniently with the help of the particular geom-
etry of the spacetime. The timelike vector tb is related to the
vector to by a boost �cf. Fig. 1�

tb��cosh 0�to��sinh 0�r+ , �7�

with r+�(cos +)ro�(sin +)so �and s+�(�sin +)ro
�(cos +)so]. Because the vector tb is related to the projec-
tion of ki we can use the ‘‘Lorentzian angles’’ 0, + and the
orientation 8 to parameterize the direction of the null geode-
sic. Instead of these parameters it is also convenient to use
their Lorentzian stereographic representation R,

R�� tanh�0/2�exp��i+� for 8��1,

coth�0/2�exp��i+� for 8��1.
�8�

FIG. 1. Parametrization of a null direction k near timelike infin-
ity I. All null directions form three families: outgoing directions
(k•n�0, vector k(out) in the figure�, ingoing directions (k•n�0,
vector k(in)), and directions tangent to I. With respect to a reference
tetrad to , qo , ro , so , a direction k can be parameterized by boost 0,
angle +, and orientation 8, or by parameters �, +, or by a complex
number R. In the upper diagram, the vectors to , qo , r+ are depicted,
the remaining spatial direction s+ is suppressed; in the bottom the
direction qo�n is omitted. The parameters 0, + specify the normal-
ized orthogonal projection tb of k into I �cf. Eqs. �5� and �7��. To
parametrize k uniquely, we have to specify also its orientation
8�sgn(k•n) with respect to I. Vectors tb corresponding to all out-
going �or ingoing� null directions form a hyperbolic surface H. This
can be radially mapped onto a two-dimensional disk tangent to the
hyperboloid at to , which can be parametrized by an angle + and a
radial coordinate ��tanh 0. In the exceptional case 8�0 the boost
0→� , and k*tb�r+ is tangent to I. Finally, the parameter R is the
Lorentzian stereographic representation of 0, +, 8 �cf. Eq. �8��.
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We allow also the infinite value R�� corresponding to
0�0, 8��1, i.e., k*(1/&)(to�qo).

Next, we express the field components 
 j
o �and � j

o) with
respect to the reference tetrad using algebraically privileged
principal null directions �PNDs�. The PNDs of the gravita-
tional �or electromagnetic, respectively� field are the null di-
rections k such that 
0�0 �or �0�0) in a null tetrad k, l,
m, m̄ �the choice of l, m, m̄ being irrelevant�. If we param-
etrize k by the above stereographic parameter R, the condi-
tion on PND with respect to the reference tetrad takes the
form �8,9�

R4
4
o�4R3
3

o�6R2
2
o�4R
1

o�
0
o�0,

R2�2
o�2R�1

o��0
o�0, �9�

respectively. There are thus four �or two� PNDs characterized
by the roots R�Rn , n�1, 2, 3, 4 �or R�Rn

EM , n�1,2). In
a generic situation we have 
4

o�0, and the remaining com-
ponents 
 j

o , j�0, 1, 2, 3, can be expressed in terms of Rn

�analogously for � j
o , j�0, 1�; see Ref. �4�.

Using the conditions �i� and �ii� above and Eqs. �6�–�8�,
we can now find the Lorentz transformation from the refer-
ence tetrad to the interpretation tetrad �up to a nonunique
rotation in the mi�m̄i plane�. We can thus express the field
components 
4

i �or �2
i ) with respect to the interpretation

tetrad in terms of 
 j
o �or � j

o), and consequently in terms of
the parameters Rn of PNDs and 
4

o �or Rn
EM and �2

o); cf.
Ref. �4�. Taking into account a typical behavior of the fields
in a tetrad adapted to I �e.g., Ref. �3��,


n
o,
n*

o &�3, �n
o,�n*

o &�2, �10�

we finally obtain the directional pattern of radiation—the
dependence of radiative components of gravitational and
electromagnetic fields on the null direction �given by R�
along which the timelike infinity is approached:

�
4
i �,�
4*

o �&�1
1��R�2
�2

�	1�
R1

Rm
		1�

R2

Rm
		1�

R3

Rm
		1�

R4

Rm
	, �11�

��2
i �,��2*

o �&�1
1��R�2
�1	1�
R1

EM

Rm
		1�

R2
EM

Rm
	 . �12�

Here, the complex number Rm ,

Rm�R̄�1�coth8�0/2�exp��i+�, �13�

characterizes a direction obtained from the direction R by a
reflection with respect to I, i.e., the mirrored direction with
0m�0 , +m�+ but opposite orientation 8m��8 .

The expression �11� has been derived assuming 
4
o�0,

i.e., Rn�� . However, to describe PND oriented along lo it is
necessary to use a different component 
 j

o as a normaliza-
tion factor. For example, with 
0

o we obtain

�
4
i �,�
0*

o �&�1
1��Rm�2
�2

�	1�
R1m

R 		1�
R2m

R 		1�
R3m

R 		1�
R4m

R 	. �14�

Interestingly, the radiation pattern thus has the same form if
we reflect all PNDs, Rn→(Rn)m , and switch ingoing and
outgoing directions, R→Rm .

III. DISCUSSION

Expressions �11� and �12� characterize the asymptotic be-
havior of the fields near anti–de Sitter–like infinity. We will
analyze here only the gravitational field, the discussion of the
electromagnetic field being analogous. First, we observe that
the radiation ‘‘blows up’’ for directions with �R��1 �i.e.,
0→�). These are null directions tangent to the infinity I,
and thus they do not represent a direction of any geodesic
approaching the infinity from the ‘‘interior’’ of the space-
time. The reason for this divergent behavior is purely kine-
matic: when we required the ‘‘comparable’’ approach of geo-
desics to the infinity we had fixed the component of the
four-momentum p*ki normal to I. Clearly, such a condition
implies an ‘‘infinite’’ rescaling if ki is tangent to I, which
results in the divergence of �
4

i �.
The divergence at �R��1 splits the radiation pattern

into two components—the pattern for outgoing geodesics
(�R��1,8��1) and that for ingoing geodesics (�R��1,
8��1). These two different patterns are depicted in dia-
grams in Fig. 2 separately.

From Eq. �11� it is obvious that there are, in general, four
directions along which the radiation vanishes, namely PNDs
reflected with respect to I, given by R�(Rn)m . Outgoing
PNDs give rise to zeros in the radiation pattern for ingoing
geodesics, and vice versa. A qualitative shape of the radiation
pattern thus depends on �i� orientation of PNDs with respect
to I �i.e., the number of outgoing, ingoing, or tangent PNDs�,
and �ii� degeneracy of PNDs �Petrov type of the spacetime�.
Depending on these factors, there are 51 qualitatively differ-
ent shapes of the radiation patterns �3 for Petrov type N
spacetimes, 9 for type III, 6 for D, 18 for II, and 15 for
type I spacetimes�; 21 pairs of them are related by the duality
of Eqs. �11� and �14�. The most typical are shown in Fig. 2.

The reference tetrad can be chosen to capture a geometry
of the spacetime. To simplify the radiation pattern we can
also adapt it to the algebraic structure, i.e., to correlate the
tetrad with PNDs. For example, we can always orient to
along the orthogonal projection to I of the most degenerate
PND, say k4 . For the outgoing k4 we then obtain k4*ko ,
R4�0 (04�0,84��1); for the ingoing k4 we get k4*lo ,
R4�� (04�0,84��1) and we have to employ the pattern
�14�. Thus, for spacetime of the Petrov type N we get
0n�0, n�1,2,3,4, and the directional dependence

�
4
i �*�cosh 0�818�2 �15�

illustrated in Fig. 2 �Na�. Similarly, the radiation pattern sim-
plifies for other algebraically special spacetimes.
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At generic points the PNDs are not tangent to I. However,
they can be tangent on some lower-dimensional subspace
such as the intersection of I with Killing horizons—cf. the
anti–de Sitter C-metric �5�. These subspaces are important,
e.g., in the context of a lower-dimensional version of the
Randall-Sundrum model: a two-brane moving in a C-metric
reaches the infinity with PNDs tangent both to it and to I �6�.

In the case when the PND k1 is tangent to I, the reference
tetrad has to be chosen differently, e.g., in such a way that
R4�1. For the type N spacetime we then obtain the direc-
tional dependence �see Fig. 2 �Nb��

�
4
i �*

�1�R�4


1��R�2
2
��cosh 0�sinh 0 cos +�2. �16�

The only zero of this expression is for R�1 (0→� ,+�0;
limit considered through directions with �R��1) which does
not correspond to any outgoing or ingoing geodesic. For type
D spacetime (R1�R2 ,R3�R4�1) the directional depen-
dence becomes �Figs. 2 �Dc�, �Dd��

�
4
i �*

�1�R�2�1�R1 /Rm�2

�1��R�2�2 . �17�

This has zero at R�(R1)m �if �R1��1), and it does not
diverge for R�1, with a directionally dependent limit there.
If all PNDs are tangent to I, Rn�exp(�i+n), �not necessary
degenerate� the pattern can be written

�
4
i �,�
4*

o �&�1 2
n�1,2,3,4

�cosh 0�sinh 0 cos�+�+n��
1/2.

�18�

There are no outgoing or ingoing directions along which
radiation vanishes in this case—see, e.g., Fig. 2 �Dd�.

To summarize, when I is timelike the radiation fields de-
pend on the direction along which the infinity is approached.
Analogously to the ��0 case �4� the radiation pattern has a
universal character determined by the algebraic type of the
fields. However, new features occur when ��0: both out-
going and ingoing patterns have to be studied; their shapes
depend also on the orientation of PNDs with respect to the
infinity, and an interesting possibility of PNDs tangent to I
appears. Radiation vanishes only along directions which are
reflections of PNDs with respect to I, in a generic direction
it is nonvanishing. The absence of &�1 term thus cannot be
used to distinguish nonradiative sources: near an anti–de
Sitter–like infinity the radiative component reflects not only
properties of the sources but also their relation to the ob-
server.
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FIG. 2. Directional patterns of radiation near a timelike I. All 11
qualitatively different shapes of the pattern when PNDs are not
tangent to I are shown �the remaining 9 are related by a simple
reflection with respect to I�. Patterns �Nb�, �Dc�, �Dd� are just a few
examples with PNDs tangent to I. Each diagram consists of pat-
terns for ingoing �left� and outgoing geodesics �right�. �
4

i � is
drawn on the vertical axis, and the directions of the geodesics are
represented on the horizontal disk by coordinates �, + introduced in
Fig. 1. Reflected �degenerate� PNDs are indicated by �multiple� ar-
rows under the discs. For PNDs that are not tangent to I these are
directions of vanishing radiation. The Petrov type �N, III, D, II, I�
corresponding to the degeneracy of PNDs is indicated by the labels
of diagrams; the number of ingoing and outgoing PNDs is also
displayed.
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Abstract
We analyse the directional properties of general gravitational, electromagnetic
and spin-s fields near conformal infinity I. The fields are evaluated in
normalized tetrads which are parallelly propagated along null geodesics which
approach a point P of I. The standard peeling-off property is recovered
and its meaning is discussed and refined. When the (local) character of
the conformal infinity is null, such as in asymptotically flat spacetimes, the
dominant term which is identified with radiation is unique. However, for
spacetimes with a non-vanishing cosmological constant the conformal infinity
is spacelike (for � > 0) or timelike (for � < 0), and the radiative component
of each field depends substantially on the null direction along which P is
approached.

The directional dependence of asymptotic fields near such de Sitter-like or
anti-de Sitter-like I is explicitly found and described. We demonstrate that the
corresponding directional structure of radiation has a universal character that is
determined by the algebraic (Petrov) type of the field. In particular, when � > 0
the radiation vanishes only along directions which are opposite to principal
null directions. For � < 0 the directional dependence is more complicated
because it is necessary to distinguish outgoing and ingoing radiation. Near such
anti-de Sitter-like conformal infinity the corresponding directional structures
differ, depending not only on the number and degeneracy of the principal
null directions at P but also on their specific orientation with respect
to I.

The directional structure of radiation near (anti-)de Sitter-like infinities
supplements the standard peeling-off property of spin-s fields. This
characterization offers a better understanding of the asymptotic behaviour
of the fields near conformal infinity under the presence of a cosmological
constant.

PACS numbers: 04.20.Ha, 98.80.Jk, 04.40.Nr
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1. Introduction

Many studies have been devoted to theoretical investigations of gravitational waves. The first—
by Einstein himself—appeared immediately after the formulation of general relativity [1, 2],
and was soon followed by other papers [3, 4]. Since then numerous works on gravitational
radiation have concentrated on specific approximate (analytic or numerical) analyses of various
spatially isolated gravitating sources, most recently binary systems, collision and merger of
black holes or neutron stars, supernova explosions and other possible astrophysical sources.

In rigorous treatments within the full Einstein theory, several interesting classes of exact
radiative solutions were found and investigated in the late 1950s and the early 1960s—for
example [5–11]. For reviews of these contributions to the theory of gravitational radiation see,
e.g., [12–19]. Although most of such spacetimes seem to be physically not very realistic, they
serve as useful explicit models and test beds for numerical relativity and other approximations.
Almost simultaneously, general frameworks which allow one to study asymptotic properties of
radiative fields were also developed and applied in now classical works [20–29] and elsewhere
(see, e.g., [30–35] for reviews and many references).
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Despite this long-standing effort, however, there still remain open fundamental problems
concerning the very concept of gravitational radiation in the context of the full nonlinear
Einstein theory. No rigorous statements are available which would relate the properties of
sufficiently general strong sources to the radiation fields produced. Also, the presence of a
non-vanishing cosmological constant � is not mathematically compatible with asymptotic
flatness that is naturally assumed in many of the existing analyses. Although important
results on the existence of vacuum solutions with � �= 0 have already been obtained [36], in
order to fully understand the properties of gravitational and electromagnetic radiation in such
‘de Sitter-type’ or ‘anti-de Sitter-type’ spacetimes, further studies are necessary.

As a particular contribution to this task we will here describe the asymptotic directional
behaviour of general fields in spacetimes which admit any value of the cosmological constant.

1.1. On studies of asymptotic behaviour of radiative fields in general relativity

First, we briefly summarize the main methods which have been developed to characterize
rigorously the asymptotic properties of fields in general relativity. It is not our intention to
present an exhaustive and thorough review of previous works. We only wish to set up a context
in which we could place our present analysis and results.

One fundamental technique for investigating radiative properties of gravitational and
electromagnetic fields at ‘large distance’ from a spatially bounded source is based on
introducing a suitable Bondi–Sachs coordinate system adapted to null hypersurfaces, and
expanding the metric functions in inverse powers of the luminosity distance r which plays
the role of an appropriate ‘radial’ coordinate parametrizing outgoing null geodesics [20, 21,
23, 37]. In the case of asymptotically flat spacetimes this framework allows one to introduce
the Bondi mass (the total mass of a system as measured at future null infinity I) and momentum,
and characterize the time evolution including radiation in terms of the news functions which
are the analogue of the radiative part of the Poynting vector in electrodynamics. Using
these concepts, it is possible to formulate a balance between the amount of energy radiated
by gravitational waves and the decrease of the Bondi mass of an isolated system. These
pioneering contributions were subsequently refined and generalized [24, 38, 39], and also
extended after the development of the complex null tetrad formalism and the associated spin
coefficient formalism [25, 26] which lead to great simplifications in the expressions, see, e.g.,
[13, 17, 18, 30, 32] for reviews. Nevertheless, in these works the analysis of radiative fields
assumed that spacetime is asymptotically flat. This ruled out, for instance, a non-vanishing
cosmological constant �. These methods generally are based on privileged coordinate systems
which are not automatically possible to generalize to the cases when � �= 0.

Alternatively, information about the character of radiation can be extracted from the
tetrad components of fields measured along a family of null geodesics approaching I. One
can consider only a bundle of such geodesics, as I need not exist globally. The rate of approach
to zero of the Weyl or Maxwell tensor is given by the celebrated peeling-off theorem [22, 23,
25, 29, 33, 40]. The component of a spin-s zero-rest-mass field (with respect to a parallelly
transported and suitably normalized interpretation tetrad) proportional to η−(j+1), where η is an
affine parameter along the null geodesics, j = 0, 1, . . . , 2s, appears to have in general 2s − j

coincident principal null directions. Consequently, the part of the field that falls off as η−1

exhibits 2s-degeneracy of principal null directions. It is thus considered as the radiation
field because its asymptotic algebraic ‘null’ structure [12, 33, 41–44] locally resembles
that of standard plane waves [5]. The gravitational or electromagnetic field thus represents
outgoing radiation if the dominant component of the Weyl or Maxwell tensor, conveniently
expressed in the Newman–Penrose formalism [25, 26, 45] as quantity �4 or �2, respectively, is
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non-vanishing. This component manifests itself through typical transverse effects on nearby
test particles [23, 46, 47]. Such a characterization of the radiative field remains valid also in
more general spacetimes because the peeling-off property holds even for a non-vanishing �

(the precise meaning of the peeling-off behaviour of fields will be discussed below in the main
text, see sections 5.2 and 6).

Another major step made by Penrose [27–29, 48] (see [33] for a comprehensive overview)
was his coordinate-independent (geometric) approach to the definition of radiation for massless
fields based on the conformal treatment of infinity. The Penrose technique enables one to
apply methods of local differential geometry near conformal infinity I (also referred to as
‘scri’) which is defined as the boundary � = 0 of the physical spacetime manifold (M, g) in
the conformally related ‘unphysical’ spacetime manifold (M̃, g̃), g̃ = �2g (see section 2).
Properties of radiation fields in M can thus be studied by analysing conformally (i.e.,
isotropically) rescaled fields on I in the compactified manifold M̃. For asymptotically flat
spacetimes, I is a smooth null hypersurface in M̃ generated by the endpoints of null geodesics.
In this case it is possible to define in a geometric way the Bondi mass, to derive the peeling-
off property, or to characterize the Bondi–Metzner–Sachs group of asymptotic symmetries
[21, 27, 37, 49, 50]. In particular, one can evaluate gravitational radiation propagating along a
given null geodesic which is described by the �4 component of the Weyl tensor projected on a
parallelly transported complex null tetrad. The crucial point is that such a tetrad is (essentially)
determined uniquely by the conformal geometry, see [33]. Moreover, the Penrose covariant
approach can be naturally applied also to spacetimes which include the cosmological constant
[28, 29, 33, 51]. This is quite remarkable, since there is no analogue of the news function in
the presence of � [52, 53] (for a comparison of the Bondi–Sachs and Penrose approaches,
see, e.g., [50, 54–59]).

The above mentioned analysis led Penrose to the elegant idea of (weakly) asymptotically
simple spacetimes—those having a smooth g̃ and � on I (see, e.g., [27, 29 , 33–35, 60–62] and
references therein for the precise definition). Because it entails a certain fall-off behaviour of
the physical metric near I, this is a fruitful rigorous concept for studying asymptotic radiation
properties of isolated systems in general relativity. It follows from the important recent works
[63–69], and also [70–80], that there indeed exist large classes of exact—though not given
in explicit forms—solutions to Einstein’s field equations which globally satisfy the required
regularity conditions on I (see [19, 36, 62, 81, 82] for a review). Let us emphasize that,
until now, the only explicitly known exact metrics satisfying Penrose’s asymptotic conditions
(although not globally since there are at least four ‘points’ at I which are singular) are boost-
rotation symmetric spacetimes representing uniformly accelerated ‘sources’ or black holes
[11, 13–15, 17, 18, 39, 83, 84]. Nevertheless, the original Penrose conjecture of asymptotic
simplicity may appear to be too restrictive in general. More recent studies have indicated
that generic Cauchy data fail to be smoothly extendable to the conformal boundary
[74, 75, 85, 86], see also [71, 80, 87–89]. More general spacetimes with polyhomogeneous
I were thus studied in [57, 90, 91] and in other works, for which the metric g̃ admits an
asymptotic expansion in terms of r−j logi r rather than r−j . This new setup naturally extends
the Bondi–Sachs–Penrose approach. For example, when � = 0 the Bondi mass still remains
well defined at polyhomogeneous I, and it is a non-increasing function of retarded time as
in [21, 23, 92]. For the class of polyhomogeneous vacuum metrics the asymptotic symmetry
group is the standard BMS group, and the peeling-off property of the curvature tensor is the
same as that for smooth metrics [23] up to the terms of order r−(2+ε), 0 � ε < 1, but the term
∼r−3 log r also appears. Further studies of polyhomogeneity for zero-rest-mass fields, such
as the existence of conserved quantities (NP constants) at I [33, 93–97], can be found, e.g.,
in [98, 99].
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Let us now concentrate on the main differences between the asymptotically flat spacetimes
and those with a non-vanishing cosmological constant �. Interestingly, specific new features
appear in the case of asymptotically ‘de Sitter-like’ (� > 0) or ‘anti-de Sitter-like’ (� < 0)

solutions for which the conformal infinity I is, respectively, spacelike or timelike. As Penrose
observed and repeatedly emphasized in his early works [28, 29, 100], the concept of radiation
for massless fields turns out to be ‘less invariant’ in cases when I does not have a null character,
see section 9.7 of [33]. Namely, it emerges as necessarily direction dependent since the choice
of the appropriate null tetrad, and thus the radiative component �4 of the field, may differ
for different null geodesics reaching the same point on I. This is, for example, demonstrated
by the fact that with a non-vanishing � even fields of ‘static’, non-accelerated sources have a
non-vanishing radiative component along a generic (‘non-radial’) direction, as was shown for
test charges in [101] or for Reissner–Nordström black holes in [102, 103] in a (anti-)de Sitter
universe.

For � �= 0, the non-null character of conformal infinity I also plays a fundamental role
in the formulation of the initial value problem. As mentioned above, quite surprisingly the
global existence has been established of asymptotically simple vacuum solutions (with a
smooth I) which differ on an arbitrary given Cauchy surface by a finite but sufficiently small
amount from de Sitter data [36, 64], while an analogous result for data close to Minkowski
(� = 0) is still under investigation (see [19, 36, 81] for more details). Thus, many vacuum
asymptotically simple spacetimes with de Sitter-like I do exist. However, a spacelike I as
occurs in this case implies the existence of cosmological and particle horizons for geodesic
observers, which results in insufficiency of purely retarded massless fields—advanced effects
must necessarily be present. For example, the electromagnetic field produced by sources
cannot be prescribed freely because the Gauss constraint has to be satisfied at I− (or I+). This
phenomenon has been demonstrated explicitly [104] by analysing test electromagnetic fields of
uniformly accelerated charges on a de Sitter background. On the other hand, it is well-known
that for a timelike I, which occurs when � < 0, the spacetimes are not globally hyperbolic,
and one is necessarily led to a kind of ‘mixed initial boundary value problem’, see, e.g.,
[68, 105–107]. The data need to be given on a spacetime slice extending to I and also on I
itself. The rigorous concept of gravitational and electromagnetic radiation is thus much less
clear in situations when � �= 0.

Here we will analyse mainly the directional structure of radiative fields. This structure
is significantly different for null and spacelike/timelike conformal infinities. In the case of
asymptotically flat spacetimes, the dominant radiative component of the field at any point P at
null infinity I is essentially unique. One can however approach a point P from infinitely many
different null directions, and if I has a spacelike or timelike character it is not a priori clear
how the radiation components of the fields in the corresponding interpretation tetrads depend
on a specific direction.

Such a directional dependence was explicitly found and described for the first time in the
context of the test electromagnetic field generated by a pair of uniformly accelerated point-like
charges in the de Sitter background [101, 108]. In particular, it was demonstrated that there
always exist two special directions—those opposite to the direction from the sources—along
which the radiation vanishes. For all other directions the radiation field is non-vanishing. This
is described by an explicit formula which completely characterizes its angular dependence
(see [101]).

Subsequently, we have carefully analysed the exact solution of the Einstein–Maxwell
equations which generalizes the classic C-metric (see, e.g., [7, 83, 109, 110] for reviews
and references) to admit a cosmological constant [111–115]. For � > 0 it represents
a pair of uniformly accelerated possibly charged black holes in a de Sitter-like universe.
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In [102] we demonstrated that the corresponding electromagnetic field exhibits exactly the
same asymptotic radiative behaviour at the spacelike conformal infinity I as for the test
fields [101] of accelerated charges. Moreover, we found and explicitly described the specific
analogous directional structure of the gravitational radiation field, and we proved that the
directional pattern of radiation is adapted to the principal null directions of this Petrov type D
spacetime.

Elsewhere [103] we investigated the asymptotic behaviour of fields corresponding to the
C-metric with � < 0, i.e. the directional dependence of radiation generated by accelerated
black holes in an anti-de Sitter universe. Some fundamental differences from the case � > 0
occur since the conformal infinity I now has a timelike character. In fact, the whole structure
of the spacetime is more complex and new phenomena also arise: I is divided by Killing
horizons into several domains with a different structure of principal null directions—in these
domains the directional structure of radiation is thus different. The radiative field vanishes
along directions which are mirror images of the principal null directions with respect to I.
Moreover, ingoing and outgoing radiation has to be treated separately.

These studies of particular exact radiative models with a non-vanishing � gave us a
sufficient insight necessary to understand the asymptotic behaviour of general fields near
spacelike or timelike conformal infinities. The directional dependence of gravitational and
electromagnetic radiation is given mainly by spacetime geometry, namely by the character of
I and by the specific orientation and degeneracy of principal null directions at infinity.

In [116] we demonstrated that the directional structure of radiation close to a de Sitter-like
infinity has a universal character that is determined by the algebraic type of the fields. For
example, the radiation completely vanishes along spatial directions on I which are antipodal
to principal null directions. In the following work [117] we investigated the complementary
situation when � < 0. Although the idea is similar to the previous case, the asymptotic
behaviour of fields turns out to be more complicated because I is timelike, and thus admits a
‘richer structure’ of possible radiative patterns.

1.2. Outline of the present work

It is the purpose of this review to present these results—concerning the asymptotic directional
structure of general fields near conformal infinity I of any type—in a synoptic, compact
and unified form. The paper is organized as follows. First, in section 2 we summarize
basic concepts of conformal geometry and their relation to quantities in a physical spacetime.
In particular, we introduce the conformal infinity I, correlate its character with the sign
of the cosmological constant � and investigate the correspondence between null geodesics
in physical and conformal spacetimes. Section 3 is devoted to careful analysis of various
orthonormal and null tetrads which are key ingredients in our subsequent study of the
asymptotic behaviour of fields. We define an interpretation tetrad which is parallelly
propagated along a null geodesic, and we demonstrate that—after performing a specific
boost—it becomes asymptotically adjusted to I (i.e., naturally normalized and adapted to
normal and tangent directions at a given point of conformal infinity). This fact becomes
crucial in section 4 in which we explicitly evaluate the components of general gravitational,
electromagnetic or any spin-s field in the interpretation tetrad near conformal infinity. For
zero-rest-mass fields the dominant component decays as η−1 (where η is the affine parameter
of a null geodesic) and thus represents radiation.

The complete expression (4.19) fully chracterizes the asymptotic behaviour of the field
near any I, including the directional structure, i.e. the dependence on the direction of the
geodesic along which a point P ∈ I is approached as η → ∞. The final section 5 contains
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a detailed discussion of the result. In asymptotically Minkowskian spacetimes with � = 0
for which I has a null character, the directional dependence completely vanishes. The
presence or absence of the η−1 component of the field can thus be used as an invariant
characterization of radiation. In this context we also elucidate the precise meaning of the
peeling-off behaviour. For � �= 0 the asymptotic structure of fields is more complicated
because the dominant component depends substantially on the direction of a null geodesic
along which P is approached. We introduce a convenient parametrization of such directions
near a spacelike or timelike I which occur in spacetimes with � > 0 or � < 0, respectively.
Finally, we describe in detail the asymptotic directional structure of radiative fields near such
de Sitter-like or anti-de Sitter-like conformal infinities. It is proved to be essentially determined
by the algebraic type of the field, namely by the number, degeneracy and specific orientation
of the principal null directions at point P ∈ I.

Two appendices are included. In appendix A we present expansions of the conformal
factor � and the conformal affine parameter η̃ in terms of the physical affine parameter η of
a null geodesic. We demonstrate their polyhomogeneous character. We also investigate the
conditions under which the two main vectors of the interpretation tetrad become coplanar with
the normal to I. Appendix B summarizes the description of spin-s fields, tetrads and their
Lorentz transformations in spinor formalism.

2. Conformal infinity and null geodesics

In this section we recall some basic concepts and properties concerning the geometry of a
physical spacetime and its conformally related counterpart which will be necessary for our
subsequent analysis. Many of these concepts can be found in standard literature, e.g., in
[12, 33, 61]. However, we summarize them for convenience and to introduce our notation.

2.1. Conformal geometry

We wish to study spacetimes which locally admit conformal infinity. According to the general
formalism [27, 29, 31, 33, 61], such an n-dimensional manifold M with physical metric g can
be embedded into a larger conformal manifold M̃ with conformal metric g̃ via a conformal
transformation

g̃ = �2g. (2.1)

Obviously, the spacetimes (M, g) and (M̃, g̃) have identical local causal structure (the same
light cones). The conformal factor � is assumed to be positive in M, and vanishes on the
boundary of M in M̃. Such a boundary � = 0 is called conformal infinity I. Let us note that
in the following it is not necessary to require global existence of I. However, we assume that
� is smooth near I, and we impose suitable regularity conditions for the conformal metric.
Specifically, we assume that the conformal factor is sufficiently smooth along null geodesics
approaching I in (M̃, g̃), cf equation (2.16) in this section.

To indicate explicitly which of the above metrics is used for raising indices, we introduce
gab as the inverse of gab and g̃ab as the inverse of g̃ab.

The derivative operator of g̃ is related to that of g. The relation between the derivative ∇̃
associated with g̃ and ∇ associated with g is (see, e.g., [61])

∇̃avc = ∇avc + γc
abvb, γc

ab = �−1
(
δc
adb� + δc

bda� − gabgcddd�
)
. (2.2)

This implies relations between the curvature associated with ∇̃, and the curvature associated
with ∇. By contracting the formula for the Riemann tensor we obtain relations between the
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conformal and physical Ricci tensors,

˜Ricab = Ricab − (n − 2)�−1∇adb� − �−1gab��

+ 2(n − 2)�−2da� db� − (n − 3)�−2gabgcddc� dd�, (2.3)

where � = gab∇a∇b, and the scalar curvatures,

R̃ = �−2R − 2(n − 1)�−3�� − (n − 1)(n − 4)�−4gabda� db�. (2.4)

The Weyl tensor is unchanged by a conformal transformation,

C̃ d
abc = C d

abc . (2.5)

2.2. Conformal infinity I and its character

The conformal infinity is localized by the condition � = 0. Its character is determined by the
gradient d� on I—it can be timelike, null or spacelike. We introduce a normalized vector ñ
which is normal to the conformal infinity I,

ña = Ñ g̃abdb�, g̃abñañb = σ, σ = −1, 0, +1. (2.6)

For σ = ±1 the conformal ‘lapse’ function Ñ > 0 is given by Ñ = |g̃abda� db�|−1/2, and
g̃ = σÑ

2
d�2 + I g̃, where I g̃ is a restriction of g̃ on I. For σ = 0 the ‘lapse’ Ñ is chosen

arbitrarily. The normalization factor σ determines the character of the conformal infinity,
namely

σ =
⎧⎨
⎩

−1: I is spacelike,
0: I is null,
+1: I is timelike.

(2.7)

This is illustrated in figure 1.
In fact, we can explicitly evaluate the ‘lapse’ Ñ . Transforming � into �̃ = g̃ab∇̃a∇̃b in

(2.4) using relation (2.2), we obtain

g̃abda� db� = − R

n(n − 1)
+ �

(
2

n
�̃� +

�R̃

n(n − 1)

)
. (2.8)

By contracting the Einstein field equations

Ric − 1
2Rg + �g = 	T, (2.9)

we get R = 2
n−2 (n� − 	T ). Assuming a vanishing trace T of the energy–momentum tensor,

which is valid in vacuum, pure radiation or electrovacuum (n = 4) spacetimes, equation (2.8)
on I implies

σÑ |−2
I = g̃abda�db�|I = − 2�

(n − 1)(n − 2)
, i.e., σ = −sign �. (2.10)

The character of the conformal infinity is thus correlated with the sign of the cosmological
constant. For σ �= 0 we also obtain that the ‘lapse’ is constant on I, Ñ |I = 
 > 0, where 


is a typical length, which for spacetime dimension n = 4 is 
 = √|3/�|. For (anti-)de Sitter
spacetime, the scale 
 represents its characteristic radius. When σ = 0 (� = 0) we choose Ñ

to be an arbitrary constant on I. The normalized timelike/null/spacelike vector ñ given by
(2.6) which is normal to conformal infinity I is thus set uniquely.

Analogously we introduce a vector n normal to � = const in the physical spacetime
(M, g) such that

gabnanb = σ, (2.11)
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Figure 1. The local character of the conformal infinity I (situated on the boundary � = 0 of M
in M̃) is determined by the norm σ of vector ñ normal to I. For σ = −1, 0 or +1 the infinity I is
spacelike, null or timelike, respectively. When σ = −1 or σ = 0, the future conformal infinity I+

and the past conformal infinity I− can be distinguished; the corresponding diagrams are drawn in
the upper and lower parts of the figure. For σ = +1 the future and past infinities of null geodesics
are the same, and therefore the diagrams are identical.

which implies the relation

n = �ñ. (2.12)

Strictly speaking, it is not possible to introduce the vector n normalized in the physical
geometry (M, g) at I directly. The conformal infinity does not belong to the physical
spacetime, and even if we extend the manifold M into the conformal manifold M̃, the
physical metric g is not well defined on I: it is related to the conformal metric g̃ by the factor
�−2, see (2.1), which becomes infinite.

We could try to extend the definition of the physical metric (and other tensors related
to physical spacetime) up to the infinity I using some limiting procedure, e.g., using its
expansion along curves approaching I. However, the ‘infinite ratio’ between g and g̃ still
poses problems. Physically defined vectors transported in a natural way to I are rescaled to
zero when measured in conformal geometry and vectors from the conformal tangent space
at I have an infinite length if measured using the physical metric. The tangent space of the
conformal manifold at I is infinitely ‘blown up’ with respect to the tangent space of the physical
manifold defined at the conformal infinity by a suitable limiting procedure. Nevertheless, one
can deal with such infinite scaling using the conformal technique: its important feature is that
the conformal rescaling is isotropic—it rescales all directions in the same way. If the rescaling
enters expansions of physical tensor quantities only as a common factor which is some power
of �, it is ‘well controlled’: we can associate with any physical quantity a conformal quantity
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rescaled by a proper power of � which is correctly defined at conformal infinity, independent
of the direction along which I is approached.

The conformal geometry and the definition of the conformal infinity can thus be understood
as a convenient way to deal with tensors at infinity—any physical quantity can be ‘translated’
into its conformal counterpart which is well defined at I. However, it can be convenient
sometimes to speak directly about physical quantities at I and we will do so if the ‘translation’
to the conformal picture is clear. Exactly in this sense, we can speak about the physical normal
vector n at I, even if it is related to the well defined conformal normal ñ by relation (2.12)
which is degenerate on I. Similarly, in the next section we use a null tetrad adjusted to the
infinity I normalized in the physical geometry.

Let us note however that one has to be careful with asymptotic expansions if these are
not isotropic, i.e., if they rescale one direction by an ‘infinite amount’ as compared with
other directions. This will be the case of, for example, interpretation null tetrads parallelly
transported to I as discussed in section 3.4. Various components of physical tensors with
respect to the interpretation tetrad thus will not rescale in the same way and their behaviour
has to be studied more carefully, cf section 4.3.

2.3. Null geodesics

Now we consider geodesics in the physical spacetime (M, g) and we relate them to geodesics
in the conformal spacetime (M̃, g̃). It follows from (2.2) that null geodesics are conformally
invariant, i.e., null geodesics z(η) with respect to ∇ coincide with null geodesics z̃(η̃) with
respect to ∇̃. The affine parameter η̃ for geodesics in conformal spacetime is related to the
affine parameter η for geodesics in physical spacetime by

dη̃

dη
= �2, i.e.,

Dz

dη
= �2 Dz̃

dη̃
(2.13)

(we fix a trivial factor corresponding to constant rescaling of η̃ to unity).
Without loss of generality we take the affine parameter η̃ such that η̃ = 0 at conformal

infinity I. Therefore, as η̃ → 0 the null geodesic z̃(η̃) in conformal spacetime approaches a
specific point P ∈ I, i.e., z̃(0) = P . Such a geodesic can be either outgoing or ingoing with
respect to physical spacetime M:

Dz̃a

dη̃
da�

∣∣∣∣
I

≡ d�

dη̃

∣∣∣∣
I

= −ε, (2.14)

where

ε =
{

+1: for outgoing geodesics, η̃ < 0 in M,

−1: for ingoing geodesics, η̃ > 0 in M.
(2.15)

By this condition, the normalization of the affine parameter η̃ is fixed uniquely, including the
orientation of the null geodesic z̃(η̃). As we have already mentioned, we assume smoothness
of the conformal factor along z̃(η̃), hence we may expand � in powers of η̃ near I. Taking
into account that η̃|I = 0, and equation (2.14), we have

� = −εη̃ + �2η̃
2 + · · · , (2.16)

with �2 constant. Substituting into equation (2.13), straightforward integration leads to the
relation between the physical and conformal affine parameters

η = −1

η̃
(1 − 2ε�2η̃ ln|η̃| − η0η̃ + · · ·). (2.17)
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Here η0 is a constant of integration. Consequently, near I we obtain in the leading order that
η̃ ≈ −η−1 and � ≈ εη−1. The null geodesic z(η) thus reaches the point P ∈ I for an infinite
value of the affine parameter η, namely z(ε∞) = P .

The leading term in the expansions (2.16) and (2.17) is sufficient for all calculations
throughout this paper. However, for other purposes it can be useful to express these expansions
up to the next order. It is not simple to invert expansion (2.17) due to the presence of the
logarithmic term. In appendix A we demonstrate that (cf equation (A.6))

η̃ = −1

η
(1 − 2ε�2η

−1 ln|η| + η0η
−1 + · · ·), (2.18)

and (cf equation (A.7))

� = εη−1 + (−2�2 ln|η| + εη0 + �2)η
−2 + · · · . (2.19)

Nevertheless, the logarithmic terms in these expansions disappear provided Penrose’s
asymptotic Einstein condition (cf equation 9.6.21 of [33]),

∇̃bda� ≈ 1
4 g̃ab�̃�, (2.20)

is satisfied, cf equation (A.16).

3. Various null tetrads

We now wish to investigate the behaviour of fields near conformal infinity in standard
general relativity in four dimensions (n = 4). For this purpose we introduce the normalized
‘interpretation’ tetrad which is parallelly transported along null geodesics z(η) approaching I.
To achieve this we will employ several orthonormal and null tetrads which will be distinguished
by specific labels in subscripts.

3.1. Tetrads and their transformations

We denote the vectors of an orthonormal tetrad as t, q, r, s, where t is a unit timelike vector,
typically chosen to be future oriented, and the remaining three are spacelike unit vectors. With
this tetrad we associate a null tetrad of null vectors k, l, m, m̄, such that

k = 1√
2
(t + q), l = 1√

2
(t − q),

m = 1√
2
(r − is), m̄ = 1√

2
(r + is),

(3.1)

where the only non-vanishing scalar products are

gabkalb = −1, gabmam̄b = 1. (3.2)

Similarly, we introduce a conformal null tetrad k̃, l̃, m̃, ¯̃m in conformal spacetime M̃
normalized by the conformal metric g̃ as g̃abk̃a l̃b = −1, g̃abm̃a ¯̃mb = 1, which is associated
with conformal orthonormal tetrad t̃, q̃, r̃, s̃.

Transformations between orthonormal tetrads (and corresponding null tetrads) form
the Lorentz group. In the context of null tetrads it is convenient to consider four
simple transformations from which any Lorentz transformation can be generated [12]:
null rotation with k fixed, parametrized by L ∈ C,

k = ko, l = lo + L̄mo + Lm̄o + LL̄ko, m = mo + Lko, (3.3)

null rotation with l fixed, given by K ∈ C,

k = ko + K̄mo + Km̄o + KK̄lo, l = lo, m = mo + Klo, (3.4)
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Figure 2. Tetrads adjusted to conformal infinity I of various characters, determined by σ , cf
figure 1. If the vector k̃ is oriented along the tangent vector of the null geodesic z̃(η̃) it is either
outgoing (ε = +1) or ingoing (ε = −1).

boost in the k–l plane, B ∈ R, and a spatial rotation in the m–m̄ plane, φ ∈ R,

k = Bko, l = B−1lo, m = exp(iφ)mo. (3.5)

The transformations of the corresponding normalized spinor frames are listed in appendix B,
relations (B.4)–(B.6).

3.2. The tetrad adjusted to I
We say that a conformal null tetrad is adjusted to conformal infinity if the vectors k̃ and l̃ on
I are coplanar with ñ (the vector (2.6) normal to conformal infinity), and satisfy the relation

ñ = ε 1√
2
(−σ k̃ + l̃), (3.6)

where ε = ±1. As shown in figure 2, for a ‘de Sitter type’ spacelike infinity (σ = −1)

there is ñ = ε t̃ = ε(k̃ + l̃)/
√

2, for an ‘anti-de Sitter type’ timelike I (σ = +1) ñ = −εq̃ =
−ε(k̃ − l̃)/

√
2, and ñ = ε l̃/

√
2 for null ‘Minkowskian’ I (σ = 0). If the null vector k̃ is

chosen to be oriented along the tangent vector of the null geodesic z̃(η̃), the parameter ε then
identifies whether the geodesic is outgoing (ε = +1) or ingoing (ε = −1), see (2.15). Note
that the condition (3.6) also implies g̃abm̃añb = 0 = g̃ab

¯̃mañb, so that the vectors m̃, ¯̃m of the
tetrad adjusted to conformal infinity are always tangent to I.

Analogously we define a tetrad in the physical spacetime adjusted to conformal infinity
by the condition

n = ε 1√
2
(−σk + l), (3.7)
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where the vector n normal to I in (M, g) is normalized by (2.11) (cf discussion at the end of
section 2.2).

3.3. The interpretation tetrad

Let us introduce an interpretation null tetrad ki, li, mi, m̄i. It is any tetrad which is parallelly
transported along a null geodesic z(η) in the physical spacetime M, with ki tangent to z(η).
We thus require

ki = γ√
2


Dz

dη
, γ = constant, (3.8)

and

ka
i ∇akb

i = 0, ka
i ∇albi = 0, ka

i ∇amb
i = 0, ka

i ∇am̄b
i = 0. (3.9)

Here, 
 is a constant scale parameter introduced below equation (2.10). For a geodesic the
first equation in (3.9) is satisfied automatically. It only remains to investigate the remaining
three conditions for parallel transport of the vectors li, mi and m̄i.

The interpretation tetrad is not unique—there is a freedom in its particular initial or final
specification. It is possible to scale the vector ki by fixing the constant γ in (3.8). By such
a choice we fix the ‘physical wavelength’ of the associated null ray. The initial scale of the
vector ki can be fixed somewhere in the spacetime, e.g., with respect to a Killing vector or with
respect to worldlines of sources, etc. Unfortunately, on a general level, we do not know how to
specify privileged initial conditions for the interpretation tetrad. However, our goal here is to
compare the field measured in interpretation tetrads transported along different null geodesics
approaching the same point at I. It is thus natural to choose the final conditions for tetrads
in a ‘comparable’ way independently of the geodesics. Observing that the normalization of
the tangent vector Dz/dη was chosen naturally with respect to the asymptotic structure of
the spacetime by equations (2.13) and (2.14), we require that the vector ki is proportional to
Dz/dη by the same factor. Namely, we require that the constant γ in (3.8) is independent of
the choice of the geodesics. In the following we will set

γ = 1. (3.10)

This is equivalent to the condition that the component of the vector ki normal to the
conformal infinity is the same for all interpretation tetrads approaching a given point on I, cf
equation (3.16).

There is a remaining freedom in the choice of the interpretation tetrad which corresponds
to a null rotation with ki fixed, and to a spatial mi–m̄i rotation. However, we will find that the
asymptotic characterization of the field components derived in section 4.5 does not, in fact,
depend on such freedom. To demonstrate this property, we now analyse an explicit relation
between the interpretation tetrad and a conformal tetrad adjusted to I.

3.4. Asymptotic behaviour of the interpretation tetrad

We consider a particular null tetrad k̃a, l̃a, m̃a, ¯̃ma, where k̃a is tangent to a null geodesic z̃(η̃),

k̃a = 1√
2


Dz̃

dη̃
, (3.11)

l̃a is coplanar with k̃a and ñ on I, and such that the vectors of the tetrad are parallelly
transported along z̃(η̃) in conformal geometry,

k̃a
a ∇̃ak̃b

a = 0, k̃a
a ∇̃a l̃ba = 0, k̃a

a ∇̃am̃b
a = 0, k̃a

a ∇̃a
¯̃mb

a = 0. (3.12)
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Using expressions (3.11), (2.14), and (2.6) we immediately derive the relation −σ k̃a + l̃a =
ε
√

2ñ on conformal infinity, which demonstrates that the tetrad considered becomes adjusted
to I for η̃ = 0 at the point z̃(0) = P ∈ I.

On the other hand, from (3.8), (3.11), (2.13) we obtain

ki = �2k̃a, (3.13)

so that using (2.12), gabka
i nb = −ε 1√

2
�. The interpretation tetrad is thus not adjusted to I

since it does not satisfy equation (3.7).
To find an explicit relation between the tetrads ki, li, mi, m̄i and k̃a, l̃a, m̃a, ¯̃ma, we

first introduce an auxiliary null tetrad ka, la, ma, m̄a by conformal rescaling of the tetrad
k̃a, l̃a, m̃a, ¯̃ma,

ka = �k̃a, la = �l̃a, ma = �m̃a, m̄a = � ¯̃ma. (3.14)

The auxiliary tetrad is normalized with respect to the physical metric g, it is adjusted to I but
its vectors are no longer parellelly transported along the geodesics z(η) in M.

Secondly, we perform a specific boost of the interpretation tetrad such that the boost
parameter is given by the conformal factor, introducing thus the tetrad kb, lb, mb, m̄b,

kb = �−1ki, lb = �li, mb = mi, m̄b = m̄i. (3.15)

The vector kb is then normalized on I in the same way as ka, namely

gabka
bnb = −ε 1√

2
. (3.16)

Considering (3.13), the tetrad (3.15) has to be related to the auxiliary tetrad (3.14) by a
null rotation with fixed k and a possible spatial rotation in the m–m̄ plane,

kb = ka, lb = la + ¯̃Lma + L̃m̄a + L̃ ¯̃Lka, mb = exp(iφ)(ma + L̃ka), (3.17)

with parameters L̃ ∈ C, φ ∈ R, cf (3.3), (3.5). For the interpretation tetrad it implies

ki = �ka, li = �−1la + L̄ma + Lm̄a + LL̄�ka, mi = exp(iφ)(ma + L�ka),

(3.18)

with L = �−1L̃. Now, substituting these expressions into the conditions (3.9) for parallel
transport of the interpretation tetrad, and using (2.2), (3.12) and (3.13) we obtain

k̃a
a daφ = 0, k̃a

a daL = �−2m̃a
a da�. (3.19)

The first equation implies φ = φ0 = const, see equation (3.11). Assuming again the regularity
of conformal geometry near infinity, the term on the right-hand side of the second equation
can be expanded in powers of η̃. Moreover, for η̃ = 0 the vector m̃a is tangent to I, see the
text below equation (3.6), so that the expansion has the form

√
2
m̃a

a da� = M1η̃ + M2η̃
2 + · · · , (3.20)

where M1,M2 are constants which depend on derivatives of �. Using (2.16) we thus integrate
(3.19) to get

L = M1 ln|η̃| + L0 + · · · , i.e., L̃ = −εM1η̃ ln|η̃| − εL0η̃ + · · · , (3.21)

where L0 is a constant of integration. Using (2.18) we obtain the expansion in physical affine
parameter η,

φ = φ0,
(3.22)

L = −M1 ln|η| + L0 + · · · , i.e., L̃ = −εM1η
−1 ln|η| + εL0η

−1 + · · · .
Calculations to the next order in the affine parameter are presented in appendix A.
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We observe that L̃ approaches zero near I. Inspecting relations (3.17) we thus obtain
an important result: the tetrad kb, lb, mb, m̄b, associated with any interpretation tetrad by the
boost (3.15), becomes asymptotically adjusted to conformal infinity I. Asymptotically it may
differ from the chosen auxiliary tetrad ka, la, ma, m̄a only by a trivial rotation in the ma–m̄a

plane by a fixed angle φ0, and in this sense it is ‘essentially unique’.
Let us note that in general the vectors ki, li of the interpretation tetrad are not

asymptotically coplanar with the normal n to I. From equations (3.18) with L given by (3.21)
we see that the vector li has components in the ma–m̄a directions which are perpendicular to
n. Fortunately, these components grow only logarithmically and, as we shall see later, they do
not influence the leading term of the fields evaluated with respect to the interpretation tetrad.
Moreover, it is demonstrated in appendix A (see equation (A.17)) that

M1 ∼ (
η̃−1�a

01

)∣∣
η̃=0 ∼ (

η�a
01

)∣∣
η=ε∞, (3.23)

where �a
01 is the specific component of the energy–momentum tensor evaluated in the auxiliary

tetrad (3.14). This vanishes for a vacuum spacetime. It also disappears in non-vacuum cases
when the asymptotic Einstein condition (2.20) holds—it is satisfied provided that matter
fields decay faster then ∼η̃ near conformal infinity. For such spacetimes, the ln|η̃| term in
expansion (3.21) of the parameter L near I is absent, so that

L ≈ L0, i.e., L̃ ≈ −εL0η̃, (3.24)

and, by the proper choice L0 = 0, the vectors ki, li of the interpretation tetrad can be arranged
to become asymptotically coplanar with the normal n. This coplanarity was assumed
previously in [33] (see discussion concerning figure 9-20 therein), and in [116, 117].

Let us also discuss the geometrical meaning of the integration constants L0 and φ0. In the
above derivation we have represented the transformation (3.18) from the auxiliary tetrad to
the interpretation tetrad as an application of null rotation with fixed k given by the parameter
L̃ = L̃∗ + �L0 (L̃∗ independent of L0, cf equation (3.21)), spatial rotation with the parameter
φ = φ0, and finally boost with the parameter B = �. This can be rearranged as the sequence
of k-fixed null rotation given by the parameter L̃∗, boost with B = �, then k-fixed null
rotation given by the parameter L0, and finally spatial rotation with φ = φ0. The last two
transformations exactly correspond to the freedom in the choice of the interpretation tetrad—
the condition (3.8) determines the interpretation tetrad exactly up to such null rotation with k
fixed, and a spatial rotation in the m–m̄ plane. The parameters L0 and φ0 thus determine a
specific choice of the interpretation tetrad which is usually given by some physical prescription
in a finite domain of the spacetime.

It will be demonstrated below that the asymptotic directional behaviour of the fields
(see section 4.3) is independent of the parameter L0. It will depend on the parameter φ0

only through a phase of the complex component of the field, and such dependence can be
eliminated by considering just the magnitude of the field. We will return to the corresponding
question of the phase (‘polarization’) dependence of the fields in the discussion of the results.

3.5. The reference tetrad and parametrization of null directions

In the following, we will need to identify the direction ki of the null geodesic and orientation
of the associated interpretation tetrad near conformal infinity using suitable directional
parameters. For this purpose we set up a reference tetrad. The reference tetrad ko, lo, mo, m̄o

is any tetrad adjusted to I which satisfies the coplanarity and normalization condition (3.7),

n = εo
1√
2
(−σko + lo). (3.25)
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Otherwise, the reference tetrad can be chosen arbitrarily, ergo conveniently. It may thus either
respect the symmetry of the spacetime (by adapting the reference tetrad to the Killing vectors)
or its specific algebraic structure (in which case it can be oriented along the principal null
directions). The parameter εo = ±1 in (3.25) will be chosen in such a way that the vectors
ko and lo are future oriented. For σ = −1, 0 this means that εo = +1 on I+ and εo = −1 on
I−. For σ = +1 the parameter εo can be chosen either +1 or −1: it corresponds to ko oriented
outside or inside M, cf figure 2.

We use the given reference tetrad ko, lo, mo, m̄o as a fixed basis with respect to which it
is possible to define uniquely other directions, for example asymptotic directions along which
various null geodesics approach a point P at I, or the principal null directions, see section 4.2.
It is natural to characterize such a general null direction k by a complex parameter R in the
following way: the direction k is obtained (up to a rescaling) from ko by the null rotation (3.4)
with the parameter K = R,

k ∝ ko + R̄mo + Rm̄o + RR̄lo. (3.26)

The value R = ∞ is also permitted—this corresponds to k being oriented along lo.
Let us mention that the reference tetrad introduced above is not well defined in conformal

geometry—it is normalized using the physical metric. However, it could be rescaled
isotropically by the common factor �−1 to obtain the associated conformal reference tetrad
which is well defined in the conformal geometry. For convenience, in the following we will
use the physically normalized reference tetrad instead of the conformally normalized one—see
discussion at the end of section 2.2.

4. The fields and their asymptotic structure

Now we have all ‘prerequisites’ needed to analyse the asymptotic properties of the fields.
We are mainly interested in gravitational and electromagnetic fields. However, the principal
result—the asymptotic directional structure of the fields—can be derived for general fields of
spin s. In all these cases we will study the dominant (radiative) component of the field as one
approaches conformal infinity. For this purpose, it is useful to parametrize the fields using
complex tetrad components which have special transformation properties.

4.1. The field components and their transformation properties

Following the notation of [12], gravitational field is characterized by the Weyl tensor Cabcd

and can be parametrized by five complex coefficients

�0 = Cabcdkambkcmd ,

�1 = Cabcdkalbkcmd ,

�2 = Cabcdkambm̄cld,
(4.1)

�3 = Cabcd lakblcm̄d ,

�4 = Cabcd lam̄blcm̄d ,

whereas electromagnetic field is described by the tensor Fab which is parametrized by three
complex coefficients

�0 = Fabkamb,

�1 = 1
2 Fab(kalb − mam̄b), (4.2)

�2 = Fabm̄alb.
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By a field of spin s we understand field which transforms according to spin-s representation
of the Lorentz group. It can be characterized by (2s + 1) complex components

ϒj, j = 0, 1, . . . , 2s. (4.3)

A more detailed (spinor) description of such fields can be found in appendix B. The
gravitational field �j or electromagnetic field �j are special cases of (4.3) for s = 2, 1,
cf (B.8)–(B.10).

These field components transform in a well-known way under special Lorentz
transformations introduced above (see, e.g., [12] or appendix B). For a null rotation with
k fixed, cf equation (3.3), the field transforms as

ϒj = ϒo
j + jL̄ϒo

j−1 +

(
j

2

)
L̄2ϒo

j−2 +

(
j

3

)
L̄3ϒo

j−3 + · · · + L̄jϒo
0 . (4.4)

Under a null rotation with l fixed, see equation (3.4), the transformation reads

ϒj = ϒo
j + (2s − j)Kϒo

j+1 +

(
2s − j

2

)
K2ϒo

j+2 + · · · + K2s−jϒo
2s . (4.5)

Under a boost in the k–l plane, and a spatial rotation in the m–m̄ plane, given by equation (3.5),
the components ϒj transform as

ϒj = Bs−j exp(i(s − j)φ)ϒo
j . (4.6)

4.2. Principal null directions and algebraic classification

For gravitational, electromagnetic or any spin-s field there exist principal null directions
(PNDs) which are privileged null directions k such that ϒ0 = 0 in a null tetrad k, l, m, m̄
(a choice of l, m, m̄ is irrelevant). The PND k can be obtained from a reference tetrad
ko, lo, mo, m̄o by a null rotation (3.26) given by a directional parameter R ∈ C. We choose
the remaining vectors l, m, m̄ to be given by the same null rotation, i.e., by (3.4) with K = R.
The condition ϒ0 = 0 thus takes the form of an algebraic equation of the order 2s for the
directional parameter R, see equation (4.5),

R2sϒo
2s +

(
2s

2s − 1

)
R2s−1ϒo

2s−1 + · · · +

(
2s

1

)
Rϒo

1 + ϒo
0 = 0. (4.7)

In particular, for gravitational field it reduces to a quartic

R4�o
4 + 4R3�o

3 + 6R2�o
2 + 4R�o

1 + �o
0 = 0. (4.8)

The complex roots Rn, n = 1, 2, . . . , 2s, of equation (4.7) parametrize PNDs kn with respect
to the reference tetrad ko, lo, mo, m̄o. The situation when ϒo

2s = 0 formally corresponds to an
infinite value of one of the roots, say R1 = ∞, in which case k1 = lo. There are four principal
null directions for gravitational field, two for electromagnetic field, and 2s for spin-s field.
According to whether some of these PNDs coincide, the fields are algebraically special and
can be classified into various (Petrov) algebraic types [12, 33, 44].

In a generic situation ϒo
2s is non-vanishing and the polynomial on the left-hand side of

equation (4.7) can be decomposed as

R2sϒo
2s +

(
2s

1

)
R2s−1ϒo

2s−1 + · · · +

(
2s

2s − 1

)
Rϒo

1 + ϒo
0

= ϒo
2s(R − R1)(R − R2) · · · (R − R2s). (4.9)
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By comparing the coefficients of various powers of R it is possible to express all ϒo
j components

in terms of ϒo
2s and the algebraically privileged principal null directions characterized by Rn.

For example, the components of gravitational field can be written

�o
3 = − 1

4�o
4 (R1 + R2 + R3 + R4),

�o
2 = 1

6�o
4 (R1R2 + R1R3 + R1R4 + R2R3 + R2R4 + R3R4),

(4.10)
�o

1 = − 1
4�o

4 (R1R2R3 + R1R2R4 + R1R3R4 + R2R3R4),

�o
0 = �o

4R1R2R3R4.

Similar expressions apply to other fields; we write only the expression for the ϒo
0 component,

ϒo
0 = (−1)2sϒo

2s

2s∏
j=1

Rj . (4.11)

Finally, let us note that a rescaling of all field components by a common factor does not
change the algebraic structure, i.e., the PNDs remain unchanged. This observation is useful
when we study the algebraic structure of the fields near conformal infinity. As we will discuss in
section 4.4, the field components ϒo

j decay to zero near conformal infinity, see equation (4.18).
However, the leading term of the field still carries information about its algebraic structure. In
other words, asymptotically we define PNDs in terms of the leading order of the field.

4.3. Field components in the interpretation tetrad

Using the above quantities and relations we may now analyse the asymptotic behaviour of
a general gravitational, electromagnetic or any spin-s field with respect to the interpretation
tetrad near conformal infinity. To evaluate the field components ϒ i

j in the interpretation
tetrad ki, li, mi, m̄i we employ its relation to the tetrad kb, lb, mb, m̄b which is asymptotically
adjusted to I, then the relation between this tetrad and the auxiliary tetrad ka, la, ma, m̄a, and
finally we perform the transformation to the reference tetrad ko, lo, mo, m̄o. We thus express
ϒ i

j in terms of ϒo
j .

The tetrads ki, li, mi, m̄i and kb, lb, mb, m̄b are related by the boost (3.15), i.e.,
ki = �kb, li = �−1lb, where � = B ≈ εη−1, see equation (2.19). The next transformation
to the auxiliary tetrad is given by the l-fixed null rotation and spatial rotation (3.17), with the
parameters L̃ and φ given by (3.22). As we have already demonstrated above, with φ0 = 0
these two tetrads asymptotically coincide. Using (4.6) and (4.4) we thus obtain

ϒ i
j ≈ (εη)j−s exp(i(s − j)φ0)ϒ

a
j . (4.12)

We observe that the field components are asymptotically independent of the parameter L0 and
they depend on the parameter φ0 only through the phase. Because these parameters L0 and φ0

specify the choice of the interpretation tetrad, we have thus explicitly demonstrated that the
magnitude of the leading term of field components is independent of a particular choice of the
interpretation tetrad.

The specific phase behaviour of ϒ i
j under spatial rotations indicates that different field

components have different polarization properties. The polarization can carry important
physical data. However, to retrieve such information it would be necessary to fix the initial
conditions for the interpretation tetrad somewhere in a finite domain of the physical spacetime.
In the general situation which we study here, we are not able to fix the interpretation tetrad
in such a complete way, and thus the polarization information contained in the phase of the
field components is not accessible. Therefore, in the following we will concentrate on the
magnitude of the field components, and for simplicity we choose φ0 = 0.
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Considering that all ϒa
j for j = 0, 1, . . . , 2s are of the same order, cf equation (4.18), the

expression (4.12) demonstrates the well-known peeling-off property of the fields according to
which various tetrad components are proportional to different powers of the affine parameter
η as one approaches conformal infinity along a null geodesic. The dominant component is
j = 2s. Such a term ϒ i

2s represents the radiative part of the field. In particular, the dominant
component of the gravitational field is characterized by � i

4 ≈ η2�a
4, the electromagnetic field

by �i
2 ≈ εη�a

4, etc.
Finally, we express ϒa

2s in terms of components ϒo
j . Both the reference and the auxiliary

tetrads are adjusted to I and thus they only differ by a transformation which leaves the normal
vector n fixed. Such a transformation can be obtained, e.g., by the null rotation (3.3) of the
reference tetrad, followed by the null rotation (3.4), and the boost (3.5) with the parameters

L = σR, K = R

1 − σRR̄
, B = εεo(1 − σRR̄). (4.13)

(For a general transformation between two tetrads adjusted to I we should also admit a spatial
rotation but this only changes a phase of the field components which was discussed above.) It
has an explicit form

ka = εεo

1 − σRR̄
(ko + R̄mo + Rm̄o + RR̄lo),

la = εεo

1 − σRR̄
(σ 2RR̄ko + σR̄mo + σRm̄o + lo), (4.14)

ma = 1

1 − σRR̄
(σRko + mo + σR2m̄o + Rlo).

Using (3.14) and (3.25) we easily check that ε 1√
2
(−σ k̃a + l̃a) = ñ, which is the condition

(3.6). Moreover, the vector ka satisfies (3.26), and represents the direction along which the
null geodesic approaches conformal infinity: this direction is characterized by the complex
directional parameter R.

It only remains to perform the transformation of the leading field component
corresponding to (4.13). Using (4.4)–(4.6) we obtain

ϒa
2s = B−sL̄2s

[
L̄−2sϒo

2s +

(
2s

1

)
L̄−2s+1ϒo

2s−1 +

(
2s

2

)
L̄−2s+2ϒo

2s−2 + · · · + ϒo
0

]
. (4.15)

Applying now the identity (4.9), the expression in the bracket can be written as
ϒo

2s(L̄
−1 − R1)(L̄

−1 − R2) · · · (L̄−1 − R2s), so that

ϒa
2s = ϒo

2sB
−s(1 − R1L̄)(1 − R2L̄) · · · (1 − R2sL̄). (4.16)

Using (4.12), (4.13) we thus obtain explicitly

ϒ i
2s ≈ ϒo

2s

(
εoη

1 − σRR̄

)s

(1 − σR1R̄)(1 − σR2R̄) · · · (1 − σR2sR̄). (4.17)

4.4. Asymptotic behaviour of the field components in the reference tetrad

For a complete analysis of radiation it is important to identify the specific ‘fall-off’ of the
field. The correct asymptotic behaviour can only be obtained by a detailed study of the
field equations. There exists a wide spectrum of various results concerning this topic in
the literature. As mentioned in the introduction, the decay behaviour of the fields is well
understood in asymptotically flat spacetimes and there are some important results also in the
case of a non-vanishing cosmological constant.
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However, our goal in this work is to study the directional dependence of the leading
term of the fields, not its decay behaviour. We will thus only assume the fall-off typical
for zero-rest-mass fields, without engaging in a study of the field equations. Motivated by
discussion of behaviour of fields with a consistent field equation (s � 2) in asymptotically flat
spacetimes ([29, 33] or, e.g., [51, 62] for a gravitational field), we will assume

ϒo
j ≈ ϒo

j ∗
ηs+1

, ϒo
j ∗ = constant. (4.18)

For gravitational and electromagnetic fields this means that �o
j ≈ �o

j ∗η−3, �o
j ≈ �o

j ∗η−2.
Recalling the behaviour (2.19) of the conformal factor and the fact that the tensor
of an electromagnetic field and the Weyl tensor are conformally invariant, F̃ab = Fab,

C̃abc
d = Cabc

d , the fall-off (4.18) follows from the condition that the conformal quantities
F̃ab and dabc

d = �−1C̃abc
d are regular at infinity. For � �= 0 such behaviour of a gravitational

field can be obtained rigorously, see, e.g., [36, 51], and it is plausible also for asymptotically
flat spacetimes. Inspired by these observations, in the following we will assume the behaviour
(4.18) in a general situation.

Of course, some of the field components may decay faster even if the fall-off (4.18) is
valid for a generic component. This happens when the reference tetrad is aligned along PNDs,
as we will discuss in the next section. If at least one of the field components ϒo

j falls off as
in (4.18) (i.e., at least one ϒo

j ∗ is non-vanishing) it is always possible to change the reference
tetrad in such a way that all ϒo

j ∗ �= 0. When all field components ϒo
j decay faster than (4.18)

we call such a field asymptotically of type 0, i.e., the field with a trivial algebraic structure.
Let us however emphasize again that the assumption (4.18) is not crucial for the asymptotic

directional structure of the field. It influences the decay of the field, not its directional
dependence. Because we are mainly interested in the analysis of the directional structure we
will not study the behaviour (4.18) in more detail.

4.5. Asymptotic directional structure of radiation

Substituting (4.18) into equation (4.17) we finally obtain

ϒ i
2s ≈ 1

η
εs

oϒ
o
2s∗

(1 − σR1R̄)(1 − σR2R̄) · · · (1 − σR2sR̄)

(1 − σRR̄)s
. (4.19)

This expression fully characterizes the asymptotic behaviour on I of the dominant component
of any massless field of spin s in the normalized interpretation tetrad ki, li, mi, m̄i which is
parallelly propagated along a null geodesic z(η). Due to the remaining freedom corresponding
to a spatial rotation (3.5) in the transverse mi–m̄i plane, only the modulus

∣∣ϒ i
2s

∣∣ has an invariant
meaning, the phase of ϒ i

2s describes a polarization. The field decays as η−1, where η is the
affine parameter, so we call expression (4.19) the radiative part of the field.

The complex parameter R represents the direction of the null geodesic along which a
given point P ∈ I of conformal infinity is approached as η → ε∞. Let us recall that the
constants Rn characterize the principal null directions, i.e. the algebraic structure of the field
at P. The directional structure of radiation is thus completely determined by the algebraic
(Petrov) type of the field. However, the dependence of ϒ i

2s on the direction R along which
P ∈ I is approached occurs only if σ �= 0, i.e., at a ‘de Sitter-like’ or ‘anti-de Sitter-like’
conformal infinity. For I of ‘Minkowskian’ type which has a null character, σ = 0, this
directional dependence completely vanishes.

The directional pattern of radiation (4.19) has been derived assuming that the field
component ϒo

2s is non-vanishing, cf (4.9). More precisely, we assume that this component
does not vanish asymptotically faster than a typical field component, namely that ϒo

2s∗ �= 0,

172 Pavel Krtouš



Topical Review R253

see (4.18). The vanishing coefficient ϒo
2s∗ indicates that the reference tetrad is asymptotically

aligned along some PND. Indeed, considering the fact that by interchanging ko with lo the
component ϒo

0 goes to ϒ̄o
2s , the condition ϒo

2s∗ = 0 implies that the vector lo of the reference
tetrad is the PND, say k1. In terms of the directional parameter this means that R1 = ∞. In
such a case we have to use a different normalization factor to express the field components.
With the help of relation (4.11), for ϒo

0 �= 0 we can write

ϒ i
2s ≈ 1

η
εs

oϒ
o
0 ∗

(
σR̄ − R−1

1

)(
σR̄ − R−1

2

) · · · (σR̄ − R−1
2s

)
(1 − σRR̄)s

. (4.20)

This expression describes the same directional dependence as expression (4.19), it is only
normalized using a different field component.

Expression (4.19) is useful if ϒo
2s∗ �= 0, expression (4.20) is applicable when ϒo

0 ∗ �= 0.
In situations when ϒo

0 ∗ = ϒo
2s∗ = 0, so that both the vectors ko and lo are PNDs, another

non-vanishing component ϒo
j ∗ has to be used for the normalization. A particular example of

normalization using a different field component for the gravitational Petrov type D field will
be discussed in section 5.4, see equation (5.23).

5. Discussion of the directional structure of radiation on I

In this section we will discuss the general expression (4.19) for different values of σ = −sign �

in detail. For practical purposes, we will restrict the description to gravitational and
electromagnetic fields; general spin-s field will be mentioned only for maximally degenerate
field of algebraic type N.

5.1. Radiation on null I
For ‘Minkowskian’ conformal infinity we have σ = 0, lo ∝ n, and the field thus has no
directional structure. In such a case the radiative parts of the gravitational and electromagnetic
fields (4.19) are uniquely given by

∣∣� i
4

∣∣ ≈
∣∣�o

4 ∗
∣∣

|η| ,
∣∣�i

2

∣∣ ≈
∣∣�o

2∗
∣∣

|η| , (5.1)

i.e., they are the same for all null geodesics approaching a given point P ∈ I. For (locally)
asymptotically flat spacetimes it is thus possible to distinguish between the radiative and
non-radiative fields. Radiation is absent at those points of null conformal infinity where the
constants �o

4 ∗ or �o
2∗ vanish. As we discussed, this occurs when the principal null direction

is oriented along the vector lo ∝ n. This can be viewed as an invariant characterization of the
absence of radiation near I.

In section 4.5 we suggested that for �o
4 ∗ = 0 we should use the alternative form of the

directional pattern of radiation (4.20). However, in the case σ = 0 it reduces to

∣∣� i
4

∣∣ ≈
∣∣�o

0 ∗
∣∣

|η| |R1R2R3R4|−1 (5.2)

with one of the Rn infinite. We thus again obtain � i
4 = 0 in the order η−1.

5.2. On the meaning of the peeling-off behaviour

Let us give here some general comments concerning the character of the fields near infinity
which apply also to spacelike and timelike I. Because for the Minkowskian infinity the
leading term of the field is independent of the direction along which the infinity is approached,
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one tends to attribute the invariant meaning to the components of the field with respect to
the interpretation tetrad, say, to the components � i

j of the gravitational field. The peeling-off
behaviour � i

j ∼ ηj−5 could thus be rephrased that the Weyl tensor becomes asymptotically
of type N—only the component � i

4 ‘survives’ when one is approaching infinity. However,
as pointed out in [33], such an interpretation can be misleading. The peeling-off property is
a consequence of a delicate interplay between the decay behaviour (4.18) of the field and of
the different asymptotic scaling of the vectors of the interpretation tetrad. Consequently, the
asymptotic type N characterization of the Weyl tensor is not invariant—the Weyl tensor of
type N should have one quadruply degenerate PND which should coincide with the vector
ki of the interpretation tetrad, i.e., with the vector tangent to the geodesic along which the
infinity is approached. But this vector obviously depends on our choice and cannot thus be an
invariant characterization of the Weyl tensor.

The invariant asymptotic algebraic characterization of the field (asymptotic PNDs of the
field) can be obtained by the conformal technique. As discussed already in section 4.2, PNDs
do not depend on isotropic rescaling of the field and they can thus be defined using the leading
term of the field tensor, i.e., using the field components with respect to the reference tetrad (or
any other tetrad) which is related by an isotropic rescaling to a tetrad well defined in the sense
of the conformal manifold M̃. Defining PNDs in this way, the field can be of a general type
up to infinity. The PNDs defined at infinity can be used to define canonical reference tetrads
as will be done in sections 5.4 and 5.5. For example, the C-metric spacetime is of Petrov type
D everywhere, including at infinity, and its double degenerate PNDs at I have been used to
define the reference tetrad in [102].

Because the interpretation tetrad is not of the type described above (the vectors ki and li
scale differently with respect to the conformal manifold), the field components in this tetrad
can exhibit apparent degeneracy typical for type N fields.

As we have found, the asymptotic algebraic structure of the field allows us to give a
clear unambiguous characterization of the field near Minkowskian (null) infinity. The leading
radiative term (along any null geodesic approaching I) disappears if a PND is tangent to
infinity. For spacelike and timelike infinities the leading term depends on a direction along
which I is approached, and it is absent only along some specific directions, given again by the
orientation of PNDs as described in detail in the following sections.

The invariant characterization of the absence of radiation using PNDs raises a question
of the relation between the algebraic structure of fields (orientation of PNDs on I) and the
structure of sources. For example, in the case of two accelerated black holes (the C-metric)
the two (double degenerate) PNDs play the role of ‘radial’ directions from the holes, cf [102,
109]. It would be interesting to discover a similar relation between PNDs and sources in a
more general situation. We will analyse this question in another work.

5.3. Parametrization of directions by (pseudo-)spherical angles

In order to characterize more lucidly the directions on spacelike or timelike I, it is convenient
to express the complex directional parameter R in terms of (pseudo-)spherical parameters.

At any point P ∈ I we have a reference null tetrad ko, lo, mo, m̄o which is adjusted to
conformal infinity. Such a tetrad is associated with an orthonormal adjusted tetrad to, qo, ro, so,
where to is a unit timelike vector and qo, ro, so are perpendicular spacelike unit vectors,

to = 1√
2
(ko + lo), qo = 1√

2
(ko − lo),

ro = 1√
2
(mo + m̄o), so = i√

2
(mo − m̄o),

(5.3)
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see (3.1). From the coplanarity and normalization condition (3.25) it follows that{
to = εon when I is spacelike (σ = −1),

qo = −εon when I is timelike (σ = +1),
(5.4)

where n is the normal to I, cf figure 2. We can now project a null vector k, whose direction
is represented by the parameter R by (3.26), onto the corresponding conformal infinity.

In spacetimes with � > 0, for which I is spacelike, we perform a normalized spatial
projection to a three-dimensional space orthogonal to to,

q = k + (k · to)to

|k · to| , (5.5)

where k · to = gabkatbo. The unit spatial direction q corresponding to k can be expressed in
terms of standard spherical angles θ, φ, with respect to the reference tetrad,

q = cos θ qo + sin θ(cos φ ro + sin φ so). (5.6)

Substituting (3.26) into (5.5), and comparing with (5.6) we obtain

R = tan
θ

2
exp(−iφ). (5.7)

Therefore, R is exactly the stereographic representation of the angles θ, φ. Additionally, for
σ = −1 the orientation of the null vector k with respect to I coincides with the orientation of
ko, ε = εo, cf figure 2.

Alternatively, in spacetimes with � < 0 for which I is timelike the normalized projection
of k onto I is

t = k − (k · qo)qo

|k · qo| . (5.8)

The resulting unit timelike vector t is tangent to the Lorentzian (1 + 2) conformal infinity. We
can analogously characterize t (and thus k) with respect to the reference tetrad as

t = cosh ψ to + sinh ψ(cos φ ro + sin φ so). (5.9)

The parameters ψ, φ are pseudo-spherical parameters, ψ ∈ (0,∞) corresponding to a boost,
and φ ∈ (−π, +π) being an angle. Their geometrical meaning is visualized in figure 3.
However, these parameters do not specify the null direction k uniquely—there always exist
one ingoing and one outgoing null direction with the same parameters ψ and φ, which are
distinguished by ε = ±1. Substituting equation (3.26) into (5.8), and comparing with equation
(5.9) we express ψ and φ in terms of R as

tanh ψ = 2 |R|
1 + |R|2 , φ = −arg R. (5.10)

Observing that sign(1 − |R|2) characterizes a difference in orientations of the vectors k and
ko with respect to infinity, ε = εo sign (1 − |R|2), we can write down the inverse relations,

R =

⎧⎪⎨
⎪⎩

tanh
ψ

2
exp(−iφ) for ε = +εo,

coth
ψ

2
exp(−iφ) for ε = −εo.

(5.11)

We also allow an infinite value R = ∞ which corresponds to ψ = 0, ε = −εo, i.e.,
k ∝ (to − qo)/

√
2.

Of course such a parametrization can be applied to any null direction k. In particular, it
may characterize the direction ki of a null geodesic along which the infinity is approached, and
also describe the principal null directions. The PNDs on a ‘de Sitter-like’ I are thus given by
the spherical angles θn, φn related to Rn by equation (5.7), whereas on an ‘anti-de Sitter-like’
I by ψn, φn, εn which are given by (5.11).
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Figure 3. Parametrization of null directions k near timelike infinity I. All null directions form
three families: outgoing (ε = +1, vector k(out) in the figure), ingoing (ε = −1, vector k(in)) and
directions tangent to I. The direction k can be parametrized with respect to a reference tetrad
to, qo, ro, so by the boost ψ , angle φ and orientation ε, or by a complex number R, or by parameters
ρ, φ. In the left diagram, the vectors to, qo, rφ , where rφ = cos φ ro + sin φ so, are depicted; in the
right the direction qo = −εon is omitted. The parameters ψ, φ specify the normalized orthogonal
projection t of k into I, cf equations (5.8), (5.9). To parametrize k uniquely, we have to specify also
its orientation ε with respect to I. The parameter R is the Lorentzian stereographic representation
of ψ, φ, ε, cf equations (5.11). Vectors t corresponding to all outgoing (or ingoing) null directions
form a hyperbolic surface H . This can be radially mapped onto a two-dimensional disc tangent to
the hyperboloid at to, which can be parametrized by an angle φ and a radial coordinate ρ = tanh ψ .
In the exceptional case ρ = 1, i.e. ψ → ∞, the vector k ∝ t + rφ is tangent to I.

(This figure is in colour only in the electronic version)

5.4. Radiation on spacelike I
The asymptotic structure of gravitational and electromagnetic fields evaluated in the
interpretation tetrad near a de Sitter-like conformal infinity, σ = −1 with n = εoto, is given
by (4.19) for s = 2 and s = 1, respectively,

� i
4 ≈ �o

4 ∗
η

(1 + |R|2)−2

(
1 − R1

Ra

) (
1 − R2

Ra

) (
1 − R3

Ra

)(
1 − R4

Ra

)
, (5.12)

�i
2 ≈ ε0

�o
2∗
η

(1 + |R|2)−1

(
1 − R1

Ra

)(
1 − R2

Ra

)
, (5.13)

where, using (5.7),

(1 + |R|2)−1 = cos2

(
θ

2

)
, (5.14)

and the complex number Ra is

Ra = − 1

R̄
= −cot

(
θ

2

)
exp(−iφ). (5.15)
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It characterizes a spatial direction opposite to the direction given by R, i.e., the antipodal
direction with θa = π − θ and φa = φ + π . The remaining freedom in the choice of the
vectors mi, m̄i changes just a phase of the field components, so that only their modulus

∣∣� i
4

∣∣
or

∣∣�i
2

∣∣ has an invariant meaning.
In a general spacetime there exist four spatial directions at P ∈ I along which the

radiative component of the gravitational field (5.12) vanishes, namely the directions satisfying
Ra = Rn, n = 1, 2, 3, 4 (or two such directions for electromagnetic field (5.13)). These
privileged null directions k are given by (3.26) with R = (Rn)a. Spatial parts of them are thus
exactly opposite to the projections of the principal null directions onto I.

In algebraically special spacetimes some PNDs coincide, and expressions (5.12), (5.13)
simplify. Moreover, it is always possible to choose the canonical reference tetrad aligned to
the algebraic structure:

(i) the vector qo is oriented along the spatial projection of the degenerate (multiple) PND
onto I, say k4, i.e. ko = k4,

(ii) the qo–ro plane is oriented so that it contains the spatial projection of one of the remaining
PNDs, say k1 (for type N spacetimes this choice is arbitrary).

Using such a canonical reference tetrad, the degenerate PND k4 is parametrized by θ4 = 0,
i.e. R4 = 0, see equations (5.6) and (5.7). The PND k1 has φ1 = 0, i.e. R1 = tan(θ1/2) is a
real constant.

Consequently, for the Petrov type N spacetimes (which have a quadruply degenerate PND),
in the canonical reference tetrad there is R1 = R2 = R3 = R4 = 0, so that the asymptotic
behaviour of gravitational field (5.12) becomes∣∣� i

4

∣∣ ≈ ∣∣�o
4 ∗

∣∣|η|−1 cos4 θ

2
. (5.16)

The corresponding directional structure of radiation is illustrated in figure 4(N). It is
axisymmetric, with maximum value at θ = 0 along the spatial projection of the quadruple
PND onto I. Along the opposite direction, θ = π , the field vanishes. Analogously, for a
spin-s field of type N (with all PNDs coinciding) we obtain

∣∣ϒ i
2s

∣∣ ≈ ∣∣ϒo
2s∗

∣∣|η|−1

∣∣∣∣cos
θ

2

∣∣∣∣
2s

. (5.17)

In Petrov type III spacetimes, R1 = tan θ1
2 , R2 = R3 = R4 = 0, and (5.12) implies

∣∣� i
4

∣∣ ≈ ∣∣�o
4 ∗

∣∣|η|−1 cos4 θ

2

∣∣∣∣1 + tan
θ1

2
tan

θ

2
eiφ

∣∣∣∣ . (5.18)

This directional pattern is shown in figure 4(III). The field vanishes along θ = π and along
θ = π − θ1, φ = π which are spatial directions opposite to the PNDs.

The type D spacetimes admit two double degenerate PNDs, R1 = R2 = tan θ1
2 and

R3 = R4 = 0. The gravitational field near spacelike I thus takes the form

∣∣� i
4

∣∣ ≈ ∣∣�o
4 ∗

∣∣|η|−1 cos4 θ

2

∣∣∣∣1 + tan
θ1

2
tan

θ

2
eiφ

∣∣∣∣
2

, (5.19)

with two planes of symmetry, see figure 4(D). This directional dependence agrees with that
for the C-metric spacetime with � > 0 derived recently in [102].

For Petrov type II spacetimes, only two PNDs coincide so that R1 = tan θ1
2 ,

R2 = tan θ2
2 exp(−iφ2), R3 = R4 = 0. Asymptotic directional structure of the field,
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Figure 4. Specific directional structure of radiation for spacetimes of Petrov types N, III, D, II
and I. Directions in the diagrams are spatial directions tangent to a spacelike I. For each type, the
radiative component

∣∣� i
4

∣∣ along a null geodesic is depicted in the corresponding spatial direction q
parametrized by spherical angles θ, φ, see (5.6). [Degenerate] principal null directions (PNDs) are
indicated by [multiple] bold arrows. Thick lines represent spatial directions (opposite to PNDs)
along which the radiation vanishes.

∣∣� i
4

∣∣ ≈ ∣∣�o
4 ∗

∣∣|η|−1 cos4 θ

2

∣∣∣∣1 + tan
θ1

2
tan

θ

2
eiφ

∣∣∣∣
∣∣∣∣1 + tan

θ2

2
tan

θ

2
ei(φ−φ2)

∣∣∣∣ , (5.20)

is drawn in figure 4(II).
Finally, in the case of algebraically general type I spacetimes one needs five real parameters

θ1, θ2, φ2, θ3, φ3 to characterize the directional dependence

∣∣� i
4

∣∣ ≈ ∣∣�o
4 ∗

∣∣|η|−1 cos4 θ

2

∣∣∣∣1 + tan
θ1

2
tan

θ

2
eiφ

∣∣∣∣
×

∣∣∣∣1 + tan
θ2

2
tan

θ

2
ei(φ−φ2)

∣∣∣∣
∣∣∣∣1 + tan

θ3

2
tan

θ

2
ei(φ−φ3)

∣∣∣∣ , (5.21)

figure 4(I), of the gravitational field with respect to the canonical reference tetrad.
Of course, for any conformally flat spacetime the radiation vanishes entirely because

� i
j = 0 for all j . This is the case of, for example, the Friedman–Robertson–Walker solutions

which admit I.
There exist alternative choices of the reference tetrad, e.g., those which respect the

symmetry of the radiation pattern. For spacetimes of type D the directional structure indicated
in figure 4(D) admits two planes of symmetry. It is thus natural to choose the tetrad q′

o, r′
o, s′

o
adapted to them: we require that one (double degenerate) PND has inclination θs with respect
to q′

o, the second PND has the same inclination with respect to −q′
o (i.e. θs = (π − θ1)/2),

and that the vector s′
o is perpendicular to the plane spanned by these PNDs (see [118] for

more details). With respect to this reference tetrad the PNDs are parametrized by the
coefficients R1 = R2 = tan θs

2 and R3 = R4 = cot θs
2 . Moreover, for type D there exists a
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natural normalization of the field which is different from that discussed above. One can
evaluate the components �s

j in the algebraically special null tetrad with ks and ls given by the
degenerate PNDs—it follows from the definition of PNDs that only the component �s

2 would
be non-vanishing. This component is independent of a choice of the tetrad vectors orthogonal
to PNDs, and of the scaling of PNDs (assuming ks · ls = −1), cf (4.6) with s = 2. We may
thus use �s

2 to normalize the directional structure of radiation. Using the relation

�o′
4 = 3

2 tan2 θs�
s
2, (5.22)

see [118], the radiation pattern (5.12) parametrized by angles θ ′, φ′ with respect to the reference
tetrad t′o, q′

o, r′
o, s′

o reads

∣∣� i
4

∣∣ ≈ 1

|η|
3

2

∣∣�s
2∗

∣∣
cos2 θs

|sin θ ′ + sin θs cos φ′ − i sin θs cos θ ′ sin φ′|2. (5.23)

This coincides with the expression for the asymptotic directional structure of radiation in the
C-metric spacetime with � > 0, as previously presented in [102].

For a completely general choice of the reference tetrad near a de Sitter-like conformal
infinity, the dominant radiative term (5.12) of any gravitational field can asymptotically be
written in terms of spherical angles θ, φ as∣∣� i

4

∣∣ ≈
∣∣�o

4 ∗
∣∣

|η| cos4 θ

2

∏
n=1,2,3,4

∣∣∣∣1 + tan
θn

2
tan

θ

2
ei(φ−φn)

∣∣∣∣ , (5.24)

where θn, φn identify the principal null directions kn with respect to the reference tetrad. In a
similar way, when �o

4 ∗ = 0, �o
0 ∗ �= 0 we obtain from (4.20)

∣∣� i
4

∣∣ ≈
∣∣�o

0 ∗
∣∣

|η| |1 + |Ra|2 |−2

∣∣∣∣1 − R1a

R

∣∣∣∣
∣∣∣∣1 − R2a

R

∣∣∣∣
∣∣∣∣1 − R3a

R

∣∣∣∣
∣∣∣∣1 − R4a

R

∣∣∣∣
=

∣∣�o
0 ∗

∣∣
|η| sin4 θ

2

∏
n=1,2,3,4

∣∣∣∣1 + cot
θn

2
cot

θ

2
ei(φ−φn)

∣∣∣∣ . (5.25)

An analogous discussion also applies to electromagnetic field (5.13). Moreover, it
turns out that the square of �i

2 is the magnitude of the Poynting vector with respect to

the interpretation tetrad, |Si| ≈ 1
4π

∣∣�i
2

∣∣2
. If the two PNDs of the electromagnetic field

coincide (R1 = R2 = 0), the directional dependence of the Poynting vector at I with respect
to the canonical reference tetrad is the same as in equation (5.16), figure 4(N). If they differ
(R1 = tan θ1

2 , R2 = 0), the asymptotic directional structure of |Si| is given by equation (5.19),
illustrated in figure 4(D). The latter result was first obtained for the test field of uniformly
accelerated charges in de Sitter spacetime [101] and then recovered in the context of the
charged C-metric spacetime [102].

The above discussion and explicit forms of the radiative directional patterns apply both
to future conformal infinity I+ and past I−. In particular, it means that not only outgoing
radiation does not vanish in a generic direction, but also that the ingoing field has a radiative
(∼η−1) term along a generic null geodesic coming from the past infinity. This result can be
related to Penrose’s discussion of the nature of an incoming field near a spacelike infinity
[28, 100] which has been studied in more detail in [104] and identified as the insufficiency of
purely retarded fields.

5.5. Radiation on timelike I
Now we shall explicitly analyse the dependence of radiation on the direction of a null geodesic
near the ‘anti-de Sitter-like’, i.e. timelike, conformal infinity [117]. With respect to a suitable
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reference tetrad to, qo, ro, so these directions are parametrized by the complex parameter R,
or its ‘Lorentzian angles’ ψ, φ and the orientation ε, related to R by pseudo-stereographic
representation, see (5.11) and figure 3. The directional structure of radiation is given by
expression (4.19) for σ = +1,

� i
4 ≈ �o

4 ∗
η

(1 − |R|2)−2

(
1 − R1

Rm

) (
1 − R2

Rm

)(
1 − R3

Rm

) (
1 − R4

Rm

)
, (5.26)

�i
2 ≈ ε0

�o
2∗
η

(1 − |R|2)−1

(
1 − R1

Rm

) (
1 − R2

Rm

)
. (5.27)

Here, the complex number Rm is

Rm = R̄−1 = cothεεo

(
ψ

2

)
exp(−iφ), (5.28)

see (5.11). It characterizes a direction obtained from the direction R by a reflection with respect
to I, i.e., the mirrored direction with ψm = ψ, φm = φ but opposite orientation εm = −ε.
Near an anti-de Sitter-like conformal infinity, a generic gravitational field thus takes the
asymptotic form

∣∣� i
4

∣∣ ≈
∣∣�o

4 ∗
∣∣

|η|
(

cosh ψ + εεo

2

)2 ∏
n=1,2,3,4

∣∣∣∣1 − tanhεnεo

(
ψn

2

)
tanhεεo

(
ψ

2

)
ei(φ−φn)

∣∣∣∣ , (5.29)

where ψn, φn, εn identify the principal null directions kn, including their orientation with
respect to I.

Expression (5.26) has been derived assuming �o
4 �= 0, i.e., Rn �= ∞. However, to describe

the PND oriented along lo it is necessary to use a different component �o
j as a normalization

factor. With �o
0 = �o

4R1R2R3R4 we obtain

∣∣� i
4
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∣∣�o

0 ∗
∣∣

|η| |1 − |Rm|2 |−2

∣∣∣∣1 − R1m

R
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∣∣∣∣1 − R2m

R

∣∣∣∣
∣∣∣∣1 − R3m

R

∣∣∣∣
∣∣∣∣1 − R4m

R

∣∣∣∣
=

∣∣�o
0 ∗

∣∣
|η|

(
cosh ψ − εεo

2

)2 ∏
n=1,2,3,4

∣∣∣∣1 − cothεnεo

(
ψn

2

)
cothεεo

(
ψ

2

)
ei(φ−φn)

∣∣∣∣ . (5.30)

Interestingly, the radiation pattern has thus the same form if all PNDs are reflected,
Rn → (Rn)m, and ingoing and outgoing directions switched, R → Rm.

Both expressions (5.26) and (5.30) characterize the asymptotic behaviour of the fields
near anti-de Sitter-like infinity. First, we observe from (5.26) that the radiation ‘blows up’ for
directions with |R| = 1 (i.e., ψ → ∞). These are null directions tangent to I, and thus they
do not represent a direction of any geodesic approaching I from the ‘interior’ of spacetime.
The reason for this divergent behaviour is ‘kinematic’: when we required the ‘comparable’
approach of geodesics to infinity (see discussion nearby (3.10)), we had fixed the component
of ki normal to I, equation (3.16). Clearly, such a condition implies an ‘infinite’ rescaling if
ki is tangent to I which results in the divergence of

∣∣� i
4

∣∣.
The divergence at |R| = 1 splits the radiation pattern into two components—the pattern

for outgoing geodesics (ε = +1) and that for ingoing geodesics (ε = −1). These two different
patterns are separately depicted in figures 5 and 6.

From equation (5.26) it is obvious that there are, in general, four directions along which the
radiation vanishes, namely PNDs reflected with respect to I, given by R = (Rn)m. Outgoing
PNDs give rise to zeros in the radiation pattern for ingoing null geodesics, and vice versa. A
qualitative shape of the radiation pattern thus depends on
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Figure 5. Directional structure of radiation near a timelike I. All 11 qualitatively different shapes
of the pattern when PNDs are not tangent to I are shown (the remaining nine are related by a simple
reflection with respect to I). Each diagram consists of patterns for ingoing (left) and outgoing
geodesics (right).

∣∣� i
4

∣∣ is drawn on the vertical axis, directions of geodesics are represented on
the horizontal disc by coordinates ρ, φ introduced in figure 3. Reflected [degenerated] PNDs
are indicated by [multiple] arrows under the discs. For PNDs that are not tangent to I these are
directions of vanishing radiation. The Petrov types (N, III, D, II, I) corresponding to the degeneracy
of PNDs are indicated by labels of diagrams, the number of ingoing and outgoing PNDs is also
displayed using the notation of table 1.
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Table 1. All 51 qualitatively different directional structures of gravitational radiation near a timelike
conformal infinity. For various algebraic Petrov types, given by the degeneracy of principal null
directions, the specific structure is determined by the orientation of these PNDs with respect to
I. We denote outgoing, tangent and ingoing PNDs by the symbols o, t and i, respectively, and
their degeneracy by the corresponding power. The possibilities for each Petrov type which are
presented in the third line are obtained from those in the first line by the duality between outgoing
and ingoing directions, i.e. by interchanging o with i.

Type PND degeneracy Different possible orientations of PNDs

o4

N 4 t4

i4

o3o o3t o3i t3o

III 3 + 1 t3t

i3i i3t i3o t3i

o2o2 o2t2

D 2 + 2 o2i2 t2t2

i2i2 i2t2

o2oo o2ot o2oi o2ii o2it o2t t t2oo t2ot

II 2 + 1 + 1 t2oi t2t t

i2ii i2it i2io i2oo i2ot i2t t t2ii t2it

oooo ooot oooi ooit oott ott t

I 1 + 1 + 1 + 1 ooii oitt t t t t

iiii iiit iiio iiot iit t it t t

(i) degeneracy of the PNDs (Petrov type of the spacetime),

(ii) orientation of these PNDs with respect to I (the number of outgoing/tangent/ingoing
principal null directions).

Depending on these factors there are 51 qualitatively different shapes of the radiation patterns
(3 for Petrov type N spacetimes, 9 for type III, 6 for D, 18 for II and 15 for type I spacetimes);
21 pairs of them are related by the duality of equations (5.26) and (5.30). All the different
possibilities are summarized in table 1. The corresponding directional patterns with PNDs
not tangent to I are shown in figure 5, some examples of those with PNDs tangent to I can be
found in figure 6.

As we have said before, the reference tetrad can be chosen to capture the geometry of the
spacetime. To simplify the radiation pattern we can also adapt it to the algebraic structure, i.e.,
to correlate the tetrad with PNDs, as we did thoroughly for spacelike I in the previous section.
In the case of timelike conformal infinity, however, the choice of canonical reference tetrads
adjusted to PNDs is not very transparent—it splits to a lengthy discussion of separate cases
depending on orientation of the PNDs with respect to I. We do not include such a discussion
here. We will only mention the simplest case of type N fields, and investigate in some more
detail the cases of PNDs tangent to I, the presence of which is specific for spacetimes with
timelike infinity.

For type N fields with the quadruply degenerate PND, which is not tangent to I, we can
align the vector ko along this algebraically special direction, i.e., ko = k1(= k2 = k3 = k4).
The vector lo is fixed by the adjustment condition (3.25). (The spatial vectors mo, m̄o cannot
be fixed canonically by the algebraic structure—they have to be specified by other means.)
The PNDs are then given by Rn = 0, i.e., ψn = 0 with orientations εn = εo, n = 1, 2, 3, 4.
The directional dependence of radiation (5.29) thus reduces to
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Figure 6. Examples of directional structure of radiation near a timelike I when PNDs are tangent
to I. Only the patterns for types N and D are shown. The notation and meaning of the diagrams
are the same as in figure 5.

∣∣� i
4

∣∣ ≈
∣∣�o

4 ∗
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|η|
(

cosh ψ + εεo

2

)2

, (5.31)

illustrated in figure 5(N). Similarly, the radiative component of a general spin-s field of type
N would be ∣∣ϒ i

2s

∣∣ ≈
∣∣ϒo

2s∗
∣∣

|η|
(

cosh ψ + εεo

2

)s

. (5.32)

It is possible to introduce naturally the reference tetrads adjusted to the algebraic structure
for Petrov type D gravitational fields or, in general, for fields with two equivalent special
algebraic directions as, e.g., for a generic electromagnetic field. Such a tetrad is analogous to
that introduced above (5.23) near a spacelike I. A detailed discussion of these tetrads and of
the normalization of the field can be found in [118] (cf also (5.36)).

We now turn to a special situation specific for the fields near a timelike infinity I. Up
to now we have discussed principal null directions which are either incoming or outgoing
from the spacetime. However, PNDs can also be tangent to I, and in the following we will
discuss the consequences of such special orientation of PNDs for the radiation pattern. We
do not expect PNDs to be tangent to I at generic points. However, they can be tangent on
some lower-dimensional subspace such as the intersection of I with Killing horizons—cf the
anti-de Sitter C-metric [103]. These subspaces can be important, e.g., as in the context of the
Randall–Sundrum model: a brane constructed from the C-metric reaches infinity with PNDs
tangent both to it and to I [119].

In the case when all PNDs are tangent to the conformal infinity, Rn = exp(−iφn), the
directional pattern (4.19) for a general spin-s field reduces to

∣∣ϒ i
2s

∣∣ ≈ ∣∣ϒo
2s∗

∣∣ |η|−1
2s∏

n=1

(cosh ψ − sinh ψ cos(φ − φn))
1/2. (5.33)

The field has, in general, no directions of vanishing radiation. It can only vanish along
unphysical directions R = Rn (unphysical because they are tangent to I), provided the PND
kn is at least triple degenerate.

For type N fields, when all PNDs are the same, we can choose the reference tetrad in such
a way that Rn = 1, i.e., φn = 0, and we obtain∣∣ϒ i

2s

∣∣ ≈ ∣∣ϒo
2s∗

∣∣ |η|−1 (cosh ψ − sinh ψ cos φ)s. (5.34)

In particular, for a gravitational field∣∣� i
4

∣∣ ≈ ∣∣�o
4 ∗

∣∣ |η|−1 (cosh ψ − sinh ψ cos φ)2, (5.35)

see figure 6(N).
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For a gravitational field of Petrov type D with both double degenerate PNDs tangent to I
(figure 6(Da)), we can choose the reference tetrad such that R1 = R2 = 1 and R3 = R4 = −1.
The radiation pattern then becomes∣∣� i

4

∣∣ ≈ 3
2

∣∣�s
2∗

∣∣ |η|−1 (1 + sinh2 ψ sin2 φ), (5.36)

where for normalization we have used the only non-vanishing field component �s
2 in the

algebraically special tetrad aligned along both PNDs: this is related to the reference tetrad
field component by �o

4 = 3
2�s

2, see [118]. As we have said, there is no direction (even an
unphysical one) of vanishing radiation in this case. However, directionally dependent limits
R → R1 and R → R4, in general, do not diverge (cf figure 6(Da)). Finally, for a gravitational
field of type D with only one PND tangent to I, figure 6(Db), we can choose the reference
tetrad so that R1 = R2 = 1, R3 = R4 = 0,∣∣� i

4

∣∣ ≈ ∣∣�o
4 ∗

∣∣|η|−1 cosh ψ + εεo

2
(cosh ψ − sinh ψ cos φ). (5.37)

To summarize, when I is not null the radiation fields depend on the direction along which
the conformal infinity is approached. Analogously to the � > 0 case [116] the radiation
pattern for � < 0 has a universal character determined by the algebraic type of the fields
[117]. However, new features occur when � < 0: both outgoing and ingoing patterns have to
be studied, their shapes depend also on the orientation of the PNDs with respect to I, and an
interesting possibility of PNDs tangent to I appears. Radiation vanishes only along directions
which are reflections of PNDs with respect to I. In a generic direction it is non-vanishing.
The absence of η−1 terms thus cannot be used to distinguish nonradiative sources: near an
anti-de Sitter-like infinity the radiative component reflects not only properties of sources but
also their relation to the observer.

6. Conclusions

The investigation of the asymptotic structure of general fields in spacetimes with a non-
vanishing cosmological constant � is motivated, among others, by the fact that these
spacetimes have been commonly used in various branches of theoretical research, e.g.
in inflationary models, brane cosmologies, supergravity or string theories. Perhaps most
importantly, the possible presence of a positive � is also indicated by recent observations.

An understanding of the nature of radiation in spacetimes with a non-vanishing � is not
so developed as that in spacetimes with � = 0. Standard techniques used for asymptotically
flat spacetimes (such as the Bondi–Sachs approach) cannot be applied, and generalizations
of other methods lead to results which are ‘less unique’. In particular, we have documented
that for � �= 0 the field components with respect to a parallelly transported interpretation
tetrad depend on a null direction along which infinity is approached—the feature which is
absent in the � = 0 case. In Penrose’s words (cf discussion after equation (9.7.38) in [33]):
“on varying geodesic through P , the different components � i

j get mingled with each other”.
We derived this directional structure of radiation explicitly and we demonstrated that it is
determined by the algebraic structure of the field. The asymptotic behaviour near I of the
dominant component of any zero-rest-mass field of spin s is given by formula (4.19),

ϒ i
2s ∝ η−1(1 − σRR̄)−s

2s∏
n=1

(1 − σRnR̄), (6.1)

where η is the affine parameter. The coefficient σ = −1, 0, or + 1 denotes the spacelike, null
or timelike character of the conformal infinity; in (electro)vacuum spacetimes σ = −sign �.
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The complex parameter R represents the direction of the outgoing/ingoing null geodesic
along which a given point P ∈ I is approached as η → ±∞. The complex constants Rn

characterize the principal null directions, i.e. the algebraic structure of the field at P. Obviously,
for I of a ‘Minkowskian’ type (σ = 0) the directional dependence completely vanishes. The
specific dependence of ϒ i

2s on the direction R of the geodesic occurs if σ �= 0, i.e., near
‘(anti-)de Sitter-like’ conformal infinity. Interestingly, in all spacetimes which are not
conformally flat there are at most 2s directions along which the radiative part of the field
(6.1) vanishes. These are directions antipodal to the principal null directions in the case of
a spacelike I, and mirror reflections of the PNDs with respect to I when its character is
timelike. Along all other directions the radiation does not vanish, even if the field corresponds
to a ‘static’ source.

Our results supplement and refine the peeling-off behaviour of zero-rest-mass fields. The
‘peeling’ is a well-known property of the fields near conformal infinity, and therefore we will
emphasize again its relation to the above derived asymptotic directional structure of radiation.
For example, in classical works [23, 30] one can find its very suggestive formulation: the
curvature tensor expanded along null geodesics takes the form

� = Nη−1 + IIIη−2 + IIη−3 + Iη−4 + · · · , (6.2)

(see page 365 in [30] or equation (5.6) in [23]) where the terms N, III, II and I are algebraically
special with quadruple, triple, double and non-degenerate PNDs, respectively. On this basis it
is commonly stated that the radiative component (∼ η−1) becomes asymptotically of Petrov
type N with one quadruply degenerate PND. Our discussion above, however, demonstrates
that such an interpretation is misleading or, at least, not precise. The separation of the terms
having different algebraic structure into different orders of the asymptotic expansion in η is
not due to the inherent properties of the Weyl tensor itself, but rather due to the asymptotic
degeneracy of the tetrad with respect to which the Weyl tensor is evaluated. The coefficients
in (6.2) are calculated in the interpretation tetrad which is parallelly transported along the
null geodesic. We have seen that such a tetrad becomes infinitely boosted with respect to a
regular tetrad defined in terms of the conformal geometry (see, e.g., relations (3.18), (2.19)).
The Weyl tensor evaluated in the tetrad which is defined using the conformal techniques (i.e.,
the field calculated in the conformal geometry and then appropriately rescaled to obtain the
physical quantity) has a typical behaviour � ∼ η−3 (cf equation (4.18)) and it does not exhibit
any peeling-off behaviour. It is the transformation to the interpretation tetrad (by the infinite
boost, see equation (4.12)) which gives rise to peeling-off of the components with a different
algebraic structure.

The field thus becomes asymptotically of type N only when viewed from the parallelly
transported tetrad, with the algebraically special direction oriented along the tangent to the null
geodesic approaching infinity. Already this dependence of the algebraically special direction,
along which the field asymptotically aligns, on the direction of the geodesic, indicates that the
asymptotic algebraic degeneracy suggested by (6.2) is not an invariant property of the field
but an effect resulting from specific relation between the field and the observer.

As we said, near a null conformal infinity the magnitude of leading coefficient ∼η−1 in
the expansion (6.2) actually does not depend on the direction of the null geodesic (see (6.1)
for σ = 0), and can thus be assigned a more invariant meaning—we may speak about non-
radiative fields if this leading term is missing, and about radiative fields otherwise. However,
for a spacelike or timelike conformal infinity we have found that the magnitude of the leading
term does depend substantially on the direction R of the geodesic. Interestingly, such a
dependence can be explicitly described in terms of the principal null directions of the field,
see (6.1) and the discussion in sections 5.4 and 5.5.
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To summarize: the peeling-off behaviour of a field near a spacelike or timelike infinity is
not an invariant property of the field itself, but it is rather a statement about the behaviour of
the field components evaluated in suitable tetrads propagated parallelly along null geodesics.
For the full description of the components, the standard ‘peeling’ needs to be supplemented
by their directional dependence which was presented above. We hope that our results may
give some clues to the understanding of radiation in spacetimes which are not asymptotically
flat.

It is very difficult to obtain an explicit general relation between the matter distribution and
the corresponding distant gravitational field since the non-linearity of the Einstein equations
effectively allows gravitation to act as its own source. Therefore, it remains an open problem
to relate the structure of bounded sources to the principal null directions of the field at I which
essentially determines the radiation structure at spacelike or timelike conformal infinities.
Some insight in this direction could hopefully be obtained by investigating suitable exact
model spacetimes.
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Appendix A. Asymptotic polyhomogeneous expansions

In section 2.3 we integrated equation (2.13) for a physical affine parameter, and we obtained
its expansion (2.17) in terms of the conformal affine parameter η̃. This can easily be inverted
only in the leading order, η̃ = −1/η. Here we derive the expansion of the conformal affine
parameter η̃ in terms of η up to a higher order.

First, assuming smoothness of the conformal factor in the conformal affine parameter
near I, we have (cf equation (2.16))

� = −εη̃ + �2η̃
2 + �3η̃

3 + · · · , (A.1)

where �i are constants. Expanding �−2, the integration of (2.13) then leads to

η = −1

η̃
+

(
2ε�2 ln |η̃| + η0

)
+

(
3�2

2 + 2ε�3
)
η̃ + · · · (A.2)

(cf equation (2.17)), where η0 is a constant of integration. This expression contains the
logarithmic term ln |η̃| which means that the relation between η and η̃ is intrinsically non-
analytic and cannot thus be inverted as a standard power expansion. We have to look for an
inverse expansion in a broader class of functions, namely we admit functions which for small
ξ can be written as

f (ξ) =
∞∑

j=j∗

fj (ln
−1 |ξ |)ξ j , (A.3)

where j, j∗ ∈ Z, and the ‘coefficient’ fj (ln−1 |ξ |) in the power expansion is an (infinite)
polynomial of the reciprocal logarithm x = ln−1 |ξ |. More precisely, fj (x) is a function
which is analytic (with a possible pole of a finite order −k∗ if k∗ < 0) at x = 0,

fj (x) =
∞∑

k=k∗

fj,kx
k. (A.4)
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Inspired by [90], we may call such an expansion polyhomogeneous. The expansion (A.3) with
the leading coefficient fj∗(x) regular and non-vanishing at x = 0 can be substituted into another
polyhomogeneous expansion and the result remains again in the class of polyhomogeneous
expansions.

Expansion (A.2) is exactly of the form (A.3) for a small parameter η̃. We can seek the
inverse relation as a polyhomogeneous expansion in the small parameter ε = −η−1 (i.e., in
the reciprocal physical affine parameter; notice the difference between ε and ε):

η̃ = ε + η̃2(ln
−1 |ε|)ε2 + η̃3(ln

−1 |ε|)ε3 + · · · . (A.5)

Substituting into (A.2), expanding logarithmic terms, and requiring that the resulting expansion
should lead to the single term η = −ε−1, we find

η̃ = ε − (2ε�2 ln |ε| + η0)ε
2 +

(
4�2

2 ln2 |ε| + 4�2(εη0 + �2) ln |ε| + η2
0

+ 2εη0�2 − 3�2
2 − 2ε�3

)
ε3 + · · · . (A.6)

Thus, the conformal factor (A.1) is

� = −εε + (2�2 ln |ε| + εη0 + �2)ε
2 − ε

(
4�2

2 ln2 |ε| + 4�2
2(εη0 + 2�2) ln |ε|

+ η2
0 + 4εη0�2 − 3�2

2 − 3ε�3
)
ε3 + · · · . (A.7)

Integrating now equation (3.19) for parameter L, in which we expand � and the right-hand
side in parameter η̃, see equations (A.1) and (3.20), we obtain

L = M1 ln |η̃| + L0 + (M2 + 2εM1�2)η̃ + 1
2

(
M3 + 2εM2�2 + M1

(
3�2

2 + 2ε�3
))

η̃2 + · · · ,
(A.8)

and expressing this in terms of the reciprocal physical affine parameter using (A.6)

L = M1 ln |ε| + L0 + (−2εM1�2 ln |ε| + M2 − M1η0 + 2εM1�2)ε

+
(
2M1�

2
2 ln2 |ε| − 2ε(M2 − M1η0)�2 ln |ε|

+ 1
2

(
M3 − 2M2(η0 − ε�2) + M1

(
η2

0 − 3�2
2 − 2ε�3

)))
ε2 + · · · . (A.9)

Moreover, the coefficients �i,Mi in expansions (2.16) and (3.20) can be expressed in terms
of derivatives of � and m̄a

a da� with respect of η̃. Namely, �2 and M1 are given by

�2 = 1

2

d2�

dη̃2

∣∣∣∣
η̃=0

= 
2
(
k̃b

a k̃a
a ∇̃bda�

)∣∣
I , (A.10)

M1 =
√

2

d

dη̃

(
m̃a

a da�
)∣∣∣∣

η̃=0

= 2
2
(
k̃b

am̃a
a ∇̃bda�

)∣∣
I, (A.11)

where we used (3.11) and (3.12). Employing equations (2.3) and (2.8) we obtain

∇̃bda� = 1
4 g̃ab�̃� + 1

2�
[(

Ricab − 1
4Rgab

) − (
˜Ricab − 1

4 R̃g̃ab

)]
. (A.12)

Consequently,

�2 = 1
2
2

(
�k̃b

a k̃a
a

[(
Ricab − 1

4Rgab

) − (
˜Ricab − 1

4 R̃g̃ab

)])∣∣
I , (A.13)

M1 = 
2(�k̃b
am̃a

a

[(
Ricab − 1

4Rgab

) − (
˜Ricab − 1

4 R̃g̃ab

)])∣∣
I , (A.14)

We assume regularity of the conformal geometry near infinity so that the second terms in
brackets, �

(
˜Ricab − 1

4 R̃g̃ab

)
, vanish on I. The first terms can be expressed as the specific

tetrad components of the traceless Ricci tensor [12], namely

�a
00 = 1

2

(
Ricab − 1

4Rgab

)
kbka, �a

01 = 1
2

(
Ricab − 1

4Rgab

)
kbma, (A.15)
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which in view of Einstein equations (2.9) are proportional to the corresponding components
of the energy–momentum tensor. We thus obtain

�2 = 
2
(
�−1�a

00

)∣∣
I ∼ (

η̃−1�a
00

)∣∣
η̃=0, (A.16)

M1 = 2
2
(
�−1�a

01

)∣∣
I ∼ (

η̃−1�a
01

)∣∣
η̃=0, (A.17)

where �a
00 and �a

01 are evaluated with respect to the tetrad (3.14). These vanish identically for
vacuum spacetimes. Moreover, �2 and M1 are zero also in non-vacuum cases such that near
the conformal infinity the matter field decays faster than ∼ η̃. It corresponds to the situation
when Penrose’s asymptotic Einstein condition (equation (2.20), cf (9.6.21) of [33]) is satisfied.
With �2 = 0,M1 = 0 the logarithmic terms in expansions (A.6)–(A.9) disappear.

Appendix B. Tetrads and fields in spinor formalism

Following, e.g., [33], the field of any spin s = 0, 1
2 , 1, 3

2 , · · · can be represented using the
two-component symmetric spinor Υ with 2s lower indices. To fix conventions for various
signs and prefactors which alter in the literature we first summarize some general relations for
spinors and their relation to tangent vectors.

Two-component spinors at a point x form two mutually conjugated complex vector
spaces SxM and S̄xM of dimension two. We use capital Latin letters for indices of spinors
from SxM and letters with a bar for the conjugated spinors. Spinor spaces are equipped
with skew-symmetric metrics εAB and ε̄ĀB̄ respectively, and with their inverses εAB and ε̄ĀB̄

(such that, e.g., εAMεBM = δA
B). These metrics are used for lowering and raising indices:

ψA = εAMψM , ψA = ψMεMA. The space of real bi-spinors (i.e., spinors αAĀ such that
αAĀ = ᾱĀA) with metric −εAB ε̄ĀB̄ is isometric to the space of tangent vectors with metric
spacetime gab through the soldering form σa

AĀ. The relation of both metrics is

gab = −σa
AĀσb

BB̄εAB ε̄ĀB̄ , εAB ε̄ĀB̄ = −gabσ
a
AĀσb

BB̄ . (B.1)

A spinor frame o, ι is called normalized if it satisfies

εAB = oAιB − ιAoB, i.e., oAιBεAB = 1. (B.2)

We can associate a normalized spinor frame o, ι with any null tetrad k, l, m, m̄ in the following
way:

ka = σa
AĀoAōĀ, ma = σa

AĀoAῑĀ,

la = σa
AĀιAῑĀ, m̄a = σa

AĀιAōĀ.
(B.3)

Special Lorentz transformations (3.3), (3.4) and (3.5) correspond to transformations of
the normalized spinor frame which leave (B.2) unchanged. Namely, for null rotation with k
fixed we have

o = oo, k = ko, m = mo + Lko,

ι = ιo + L̄oo, l = lo + L̄mo + Lm + LL̄k, m̄ = m̄o + L̄ko,
(B.4)

and for null rotation with l fixed,

o = oo + Kιo, k = ko + K̄mo + Km + KK̄k, m = mo + Kko,

ι = ιo, l = lo, m̄ = m̄o + K̄ko.
(B.5)

Boost and rotation are

o = B
1
2 exp

(
iφ

2

)
oo, k = Bko, m = exp(iφ)mo,

ι = B− 1
2 exp

(−iφ

2

)
ιo, l = B−1lo, m̄ = exp(−iφ)m̄o.

(B.6)
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As we have said, the field of spin s can be represented by a spinor ΥA1···A2s
which is

symmetric in all indices. The space of such symmetric spinors forms a representation space
for the irreducible representation of type (0, s) of the SL(2C) group, or of its sl(2C) Lie
algebra which is isomorphic to Lie algebra so(1, 3) of the Lorenz group.

Field equations for the zero-rest-mass field of spin s are usually written in the form

εMN∇MĀΥNA2···A2s
= 0, with ∇AĀ = σa

AĀ∇a. (B.7)

It is well known [33] that such an equation is not consistent for s > 2 in a general curved
background, and there are restrictions on curvature to achieve consistency for s > 1. However,
the exact form of the field equations is not necessary for our discussion. We only assume that
we may obtain the field Υ from some unspecified theory which prescribes the behaviour of
the field.

The examples are spinors ΨABCD and ΦAB of spins 2 and 1 which represent the
gravitational and electromagnetic fields, respectively. These spinors are related to the Weyl
tensor Cabcd as

Cabcd = σa
AĀσb

BB̄σc
CC̄σd

DD̄(ΨABCD ε̄ĀB̄ ε̄C̄D̄ + Ψ̄ĀB̄C̄D̄εABεCD),
(B.8)

ΨABCD = 1
4σa

AĀσb
BB̄σc

CC̄σd
DD̄Cabcd ε̄

ĀB̄ ε̄C̄D̄,

and to the electromagnetic tensor Fab as

Fab = σa
AĀσb

BB̄(ΦAB ε̄ĀB̄ + Φ̄ĀB̄εAB),
(B.9)

ΦAB = 1
2σa

AĀσb
BB̄Fabε̄ĀB̄ .

The field Υ has 2s + 1 independent components. In the normalized spinor frame o, ι
these can be identified as

ϒj = ΥA1···Aj Aj+1···A2s
ιA1 · · · ιAj oAj+1 · · ·oA2s , j = 0, 1, . . . , 2s. (B.10)

Substituting the transformations (B.4), (B.5) and (B.6) of the spinor frames into (B.10) we
immediately obtain the transformation properties of the field components. Namely, we get

ϒj = ϒo
j +

(
j

1

)
L̄ϒo

j−1 +

(
j

2

)
L̄2ϒo

j−2 +

(
j

3

)
L̄3ϒo

j−3 + · · · + L̄jϒo
0 (B.11)

for the null rotation with k fixed, and

ϒj = ϒo
j +

(
2s − j

1

)
Kϒo

j+1 +

(
2s − j

2

)
K2ϒo

j+2 + · · · + K2s−jϒo
2s (B.12)

for the null rotation with l fixed. Finally, for the boost and the rotation we obtain

ϒj = Bs−j exp(i(s − j)φ)ϒo
j . (B.13)

References
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[19] Bičák J and Krtouš P 2003 Radiative fields in spacetimes with Minkowski and de Sitter asymptotics Recent
Developments in Gravity (Proc. 10th Greek Relativity Meeting, Chalkidiki, May 2002) ed K D Kokkotas and
N Stergioulas (Singapore: World Scientific) pp 3–25

[20] Bondi H 1960 Gravitational waves in general relativity Nature 186 535
[21] Bondi H, van der Burg M G J and Metzner A W K 1962 Gravitational waves in general relativity: VII. Waves

from axi-symmetric isolated systems Proc. R. Soc. Lond. A 269 21–52
[22] Sachs R 1961 Gravitational waves in general relativity: VI. The outgoing radiation condition Proc. R. Soc. Lond.

A 264 309–38
[23] Sachs R K 1962 Gravitational waves in general relativity: VII. Waves in asymptotically flat space-time Proc.

R. Soc. Lond. A 270 103–26
[24] van der Burg M G J 1969 Gravitational waves in general relativity X. Asymptotic expansions for the Einstein–

Maxwell field Proc. R. Soc. Lond. A 310 221–30
[25] Newman E T and Penrose R 1962 An approach to gravitational radiation by a method of spin coefficients

J. Math. Phys. 3 566–78
[26] Newman E T and Unti T W J 1962 Behavior of asymptotically flat empty spaces J. Math. Phys. 3 891–901
[27] Penrose R 1963 Asymptotic properties of fields and space-times Phys. Rev. Lett. 10 66–68
[28] Penrose R 1964 Conformal treatment of infinity Relativity, Groups and Topology, Les Houches 1963

ed C DeWitt and B DeWitt (New York: Gordon and Breach) pp 563–84
[29] Penrose R 1965 Zero rest-mass fields including gravitation: asymptotic behaviour Proc. R. Soc. Lond. A 284

159–203
[30] Pirani F A E 1965 Introduction to gravitational radiation theory Brandeis Lectures on General Relativity

ed S Deser and K W Ford (Englewood Cliffs, NJ: Prentice-Hall) pp 249–372
[31] Geroch R P 1977 Asymptotic structure of space-time Asymptotic Structure of Space-Time ed F P Esposito and

L Witten (New York: Plenum) pp 1–106
[32] Newman E T and Tod K P 1980 Asymptotically flat space-times General Relativity and Gravitation vol 2,

ed A Held (New York: Plenum) pp 1–36
[33] Penrose R and Rindler W 1984, 1986 Spinors and Space-Time (Cambridge: Cambridge University Press)
[34] Friedrich H 1992 Asymptotic structure of space-time Recent Advances in General Relativity ed A I Janish and

J R Porter (Basel: Birkhäuser)
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[73] Klainerman S and Nicolò F 2003 Peeling properties of asymptotically flat solutions to the Einstein vacuum

equations Class. Quantum Grav. 20 3215–57
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[111] Plebański J and Demiański M 1976 Rotating charged and uniformly accelerated mass in general relativity

Ann. Phys., NY 98 98–127
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The directional behavior of dominant components of algebraically special spin-s fields
near a spacelike, timelike or null conformal infinity is studied. By extending our pre-
vious general investigations, we concentrate on fields which admit a pair of equivalent
algebraically special null directions, such as the Petrov type-D gravitational fields or alge-
braically general electromagnetic fields. We introduce and discuss a canonical choice of the
reference tetrad near infinity in all possible situations, and we present the corresponding
asymptotic directional structures using the most natural parametrizations.
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Key words: gravitational radiation, asymptotic structure, cosmological constant

1 Introduction

In the series of papers [1–4] we analyzed the asymptotic directional properties
of electromagnetic and gravitational fields in spacetimes with a nonvanishing cos-
mological constant Λ. It had been known for a long time [5–7] that — contrary to
the asymptotically flat spacetimes — the dominant (radiative) component of the
fields is not unique since it substantially depends on the direction along which a null
geodesic approaches a given point at conformal infinity I. We demonstrated that,
somewhat surprisingly, such directional structure of radiation can be described in
closed explicit form. It has a universal character that is essentially determined by
the algebraic type of the field, i.e., by the specific local degeneracy and orientation
of the principal null directions.

Our results were summarized and thoroughly discussed in the recent topical
review [8]. They apply not only to electromagnetic or gravitational fields but to
any field of spin s. In addition, the expression representing the directional behavior
of radiation can be written in a unified form which covers all three possibilities
Λ > 0, Λ < 0 or Λ = 0, corresponding to a spacelike, timelike or null character
of I, respectively.

This paper further elaborates and supplements some aspects of our work re-
viewed in [8]. It extends possible definitions of the canonical reference tetrad for
the algebraically simple fields — those which admit an equivalent pair of distinct
(degenerate) principal null directions. We systematically describe the most natural
choices of the reference tetrad for all possible algebraic structures of type D fields,
and for any value of Λ.

∗) Dedicated to Prof. Jǐŕı Horáček on the occasion of his 60th birthday
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The notation used in the present paper is the same as in [8]; in fact, we shall
frequently employ the material already described and derived there. For brevity,
we shall refer directly to the equations and sections of the review [8] by prefixing
the letter ‘R’ in front of the reference: equation (R.1.1), section R.2.1, etc.

2 Summary of general results

We wish to study the behavior of radiative component of fields near confor-
mal infinity I. An overview of the concept of conformal infinity can be found in
textbooks (e.g., [9]; our notation is described in section R.2 of the work [8]).

Let us only recall that it is possible to define a normalized vector n normal to the
conformal infinity. The causal character of the infinity — spacelike, null, or timelike
— is given by the sign of the square of this vector, σ = n · n = −1, 0, +1 (see also
Fig. 1). Here and in the following, the dot ‘·’ denotes the scalar product, defined
using the spacetime metric g. Typically, the causal character of I is correlated with
the sign of the cosmological constant, σ = − signΛ (see section R.2.2 for details).

2.1 Null tetrads

To study various components of the fields, we introduce suitable orthonormal, and
associated with them null tetrads. We denote the vectors of an orthonormal tetrad
as t, q, r, s, where t is a future-oriented unit timelike vector. With this tetrad we
associate a null tetrad of null vectors k, l, m, m̄ by

k = 1√
2
(t + q) , l = 1√

2
(t− q) , m = 1√

2
(r − i s) , m̄ = 1√

2
(r + i s) . (1)

The normalization conditions for these tetrads are

−t · t = q · q = r · r = s · s = 1 , − k · l = m · m̄ = 1 , (2)

respectively, with all other scalar products being zero.
The crucial tetrad in our study is the interpretation tetrad ki, li, mi, m̄i. It is a

tetrad which is parallelly transported along a null geodesic z(η), the vector ki being
tangent to the geodesic. With respect to this tetrad we define the radiative com-
ponent of the field. The precise definition and description of asymptotic behavior
of the interpretation tetrad was thoroughly presented in sections R.3.3 and R.3.4,
where more details can be found.

Here, we are going to concentrate on the reference tetrad ko, lo, mo, m̄o. It is
a tetrad conveniently defined near the conformal infinity. It serves as the reference
frame for parametrization of directions near I. It can be defined using special fea-
tures of the spacetime geometry (e.g., the Killing vectors, direction toward sources,
etc.). Alternatively, it can be adapted to the studied fields — namely, it can be
‘aligned’ with algebraically special directions of the fields under consideration. A
general situation was discussed in sections R.5.4 and R.5.5. In the present work we
will offer other possible privileged definitions of the reference tetrad for algebraically
simple fields of type D.
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Fig. 1. The reference tetrad adjusted to conformal infinity I of various character, deter-
mined by σ which is a norm of the vector n normal to I. If the vector ko is oriented along
an outgoing direction (outward from the physical spacetime M) we have εo = +1, if it is

ingoing (oriented inward to M) then εo = −1.

Following [8], we require that the reference tetrad is adjusted to conformal in-
finity, i.e., that the vectors ko and lo satisfy the relation

n = εo
1√
2
(−σko + lo) , (3)

where the sign εo = ±1 indicates the outgoing/ingoing orientation of the vector ko

with respect to I (see also below). This adjustment condition guarantees that the
vectors ko and lo are collinear with the normal n to I, and normalized such that

n =

⎧⎪⎨
⎪⎩

εo to for a spacelike infinity (σ = −1) ,

−εo qo for a timelike infinity (σ = +1) ,

εo lo/
√

2 for a null infinity (σ = 0) .

(4)

All possible orientations of the reference tetrad with respect to I are shown in
Fig. 1.
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The normalization and adjustment conditions do not fix the reference tetrad
uniquely. Additional necessary conditions — the alignment with the algebraically
special directions — will be specified in Sect. 3.

2.2 Parametrization of null directions

In the following, it will be necessary to parametrize a general null direction k near I.
This can be done with respect to the reference tetrad by a complex directional
parameter R:

k ∝ ko + R̄ mo + R m̄o + RR̄ lo . (5)

The value R = ∞ is also permitted — it corresponds to k oriented along lo.
In addition, we introduce the orientation parameter ε which indicates whether

the null direction k is an outgoing direction (pointing outside the spacetime),
ε = +1, or if it is an ingoing direction (pointing inside the spacetime), ε = −1.

When the infinity I has a spacelike character, it is also possible to parametrize
the null direction k using spherical angles, which specify its normalized spatial
projection into I. We define the angles θ, φ by

q = cos θ qo + sin θ (cosφ ro + sinφ so) , (6)

where q is the unit vector pointing into the spatial (q · n = 0) direction given
by k, see (R.5.5). The complex parameter R of (5) is actually a stereographic
representation of the spatial direction q:

R = tan
(

1
2θ

)
exp(−iφ) . (7)

Near a timelike infinity I we can analogously describe null direction k by pseu-
dospherical parameters ψ, φ of its projection into I. If we label the normalized
projection of k by t, cf. (R.5.8), ψ and φ are given by

t = coshψ to + sinh ψ (cos φ ro + sin φ so) . (8)

These parameters have to be supplemented by the orientation ε of k with respect
to I. The parameter R is the pseudostereographic representation of t:

R = tanhεεo
(

1
2ψ

)
exp(−iφ) . (9)

In fact, we can introduce both these parametrizations simultaneously, indepen-
dently of the causal character of the infinity, just with respect to the reference
tetrad — the angles θ, φ using a projection onto the 3-space orthogonal to the time
vector to of the reference tetrad, and the parameters ψ, φ using a projection to the
2+1-space orthogonal to qo. In such a case they are related by expressions

tanh ψ = sin θ , sinhψ = tan θ , coshψ = cos−1θ , tanh
(

1
2ψ

)
= tan

(
1
2θ

)
.

(10)
If the infinity has a timelike character, all future-oriented null directions at one

point at I naturally split into two families of outgoing and ingoing directions. The
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directions of each of these families form a hemisphere which can be projected onto
a unit circle, parametrized by ρ and φ, such that

ρ = tanh ψ = sin θ , (11)

see also figure R.3.

2.3 Asymptotic directional structure of radiation

The main result of paper [8] is derivation of the explicit dependence of the radiative
component of the field on a direction along which the infinity is approached — we
call this dependence the asymptotic directional structure of radiation.

In [8] we investigated a general spin-s field, and in more detail gravitational
(s = 2) and electromagnetic (s = 1) fields. These fields can be characterized by
2s + 1 complex components Υj , j = 0, . . . , 2s, evaluated with respect to a null
tetrad. Relation of these components to a spinor representation of the fields, and
their transformation properties can be found in R.4.1 and appendix R.B. The
components of gravitational and electromagnetic fields are traditionally called Ψj ,
j = 0, . . . , 4, and Φj , j = 0, 1, 2, respectively — see [10] or equations (R.4.1) and
(R.4.2).

To study the asymptotic behavior, we evaluated the field with respect to the
interpretational tetrad — the tetrad which is parallelly transported along a null
geodesic z(η). It turned out that these field components satisfy the standard peeling-
off property, namely that they exhibit a different fall-off in η when approaching I,
η being the affine parameter of the geodesic. The leading component of the field
is the component Υ i

2s with the fall-off of order η−1, and we call it the radiative
component. In sections R.4.3 and R.4.4 we found that the radiative field compo-
nent depends on the direction R of the null geodesic along which a fixed point at
the infinity is approached. This directional structure is determined mainly by the
algebraic structure of the field, and it reads

Υ i
2s ≈ 1

η
εs
oΥ

o
2s∗

(
1 − σR1R̄

)(
1 − σR2R̄

)
. . .

(
1 − σR2sR̄

)
(
1 − σRR̄

)s . (12)

The complex constants R1, . . . , R2s represent the principal null directions k1, . . . ,k2s

of the spin-s field, the sign σ = ±1, 0 specifies the causal character of the confor-
mal infinity, εo denotes orientation of the reference tetrad, and Υ o

2s∗ is a constant
normalization factor of the field evaluated with respect to the reference tetrad,
Υ o

2s ≈ Υ o
2s∗η

−s−1 (cf. section R.4.4).
The principal null directions (PNDs) are special directions along which some

of the field components vanish — see [9, 10] or section R.4.2 for a precise defi-
nition. The field of spin s has 2s PNDs. However, these can be degenerate and
this degeneracy (or, more generally, mutual relations of all the PNDs) is called the
algebraic structure of the field. Distinct PNDs are also called algebraically special
directions of the field. The classification according to the degeneracy of PNDs for
a gravitational field is the well-known Petrov classification.
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3 Fields of type D

In this paper we wish to discuss the situation when the field has two distinct
and equivalent algebraically special directions. This may occur only for fields of an
integer spin, s ∈ N, with PNDs having the degeneracy

k1 = · · · = ks and ks+1 = · · · = k2s . (13)

The directional structure (12) of such a field takes the form

Υ i
2s ≈ 1

η
εs
oΥ

o
2s∗

(
1 − σR1R̄

)s(1 − σR2sR̄
)s

(
1 − σRR̄

)s , (14)

with the constants R1 and R2s parametrizing the two distinct PNDs. The direc-
tional dependence of the magnitude of a gravitational type-D field and of an alge-
braically general electromagnetic field are thus quite similar. This similarity is even
closer if we recall that the square of the electromagnetic component Φi

2 is propor-
tional to the magnitude of the Poynting vector with respect to the interpretation
tetrad, |Si| ≈ (1/4π)

∣∣Φi
2

∣∣2. Indeed, we have

∣∣Ψ i
4

∣∣ ≈ 1
|η| |Ψ

o
4∗|

∣∣1 − σR1R̄
∣∣2 ∣∣1 − σR4R̄

∣∣2∣∣1 − σRR̄
∣∣2 , (15)

4π |Si| ≈
∣∣Φi

2

∣∣2 ≈ 1
η2

|Φo
2∗|2

∣∣1 − σR1R̄
∣∣2 ∣∣1 − σR2R̄

∣∣2∣∣1 − σRR̄
∣∣2 . (16)

As discussed in section R.4.5, the form of the directional structure (12) depends
on the choice of the normalization factor Υ o

2s∗. Other choices can sometimes be more
convenient, in particular if the factor Υ o

2s∗ vanishes, which happens when one of the
PNDs points along the direction lo of the reference tetrad. For the type-D fields
there exists a more natural ‘symmetric’ choice of normalization of the directional
structure of radiation which is guaranteed to be non-degenerate. For these fields we
can define a canonical field component, namely, the only nonvanishing component
with respect of the null tetrad associated with the PNDs (13).

Having two distinct algebraic directions k1 and k2s, we can define algebraically
special null tetrad ks, ls, ms, m̄s (and associated orthonormal tetrad ts, qs, rs, ss)
by requiring that ks, ls are proportional to the PNDs and future-oriented, and that
the spatial vector ss is tangent to I,

ks ∝ k1 , ls ∝ k2s , ss · n = 0 . (17)

For PNDs, which are not tangent to the conformal infinity, the normalization of
null vectors ks, ls can be fixed by condition

ε1 ks · n = ε2s ls · n , (18)
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where ε1, ε2s = ±1 parametrize orientations of the PNDs with respect to I. The
special case of PNDs tangent to I will be discussed below.

Using the definition of PNDs (see section R.4.2), we find that the field compo-
nents with respect to the algebraically special tetrad have very special form — only
the component Υ s

s is nonvanishing (Ψ s
2 for gravitational and Φs

1 for electromagnetic
fields). This component is, in fact, independent of the choice of the spatial vectors
rs, ss, and thus it does not depend on the normal vector n, which we used in the
definition (17). It also does not depend on the normalization (18), provided that
the normalization (2) is satisfied. We shall use the privileged component Υ s

s for the
normalization of the directional structure of radiation. However, the algebraically
special tetrad is not adjusted to the infinity (cf. condition (3)) since ks and ls are
not in general collinear with n and thus it cannot be used as a reference tetrad.

Nevertheless, we can define privileged reference tetrad which is ‘somehow aligned’
with the algebraically special tetrad, and which shares some of the symmetries of
the geometric situation. We shall always assume that the reference tetrad satisfies
the normalization and adjustment conditions (2), (3), and we set so = ss. This is,
however, still not sufficient to completely fix the reference tetrad. The remaining
necessary condition cannot be prescribed in general — we have to discuss sepa-
rately several possible cases, depending on the character of the infinity I, and on
the orientation of the PNDs with respect to I.

Below we shall define the reference tetrad for all possible cases. We shall present
the relation between the component Υ o

2s and the canonical component Υ s
s , which

can be substituted into the directional structure (14). Finally, we shall rewrite the
results in terms of the angular variables introduced with respect to the reference
tetrad.

3.1 Spacelike I
We begin with a spacelike conformal infinity, σ = −1. In this case the two distinct
future-oriented algebraically special directions are either both ingoing or both out-
going, and we accordingly set the orientation εo of the reference tetrad. We define
the reference tetrad by conditions

qo = qs , so = ss , εo = ε1 = ε2s , (19)

and by adjustment condition (4). It follows that the algebraically special direc-
tions ks and ls are parametrized with respect to the reference tetrad by a single
parameter θs as

ks = 1√
2

cos−1 θs

(
to + cos θs qo + sin θs ro

)
,

ls = 1√
2

cos−1 θs

(
to − cos θs qo + sin θs ro

)
.

(20)

The algebraically special and reference tetrads are thus related by

ts = cos−1 θs to + tan θs ro , qs = qo , rs = cos−1 θs ro + tan θs to , ss = so ,
(21)
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Fig. 2. Algebraically special and reference tetrads at a spacelike infinity. Vectors ko, lo
(ks, ls, respectively) of the null tetrad, and to, qo, ro (ts, qs, rs) of the orthonormal ref-
erence (algebraically special, respectively) tetrad are shown; the direction so = ss tangent
to I and orthogonal to PNDs is hidden. The vectors ks, ls are aligned with algebraically
special directions (degenerate PNDs), to is normal to the infinity I, and qo, ro are tangent
to I. The relation of both the tetrads is parametrized by the angle θs between qo and the
projection of ks onto I. The special tetrad can be obtained from the reference tetrad by

a boost in to-ro plane with rapidity parameter ψs given by sinh ψs = tan θs, cf. (21).

which is actually a boost in to-ro plane with rapidity parameter ψs related to θs by
(10), see Fig. 2.

Inspecting the spatial projections of ks and ls onto conformal infinity I, we
find that their angular coordinates with respect to the reference tetrad are θ1 = θs,
φ1 = 0, and θ2s = π − θs, φ2s = 0, respectively. It means that the complex param-
eters R1 and R2s of both these algebraic special directions are

R1 = tan
(

1
2θs

)
, R2s = cot

(
1
2θs

)
. (22)

Straightforward calculation shows that the transformation (21) from the al-
gebraically special to the reference tetrad can be decomposed into boost (R.3.5),
subsequent null rotation with k fixed (R.3.4), and null rotation with l fixed (R.3.3),
given by the parameters B = 2(1 + cos−1 θs)−1, L = − 1

2 tan θs, and K = − tan(θs/2).
Applying these transformations to the field components (relations (R.4.6), (R.4.5),
and (R.4.4)) we easily find that

Υ o
2s =

(
2s

s

)
L̄s Υ s

s = (−1)s (2s)!
2s(s!)2

tans θs Υ s
s . (23)

For gravitational and electromagnetic fields we can write explicit expressions for
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all field components with respect to the reference tetrad as

Ψo
0 = Ψo

4 =
3
2

tan2 θs Ψ s
2 , Ψo

1 = Ψo
3 = −3

2
tan θs

cos θs
Ψ s

2 , Ψo
2 =

(
1 +

3
2

tan2 θs

)
Ψ s

2 ,

(24)

Φo
0 = Φo

2 = − tan θs Φs
1 , Φo

1 = cos−1θs Φs
1 . (25)

Following the discussion in section R.4.4 we assume asymptotic behavior (R.4.18),
i.e., Υ o

j ≈ Υ o
j∗ η−s−1 with constant coefficients Υ o

j∗. Similarly, we introduce the co-
efficient Υ s

s∗ by Υ s
s ≈ Υ s

s∗ η−s−1. Clearly, the relations (23)–(25) hold also in their
‘stared’ forms.

Substituting (22), the ‘stared’ version of (23), (7), and σ = +1 into (14) we
finally obtain the asymptotic directional structure of radiation for type-D fields

Υ i
2s ≈ (−εo)s

η

(2s)!
2s(s!)2

Υ s
s∗

[exp(iφ)
cos θs

(
sin θ + sin θs cosφ − i sin θs cos θ sin φ

)]s

. (26)

The null direction along which the field is measured is parametrized by angles
θ, φ, the field itself is characterized by the normalization component Υ s

s∗ and by
the parameter θs which encodes the directions of the algebraically special direc-
tions with respect to a spacelike infinity I. As discussed in section R.4.5, only the
magnitude of this radiative component has a physical meaning. For the magnitude

Fig. 3. Directional structure of radiation near a spacelike infinity. Directions in the dia-
grams correspond to spatial directions (projections onto I) of null geodesics along which
the infinity is approached. The diagrams show the directional dependence of the mag-
nitude of the radiative-field component (27) (or (28)). The arrows depict the directions
which are spatially opposite to algebraically special directions (PNDs); the radiative com-
ponent evaluated along the geodesics in these directions is asymptotically vanishing. The
diagram (a) shows a general orientation of algebraically special directions, the diagram

(b) corresponds to the case, when both distinct PNDs are spatially opposite.
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of the Ψ i
4 component of the gravitational field and for the Poynting vector of the

electromagnetic field we thus obtain

∣∣Ψ i
4

∣∣ ≈ 1
|η|

3
2

|Ψ s
2∗|

cos2 θs

∣∣sin θ + sin θs cosφ − i sin θs cos θ sin φ
∣∣2 , (27)

4π |Si| ≈
∣∣Φi

2

∣∣2 ≈ 1
η2

|Φs
1∗|2

cos2 θs

∣∣sin θ + sin θs cosφ − i sin θs cos θ sin φ
∣∣2 . (28)

These are exactly the expressions for the asymptotic directional structure of ra-
diation as derived in [11] for test electromagnetic field of accelerated charges in
de Sitter spacetime, and for gravitational field and electromagnetic fields of the
C-metric spacetime with Λ > 0, as presented in [1]. This directional structure is
illustrated in Fig. 3.

3.2 Timelike I with non-tangent PNDs, ε1 �= ε2s

Now we shall study the situation near a timelike conformal infinity (σ = −1), when
both distinct algebraic directions are not tangent to I, such that one of them is
outgoing and the other ingoing, ε1 �= ε2s. In this case we require that the orientation
εo of the reference tetrad is adjusted to ε1, and that ts is aligned along to,

to = ts , so = ss , εo = ε1 = −ε2s , (29)

together with the adjustment condition (4). Again, the algebraically special direc-
tions ks and ls are parametrized with respect to the reference tetrad by a single
parameter θs:

ks = 1√
2

(
to + cos θs qo + sin θs ro

)
,

ls = 1√
2

(
to − cos θs qo − sin θs ro

)
.

(30)

The algebraically special and reference tetrads are thus related by

ts = to , qs = cos θs qo + sin θs ro , rs = − sin θs qo + cos θs ro , ss = so , (31)

which is a spatial rotation in qo-ro plane by angle θs, see Fig. 4a.
To read out the normalized projection into I of the null vectors ks, ls, it is

useful to rewrite (30) in a different way

ks = 1√
2

cosh−1 ψs

(
qo + coshψs to + sinh ψs ro

)
,

ls = 1√
2

cosh−1 ψs

(−qo + coshψs to − sinh ψs ro

)
,

(32)

where we have used the parameter ψs instead of θs related by (10). Comparing the
normalized projections of k1 = ks and k2s = ls with (8), we find that the pseu-
dospherical parameters ψ, φ, ε of the algebraically special directions are ψ1 = ψs,
φ1 = 0, ε1 = εo, and ψ2s = ψs, φ2s = π, ε2s = −εo respectively. The corresponding
complex parameters are

R1 = tanh
(

1
2ψs

)
, R2s = − coth

(
1
2ψs

)
. (33)
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Fig. 4. Algebraically special and reference tetrads near a timelike infinity. Vectors ko, lo
(ks, ls) of the null reference (algebraically special, respectively) tetrad are shown. The axes
correspond to the timelike direction to and the spatial directions qo, ro of the reference
tetrad. The direction so = ss tangent to I and orthogonal to PNDs is hidden. The vectors
ks, ls are aligned with the algebraically special directions (degenerate PNDs), qo is normal
to infinity I and to, ro are tangent to it. The vectors ts, qs, rs of the algebraically special
tetrad are drawn only in diagrams (a), (b) and (d); for simplicity they are omitted in the
diagram (c), but see (53). Different diagrams correspond to different orientations of PNDs
with respect to the infinity I: in the diagram (a) one PND is ingoing and one is outgoing
(cf. Subsect. 3.2), in (b) both PNDs are outgoing (or ingoing, respectively, cf. Subsect. 3.3),
the diagram (c) shows the situation when one PND is tangent to I (Subsect. 3.4), and,
finally, both PNDs are tangent in (d) (Subsect. 3.5). The relation of the reference and
algebraically special tetrads in the generic cases (a) and (b) can be parametrized by the
angle θs (the angle between qo and the projection of ks to the space normal to to), or
by pseudospherical parameter ψs (the lorenzian angle between to and the projection of
ks to I). These parameters are related by (10). In the case (a) the special tetrad can be
obtained from the reference tetrad by a spatial rotation in qo-ro plane by θs, cf. (31);
in the case (b) the special tetrad is the reference tetrad boosted by rapidity βs given by

sinh βs = cot θs = sinh−1ψs, cf. (42). (continued)

Again, the transformation (31) can be decomposed into boost, null rotation
with k fixed, and null rotation with l fixed, given by B = 2 coshψs(1 + coshψs)−1,
L = 1

2 tanh ψs, and K = − tanh(ψs/2). Applying these transformations to the field
components we obtain

Υ o
2s =

(2s)!
2s(s!)2

tanhsψs Υ s
s , (34)
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Fig. 4. (continued)

and, in more detail, for gravitational and electromagnetic fields

Ψo
0 = Ψo

4 = 3
2 tanh2ψs Ψ s

2 , − Ψo
1 = Ψo

3 =
3
2

tanh ψs

cosh ψs
Ψ s

2 ,

Ψo
2 =

(
1 − 3

2 tanh2ψs

)
Ψ s

2 ,
(35)

−Φo
0 = Φo

2 = tanhψs Φs
1 , Φo

1 = cosh−1ψs Φs
1 . (36)

Substituting (33), ‘stared’ version of (34), (9), and σ = +1 into expression (14),
we obtain the asymptotic directional structure of radiation in the form

Υ i
2s ≈ εs

η

(2s)!
2s(s!)2

Υ s
s∗

[exp(iφ)
coshψs

(
sinh ψ + εεo sinh ψs cosφ − i sinh ψs coshψ sin φ

)]s

.

(37)
The direction is given by pseudospherical parameters ψ, φ, ε, the field is charac-
terized by the component Υ s

s∗ and by the parameter ψs, which fixes the orientation
of the algebraically special directions with respect to infinity I. Again, only the
magnitude of component Υ i

2s has a physical meaning so that

∣∣Ψ i
4

∣∣ ≈ 1
|η|

3
2

|Ψ s
2∗|

cosh2 ψs

∣∣sinh ψ + εεo sinh ψs cosφ − i sinh ψs cosh ψ sin φ
∣∣2 , (38)

4π |Si| ≈
∣∣Φi

2

∣∣2 ≈ 1
η2

|Φs
1∗|2

cosh2 ψs

∣∣sinh ψ + εεo sinh ψs cosφ − i sinh ψs coshψ sin φ
∣∣2 .

(39)

This directional structure is illustrated in Fig. 5a.
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3.3 Timelike I with non-tangent PNDs, ε1 = ε2s

In the previous case we have studied the directional structure of radiation near a
timelike I with two PNDs oriented in opposite directions with respect to the infinity.
Now, we shall discuss the situation when both PNDs are outgoing, or both ingoing,
ε1 = ε2s. The derivation of the directional structure is similar to the previous case
and we shall thus sketch it only briefly.

The reference tetrad is fixed by the conditions

ro = qs , so = ss , εo = ε1 = ε2s , (40)

together with the adjustment condition (4). Therefore

ks = 1√
2

sin−1θs

(
to + cos θs qo + sin θs ro

)
= 1√

2
sinh−1 ψs

(
qo + coshψs to + sinh ψs ro

)
,

ls = 1√
2

sin−1θs

(
to + cos θs qo − sin θs ro

)
= 1√

2
sinh−1 ψs

(
qo + coshψs to − sinh ψs ro

)
,

(41)

where parameters θs and ψs are again related by Eqs. (10). The algebraically special
and reference tetrads are thus

ts = sin−1θs to + cot θs qo , qs = ro , − rs = cot θs to + sin−1θs qo , ss = so ,
(42)

see Fig. 4(b). Pseudospherical parameters ψ, φ, ε of projections of the PNDs into
I are ψ1 = ψs, φ1 = 0, ε1 = εo and ψ2s = ψs, φ2s = π, ε2s = εo, respectively, i.e.,

R1 = tanh(1
2ψs) , R2s = − tanh(1

2ψs) . (43)

The transformation from the algebraically special to the reference tetrad can
be decomposed into boost (R.3.5), null rotation with k fixed (R.3.4), and null
rotation with l fixed (R.3.3) with parameters B = 2 tanh(ψs/2), L = 1

2 coth(ψs/2),
and K = − tanh(ψs/2). For the field components we obtain

Υ o
2s =

(2s)!
2s(s!)2

coths ψs

2
Υ s

s , (44)

and, in more detail, for gravitational and electromagnetic fields

Ψo
0 = 3

2 tanh2
(

1
2ψs

)
Ψ s

2 , Ψo
2 = − 1

2Ψ s
2 , Ψo

4 = 3
2 coth2

(
1
2ψs

)
Ψ s

2 , Ψo
1 = Ψo

3 = 0 ,
(45)

Φo
0 = − tanh

(
1
2ψs

)
Φs

1 , Φo
1 = 0 , Φo

2 = cot
(

1
2ψs

)
Φs

1 . (46)

Substituting into the expression (14) we finally obtain

Υ i
2s ≈ εs

η

(2s)!
2s(s!)2

Υ s
s∗

×
[exp(iφ)

sinh ψs

(
(coshψ + εεo coshψs) cosφ − i(εεo + coshψs coshψ) sin φ

)]s

.

(47)
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Fig. 5. Directional structure of gravitational radiation near a timelike infinity. The four
diagrams, each consisting of a pair of radiation patterns, correspond to different orientation
of algebraically special directions with respect to the infinity I: (a) one PND outgoing and
one ingoing (cf. Subsect. 3.2), (b) both PNDs outgoing (Subsect. 3.3; the case with both
PNDs ingoing is analogous), (c) one PND tangent to I and one outgoing (Subsect. 3.4),
(d) both PNDs tangent to I (Subsect. 3.5). In each diagram the circles in horizontal plane
represent spatial projections of hemispheres of ingoing (left circle) and outgoing (right
circle) directions. The circles are parametrized by coordinates ρ, φ defined in Subsect. 2.2,
cf. Eq. (11). On the vertical axis the magnitude of the radiative field component is plotted
(cf. (38), (49), (59) and (69)). The arrows indicate mirror reflections with respect to I
of the algebraically special directions (PNDs). The radiative component evaluated along
the geodesics in these directions is (for non-tangent PNDs) asymptotically vanishing. The
radiative component diverges for unphysical geodesics tangent to I (the border of the

circles) due to fixed normalization of the null directions — see section R.5.5.

The phase of this component is unphysical, its magnitude can be put into the form

∣∣Υ i
2s

∣∣ ≈ 1
|η|

(2s)!
2s(s!)2

|Υ s
s∗|

(
sinh−2ψs

(
coshψs + εεo cosh ψ

)2
+ sinh2 ψ sin2 φ

)s/2

.

(48)
For gravitational and electromagnetic fields it gives

∣∣Ψ i
4

∣∣ ≈ 1
|η|

3
2
|Ψ s

2∗|
(
sinh−2ψs

(
coshψs + εεo coshψ

)2 + sinh2 ψ sin2 φ
)

, (49)
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4π |Si| ≈
∣∣Φi

2

∣∣2 ≈ 1
η2

|Φs
1∗|2

(
sinh−2ψs

(
coshψs + εεo coshψ

)2 + sinh2 ψ sin2 φ
)

,

(50)

which is illustrated in Fig. 5b.

3.4 Timelike I , one PND tangent to I
Until now we have concentrated on a generic orientation of algebraically special
directions with respect to the conformal infinity. In this and the next sections we
are going to study the special cases when the PNDs are tangent to I. This can
only occur for timelike or null conformal infinity, the latter case will be discussed
in Subsect. 3.6.

First, we assume that only one of two distinct PNDs, say k2s, is tangent to I. Let
us note that in such a case we require normalization (18) only for the vector ks ∝ k1,
the normalization of the other PND ls is fixed by the condition ks · ls = −1. We
use the PND ks as the vector ko, i.e., we define the reference tetrad by conditions

ko = ks , so = ss , εo = ε1 , (51)

together with the condition (4). The algebraically special directions ks and ls are
then given in terms of the reference tetrad as

ks =
1√
2

(to + qo) , ls =
√

2 (to + ro) , (52)

see Fig. 4c. The tetrads are related by

ts = 3
2to + 1

2qo + ro , qs = − 1
2to + 1

2qo − ro , rs = to + qo + ro , ss = so .
(53)

Complex parametrizations of k1 and k2s are then

R1 = 0 , R2s = +1 . (54)

The transformation from the algebraically special to the reference tetrad is just
the null rotation with k fixed with L = −1. Applying this transformation, we obtain

Υ o
2s = (−1)s (2s)!

(s!)2
Υ s

s , (55)

specifically for s = 2, 1,

Ψo
0 = Ψo

1 = 0 , Ψo
2 = Ψ s

2 , Ψo
3 = −3Ψ s

2 , Ψo
4 = 6Ψ s

2 , (56)
Φo

0 = 0 , Φo
1 = Φs

1 , Φo
2 = −2Φs

1 . (57)

Substituting into (14), we get the asymptotic directional structure of radiation

Υ i
2s ≈ εs

η

(2s)!
2s(s!)2

Υ s
s∗

(
εεo + coshψ − sinhψ exp(iφ)

)s , (58)
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i.e.,

∣∣Ψ i
4

∣∣ ≈ 3
|Ψ s

2∗|
|η|

(
εεo + cosh ψ

) (
coshψ − sinh ψ cosφ

)
, (59)

4π |Si| ≈
∣∣Φi

2

∣∣2 ≈ 2
|Φs

1∗|2
η2

(
εεo + coshψ

) (
coshψ − sinh ψ cosφ

)
, (60)

for gravitational and electromagnetic field, see Fig. 5c and (R.5.37).

3.5 Timelike I, two PNDs tangent to I
Next, let both the PNDs be tangent to a timelike conformal infinity. In such a
situation there exists no natural normalization of both PNDs analogous to the con-
dition (18) used above. This is related to an ambiguity in the choice of the timelike
unit vector ts — we can choose any of the (future-oriented) unit vectors in the
plane k1–k2s. However, despite the fact that we cannot fix the algebraically special
tetrad uniquely, the nonvanishing component Υ s

s is independent of this ambiguity:
different choices of the special tetrad only differ by a boost in k1–k2s plane, and
Υ s

s does not change under such a boost. In the following, we arbitrarily choose one
particular algebraically special tetrad with respect to which we define the reference
tetrad. The reference tetrad thus shares the same ambiguity as the algebraically
special tetrad.

The reference tetrad is simply fixed by conditions

to = ts , so = ss , εo = ε1 , (61)

and (4). PNDs ks and ls are given by

ks = 1√
2

(to + ro) , ls = 1√
2

(to − ro) , (62)

so that the algebraically special and reference tetrads are related by

ts = to , qs = ro , rs = −qo , ss = so . (63)

It is just a simple spatial rotation by π/2 in qo-ro plane, as illustrated in Fig. 4d.
The complex directional parameters of k1 and k2s are

R1 = +1 , R2s = −1 . (64)

The transformation can be decomposed into boost B = 2, null rotation with
k fixed L = −1/2, and null rotation with l fixed K = 1. Applying them, we obtain

Υ o
2s = (−1)s (2s)!

2s(s!)2
Υ s

s , (65)

and

Ψo
0 = Ψo

4 = 3
2 Ψ s

2 , Ψo
2 = − 1

2Ψ s
2 , Ψo

1 = Ψo
3 = 0 , (66)

Φo
0 = −Φo

2 = Φs
1 , Φo

1 = 0 . (67)
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Substituting into (14), we get

Υ i
2s ≈ (−εo)s

η

(2s)!
2s(s!)2

Υ s
s∗

(
exp(iφ)

(
cosφ − i εεo coshψ sin φ

))s

,

∣∣Υ i
2s

∣∣ ≈ 1
|η|

(2s)!
2s(s!)2

|Υ s
s∗|

(
1 + sinh2ψ sin2φ

)s/2 ,
(68)

which for gravitational and electromagnetic fields gives

∣∣Ψ i
4

∣∣ ≈ 3
2

1
|η| |Ψ

s
2∗|

(
1 + sinh2ψ sin2φ

)
, (69)

4π |Si| ≈
∣∣Φi

2

∣∣2 ≈ 1
η2

|Φs
1∗|2

(
1 + sinh2ψ sin2φ

)
, (70)

see Fig. 5d and (R.5.36).

3.6 Null I
Finally, we investigate the case of conformal infinity I of a null character, σ = 0. It
can be easily observed from (12) (cf. section R.5.1 for more detail) that the direc-
tional structure of radiation near the null infinity is independent of the direction

Fig. 6. Algebraically special and reference tetrads at a null infinity. Vectors ko, lo (ks, ls)
of the null tetrad, and to, qo, ro (ts, qs, rs) of the orthonormal reference (algebraically
special, respectively) tetrad are shown; the direction so = ss tangent to I and orthogonal
to PNDs is not plotted. The vectors ks, ls are aligned with algebraically special directions.
The diagram (a) depicts the situation with one PND tangent to I. In this case the alge-
braically special tetrad can be used as the reference tetrad. In the diagram (b) neither of
both distinct PNDs is tangent to I. The algebraically special tetrad can be then obtained

from the reference tetrad by a spatial rotation in qo–ro plane by π/2.
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along which the infinity is approached. The only interesting question is whether the
dominant field component is vanishing or not — in other words: whether the field
is radiative or nonradiative. It follows from the definition of PNDs that the nor-
malization factor Υ o

2s∗ in (12) is vanishing if and only if one of the PNDs is tangent
to I. Thus, the tangency of PNDs to I serves as the geometrical characterization
of radiative/nonradiative fields.

Let us first assume that one of the PNDs, say ls, is tangent to I. As in the
previous section we cannot fix the normalization of algebraically special tetrad using
the condition (18); the algebraically special tetrad cannot be selected uniquely.
Nevertheless, the field component Υ s

s is still unique. If we choose one algebraically
special tetrad, we can use it also as the reference tetrad — it satisfies the adjustment
condition (4), cf. Fig. 6. As mentioned above, the component Υ o

2s is then vanishing:

Υ i
2s ≈ 0 . (71)

If both distinct PNDs are not tangent to I, we may normalize them by (18)
and fix the reference tetrad by the condition to = ts, namely,

to = ts , so = ss , εo = ε1 , (72)

together with the adjustment condition (4), see Fig. 6. In terms of the reference
tetrad the PNDs ks and ls are given by

ks = 1√
2

(to + ro) , ls = 1√
2

(to − ro) (73)

and their complex parameters are

R1 = +1 , R2s = −1 . (74)

The relation between the algebraically special and reference tetrads is thus the same
as in Subsect. 3.5. Using (12), σ = 0, and relation (65), we find that the radiative
component has no directional structure:

Υ i
2s ≈ εs

o

(2s)!
(s!)2

Υ s
s∗

1
η

. (75)

In particular, for gravitational and electromagnetic field we obtain

∣∣Ψ i
4

∣∣ ≈ 3 |Ψ s
2∗|

1
|η| , (76)

4π |Si| ≈
∣∣Φi

2

∣∣2 ≈ 2|Φs
1∗|2

1
η2

. (77)

4 Conclusions

We have analyzed the asymptotic directional structure of fields, that are char-
acterized by the existence of two distinct, but equivalent algebraicaly special null
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directions. This involves a generic electromagnetic field (s = 1), the Petrov type D
gravitational fields (s = 2) having double-degenerate principal null directions, and
other possible fields of an integer spin s, which admit a pair of s-degenerate PNDs.

The structure of such fields near the conformal infinity depends on the specific
orientation of these algebraically special directions with respect to I, and on the
causal character of I. In the case of a spacelike conformal infinity (Λ > 0) there
is essentially only one possibility which is described in Subsect. 3.1, whereas for a
timelike conformal infinity (Λ < 0) four different situations may occur that have
to be discussed separately, see Subsects. 3.2–3.5. For the conformal infinity having
a null character (Λ = 0), the asymptotic directional structure disappears: when
one of the (degenerate) PNDs is tangent to I, the radiative component vanishes,
otherwise the radiation is present and it is independent of the direction along which
the infinity is approached, cf. Subsect. 3.6.

In all such cases we have introduced the privileged ‘symmetric’ reference tetrad
which is naturally adapted to the algebraically special directions and to I. These
are illustrated in Figs. 2, 4, and 6. With respect to these reference tetrads it is
possible to characterize any null direction by standard (pseudo)spherical parame-
ters. The corresponding explicit directional structure of radiation for a spacelike I
is presented in expression (26), and the four possibilities for a timelike I are given
by (37), (47), (58), (68).

These results generalize our previous study of the asymptotic directional struc-
ture of gravitational and electromagnetic radiation in the C-metric spacetimes [1, 2]
to other fields which are of the type D. On the other hand, the expressions pre-
sented here are more detailed and more explicit than those given in the review
article [8]. It would now be an interesting task to apply them on particular exact
model spacetimes of type D. This may provide a deeper insight into the geomet-
ric relation between the structure of the sources and the properties of radiation
generated by them, as observed at spacelike or timelike conformal infinities.

This work was supported by the grant GAČR 202/02/0735.
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Ultrarelativistic boost of the black ring
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We investigate the ultrarelativistic boost of the five-dimensional Emparan-Reall nonrotating black ring.
Following the classical method of Aichelburg and Sexl, we determine the gravitational field generated by
a black ring moving ‘‘with the speed of light’’ in an arbitrary direction. In particular, we study in detail two
different boosts along axes orthogonal and parallel to the plane of the ring circle, respectively. In both
cases, after the limit one obtains a five-dimensional impulsive pp-wave propagating in Minkowski
spacetime. The curvature singularity of the original static spacetime becomes a singular source within the
wave front, in the shape of a ring or a rod according to the direction of the boost. In the case of an
orthogonal boost, the wave front contains also a remnant of the original disk-shaped membrane as a
component of the Ricci tensor (which is everywhere else vanishing). We also analyze the asymptotic
properties of the boosted black ring at large spatial distances from the singularity, and its behavior near the
sources. In the limit when the singularity shrinks to a point, one recovers the well-known five-dimensional
analogue of the Aichelburg-Sexl monopole solution.

DOI: 10.1103/PhysRevD.71.124031 PACS numbers: 04.50.+h, 04.20.Jb

I. INTRODUCTION

The study of black holes in higher dimensions has been
for a long time motivated by unified theories, in particular,
string theory [1]. In the past few years, extra-dimension
models of TeV gravity have raised further interest in view
of possible black hole production at colliders [2–5]. Ac-
cording to [6,7], in semiclassical investigations of such
high energy phenomena one can represent the incoming
states with black hole metrics boosted ‘‘to the speed of
light.’’ In the case of the four-dimensional Schwarzschild
black hole, the corresponding ultrarelativistic gravitational
field is described by the Aichelburg-Sexl impulsive
pp-wave [8]. In the spirit of [2–5], however, one clearly
needs to consider higher dimensional settings. Indeed, the
boosting technique of [8] has been already applied to static
(charged) black holes in higher dimensions [9] (and
straightforwardly extended to the D � 4 Schwarzschild
black hole in an external magnetic field [10]). Recent
analyses of black hole production in high energy collisions
[11–13] thus employed the Aichelburg-Sexl solution (or
other impulsive waves) in D � 4 spacetime dimensions
(see [14] for a subtler discussion). The very recent work
[15] studied the more elaborate ultrarelativistic limit of the
Myers-Perry solution [1] (a generalization of the rotating
Kerr metric to arbitrary dimensions).

In fact, one of the most remarkable feature of general
relativity in D> 4 is the nonuniqueness of the Myers-
Perry spherical black holes. In five-dimensional vacuum

gravity, there exist also asymptotically flat rotating black
rings with an event horizon of topology S1 � S2 [16]. It is
our purpose to investigate the gravitational field generated
by such rings when they move at the speed of light, in the
sense of the Aichelburg-Sexl limit. In the present paper we
will be focusing on the special subcase of zero angular
momentum, i.e. on the static black rings found in [17]. We
shall consider spinning rings in a separate subsequent work
[18].

The structure of the paper is as follows. In Sec. II we
briefly describe the static black ring of [17], which we
intend to Lorentz-boost subsequently. In Sec. III we split
the corresponding line element into flat space plus a term
that becomes ‘‘small’’ at asymptotic infinity. We also in-
troduce (asymptotically) Cartesian coordinates useful for
performing the ultrarelativistic boost. Sections IV, V, and
VI contain our main results. In Secs. IVand V we explicitly
calculate the metric of the black ring boosted along a
direction orthogonal and parallel to the plane of the ring
circle, respectively. This leads to two different impulsive
pp-waves that naturally ‘‘recall’’ the original curvature
and conical singularities of the static ring (in a sense to
be made clear later). We analyze several specific properties
of such solutions, in particular the Ricci and Weyl tensors,
and asymptotic expansions far from and close to the sin-
gularities, and near geometrically privileged axes and
planes. In Sec. VI we briefly discuss a boost along an
arbitrary direction. We again obtain an impulsive
pp-wave, whose singular source is described by an ellipse.
Our final remarks are presented in Sec. VII. Appendix A
summarizes the definitions and properties of the complete
elliptic integrals employed in Secs. IV and V, whereas
Appendix B provides the explicit tetrad components of
the Weyl tensor in the case of the orthogonal boost.
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II. THE STATIC BLACK RING

In this section we briefly summarize the basic properties
of the static black ring, referring to [17,19] for further
details. In the coordinates of [19],1 the line element reads

ds2 � �F�y�
F�x� dt

2 � L2

�x� y�2 F�x�
�
�y2 � 1�d 2

� 1

F�y�
dy2

y2 � 1
� 1

F�x�
dx2

1� x2
� �1� x2�d�2

�
; (1)

where

F��� � 1� ��
1� �

; 0 � � < 1: (2)

The parameter � is dimensionless, and for � � 0 (i.e.,
F � 1) the spacetime (1) is flat. The constant L> 0 rep-
resents a length related to the radius of the ‘‘central circle’’
of the ring. For a physical interpretation of the spacetime
(1), we take

y 2 ��1;�1	; x 2 
�1;�1	; (3)

and  and � as periodic angular coordinates (see below).
Now, y is an ‘‘area coordinate’’ that, loosely speaking,
parametrizes ‘‘distances’’ from the ring circle. Surfaces
of constant y have topology S1 � S2, and area which is
monotonically growing with y. The coordinate  runs
along the S1 factor, whereas �x;�� parametrize S2 (see
[17,19] for illustrative pictures). At y! �1 the spacetime
has a curvature singularity, y � �1=� is a horizon of
topology S1 � S2, and spatial infinity corresponds to
x; y! �1. To avoid conical singularities at the axes x �
�1 and y � �1, the angular coordinates must have the
standard periodicity

�� � 2� � � : (4)

With this choice, however, there is a conical singularity at
x � �1. This describes a disk-shaped membrane (with an
excess angle) inside the ring which prevents the ring from
collapsing under its self-gravity.2 Nevertheless, the space-
time (1) is asymptotically flat [17], and the black ring has
mass

M � 3�L2

4

�
1� �

: (5)

Except on the disk membrane at x � �1, the metric (1)
is a vacuum solution. It clearly admits three commuting
orthogonal Killing vector fields @t; @ ; @� and, in fact, it
belongs to the generalized Weyl class of [17]. Interestingly,
it has been proven recently [20] that vacuum black rings
(with or without rotation) differ from the five-dimensional
Myers-Perry black holes not only in the horizon topology,
but also in the algebraic type of the Weyl tensor: black
holes are of type D, whereas black rings are of the more
general type Ii (type II on the horizon), according to the
higher dimensional classification of [21].

III. SPLITTING OF THE METRIC AND
CONVENIENT COORDINATES

For our purposes, it is convenient to decompose the line
element (1) as

ds2 � ds20 � ��; (6)

in which ds20 is Minkowski spacetime [given by Eq. (1)
with � � 0, i.e., F�x� � 1 � F�y�], and

� � x� y
1� �x

dt2 � L2

�x� y�2
�
x� 1

1� �
�y2 � 1�d 2

� x� y
1� �y

dy2

y2 � 1
� x� 1

1� �
�1� x2�d�2

�
(7)

measures the deviation from flatness of the full black ring
metric (1). Asymptotically (x; y! �1), � becomes ‘‘neg-
ligible’’ (in the sense of the Minkowskian metric ds20).

A boost is now naturally defined with respect to the flat
background ds20 (as well as with respect to asymptotic
infinity), namely, by its isometries. We wish to visualize
this in standard Cartesian coordinates. In order to introduce
them, it is first convenient to replace the ‘‘C-metric’’
coordinates �y; x� with ��; �� via the substitution3

y � � �2 � �2 � L2��������������������������������������������������������2 � �2 � L2�2 � 4L2�2
p ;

x � � �2 � �2 � L2��������������������������������������������������������2 � �2 � L2�2 � 4L2�2
p :

(8)

The flat term ds20 in Eq. (6) then takes the form of
Minkowski space in double cylindrical coordinates

ds20 � �dt2 � d�2 � �2d�2 � d�2 � �2d 2; (9)

and the additional quantity � reads

1More precisely, one has to multiply F��� by �1� ��, and to
divide  and� by

�������������
1� �

p
to obtain the corresponding quantities

of [19]. The original notation of [17] is recovered with the
transformations y � �y0 � ��=�1� �y0�, x � �x0 � ��=�1�
�x0�,  �  0=

�������������
1� �

p
, � � �0=

�������������
1� �

p
, L2 � �1� �2�=A2.

2Alternatively, one can require regularity at x � �1 and place
the conical singularity at x � �1, i.e., outside the ring [17]; we
will not consider this case because the singularity would extend
to infinity. There is no way to achieve regularity at both x � �1
and x � �1, unless the ring rotates [16].

3We have simply inverted the relations � � L
��������������
y2 � 1

p
=�x� y�

and � � L
��������������
1� x2

p
=�x� y� of [17].
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� � 2L2

��1� �x� dt
2

� 2L2 
��2 � �2 � L2�d�� 2��d�	2
�3�1� �y�

� �� �2 � �2 � L2

��1� �� ��2d 2 � �2d�2�; (10)

where we have denoted

� �
������������������������������������������������������
��2 � �2 � L2�2 � 4L2�2

q
: (11)

In Eq. (10) we have kept an explicit simple dependence on
the old coordinates �y; x� for brevity and for later conve-
nience [but one can readily substitute Eq. (8) into Eq. (10)
if necessary].

Cartesian coordinates are finally given by

x1 � � cos�; y1 � � cos ;

x2 � � sin�; y2 � � sin ;
(12)

so that � �
����������������
x21 � x22

q
, � �

����������������
y21 � y22

q
, and the background

is ds20 � �dt2 � dx21 � dx22 � dy21 � dy22.
In principle, one could now study a boost along a general

direction. Since the original spacetime (1) is symmetric
under (separate) rotations in the �x1; x2� and �y1; y2� planes,
such a direction can be specified by a single parameter �,
namely, introducing the rotated axes

z1 � x1 cos�� y1 sin�; z2 � �x1 sin�� y1 cos�:

(13)

Defining suitable double null coordinates �u0; v0� by

t � �u0 � v0���
2

p ; z1 � u0 � v0���
2

p ; (14)

a Lorentz boost along z1 takes the simple form

u0 � ��1u; v0 � �v: (15)

The parameter � > 0 is related to the standard Lorentz
factor via 	 � ��� ��1�=2.

In the following, we will study in detail two different
boosts of the black ring along the privileged axes x1 (� �
0) and y1 (� � �=2), which are, respectively, ‘‘orthogo-
nal’’ and ‘‘parallel’’ to the ring. But we will also discuss a

boost in a general direction. In particular, we will consider
‘‘ultrarelativistic’’ boosts to the speed of light, i.e. the
transformation (15) in the limit �! 0. Along with that,
we will perform the standard mass rescaling [8]

M � 	�1p � 2��1� �2��1p; (16)

which keeps the total energy finite (p > 0 is a constant).
From Eq. (5), in term of the dimensionless parameter � the
rescaling (16) becomes

� � �� � �
8p

3�L2 � ��8p� 3�L2�� ; (17)

so that when �! 0 then �� � ��8p=3�L2� ! 0.

IV. ORTHOGONAL BOOST: � � 0

A. Evaluation of the impulsive limit of the metric

For � � 0 in Eq. (13), Eq. (14) reduces to

t � �u0 � v0���
2

p ; x1 � u0 � v0���
2

p ; (18)

so that the transformation (15) describes a Lorentz boost
along the x1 axis, which lies in the 2-plane spanned by
��;�� [cf. Eq. (12)]. The latter is orthogonal to the 2-plane
��;  �, which contains the ring circle. We wish now to
evaluate how the black ring metric (1) [that is, Eq. (6)
with Eqs. (9) and (10)] transforms under the boost (15)
with � � 0. Since the coordinates � and  remain un-
changed in this case, it suffices to substitute only the first
column of Eq. (12) into Eqs. (9) and (10). Then, we put
Eq. (18) into the thus obtained expressions for ds20 and for
� (we omit the intermediate expressions, which are cum-
bersome and not of particular significance). Finally, we
perform the boost (15). This leaves ds20 invariant
(2du0dv0 � 2dudv), i.e.

ds20 � 2dudv� dx22 � d�2 � �2d 2; (19)

and makes � dependent parametrically on �. Using the
shortcut

z� � 1���
2

p ���1u� �v�; (20)

one obtains4

�� � L2���1du� �dv�2
���1� ��x� � 2L2

�3
��1� ��y�

�

�2 � z2� � x22 � L2	d�� 2�

�
1���
2

p z����1du� �dv� � x2dx2

��
2

� �� � z2� � x22 � �2 � L2

���1� ���
�
�2d 2 �

1
2 


���
2

p
z�dx2 � x2���1du� �dv�	2

z2� � x22

�
: (21)

4Again, for convenience in Eq. (21) we have left some expressions containing the old coordinates y and x [cf. Eq. (8)], which now
depend on �. However, these terms will not contribute to the final result in the limit �! 0.
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Here, the quantity �� comes from the expression (11)
using the above described coordinate transformations and
the boost (15), and it can be rewritten as

�� �
���������������������������������������������������������������������������������������

z2� � x22 � ��� L�2	
z2� � x22 � ��� L�2	

q
: (22)

We are now interested in taking the ultrarelativistic limit
�! 0, i.e. in finding the resulting metric

ds2 � ds20 � lim
�!0

����: (23)

Recalling Eq. (17), one easily sees that lim�!0������ � 0
at any given spacetime point with u � 0 (and away from
the ring singularity y � �1). At u � 0 this limit diverges,
but in fact it represents a sound distribution supported on
u � 0. By inspecting the various quantities in Eq. (21), it
suffices to retain only the terms proportional to du2, as the
remaining ones become negligible for �! 0. Similarly, we
drop the factors 1� ��x, 1� ��y and 1� ��, since �� !
0 for �! 0. Using Eqs. (17), (20), and (21), for �� 0 we
can thus write

���� � 8p

3�L2

1

�
h?�z��du2; (24)

where

h?�z�� � 2L2 � x22
2��

� 4L2�2z2�
�3
�

� x22�L2 � �2�
2�z2� � x22���

� x22
2�z2� � x22�

: (25)

We have emphasized the dependence of h? on z� (which
gives the only dependence on �) because this is essential in
our limit (of course, h? depends on the coordinates x2 and
� as well). In taking the limit �! 0 of Eq. (24), we can
now apply the distributional identity [recall Eq. (20)]

lim
�!0

1

�
f�z�� �

���
2

p

�u�

Z �1

�1
f�z�dz: (26)

With this, the final metric is [cf. Eqs. (19) and (23)]

ds2 � 2dudv� dx22 � d�2 � �2d 2

�H?�x2; ��
�u�du2; (27)

with a profile function given by

H?�x2; �� � 8
���
2

p
p

3�L2

�Z �1

�1
h?�z�dz

�
: (28)

It only remains to explicitly perform the integration in
Eq. (28), with h? given by Eq. (25) with Eq. (22). The
last term in Eq. (25) gives rise to the simple integralR�1
�1�z2 � x22��1dz � �jx2j�1. The first three terms lead

to the elliptic integrals (A13)–(A15) of Appendix A.
Combining the various quantities, we finally obtain

H?�x2; �� � 8
���
2

p
p

3�L2

��
3L2 � �2 � x22

�� L
�� L

�
K�k������������������������������

��� L�2 � x22
q �

�����������������������������
��� L�2 � x22

q
E�k�

� �� L
�� L

��� L�2 � x22�����������������������������
��� L�2 � x22

q ���0; k� � �
2
jx2j

�
; (29)

with

k �
�����������������������������

4�L

��� L�2 � x22

s
; �0 � ���� L�2

x22
: (30)

One can reexpress the elliptic integral ���0; k� using identities (A4) and (A5) and obtain an alternative form ofH?, which
will be useful for subsequent discussions,

H?�x2; �� � 8
���
2

p
p

3�L2

�
3L2 � �2�����������������������������

��� L�2 � x22
q K�k� �

�����������������������������
��� L�2 � x22

q
E�k� � �� L

�� L
x22�����������������������������

��� L�2 � x22
q ���; k� � �jx2j��L� ��

�
;

(31)

where

� � 4�L

��� L�2 ; (32)

and ��L� �� denotes the step function.
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Let us observe that no singular coordinate transforma-
tion of the type of [8] had to be performed in the calcu-
lation above, since all the required integrals are
convergent.

B. Properties of the solution

A static black ring boosted to the speed of light in a
direction orthogonal to the ring circle is thus described by
the metric (27), with H? given explicitly by Eq. (31). This
is evidently a five-dimensional impulsive pp-wave prop-
agating along the x1 direction [see Eq. (18)]. Such a space-
time is flat everywhere except on the null hyperplane
u � 0, which represents the impulsive wave front. In par-
ticular, the line element (27) is singular at the points

satisfying u � 0 � x2 and � � L [k � 1 in Eq. (30)], i.e.
on a circle of radius L contained within the wave front.
This is a remnant of the curvature singularity (y � �1) of
the original static black ring (1). Since the boost performed
above was orthogonal to the ring circle, the latter has not
Lorentz-contracted. We have plotted the profile function
H? in Fig. 1.

1. Killing vectors

The pp-wave line element (27) and (31) is obviously
invariant under the transformations generated by the vector
fields @v and @ . It has been demonstrated in four space-
time dimensions [22] that impulsive pp-waves admit more
isometries than the same class of waves with a general
profile. Similarly, it is easy to see that, thanks to the
presence of 
�u�, the line element (27) admits also the
three commuting Killing vectors

u@x2 � x2@v; u@y1 � y1@v; u@y2 � y2@v: (33)

[Recall the simple relation (12) between �y1; y2� and
��;  �.] These are generators of null rotations. In-
cidentally, we observe that impulsive waves in the four-
dimensional (anti-)de Sitter universe can be described as a
submanifold of five-dimensional impulsive pp-waves, and
they admit symmetries very similar to the above [23].

2. The Ricci tensor

The static ring (1) is a vacuum spacetime (R�
 � 0)
everywhere except on the disk membrane x � �1 (and of
course on the ring singularity y � �1). Therefore, one
would expect also the ultrarelativistic boosted ring to be a
vacuum solution except at a possible remnant (after the
boost) of the original disk membrane. To check the results,
we have verified that the Ricci tensor associated to the
spacetime (27) and (31) is indeed zero everywhere but at
u � 0 � x2, � < L, i.e. inside a two-dimensional disk
lying on the wave front. Namely, using Eqs. (A6) one finds

Ruu � � 1

2
�H?
�u� � � 8

���
2

p
p

3L2 ��L� ��
�x2�
�u�
(34)

[the symbol � denotes the Laplace operator over the
transverse flat space �x2; �;  �]. This nonvanishing compo-
nent arises only due to the last term in Eq. (31), a typical
term associated to boosted conical singularities [24]. On
the disk rim u � 0 � x2, � � L the metric (27), (31) is
singular, and its exact structure may be not reflected cor-
rectly by Eq. (34).

3. The Weyl tensor

For any five-dimensional pp-wave written in the form
ds2 � 2dudv� dx22 � d�2 � �2d 2 �H?du2, in the
null/orthonormal frame

FIG. 1. The profile function H?�x2; �� given by Eq. (31). The
upper picture represents the values taken by H? over the plane
�x2; ��, whereas the lower one displays curves along whichH? is
constant. This is the case of a static black ring boosted to the
speed of light in a direction orthogonal to the plane ��;  �, which
contains the ring circle. The coordinates �x2; �;  � span spatial
sections of the impulsive wave front u � 0, cf. Eq. (27). Here the
coordinate  is suppressed, since it just describes the orbits of a
Killing vector field. The profile function H? diverges (only) at
the ring singularity x2 � 0, � � L, as indicated by the thick
point(s) in the pictures. In addition, there is a disk membrane
within the ring, i.e. at x2 � 0, � < L [cf. Eq. (34)], which
manifests itself as a jump in @H?=@x2. This is drawn above as
a thick line.
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k � du; l � �dv� 1

2
H?du;

m�1� � d�; m�2� � �d ; m�3� � dx2;
(35)

the Weyl tensor is

C � �ij
�k ^m�i�� 
 �k ^m�j��
� �k ^m�j�� 
 �k ^m�i��	; (36)

where summation over i; j � 1; 2; 3 is understood. This is
the canonical form of type N spacetimes [21,25], and k is
the unique principal null direction. The symbols [25]

�ij � 1

2
C�
��l

�m

�i�l

�m�
�j�; i; j � 1; 2; 3 (37)

define a 3� 3 symmetric traceless matrix that expresses
the independent frame components of the Weyl tensor,
which are in general five in D � 5.5 In particular, this
demonstrates that in the ultrarelativistic boost studied
above the original type Ii [20] of the static ring (1) has
degenerated to the type N on the wave front of our specific
pp-wave (27), (31). Moreover, for such a solution the
symmetry under @ implies �12 � 0 � �23. One is thus
left with

�11 � � 1

2

�
1

2

@2H?
@�2


�u� � 1

3
Ruu

�
;

�13 � � 1

4

@2H?
@�@x2


�u�;

�22 � � 1

2

�
1

2�
@H?
@�


�u� � 1

3
Ruu

�
;

�33 � � 1

2

�
1

2

@2H?
@x22


�u� � 1

3
Ruu

�
:

(38)

The above components of the Weyl tensor confirm the
presence of an impulsive gravitational wave at u � 0.
For H? given by Eq. (31), the explicit form of the scalars
�ij is presented in Appendix B. There one can observe that
the elliptic integral ���; k� disappears from such
expressions.

4. Asymptotic behavior

The spacetime (27) is flat everywhere except on the
wave front u � 0. If we restrict within the latter, it is
interesting to analyze how the gravitational field generated
by the boosted black ring behaves at a large spatial dis-
tance from the center of the ring singularity (given by � �
0 � x2). Spatial sections of the wave front are three-
dimensional spaces, in which we can introduce standard
spherical coordinates �r; �;  � by

x2 � r cos�; � � r sin�: (39)

Since r is a radial coordinate from the center of the ring
(r2 � x22 � �2) and L is the radius of the ring, we consider
an expansion for small values of the dimensionless pa-
rameter L=r. This means considering Eq. (31) for k and
� approaching zero. Using Eqs. (A7)–(A9), we obtain

H? � 1���
2

p 8p
3L

�
3
L
r
� 7

8
�3cos2�� 1�L

3

r3
�O

�
L5

r5

��
:

(40)

We recognize the standard multipole terms [indeed, for
� > L, H? is a solution of a three-dimensional Laplace
equation, cf. Eq. (34)]. Notice that the dipole term is
missing, due to the geometry of the source. In the limit
when the ring shrinks to a point, i.e. L! 0, the expansion
reduces just to the monopole term,

H0
? � lim

L!0
H? � 1���

2
p 8p

r
: (41)

This exhibits the ‘‘Newtonian’’ 1=r falloff in three-
dimensional space, with a ‘‘mass’’ proportional to p. The
metric (27) with a profile function given by H0

? coincides
with the five-dimensional analogue of the Aichelburg-Sexl
solution, obtained by boosting the Schwarzschild line ele-
ment to the speed of light [9] (cf. also, e.g., [10,11,13]).

In order to gain further physical insight, one can simi-
larly consider other expansions near ‘‘special places.’’ For
example, near the axis � � 0 we obtain

H? � 8
���
2

p
p

3L2

�
L2 � x22�����������������
L2 � x22

q � jx2j

� 3L2

4

L2 � x22����������������������
�L2 � x22�5

q �2 �O��4�
�
:

(42)

Near the plane of the ring x2 � 0,

H? � 1���
2

p 8p

3�L2

�
2
3L2 � �2

L� �
K�~k� � 2�L� ��E�~k�

� 2�jx2j��L� �� �
�

1

L� �
K�~k�

� 5L2 � �2

�L� ��2�L� ��E�
~k�
�
x22 �O�x42�

�
; (43)

where ~k � k�x2 � 0� � ���������
4L�

p
=�L� ��.

If we introduce suitable coordinates ‘‘centered on the
ring’’

x2 � ~r sin~�; � � L� ~r cos~�; (44)

using Eqs. (A10)–(A12), the expansion [of Eq. (29)] near
the singular ring ~r � 0 is

5The quantities �ij can be understood as a generalization of
the complex scalar �4, which fully characterizes type N space-
times in the well-known D � 4 theory.
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H? � 1���
2

p 8p
3�L

�
�4

�
1� log

~r
8L

�
� 2~� sin~�

~r
L

� 1

4

�
1� cos2~�

�
1� 3 log

~r
8L

��
~r2

L2 �O
�
~r3

L3

��
:

(45)

The ring-shaped singularity is explicitly visible in the first
logarithmic term.

V. PARALLEL BOOST: � � �=2

A. Evaluation of the impulsive limit of the metric

For � � �=2 in Eq. (13), Eq. (14) becomes

t � �u0 � v0���
2

p ; y1 � u0 � v0���
2

p ; (46)

so that the transformation (15) describes a boost in the y1
direction, i.e. in the 2-plane ��;  � [cf. Eq. (12)] containing
the ring circle. As for the previous orthogonal boost, we
need to calculate how the black ring metric (1) transforms
under the boost (15), and then take the limit �! 0. In the
present case (� � �=2) the coordinates � and � remain
unchanged, hence we substitute the second column of
Eq. (12) into Eqs. (9) and (10). Apart from this, we follow
the same steps as in Sec. IV, and the derivation here will be
therefore shortened in its straightforward parts. The flat,
boost-invariant part of the decomposition (6) can now be
written as

ds20 � 2dudv� dy22 � d�2 � �2d�2: (47)

For the additional term ��, as �� 0 we get an expression
analogous to Eq. (24), but with h?�z�� replaced by

hjj�z�� � 4L2 � y22
2��

� 4L2�2z2�
�3
�

� y22�L2 � �2�
2�z2� � y22���

� y22
2�z2� � y22�

; (48)

and

�� �
�������������������������������������������������������������
z4� � 2�y22 � �2 � L2�z2� � a4

q
; (49)

with

a � 
��2 � y22 � L2�2 � 4�2L2	1=4: (50)

Again employing identity (26), the final boosted metric is
now

ds2 � 2dudv� dy22 � d�2 � �2d�2

�Hjj�y2; ��
�u�du2; (51)

with a profile function

Hjj�y2; �� � 8
���
2

p
p

3�L2

�Z �1

�1
hjj�z�dz

�
: (52)

We employ the elliptic integrals (A17)–(A19) of
Appendix A in order to perform the integration in
Eq. (52) [with hjj given by Eqs. (48) and (49)].
Combining all the terms, and using identity (A5) to reex-
press the elliptic integral � in a more convenient form, we
obtain

Hjj�y2; �� � 8
���
2

p
p

3�L2

�
5L2 � �2 � 2a2

2a
K�k� � 2aE�k�

� �2 � L2

2a
a2 � y22
a2 � y22

���; k�

� �jy2j��y22 � a2�
�
; (53)

where

k � �a2 � �2 � y22 � L2�1=2���
2

p
a

;

� � �2y22
a2 � �2 � y22 � L2

�a2 � y22�2
;

(54)

and a as in Eq. (50).

B. Properties of the solution

A static black ring boosted to the speed of light in a
direction contained in the plane of the ring circle is thus
represented by the metric (51) and (53). As in the case of
the orthogonal boost of Sec. IV, this is a five-dimensional
impulsive pp-wave. It propagates along the y1 direction,
and it is singular at the points satisfying u � 0 � � and
jy2j � L [k � 1 in Eq. (54)], i.e. on a rod of length 2L
contained within the wave front. This is a remnant of the
curvature singularity of the original static black ring (1),
which has Lorentz-contracted because of the ultrarelativ-
istic boost in the plane of the ring. On the contrary, notice
that the apparent divergence of Hjj at y22 � a2 is only a
fictitious effect: the singular behavior of the coefficient of
� in Eq. (53) is compensated if one takes into account the
form of � [Eq. (54)] and the step function in the last term.
The profile function Hjj is plotted in Fig. 2.

The discussion of further properties of the solution (51)
and (53) is now shortened, since it follows the similar one
in Sec. IV. There exist isometries generated by the Killing
vector fields @v, @�, u@y2 � y2@v, u@x1 � x1@v and u@x2 �
x2@v [cf. Eq. (33)].

During the parallel boost, also the original disk mem-
brane has Lorentz contracted, and it is now located on the
singular region u � 0 � �, jy2j � L. We will not discuss
the behavior of the solution there. Except on this singular
rod, the Ricci tensor associated to the spacetime (51) and
(53) is vanishing, as we verified using identities (A6).

Similarly as in Sec. IV, one can cast the Weyl tensor in
the type N canonical form using the frame (35) with the
replacements �! �,  ! �, x2 ! y2 and, of course,
H? ! Hjj. Analogously, one obtains the corresponding
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Weyl components from Eq. (38). In this case, we omit the
explicit form of the scalars �ij, which is rather compli-
cated and does not provide any immediate physical insight.
We just notice that, again, the elliptic integral �
disappears.

Following the corresponding analysis of Sec. IV, we can
analyze how the gravitational field generated by the
boosted black ring (51) behaves at a large spatial distance
from the center of the rod singularity (given by � � 0 �
y2). With spherical coordinates defined on the wave front
by

y2 � r cos�; � � r sin�; (55)

we now obtain

Hjj � 1���
2

p 8p
3L

�
3
L
r
� 5

8
�3cos2�� 1�L

3

r3
�O

�
L5

r5

��
: (56)

The monopole term coincides with that obtained in the

case ofH?, cf. (40) and (41), and for L! 0 (i.e., when the
rod shrinks to a point) it gives rise to the five-dimensional
Aichelburg-Sexl solution. Again, there is no dipole, but the
quadrupole term is different from that of Eq. (40).

In addition, we can consider an expansion ofHjj near the
axis � � 0. The rod singularity lies exactly at � � 0, for
jy2j � L. Therefore, we have to study the two cases jy2j>
L and jy2j<L separately. For jy2j> L, one has

Hjj � 8
���
2

p
p

3L2

�
L2�����������������

y22 � L2
q � jy2j �

�����������������
y22 � L2

q

� 3

4

L2y22����������������������
�y22 � L2�5

q �2 �O��4�
�
: (57)

The case jy2j<L is more delicate and one has to employ
expansions (A10)–(A12). At the end,

Hjj � 8
���
2

p
p

3�L2

�
y22 � 2L2�����������������
L2 � y22

q log
L2�2

16�L2 � y22�2
� 2

�����������������
L2 � y22

q

� jy2jarccot L2 � 2y22

2jy2j
�����������������
L2 � y22

q �O��2�
�
; (58)

where ‘‘arccot’’ takes values in 
0; �	. The first term carries
the singular behavior at the rod � � 0.

VI. GENERAL BOOST: AN ARBITRARY �

We finally consider the boost in a general direction z1,
which is characterized by the angular parameter �, see
Eqs. (13)–(15). We employ the method of the previous
sections, and after straightforward calculations we again
obtain an impulsive pp-wave

ds2 � 2dudv� dx22 � dy22 � dz22 �H�x2; y2; z2�
�u�du2:
(59)

Now the profile function

H�x2; y2; z2� � 8
���
2

p
p

3�L2

�Z �1

�1
h�z�dz

�
; (60)

is an integral of the function

h�z� � L2

�
� L2

�3

��
�2 � �2 � L2

�
y1
�

sin�� 2�x1 cos�
�
2

� 1

2

�
1� �2 � �2 � L2

�

��
y22
�2

sin2�� x22
�2 cos�

�
:

(61)

Here the dependence on z is contained in

y1 � z sin�� z2 cos�; �2 � y21 � y22;

x1 � z cos�� z2 sin�; �2 � x21 � x22;
(62)

and in �, given by Eq. (11). In order to perform the above

FIG. 2. Plot of the profile function Hjj�y2; �� given by Eq. (53).
This is the case of a static black ring boosted to the speed of light
along a direction contained within the plane of the ring circle, i.e.
��;  �. The coordinates �y2; �;�� span spatial sections of the
impulsive wave front u � 0, cf. Eq. (51). The Killing coordinate
� is suppressed in the figures. The profile function Hjj diverges
(only) at the rod singularity � � 0, jy2j � L, as indicated by the
thick line in the pictures.
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integration, it is convenient to factorize � as

� �
�����������������������������������������������������������������

�z� r1�2 � s21	
�z� r1�2 � s22	

q
; (63)

where the parameters s1 and s2 are defined by

s21 � r21 � A� 2B
r1
; s22 � r21 � A� 2B

r1
; (64)

and r1 by the equation (of third order in r21)

r61 � Ar41 �
1

4
�A2 � C�r21 � B2 � 0; (65)

with

A � x22 � y22 � z22 � L2 � 2L2cos2�;

B � L2z2 sin� cos�;

C � �x22 � y22 � z22 � L2�2 � 4L2�x22 � z22sin
2��:

(66)

Using Cardano’s formula we may write the root r21 as

r21 � �A
3
�

����������������������
�q

2
� ����

Q
p

3

r
�

����������������������
�q

2
� ����

Q
p

3

r
; (67)

where

Q �
�
p
3

�
3 �

�
q
2

�
2
; p � � 1

3
A2 � 1

4
�A2 � C�;

q � 2

27
A3 � 1

12
A�A2 � C� � B2:

(68)

Notice that for the particular case of the orthogonal boost

(� � 0) we obtain r1 � 0, s21 � x22 � ��� L�2, s22 � x22 ���� L�2, which coincides with Eq. (22), while for the
parallel boost (� � �

2 ) one has 2r21 � a2 � y22 � �2 � L2

and 2s21 � 2s22 � a2 � y22 � �2 � L2, which is equivalent
to Eq. (49) [a is defined in Eq. (50)]. For any�, the integral
(60) could now be expressed using elliptic integrals, in
principle (because � is a square root of a fourth order
polynomial in z) [26,27]. For example, the simplest first
term in Eq. (61) leads to [27]Z �1

�1
dz
��z� �

2�������������
s1s2k1

p K�k�; (69)

where

k2 � k21 � 1

k21
; k1 �

���������������
D2 � 1

p
�D;

D � 4r21 � s21 � s22
2s1s2

:

(70)

We can investigate the location of the singularity of the
expression (69). This occurs when k � 1, i.e. for s1s2 � 0.
From (64) one gets s21s

2
2 � �3r41 � 2Ar21 � C, so that the

singularity is at r21 � � 1
3 �A� ������������������

A2 � 3C
p �. This exactly

corresponds to the explicit expression (67) for Q � 0, i.e.
27q2 � �4p3. Using the relations (66) and (68), it is
straightforward (but somewhat lengthy) to demonstrate
that this polynomial condition is satisfied for

x2 � 0; z22 � �L2 � y22�cos2�: (71)

FIG. 3 (color online). Plot of the profile function H�x2; y2; z2� given by Eqs. (60) and (61). The integration in Eq. (60) has been
performed numerically. The coordinates �x2; y2; z2� span spatial sections of the impulsive wave front u � 0, cf. Eq. (59). Since this plot
corresponds to a boost in a general direction z1, the function H is not axially symmetry. We have thus depicted representative plots of
the values taken by H over different sections of the three space �x2; y2; z2�. In the left figure, in particular, it is evident the ellipse-
shaped singularity, cf. Eq. (72).
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This singular behavior of the term (69) suggests that there
is a singular source located on the wave front (u � 0) of the
metric (59), precisely in the plane x2 � 0 on the ellipse�

y2
L

�
2 �

�
z2

L cos�

�
2 � 1: (72)

Of course the above argument is not conclusive.
Rigorously, we should integrate also all the other terms
in Eq. (61). This could in principle be done, but it would
lead to an involved expression without much practical use.
We rather prefer to integrate numerically the full function
(61), and display the thus obtained profile H in Fig. 3,
which indeed confirms the presence of a singular ellipse
within the wave front. This also corresponds to intuitive
expectations, since the original static circular source has
been boosted in a general direction. [Moreover, it agrees
with the following argument: the source of the black ring
(1) was located at y � �1, i.e. � � 0 and � � L. In view
of Eq. (62), these conditions become Eq. (71), which is
unchanged under the boost (15).]

VII. CONCLUSIONS

We have derived the gravitational field generated by a
five-dimensional static black ring moving ‘‘with the speed
of light.’’ More precisely, we have calculated how the
Emparan-Reall line element transforms under appropriate
boosts, and studied the ultrarelativistic limit when the
boost velocity approaches the speed of light. In particular,
we have studied in detail two complementary boosts along
privileged directions, namely, those orthogonal and paral-
lel to the plane containing the ring circle. The resulting line
elements represent impulsive pp-waves. These are exact
vacuum solutions everywhere except at singular points that
are a remnant of the original curvature singularity of the
static black ring. In addition, in the case of the orthogonal
boost, there is a disk-shaped membrane inside the ring
directly inherited from the conical singularity of the static
Emparan-Reall spacetime. [Notice that the profile func-
tions obtained via the boosting procedure ultimately pro-
vide solutions to equivalent problems of three-dimensional
electrostatics (or Newtonian gravity) with a disk or a
nonuniform rod source.] Further analysis of the solutions
has been supplemented via graphical plots and via suitable
expansions of the metric functions. We may also observe
here that, if necessary, one could introduce a coordinate
system in which the metric coefficients take a continuous
form, using the general transformation presented in [6].

It is also worth remarking that, in contradistinction to the
well-known situation in four dimensions [8], we did not
need to perform any infinite subtractions during our calcu-
lations. This is essentially due to the faster falloff of the
gravitational potential of a ‘‘monopole’’ in D> 4, which
ensures that all the required integrals are finite. The same
simplification occurred in previous investigations of ultra-
relativistic boosts in higher dimensions [9,10,15], as well

as in the case of the boost of particles with multipole
moments in D � 4 (Weyl solutions) [28].

We have concentrated on a static ring containing a disk
membrane at x � �1, for which there is no conical singu-
larity at infinity. A generalization to the case of a ring with
a deficit membrane at x � �1 (which extends to infinity)
would be straightforward. It would be more interesting to
extend our results to the case of rotating black rings. Such
work is currently in progress [18].
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APPENDIX A: ELLIPTIC INTEGRALS

In this appendix we summarize the definitions and the
properties of the complete elliptic integrals employed in
the main text, following references [26,27].

1. Definitions

The complete elliptic integrals in trigonometric form are
defined by [26]

K�k� �
Z �=2

0

d��������������������������
1� k2sin2�

p ; (A1)

E�k� �
Z �=2

0

�������������������������
1� k2sin2�

p
d�; (A2)

���; k� �
Z �=2

0

d�

�1� �sin2��
�������������������������
1� k2sin2�

p : (A3)

2. Useful identities

They satisfy the identities [27]

�k2 � �����; k� � k2K�k� � ��1� k2�
1� �

�
�
k2 � �
1� �

; k
�
;

(A4)

���; k� � K�k� ��
�
k2

�
; k
�
� �

2

�����������������������������������
�1� ���k2 � ��

s
;

with ��1� ���1�k2 � ���1 < 0: (A5)
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3. Differential relations

Derivatives of elliptic integrals lead to combinations of
the same integrals:

dK�k�
dk

� E�k�
k�1� k2� �

K�k�
k

;

dE�k�
dk

� E�k� � K�k�
k

;

@���; k�
@k

� k

k2 � �

�
����; k� � E�k�

1� k2

�
;

@���; k�
@�

� 1

2��1� ��
�
k2 � �2

k2 � �
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4. Series representations

The behavior near k � 0 is given by

K�k� � �
2

�
1� 1

4
k2 � 9

64
k4 �O�k6�

�
; (A7)

E�k� � �
2

�
1� 1

4
k2 � 3

64
k4 �O�k6�

�
; (A8)

���; k� � �
2

X1
��0

X�

�0

�2�� 1�!!�2
� 1�!!
�2��!!�2
�!! k2
���
;

with j�j< 1: (A9)

Near the singular point k � 1 one has
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2
log
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16
� 1

8
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2� log

1� k2
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�
�1� k2�
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3
� log
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�1� k2�2 �O��1� k2�3�;

(A10)
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1� log

1� k2

16

�
�1� k2�

� 3

32

�
13

6
� log

1� k2

16

�
�1� k2�2 �O��1� k2�3�;

(A11)

���; k� � 1

1� �
log

4��������������
1� k2

p �
����������p

1� �
arctan

����������p

�O�1� k2�; with � < 0: (A12)

5. Useful integrals: orthogonal boost

In Sec. IV we employed the following integrals:Z 1

0

dz���������������������������������������z2 � a2��z2 � b2�p � 1

a
K�k�; (A13)

Z 1

0

z2dz�������������������������������������������z2 � a2�3�z2 � b2�3p �

a2 � b2

a�a2 � b2�2K�k� �
2a

�a2 � b2�2 E�k�;
(A14)

Z 1

0

dz

�z2 � c2� ���������������������������������������z2 � a2��z2 � b2�p
� 1

a�b2 � c2�
�
b2

c2
�
�
� b2 � c2

c2
; k
�
� K�k�

�
; (A15)

where

k �
�����������������
a2 � b2

p

a
; a > b > 0; c � 0: (A16)

6. Useful integrals: parallel boost

The integrals used in Sec. V areZ 1

0

dz����������������������������������
z4 � 2b2z2 � a4

p � 1

a
K�k�; (A17)

Z 1

0

z2dz����������������������������������������z4 � 2b2z2 � a4�3p � a
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E�k�

� 1

2a�a2 � b2�K�k�; (A18)
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����������������������������������
z4 � 2b2z2 � a4

p
� 1
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2c2
�
�
��a2 � c2�2

4c2a2
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�
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(A19)

with

k�
����������������
a2 � b2

p
���
2

p
a

; a2>b2>�1; a2> 0; c � 0:

(A20)

APPENDIX B: THE WEYL TENSOR FOR H?
Here we present explicitly the frame components of the

Weyl tensor in the case of the metric (27) and (31) describ-
ing a black ring boosted in an orthogonal direction. Using
Eq. (A6), from Eq. (38) with Eq. (31) we obtain
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The last equation follows from the tracelessness of the Weyl tensor.
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1. Introduction

Shock pp -wave geometries describe the spacetime surrounding very fast moving objects,

and are thus relevant to the study of planckian scattering [1]. They are also of interest in

string theory, since strings may be exactly solved in such backgrounds [2, 3]. The prototype

of shock wave solutions is the Aichelburg-Sexl spacetime, which represents the gravitational

field of a massless point particle. It was originally obtained by boosting the Schwarzschild

black hole to the speed of light, while rescaling the mass to zero in an appropriate way [4].

According to recent extra-dimension scenarios, the fundamental Planck scale of (higher

dimensional) gravity could be as low as a few TeV. This has stimulated renewed interest in

the study of gravitational effects in high energy collisions, especially in view of the possible

observation of microscopic black holes at near future colliders [5 – 8] (see, e.g., [9] for a

recent review and for further references). It has been shown that closed trapped surfaces do

indeed form in the ultrarelativistic collision of Aichelburg-Sexl point particles [10, 11] and

of finite-size beams [12], which can more accurately model string-size effects. Nevertheless,

it is desirable to understand how other effects could influence high energy scattering. A

first step in this direction is to investigate more general shock wave solutions of higher

dimensional gravity, which can naturally be obtained by applying the boosting technique

of [4] to black hole spacetimes. This has been done in any D ≥ 4 for static black holes with

– 1 –
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electric charge [13] or immersed in an external magnetic field [14, 15]. The ultrarelativistic

limit of the Myers-Perry rotating black holes [16] has been studied in [17] (for the case

of one non-vanishing spin). However, a striking feature of General Relativity in D > 4

is the non-uniqueness of the spherical black holes of [16]. In five-dimensional vacuum

gravity, there exist also asymptotically flat rotating black rings with an event horizon of

topology S1×S2 [18]. In the present contribution, we aim at studying the gravitational field

generated by such rings in the Aichelburg-Sexl limit. As we will see in detail, this results

in shock waves generated by extended lightlike sources (with a characteristic length-scale)

which are remnants of the ring singularity of the original spacetime [18]. Our recent results

on boosted non-rotating black rings [19] will be recovered as a special subcase. In general,

the presence of spin is important because it allows black rings to be in equilibrium [18]

without introducing “unphysical” membranes via conical singularities [20]. This will be

reflected also in the shock geometry resulting from the boost. From a supergravity and

string theory point of view, it is remarkable that supersymmetric black rings have been

also constructed [21 – 24]. We will conclude this article with a brief comment on the boost

of such solutions. In the Appendix, we compare our results with those obtained for the

ultrarelativistic limit of Myers-Perry black holes [17] in D = 5.

2. The black ring solution

In this section we briefly summarize the basic properties of the black ring, referring to [18,

25] for details. In the coordinates of [25],1 the line element reads

ds2 = −F (y)

F (x)

(
dt + C(ν, λ)L

1 + y

F (y)
dψ

)2

+

+
L2

(x − y)2
F (x)

[
−G(y)

F (y)
dψ2 − dy2

G(y)
+

dx2

G(x)
+

G(x)

F (x)
dφ2

]
, (2.1)

where

F (ζ) =
1 + λζ

1 − λ
, G(ζ) = (1 − ζ2)

1 + νζ

1 − ν
, C(ν, λ) =

√
λ(λ − ν)(1 + λ)

(1 − ν)(1 − λ)3
. (2.2)

The dimensionless parameters λ and ν satisfy 0 ≤ ν ≤ λ < 1, and for λ = 0 = ν the

spacetime (2.1) is flat. The constant L > 0 represents a length related to the radius of the

“central circle” of the ring. For a physical interpretation of the spacetime (2.1) we take

y ∈ (−∞,−1], x ∈ [−1,+1] (see a discussion in [26] for other possible choices) and ψ and φ

as periodic angular coordinates (see below). Surfaces of constant y have topology S1 ×S2.

The coordinate ψ runs along the S1 factor, whereas (x, φ) parametrize S2 (see [20, 25, 22]

for illustrative pictures). Within the above range, y parametrizes “distances” from the ring

circle. At y → −∞ the spacetime has a inner spacelike curvature singularity, y = −1/ν

1Up to simple constant rescalings of F (ζ), G(ζ), C(λ, ν), ψ and φ, cf. eqs. (2.2) and (2.4) with the

corresponding ones in [25]. In addition, multiply our L2 by (1 − ν)/(1 − λ) to obtain the parameter used

in [25].
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is a horizon and y = −1/λ an ergosurface, both with topology S1 × S2. The black ring

solution (2.1) is asymptotically flat near spatial infinity x, y → −1, where it tends to

Minkowski spacetime in the form

ds2
0 = −dt2 +

L2

(x − y)2

[
(y2 − 1)dψ2 +

dy2

y2 − 1
+

dx2

1 − x2
+ (1 − x2)dφ2

]
. (2.3)

To avoid conical singularities at the axes x = −1 and y = −1, the angular coordinates

must have the standard periodicity

∆φ = 2π = ∆ψ . (2.4)

Centrifugal repulsion and gravitational self-attraction of the ring are in balance if conical

singularities are absent also at x = +1, which requires

λ =
2ν

1 + ν2
. (2.5)

When this equilibrium condition holds, the metric (2.1) is a vacuum solution (of D = 5

General Relativity) everywhere. With different choices (e.g., in the static limit ν = λ [20]),

the conical singularity at x = +1 describes a disk-shaped membrane inside the ring.

The mass, angular momentum and angular velocity (at the horizon) of the black ring

are

M =
3πL2

4

λ

1 − λ
, J =

πL3

2

√
λ(λ − ν)(1 + λ)

(1 − ν)(1 − λ)3
, Ω =

1

L

√
(λ − ν)(1 − λ)

λ(1 + λ)(1 − ν)
. (2.6)

The algebraic type of the Weyl tensor of the ring spacetime is Ii [26].

3. General boost

For our purposes, it is convenient to decompose the line element (2.1) as

ds2 = ds2
0 + ∆ , (3.1)

in which ds2
0 is Minkowski spacetime (2.3) and

∆ = λ
x − y

1 + λx
dt2 − 2(1 − λ)C(λ, ν)L

1 + y

1 + λx
dt dψ

+
λ − ν

1 − ν

L2

1 + λy

[
−λ

1 + λ

1 − λ

(1 + y)2

1 + λx
+

y2 − 1

x − y

]
dψ2 +

+
L2

(x − y)2

[
ν
x + 1

1 − ν
(y2 − 1)dψ2 +

λ(1 − ν)(x − y) + (λ − ν)(1 + y)

(1 − λ)(1 + νy)

dy2

y2 − 1
+

+
λ − ν

1 − λ

dx2

(1 − x)(1 + νx)
+ ν

x + 1

1 − ν
(1 − x2)dφ2

]
. (3.2)

The above splitting is such that near infinity (x, y → −1) one has ds2 → ds2
0, while ∆

becomes “negligible” (in the sense of the “background” metric ds2
0). This enables us to

define a notion of Lorentz boost using the symmetries of the asymptotic minkowskian
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background ds2
0. Cartesian coordinates will visualize it most naturally. These can be

introduced in two steps. First, we replace the coordinates (y, x) with new coordinates

(ξ, η) via the substitution

y = −ξ2 + η2 + L2

Σ
, x = −ξ2 + η2 − L2

Σ
, (3.3)

where

Σ =
√

(η2 + ξ2 − L2)2 + 4L2η2 . (3.4)

The flat term ds2
0 in eq. (3.1) now takes the form ds2

0 = −dt2 + dη2 + η2dφ2 + dξ2 + ξ2dψ2.

Then, cartesian coordinates adapted to the Killing vectors ∂φ and ∂ψ are given by

x1 = η cos φ , x2 = η sin φ , y1 = ξ cos ψ , y2 = ξ sin ψ , (3.5)

so that η =
√

x2
1 + x2

2, ξ =
√

y2
1 + y2

2, and ds2
0 = −dt2 + dx2

1 + dx2
2 + dy2

1 + dy2
2. This

enables us to study a boost along a general direction. Since the original spacetime (2.1) is

symmetric under (separate) rotations in the (x1, x2) and (y1, y2) planes, such a direction

can be specified by a single parameter α, namely introducing rotated axes z1 and z2

x1 = z1 cos α − z2 sin α , y1 = z1 sinα + z2 cos α . (3.6)

Defining now suitable double null coordinates (u′, v′) by

t =
−u′ + v′√

2
, z1 =

u′ + v′√
2

, (3.7)

a Lorentz boost along z1 takes the simple form

u′ = ε−1u , v′ = εv . (3.8)

The parameter ε > 0 is related to the standard Lorentz factor via γ = (ε + ε−1)/2. We are

interested in “ultrarelativistic” boosts to the speed of light, i.e. in taking the limit ε → 0 in

the transformation (3.8). While ε → 0, we will rescale the mass as M = γ−1pM ≈ 2εpM [4],

which physically means that the total energy remains finite in the limit (pM > 0 is a

constant). Moreover, during the ultrarelativistic limit we wish to keep the angular velocity

Ω finite (a similar condition was imposed in [17]), and to allow for the possibility of black

rings in equilibrium (when the condition (2.5) holds). From eq. (2.6), these requirements

imply the rescalings2

λ = εpλ , ν = εpν , (3.9)

where pλ = 8pM/(3πL2) and pν is another positive constant such that pλ ≥ pν. In terms

of these parameters, for ε → 0 the equilibrium condition (2.5) becomes

pλ = 2pν . (3.10)

2This appears to be physically the most interesting and simple choice. See Footnote 3 for a subtler,

slightly more general comment.

– 4 –

Urychlené černé díry a struktura záření ... 269



Values pν ≤ pλ < 2pν correspond to black rings (2.1) which are “underspinning” before

the boost (and therefore balanced by a membrane of negative energy density), values

pλ > 2pν to “overspinning” black rings (with a membrane of positive energy density).

Notice, however, that under the limit ε → 0 the angular momentum J will tend to zero

(as ∼ ε).

We can now evaluate how the black ring metric (2.1) (that is, eq. (3.1) with eqs. (2.3)

and (3.2)) transforms under the boost (3.8). We have first to substitute eq. (3.3) into

eqs. (2.3) and (3.2). Then, we apply the sequence of substitutions (3.5)–(3.7) into the

thus obtained expressions for ds2
0 and for ∆. Finally, we perform the boost (3.8) with the

rescalings (3.9), which make ∆ = ∆ε dependent on ε. The ds2
0 is invariant under the boost

and at the end it reads

ds2
0 = 2dudv + dx2

2 + dy2
2 + dz2

2 . (3.11)

The next step is to take the ultrarelativistic limit ds2 = ds2
0 + limε→0 ∆ε. This is deli-

cate because the expansion of ∆ε in ε has a different structure in different regions of the

spacetime (even away from the singularity y = −∞). In particular, a peculiar behaviour

is obtained for u = 0, because ∆ε depends on u through the combination

zε =
1√
2
(ε−1u + εv) . (3.12)

In order to have control over the exact distributional structure of the limit, it is conve-

nient to isolate such dependence on ε−1u by performing first an expansion of ∆ε with zε

unexpanded. This leads to an expression

∆ε =
1

ε
h(zε)du2 + [k1(zε)dx2 + k2(zε)dy2 + k3(zε)dz2 + k4(zε)du] du + · · · , (3.13)

where the dots denote terms proportional to higher powers of ε, which are negligible in the

limit. We have emphasized here the dependence of the functions h and ki (i = 1, . . . , 4)

on zε (and thus on ε), because this is essential in our limit, but they depend also on

x2, y2 and z2. The quantities ki are rather involved, but it suffices to observe here that

limε→0 ki(zε) = 0. We can thus also drop all the terms of order ε0 in (3.13).3 For h, after

all the steps described above, we obtain explicitly

h(zε) = pλ
L2

Σ
+ pν

L2

Σ3

[
(ξ2 − η2 − L2)

y1

ξ
sin α + 2ξx1 cos α

]2

+

+
1

2
(2pν − pλ)

(
1 − ξ2 + η2 − L2

Σ

)(
y2
2

ξ2
sin2 α +

x2
2

η2
cos α

)
+

+
√

pλ(pλ − pν)
Ly2 sinα

ξ2

(
−1 +

ξ2 + η2 + L2

Σ

)
+ (pλ − pν)

L2y2
2

ξ2Σ
sin2 α +

+
1

2
(pλ − pν)

(
1 − ξ2 + η2 − L2

Σ

)
. (3.14)

3A remark on the “triviality” of the ε0 terms is in order, since they could be non-vanishing for certain

more general scalings of the original metric parameters. While with higher order (in ε) corrections in

eq. (3.9) limε→0 ki(zε) = 0 would still hold, we could introduce a non-vanishing contribution by allowing

an ε-dependence in the ring “radius” via Lε = L + c1ε + c2ε
2 + . . .. The convergence of the integral (3.17)

would then require c1 = 0, but the quantity c2ε
2 would affect the limit of (3.13) via limε→0 k4(zε) = c2.

The resulting term c2du2 is, however, obviously removable with a coordinate transformation.
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Recall that the dependence of h on ε is contained in x1 and y1 via eqs. (3.6)–(3.8), in η

and ξ via eq. (3.5) and in Σ via eq. (3.4). In taking the limit ε → 0 of eq. (3.13), we apply

the distributional identity

lim
ε→0

1

ε
f (zε) =

√
2 δ(u)

∫ +∞

−∞

f(z)dz . (3.15)

The final metric is thus (cf. eqs. (3.11) and (3.13))

ds2 = 2dudv + dx2
2 + dy2

2 + dz2
2 + H(x2, y2, z2)δ(u)du2 , (3.16)

with a profile function given by

H(x2, y2, z2) =
√

2

∫ +∞

−∞

h(z)dz . (3.17)

A black ring boosted to the speed of light in a general direction z1 is thus described by

the metric (3.16) with eq. (3.17). This is evidently a D = 5 impulsive pp -wave with wave

vector ∂v. Such a spacetime is flat everywhere except on the null hyperplane u = 0, which

represents the impulsive wave front. Note that the equilibrium condition (3.10) has not

yet been enforced in the above expression for h (in particular, in the static limit pν = pλ

we recover the result of [19]). In order to write the solutions in a completely explicit

form, it only remains to perform the integration in eq. (3.17), with h given by eq. (3.14)

with eqs. (3.4)–(3.8) and (3.12). For any α, this integral is always convergent and can

in principle be expressed using elliptic integrals (because Σ is a square root of a fourth

order polynomial in z, see [19] for related comments). Therefore, no singular coordinate

transformation of the type of [4] has to be performed. In the following, we will explicitly

calculate the integral, and study the corresponding solution in the case of two different

boosts of the black ring along the privileged axes x1 (α = 0) and y1 (α = π/2), which are

respectively “orthogonal” and “parallel” to the 2-plane (y1, y2) (i.e., (ξ, ψ)) in which the

ring rotates.

4. Orthogonal boost: α = 0

For the orthogonal boost α = 0, from eq. (3.6) one has z1 = x1 and z2 = y1, so that the

general pp -wave (3.16) reduces to

ds2 = 2dudv + dx2
2 + dy2

1 + dy2
2 + H

⊥
(x2, y1, y2)δ(u)du2 . (4.1)

Also, it is now convenient to rewrite h in eq. (3.14) as

h
⊥
(zε) =

[
3pλL2 − (pλ − pν)ξ

2 − pν(x
2
2 + L2)

] 1

2Σ
+ pν

4L2ξ2z2
ε

Σ3
+

+
1

2
(2pν − pλ)

[
x2

2(L
2 − ξ2)

(z2
ε + x2

2)Σ
+

x2
2

z2
ε + x2

2

]
+

1

2
(pλ − pν)

(
1 − z2

ε

Σ

)
, (4.2)

and Σ (from eq. (3.4)) as

Σ =
√[

z2
ε + x2

2 + (ξ + L)2
] [

z2
ε + x2

2 + (ξ − L)2
]
. (4.3)
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Hereafter, it is understood that ξ =
√

y2
1 + y2

2. In the orthogonal boost there is no contri-

bution to h
⊥

from the off-diagonal term gtψ in the metric (2.1). Performing the integra-

tion (3.17) with h given by eqs. (4.2) and (4.3), we find

H
⊥
(x2, y1, y2) =

√
2

3pλL2 + (2pν − pλ)ξ2√
(ξ + L)2 + x2

2

K(k) +
√

2(2pν − pλ) ×

×
[
−

√
(ξ + L)2 + x2

2 E(k) +
ξ − L

ξ + L

x2
2√

(ξ + L)2 + x2
2

Π(ρ, k) +

+ π|x2|Θ(L − ξ)

]
, (4.4)

where

k =

√
4ξL

(ξ + L)2 + x2
2

, ρ =
4ξL

(ξ + L)2
, (4.5)

and Θ(L − ξ) denotes the step function. In the above calculation, we have used the

standard elliptic integrals and their properties summarized in the Appendix of [19], and

the additional integral (Σ given by eq. (4.3) with zε replaced by z)∫ ∞

0

(
1 − z2

Σ

)
dz =

√
(ξ + L)2 + x2

2 E(k) . (4.6)

In order to gain physical insight, it is useful to visualize the behaviour of the gravita-

tional field at a large spatial distance within the wave front u = 0. Defining the coordi-

nates (r, θ)

x2 = r cos θ , ξ = r sin θ , (4.7)

an expansion for small values of the dimensionless parameter L/r (using the identities

summarized in [19]) leads to

H
⊥

=
π√
2
pλL

[
3
L

r
−

(
5

8
+

pν

4pλ

)
(3 cos2 θ − 1)

L3

r3
+

+

(
7

64
+

pν

16pλ

)
(35 cos4 θ − 30 cos2 θ + 3)

L5

r5
+ O

(
L7

r7

)]
. (4.8)

We recognize the standard form of multipole terms. The monopole is essentially an

Aichelburg-Sexl term. The dipole and the octupole are missing, due to the geometry

of the source. The quadrupole and 16-pole reflect the shape of the singularity and depend

on the spin of the original black ring, but they persist even in the static limit pν = pλ [19]

(when, in fact, they reach their maximal strength).

It is remarkable that for the physically more interesting case of black rings in equilib-

rium, i.e. those satisfying pλ = 2pν (see eq. (3.10)), the profile function simplifies signifi-

cantly to

He
⊥
(x2, y1, y2) =

3
√

2 pλL2√
(ξ + L)2 + x2

2

K(k) . (4.9)

Interestingly, this is just the newtonian potential generated by a uniform ring of radius L

and linear density µ = 3
√

2pλL/4 located at x2 = 0 in the flat three-dimensional space

(x2, y1, y2). Since for a general pp -wave (4.1) the only component of the Ricci tensor is
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Figure 1: The profile function H
⊥
, given by eq. (4.4), in the case of underspinning (pλ < 2pν ,

left), overspinning (pλ > 2pν , right) and balanced (pλ = 2pν , bottom) black rings (cf. eq. (3.10))

boosted along an orthogonal direction x1. It is represented over the plane (x2, ξ) (cf. eq. (3.5)), and

the Killing coordinate ψ is suppressed. In the equilibrium case, H
⊥

reduces to He

⊥
of eq. (4.9) and

the disk membrane at x2 = 0, ξ < L disappears (no jump of ∂He

⊥
/∂x2 occurs at x2 = 0). In all

cases, there is a ring singularity at x2 = 0, ξ = L, as indicated by the thick points in the pictures.

Ruu = −1

2
δ(u)∆H

⊥
, ∆ denoting the Laplace operator over the transverse space (x2, y1, y2),

it follows that the profile function (4.9) represents a spacetime which is vacuum everywhere

except on the circle u = 0 = x2, ξ = L (so that k = 1 in eq. (4.5)). This lies on the wave

front and corresponds to a singular ring-shaped source moving with the speed of light. It is

obviously a remnant of the curvature singularity (y = −∞) of the original stationary black

ring (2.1). For the non-equilibrium solution (4.4), the discontinuous term proportional to

Θ(L − ξ) is responsible for a disk memebrane supporting the ring [19]. We have plotted

typical profile functions H
⊥

and He
⊥

in figure 1.

5. Parallel boost: α = π/2

For the parallel boost α = π/2, from eq. (3.6) one has z1 = y1 and z2 = −x1, and the

general pp -wave (3.16) reduces to

ds2 = 2dudv + dx2
1 + dx2

2 + dy2
2 + H

||
(x1, x2, y2)δ(u)du2 . (5.1)
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Figure 2: Plot of the profile function He

||
, given by eq. (5.10), for balanced black rings (pλ = 2pν)

boosted along the direction y1 in the plane of rotation. It is depicted over the plane (y2, η) (cf.

eq. (3.5)), and the Killing coordinate φ is suppressed. The profile function He

||
diverges at the rod

singularity η = 0, |y2| ≤ L, as indicated by the thick line. The two smaller pictures represent the

symmetric and antisymmetric part (with respect to the origin of the y2-axis) of He

||
, respectively.

The case of unbalanced black rings, eq. (5.5), does not produce qualitative changes, since the disk

membrane Lorentz-contracts to the singular rod region.

The function h can be reexpressed as

h
||
(zε) =

[
(3pλ + pν)L

2 − pνy
2
2 + 2

√
pλ(pλ − pν)Ly2 − (pλ − pν)η

2
] 1

2Σ
− pν

4L2η2z2
ε

Σ3
+

+
1

2

[
(2pν − pλ)y2

2 − 2
√

pλ(pλ − pν)Ly2

] [
− L2 + η2

(z2
ε + y2

2)Σ
+

1

z2
ε + y2

2

]
+

+
1

2
(pλ − pν)

(
1 − z2

ε

Σ

)
, (5.2)

and

Σ =
√

z4
ε + 2(y2

2 + η2 − L2)z2
ε + a4 , (5.3)

with

a =
[
(η2 + y2

2 − L2)2 + 4η2L2
]1/4

. (5.4)

It is understood that η =
√

x2
1 + x2

2. Performing the integration (3.17) with h given by

eqs. (5.2)–(5.4), one obtains

H
||
(x1, x2, y2) =

[
2(2pλ − pν)L

2 + (2pν − pλ)a2

(
1 +

L2 + η2

a2 − y2
2

)
+

+ 2
√

pλ(pλ − pν)Ly2

(
1−L2+η2

a2−y2
2

)]√
2

a
K(k)−2

√
2(2pν − pλ)aE(k)+

+

√
2

2

[
(2pν − pλ)y2 − 2

√
pλ(pλ − pν)L

]
×

×
[
−η2 + L2

ay2

a2 + y2
2

a2 − y2
2

Π(ρ, k) + π sgn(y2)

]
, (5.5)
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where

k =

(
a2 − η2 − y2

2 + L2
)1/2

√
2a

, ρ = −(a2 − y2
2)

2

4a2y2
2

. (5.6)

Again, we refer to the [19, appendix], the only additional integral used here being (Σ given

by eq. (5.3) with zε replaced by z)

∫ ∞

0

(
1 − z2

Σ

)
dz = 2aE(k) − aK(k) . (5.7)

With the coordinates

y2 = r cos θ , η = r sin θ , (5.8)

the behaviour at large spatial distances is given by

H
||

=
π√
2
pλL

[
3
L

r
+ 2

√
pλ − pν

pλ
cos θ

L2

r2
+

(
7

8
− pν

4pλ

)
(3 cos2 θ − 1)

L3

r3
+

+
3

4

√
pλ − pν

pλ
(5 cos3 θ − 3 cos θ)

L4

r4
+

+

(
11

64
− pν

16pλ

)
(35 cos4 θ − 30 cos2 θ + 3)

L5

r5
+ O

(
L6

r6

)]
. (5.9)

Notice that now there appear also a dipole and an octupole term, as a remnant of the

angular momentum of the black ring.

We are especially interested in black rings in equilibrium (3.10), for which one is left

with

He
||
(x1, x2, y2) = pλL

[
3
√

2L

a
+

2y2

a

(
1 − L2 + η2

a2 − y2
2

)]
K(k) +

+ pλL

[
η2 + L2

ay2

a2 + y2
2

a2 − y2
2

Π(ρ, k) − π sgn(y2)

]
. (5.10)

This function is singular at the points satisfying u = 0 = η and |y2| ≤ L (k = 1 in

eq. (5.6)), i.e. on a rod of length 2L contained within the wave front. This is a remnant of

the curvature singularity of the original stationary black ring (2.1), which has (infinitely)

Lorentz-contracted because of the ultrarelativistic boost in the plane of the ring. For the

same reason, and because the original ring was rotating, the rod-source corresponding to

eq. (5.10) is not uniform. The profile (5.10) corresponds to a vacuum spacetime everywhere

except on the rod. Notice also that the apparent divergences of He
||

at y2
2 = a2 and y2 = 0

is only a fictitious effect: the singular behaviour of the coefficient of Π in eq. (5.10) is

exactly compensated from that of K in the first case and from the sgn(y2) function in the

second case (recall also the form of ρ in eq. (5.6)). Finally, it is interesting to observe

that the antisymmetric part (in the coordinate y2) of H
||

and He
||

comes entirely from the

off-diagonal term gtψ in the metric (2.1), which was responsible for rotation before the

boost (and produces the terms even in cos θ in the expansion (5.9)). The profile function

He
||

is plotted in figure 2.
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6. Boost of the supersymmetric black ring

To conclude, we demonstrate that the above method can also be employed to calculate the

gravitational field generated by other black rings in the ultrarelativistic limit. The first

supersymmetric black ring (solution of D = 5 minimal supergravity) was presented in [21]

(and subsequently generalized in [22 – 24]). The line element reads

ds2 = −f2(dt + ωψdψ + ωφdφ)2 + f−1(ds2
0 + dt2) , (6.1)

with ds2
0 as in eq. (2.3) and

f−1 = 1 +
Q − q2

2L2
(x − y) − q2

4L2
(x2 − y2) , (6.2)

ωψ =
3

2
q(1 + y) +

q

8L2
(1 − y2)

[
3Q − q2(3 + x + y)

]
, (6.3)

ωφ = − q

8L2
(1 − x2)

[
3Q − q2(3 + x + y)

]
. (6.4)

The S1 × S2 horizon is localized at y → −∞, and asymptotic infinity at x, y → −1. The

Maxwell field F = dA is determined by

A =

√
3

2
f(dt + ωψdψ + ωφdφ) −

√
3

4
q[(1 + x)dφ + (1 + y)dψ]. (6.5)

The net electric charge and the local dipole magnetic charge are proportional to the positive

parameters Q and q, respectively, which (for a physical interpretation) are assumed to

satisfy Q ≥ q2 and L < (Q− q2)/(2q) [21]. The mass and angular momenta of the ring are

M =
3π

4
Q , Jψ =

π

8
q(6L2 + 3Q − q2) , Jφ =

π

8
q(3Q − q2) . (6.6)

In the limit q = 0 the black ring becomes a static charged naked singularity, solution of

the pure Einstein-Maxwell theory. In order to boost the line element (6.1), we can follow

a procedure almost identical to the one used for the vacuum ring. The standard mass

rescaling of [4] together with the inequality L < (Q − q2)/(2q) suggests that during the

boost we rescale the charges as

Q = εpQ , q = εpq (pQ > 2Lpq) . (6.7)

Omitting straightforward intermediate steps, in the case of a boost orthogonal to the plane

(ξ, ψ) we obtain a shock pp -wave (4.1) with

Hs
⊥
(x2, y1, y2) =

3
√

2 pQ√
(ξ + L)2 + x2

2

K(k), (6.8)

and k given by eq. (4.5). For a parallel boost, we obtain the metric (5.1) with

Hs
||
(x1, x2, y2) = 3

√
2

[
pQ

1

a
+ pq

y2

a

(
1 − L2 + η2

a2 − y2
2

)]
K(k) +

+
3
√

2pq

2

[
η2 + L2

ay2

a2 + y2
2

a2 − y2
2

Π(ρ, k) − π sgn(y2)

]
, (6.9)
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where k and ρ as in eq. (5.6). To obtain the field of a boosted naked singularity (q = 0)

just set pq = 0 in eq. (6.9). Notice that the dipole charge q has an effect only in the

case of a parallel boost, since pq does not appear in Hs
⊥

[which is in fact equivalent to the

expression (4.9) for balanced vacuum rings]. This is related to the “asymmetry” between

the angular momenta Jψ and Jφ in eq. (6.6). In both boosts, one also finds that F = dA

tends to zero together with its associated energy-momentum tensor (so that the “peculiar

configuration” of [13] does not arise here). In fact, both Hs
⊥

and Hs
||

correspond to vacuum

pp -waves. In principle, rescalings different from eq. (6.7) can be considered if one drops the

requirement L < (Q − q2)/(2q). The detailed investigation of this and other possibilities

is left for possible future work.
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A. Results for the boosted D = 5 Myers-Perry black hole

Ref. [17] analyzed the ultrarelativistic boost of D-dimensional Myers-Perry black holes [16]

with a single non-vanishing angular momentum. As in the present work, the calculation

was performed in the case of two particular boosts orthogonal and parallel to the plane

of rotation, and for D = 5 it resulted in impulsive pp -waves of the type (4.1) and (5.1),

respectively. It is thus interesting to compare the results of [17] to ours. First of all, the

angular momentum of black holes in D = 5 must obey a Kerr-like bound a2 < µ [16]. Since,

in the Aichelburg-Sexl limit, ref. [17] sent the mass parameter µ to zero while keeping the

spin parameter a fixed, for D = 5 the final metrics refer to boosted naked singularities

rather than black holes [17]. On the other hand, there is no upper limit on the spin of

black rings [18], so that in our limit the rings do remain “black” until the final pp -wave is

obtained (the same applies to the solutions of [17] in D ≥ 6, when also black holes can be

ultra-spinning). In the rest of this appendix we shall present the profile functions of [17]

(for the case D = 5) using an explicit form adapted to our notation,4 and we shall compare

them with our functions (4.4) and (5.5).

A.1 Orthogonal boost

For an orthogonal boost, the result of [17] can be rearranged as

H̃
⊥
(x2, y1, y2) =

8
√

2 pM

3π

[
2
√

2

(ξ2 + x2
2 + L2 + b2)1/2

K(k1) +

√
2

L2
(ξ2 + x2

2 + L2 + b2)1/2 ×

× E(k1) − 2
√

2

L2

b2

(ξ2 + x2
2 + L2 + b2)1/2

Π(ρ1, k1)

]
, (A.1)

4In particular, the quantity L will replace the original spin parameter a.
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where

k1 =

(
ξ2 + x2

2 + L2 − b2

ξ2 + x2
2 + L2 + b2

)1/2

, ρ1 = −(ξ2 + x2
2 − L2 − b2)2

4L2x2
2

,

b = [(ξ2 + x2
2 − L2)2 + 4x2

2L
2]1/4 . (A.2)

The above elliptic functions are singular for k1 = 1, that is on a circle of radius L given

by x2 = 0, ξ = L. This was already remarked in [17] and it resembles our results of

section 4. Other physical properties are more “hidden” in the expression (A.1). First of

all, for x2 → 0 one has ρ1 → 0 if ξ > L, whereas ρ1 diverges if ξ < L. This implies

(with [19, identity (A5)]) that, when ξ < L and x2 is small, H
⊥

contains a non-smooth

term proportional to |x2|, namely there is an additional membrane at x2 = 0 and ξ < L (i.e.

within the ring singularity discussed above). The presence of such a disk-shaped source is

related to the structure of the singularities of the Myers-Perry solutions [16], and it should

be contrasted with the simpler profile function (4.9) for balanced black rings, which has

only a “uniform” circle as a source. From a complementary viewpoint, we can compare

an expansion of the profile function (A.1) at large spatial distances with the analogous

result (4.8) for the black ring. From eq. (A.1) we obtain

H̃
⊥

=
1√
2

8 pM

3L

[
3
L

r
− 5

8
(3 cos2 θ − 1)

L3

r3
+

7

64
(35 cos4 θ − 30 cos2 θ + 3)

L5

r5
+ O

(
L7

r7

)]
.

(A.3)

The monopole term coincides with the one in the corresponding expression (4.8) for the

black ring, which we should expect since we are boosting objects with the same mass

(which scales as M = γ−1pM ). However, eqs. (A.3) and (4.8) in general differ already in

the quadrupole term, in particular for the physically most interesting case of balanced rings

pλ = 2pν . They coincide only in the limiting case pν = 0, corresponding to ν = 0, when the

black ring in fact reduces to a naked singularity isometric to that of Myers and Perry (see

the discussion above about the Kerr bound). In addition, in the limit of vanishing rotation

L = 0 of eq. (A.3) only the Aichelburg-Sexl monopole survives, which corresponds to the

ultrarelativistic boost of the D = 5 Schwarzschild-Tangherlini black hole.5

A.2 Parallel boost

For a parallel boost, the profile function of [17] is

H̃
||
(x1, x2, y2) =

8
√

2 pM

3π

[
4

a

(
1 +

η2 + y2
2 + L2 + a2

2Ly2

)
K(k) +

2a

L2
E(k) −

− 2L + y2

a

η2 + y2
2 + L2 + a2

L2y2

Π(ρ1, k)

]
, (A.4)

with a as in eq. (5.4), k as in eq. (5.6) and

ρ1 = −η2 + y2
2 + L2 − a2

2a2
. (A.5)

5Recall that, instead, balanced black rings can not be static, while unbalanced static rings correspond

to setting pν = pλ in eq. (4.8) [19] (and not L = 0).
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Similarly as in section 5, the elliptic integrals are singular at k = 1, i.e. on a rod of

length 2L located at η = 0, |y2| ≤ L [17]. At large spatial distances, the expression (A.4)

behaves as

H̃
||

=
1√
2

8 pM

3L

[
3
L

r
+ 2cos θ

L2

r2
+

7

8
(3 cos2 θ − 1)

L3

r3
+

3

4
(5 cos3 θ − 3 cos θ)

L4

r4
+

+
11

64
(35 cos4 θ − 30 cos2 θ + 3)

L5

r5
+ O

(
L6

r6

)]
. (A.6)

The discussion is similar as the one above for H̃
⊥
. Again, the monopole term coincides with

the one in the corresponding expression (5.9) for the black ring. Higher multipoles in general

differ, in particular for balanced rings. Boosted black holes reduce to the Aichelburg-Sexl

monopole in the static limit L = 0.
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[13] C.O. Loustó and N. Sánchez, The curved shock wave space-time of ultrarelativistic charged

particles and their scattering, Int. J. Mod. Phys. A 5 (1990) 915.

[14] M. Ortaggio, Ultrarelativistic black hole in an external electromagnetic field and gravitational

waves in the Melvin universe, Phys. Rev. D 69 (2004) 064034 [gr-qc/0311088].

– 14 –

Urychlené černé díry a struktura záření ... 279



[15] M. Ortaggio, Higher dimensional black holes in external magnetic fields, JHEP 05 (2005) 048

[gr-qc/0410048].

[16] R.C. Myers and M.J. Perry, Black holes in higher dimensional space-times, Ann. Phys. (NY)

172 (1986) 304.

[17] H. Yoshino, Lightlike limit of the boosted Kerr black holes in higher-dimensional spacetimes,

Phys. Rev. D 71 (2005) 044032 [gr-qc/0412071].

[18] R. Emparan and H.S. Reall, A rotating black ring in five dimensions, Phys. Rev. Lett. 88

(2002) 101101 [hep-th/0110260].
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The C-metric is one of few known exact solutions of Einstein’s field equations which describes the
gravitational field of moving sources. For a vanishing or positive cosmological constant, the C-metric
represents two accelerated black holes in asymptotically flat or de Sitter spacetime. For a negative
cosmological constant the structure of the spacetime is more complicated. Depending on the value of the
acceleration, it can represent one black hole or a sequence of pairs of accelerated black holes in the
spacetime with an anti-de Sitter-like infinity. The global structure of this spacetime is analyzed and
compared with an empty anti-de Sitter universe. It is illustrated by 3D conformal-like diagrams.
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I. INTRODUCTION

The C-metric without cosmological constant � is a well-
known solution of the Einstein(-Maxwell) equations. It
belongs to a class of spacetimes with boost-rotational
symmetry [1] which represent the gravitational field of
uniformly accelerated sources. The C-metric was discov-
ered back in 1917 by Levi-Civita [2] and Weyl [3], and
named by Ehlers and Kundt [4]. An understanding of the
global structure of the C-metric spacetime as a universe
with a pair of accelerated black holes came with the
fundamental papers by Kinnersley and Walker [5],
Ashtekar and Dray [6], and Bonnor [7]. Various aspects
and properties of this solution were consequently studied,
including the generalization to spinning black holes.
References and overviews can be found, e.g., in
Refs. [1,8–10]; for recent results see, e.g., Refs. [11–13].

A generalization of the standard C-metric for nonvan-
ishing cosmological constant � has also been known for a
long time [14–16]. However, until recently a complete
understanding of global structure of this solution was
missing. It was elucidated in a series of papers [17–19]
in the case �> 0, and in Refs. [20–22] for �< 0 (cf. also
Refs. [23–26] for related work and discussion of special
and degenerated cases).

The C-metric is one of few explicitly known spacetimes
representing the gravitational field of nontrivially moving
sources. Therefore, it is interesting, for example, as a test
bed for numerical simulations. It plays also an important
role in a study of radiative properties of gravitational fields.
Namely, in the case of a nonvanishing cosmological con-
stant it may provide us with an insight into the character of
radiation, which in the asymptotically nontrivial space-
times is not yet well understood. In Refs. [19,22] the
C-metric spacetimes with � � 0 were used to investigate
the directional structure of radiation. These results were
later generalized [27,28] for general spacetimes with
spacelike and timelike conformal infinity. The C-metric

spacetimes have found also a successful application to the
problem of cosmological pair creation of black holes [29–
34]. In addition to spacetime with accelerated black holes,
the C-metric can also describe accelerated naked singular-
ities or, for special choice of parameters, empty spacetime
described in a coordinate system adapted to accelerated
observers [17,35,36].

In the present work we wish to give a complete descrip-
tion of the case when the C-metric describes black holes
moving with an acceleration in anti-de Sitter universe. As
was already observed in [21,22,26], there are three quali-
tatively different cases according to value of the black hole
acceleration A. For small values of acceleration, A< 1=‘,
(‘ being a length scale given by the cosmological constant,
cf. Eq. (2.3)) the C-metric describes one accelerated black
hole in asymptotically anti-de Sitter spacetime. For large
acceleration, A> 1=‘, it describes a sequence of pairs of
black holes. In the critical case A � 1=‘ it describes a
sequence of single accelerated black holes entering and
leaving asymptotically anti-de Sitter spacetime. Here we
concentrate on the generic situation A � 1=‘; the critical
case will be discussed separately [37] (cf. also
Refs. [24,25]).

The main goal of the work is to give a clear visual
representation of the global structure of the spacetimes. It
is achieved with help of a number of two-dimensional and
three-dimensional diagrams. Also, the relation to an empty
anti-de Sitter universe is explored. Understanding of the
anti-de Sitter spacetime in accelerated coordinates plays a
key role in the construction of three-dimensional diagrams
for the full C-metric spacetime.

The paper is organized as follows. In Sec. II we over-
view the C-metric solution with a negative cosmological
constant in various coordinate systems. Namely, we intro-
duce coordinates �, �, �, ’, closely related to those of
[5,14], accelerated static coordinates T, R, �, �, very
useful for physical interpretation, and global null coordi-
nates u, v essential for a study of the global structure. In
Secs. III and IV we discuss the two qualitatively different
cases of small and large acceleration, respectively. Finally,*Electronic address: Pavel.Krtous@mff.cuni.cz
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Sec. V studies the weak field limit, i.e., the limit of vanish-
ing mass and charge. In this case the C-metric describes
empty anti-de Sitter universe in accelerated coordinates.
The relation of these coordinates to the standard cos-
mological coordinates is presented, again separately for
A + 1=‘.

An even more elaborated visual presentation of the
studied spacetimes, including animations and interactive
three-dimensional diagrams, can be found in [38]. Let us
also note that the online version of this work includes
figures in color.

II. THE C-METRIC WITH A NEGATIVE
COSMOLOGICAL CONSTANT

The C-metric with a cosmological constant �< 0 can
be written as

g � 1

A2�x� y�2
�
�Fdt2 � 1

F
dy2 � 1

G
dx2 �Gd’2

�
;

(2.1)

where F and G are polynomially dependent on y and z,
respectively,

F � 1

A2‘2
� 1� y2 � 2mAy3 � e2A2y4;

G � 1� x2 � 2mAx3 � e2A2x4:
(2.2)

Here ‘ is a length scale given by the cosmological constant
�,

‘ �
���������
� 3

�

s
: (2.3)

The metric is a solution of the Einstein-Maxwell equations
with the electromagnetic field given by

F � edy ^ dt: (2.4)

Depending on the choice of parameters and of ranges of
coordinates, the metric (2.1) can describe different space-
times. In the physically most interesting cases, it describes
black holes uniformly accelerated in anti-de Sitter uni-
verse. In these cases the constants A, m, e, and C (such
that ’ 2 ���C;�C�) characterize the acceleration, mass,
and charge of the black holes, and the conicity of the ’
symmetry axis, respectively. These parameters have to
satisfy m � 0, e2 <m2, A;C > 0, and the function G
must be vanishing for four different values of x in the
charged case (e;m � 0), or for three different values in
the uncharged case (e � 0, m � 0). The coordinate x must
belong to an interval around zero on which G is positive,
and y 2 ��x;1�, cf. Figures 1 and 5. It follows that
0 � G � 1. The boundary values of the allowed range of
the coordinate x correspond to different parts of the axis of
’ symmetry separated from each other by black holes.

The spacetime described by the C-metric is static and
axially symmetric with Killing vectors @t and @’, respec-
tively. Killing horizons of the vector @t are given by
condition F � 0. They coincide with horizons of various
kinds as will be described below. Beside the Killing vec-
tors, the geometry of spacetime possesses one conformal
Killing tensor Q,

Q � 1

A4�x� y�4
�
Fdt2 � 1

F
dy2 � 1

G
dx2 �Gd’2

�
:

(2.5)

There exist two doubly degenerate principal null directions

k 1 / @t � F@y ; k2 / @t � F@y ; (2.6)

so that the spacetime is of the Petrov type D. The metric
has a curvature singularity for y ! �1.

The constants m and e parametrize the mass and charge
of black holes. Let us emphasize that they are not directly
the mass or charge defined through some invariant integral
procedure. For example, the total charge defined by inte-
gration of the electric field over a surface around one black
hole is Q � 1

2 �xCe. It is proportional to e, but besides the
trivial dependence on the conicity C, it depends also on the
mass and the acceleration parameters through the length
�x of the allowed range of the coordinate x.

The parameter C defines a range of the angular coordi-
nate ’, and thus it governs a regularity of the ’ symmetry
axis. Typically, the axis has a conical singularity which
corresponds to a string or strut. By an appropriate choice of
C, a part of the axis can be made regular. However, for
nonvanishing acceleration it is not possible to achieve
regularity of the whole axis—objects on the axis are
physically responsible for the ’accelerated motion’ of
black holes.

The constant A parametrizes the acceleration of the
black holes. But it is not a simple task to define what is
the acceleration of a black hole. The acceleration of a test
particle is defined with respect of a local inertial frame
given by a background spacetime. However, black holes
are objects which deform the spacetime in which they are
moving; they define the notion of inertial observers, and
they are actually dragging inertial frames with themselves.
Therefore, it is not possible to measure the acceleration of
black holes with respect to their surroundings. The motion
of black holes can be partially deduced from a structure of
the whole spacetime, e.g., from a relation of black holes
and asymptotically free observers, and partially by inves-
tigating a weak field limit in which the black holes become
test particles and cease to deform the spacetime around
them. Namely, in the limit of vanishing mass and charge,
the spacetime (2.1) reduces to the anti-de Sitter universe
with black holes changed into world lines of uniformly
accelerated particles. Such a limit will be discussed in
Sec. V.
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Depending on the value of the parameter A, the metric
(2.1) describes qualitatively different spacetimes. For A
smaller then a critical value 1=‘ given by the cosmological
constant, cf. Eq. (2.3), the metric represents asymptotically
anti-de Sitter universe with one uniformly accelerated
black hole inside.1 For A > 1=‘ the metric (2.1) describes
asymptotically anti-de Sitter spacetime which contains a
sequence of pairs of uniformly accelerated black holes
which enter and leave the universe through its conformal
infinity.2 The extremal case A � 1=‘ corresponds to accel-
erated black holes entering and leaving the anti-de Sitter
universe, one at a time. This extreme case will not be
discussed here; however, see Refs. [24,25,37].

Coordinates t, y, x, ’ can be rescaled in a various way.
We will introduce coordinates �, �, �, ’ and closely related
accelerated static coordinates T, R, �, � which are appro-
priate for a discussion of the limits of weak field and of
vanishing acceleration. They will be used thoroughly in the
following sections. We will also mention coordinates t, y,
x, � (used in Ref. [14]) in which the global prefactor A�2 in
the metric (2.1) is transformed into metric functions, coor-
dinates �, !, �, ’ adapted to the infinity, and global null
coordinates u, v , �, ’. However, detailed transformations
among these coordinates differs for the qualitatively differ-
ent cases A + 1=‘. Therefore, we list first only metric
forms in these coordinate systems and coordinate trans-
formation which are general, and we postpone specific
definitions to the next sections.

The metric (2.1) in the coordinate systems t, y, x, ’,
�, �, �, ’, and t, y, x, � has actually the same form, only
with different metric functions (cf. Eqs. (3.5), (3.7), and
(4.5), (4.7))

g � ‘2

!2

�
�Fd�2 � 1

F d�2 � 1

G d�2 � Gd’2

�
: (2.7)

g � ‘2

�x � y�2
�
�Fdt2 � 1

F
dy2 � 1

G
dx2 � Gd�2

�
:

(2.8)

Accelerated static coordinates T, R, �, � are given by

T � ‘�; R � ‘
�
; � � ’;

d�2 � 1����Gp d�; � � �
2

for � � 0:
(2.9)

The metric takes a form

g � ‘2

!2R2

�
�HdT2 � 1

H dR2 � R2�d�2 � Gd�2�
�
;

(2.10)

H � 1

v
F ; (2.11)

see (3.9) and (4.8).
The coordinate R is not well defined at � � 0. It is a

coordinate singularity which can be avoided by using the
coordinate �. However, near the black hole, the coordinate
R has a more direct physical meaning—it is the radial
coordinate measured by area, at least in the conformally
related geometry. Because � can be negative, R can take
also negative values. However, it happens only far away
from the black holes or in spacetime domains in which R
changes into a time coordinate.

The coordinate � is given by � � �x (cf. Eqs. (3.2) and
(4.2)), so we can use what was said about range of defini-
tion of x. Let 	�b; �f
 be the interval of allowed values of �,
i.e., the interval where G is positive and �b < 0< �f . The
value �f corresponds to the axis of ’ symmetry (since
G � 0 at � � �f) pointing out of the black hole in the
forward direction of the motion.3 The value �b corresponds
to the axis (again, Gj���b

� 0) going in the opposite (back-

ward) direction. Integrating 1=
����Gp in (2.9), we find that the

longitudinal angular coordinate � belongs into an interval
	�b;�f
 which, in general, differs from 	0; �
.

If we use the conformal prefactor in the metric (2.7) as a
coordinate, and if we find a complementary coordinate �
such that the metric is diagonal (see (3.10) and (4.9)), we
get

g � ‘2

!2

�
�Fd�2 � 1

E �d!
2 �FGd�2� � Gd’2

�
:

(2.12)

This coordinate system is well adapted to the infinity I ,
since I is given by ! � 0.

Finally, for discussion of global structure of the space-
time it is useful to introduce global null coordinates4 u, v ,
�, ’. We start with the ’tortoise’ coordinate ��

d�� � 1

F d�: (2.13)

It expands each of the intervals between successive zeros
of F to the whole real line. Next we define null coordinates
�u, �v

1As for nonaccelerated black holes, it is possible to extend the
spacetime through the interior of the black hole to other asymp-
totically anti-de Sitter domain(s). However, for A < 1=‘, there is
only one black hole in each of these domains.

2Again, there can be more asymptotically anti-de Sitter do-
mains, each of them with the described structure.

3By the direction of motion we mean the direction from which
the black hole is pulled by the cosmic string or toward which it is
pushed by the strut. In the weak field limit it is the direction of
the acceleration.

4Notice the difference between v (v) and � (upsilon). It should
be always clear from the context if we speak about null v or
radial �.
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�u � �� � �; �v � �� � �: (2.14)

These coordinates cover distinct domains of the spacetime
which are separated from each other by horizons, i.e., by
null surfaces F � 0. The coordinates can be extended
across a chosen horizon with help of global coordinates
u, v :

tan
u
2
� ��1�m exp

�u
2j�j ; tan

v
2
� ��1�n exp �v

2j�j :
(2.15)

Integers m, n label the domains; see Figs. 2, 6, and 16
below. � is a real constant. The metric reads5

g � ‘2

!2

�
2�2F

sinu sinv
du _ dv � 1

G d�2 � Gd’2

�
: (2.16)

For a suitable choice of the constant � the metric coeffi-
cients turn to be smooth and nondegenerate as functions of
coordinates u, v across a chosen horizon. For such a choice
we require that the coordinate map u, v , �, ’ on a neigh-
borhood of that horizon belongs to the differential atlas of
the manifold. The metric is thus smoothly extended across
the chosen horizon.

III. A SINGLE ACCELERATED BLACK HOLE

A. Coordinate systems

We start a specific discussion with the simpler case

A<
1

‘
: (3.1)

The coordinates �, �, �, ’ and t, y, x, � are in this case
defined by

� � cos�ot � cot�ot; v � 1
cos�o

y � tan�oy;

’ � sin�o� � ’; � � � 1

sin�o
x � �x;

(3.2)

where �o 2 	0; �2� is a parameter characterizing the accel-
eration,

A � 1

‘
sin�o: (3.3)

Its geometrical meaning in the weak field limit will be
discussed in Sec. V. The metric functions in (2.7) and (2.8)
are given by

F � 1� �2 � 2
m
‘
cos�o �3 � e2

‘2
cos2�o �4; (3.4)

G � 1� �2 � 2
m
‘
sin�o �

3 � e2

‘2
sin2�o �

4;

! � � cos�o � � sin�o;

(3.5)

and

F � cos2�o � y2 � 2
m
‘

y3 � e2

‘2
y4;

G � sin2�o � x2 � 2
m
‘

x3 � e2

‘2
x4:

(3.6)

They are related by

F � cos�2�o F � tan2�o F � 1� ‘2

cos2�o

S
�
cos�o

‘
�
�
;

G � sin�2�oG � G � 1� ‘2

sin2�o

S
�
sin�o

‘
�
�
; (3.7)

where S�w� is a simple polynomial
S�w� � �w2�1� 2mw� e2w2�: (3.8)

The functions H is (cf. Eq. (2.11))

H � 1� R2

‘2
� cos�o

2m
R

� cos2�o
e2

R2 : (3.9)

The coordinate ! was already defined in Eq. (3.5). The
complementary orthogonal coordinate � can be, in gen-
eral, given simply only in differential form6

d� � sin�o

F d�� cos�o

G d�;

d! � � cos�odv� sin�od�:
(3.10)

(Here we included also the gradient of ! for complete-
ness.) The metric function � is given by

E � F cos2�o � Gsin2�o: (3.11)

At infinity, ! � 0 and � � 1.

B. Global structure

Now we are prepared to discuss the global structure of
the spacetime in more details. We start inspecting the
metric in the accelerated static coordinates (2.10) with
H given by (3.9). It has a familiar form—if we ignore
prefactor ‘2=�!R�2 we get the metric of a nonaccelerated
black hole in anti-de Sitter universe in standard static
coordinates—except for a different range of � and except
for G instead of sin2� in front of the d�2 term.
Fortunately,

����Gp on the allowed range of � resembles
sin�, and the difference does not affect qualitative prop-
erties of the geometry.7 The conformal prefactor ‘2=�!R�2

5du _ dv � dudv � dvdu is a symmetric tensor product,
which is usually loosely written as 2dudv .

6The relations are integrable since F depends only on v and G
on �.

7Let us mention that for A � 0, i.e., for �o � 0, the metric
(2.10) becomes exactly the Reissner-Nordström–anti-de Sitter
solution with � � � cos�, G � sin2�, and H � 1� R2

‘2 �2m
R � e2

R2 .
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does not change the causal structure of the black hole. It
justifies our claim that the spacetime contains a black hole.
It also gives the interpretation for the coordinates—the
accelerated static coordinates are centered around the hole,
with R being a radial coordinate, and � and � longitudinal
and latitudinal angular coordinates. T is a time coordinate
of external observers staying at a constant distance above
the horizon of the black hole. The coordinates �, �, �, ’ are
only a different parametrization of the time, radial, and
angular directions.

However, the prefactor ‘2=�!R�2 in (2.10) changes the
’position’ of the infinity—the conformal infinity I is
localized at ! � 0, i.e., at

� � tan�o �: (3.12)

It means that the radial position of the infinity depends on
the direction �. This corresponds to the fact that the black
hole is not in a symmetrical position with respect to the
asymptotically anti-de Sitter universe. Nevertheless, it is in
equilibrium—the cosmological compression of anti-de
Sitter spacetime (which would push a test body toward
any chosen center of the universe) is compensated by a
string (or strut) on the axis which keeps the black hole in a
static nonsymmetric position with respect to the infinity.
We can thus say that the black hole is moving with uniform
acceleration equal to the cosmological compression, de-
spite the fact that it cannot be measured locally. Remember
that in anti-de Sitter universe a static observer which stays
at a fixed spatial position in the spacetime eternally feels
the cosmological deceleration of a constant magnitude
from the range 	0; 1=‘�, depending on his position. This
corresponds to the assumption (3.1). As we will see in a
moment, we are dealing with one black hole which stays
eternally in equilibrium in asymptotically anti-de Sitter
spacetime.

We already said that zeros of F correspond to Killing
horizons of the Killing vector @�. Inspecting properties of
the polynomial S�w�, we find that F � 0 for two values
� � �o, �i (�o < �i) in the charged case (e;m � 0), and
for just one value � � �o if e � 0, m � 0. The null surface
v � vo corresponds to the outer black hole horizon, and
� � �i corresponds to the inner black hole horizon.

Allowed ranges of coordinates �, � are shown in Fig. 1.
Boundary ’zigzag’ lines correspond to the curvature singu-
larity at �; � ! �1. The horizons separate the allowed
range into qualitatively different regions II, III, and IV.
Region II describes the asymptotically anti-de Sitter do-
main outside of the black hole, and regions III and IV
correspond to the interior of the black hole.

The coordinate systems �, �, �, ’ or T, R, �, � are
defined in each of the regions II, III, IV; however, they are
singular at the horizons. To extend the spacetime through
the horizons, global null coordinates u, v , �, ’ can be used.
It turns out that the global manifold contains more domains
of the type II, III, IV, labeled by integers m, n; see

Eq. (2.15). From the domain II outside the outer black
hole horizon, the spacetime continues into two domains
III inside the black hole. These are connected to other
asymptotically anti-de Sitter domains II (behind the
Einstein-Rosen bridge through the black hole), and, in
the charged case, to domains IV behind inner black hole
horizons. Each of these domains is covered by its own
coordinate system �, �, �, ’. This global structure is well
illustrated in two-dimensional conformal diagrams of
�;’ � constant sections; see Fig. 2.

As already mentioned, the inner structure of the black
hole is qualitatively the same as the structure of the interior
of the standard Schwarzschild or Reissner-Nordström
black holes. Therefore we focus mainly on the exterior of
the black hole. A more detailed conformal diagram of the
domain outside of the outer horizon can be found in
Fig. 3(b). The position of the infinity in the diagrams for
various values of � changes according to (3.12). We can
glue sheets of different � together into a three-dimensional
diagram in Fig. 3(a), where only the coordinate ’ is sup-
pressed. The ’gluing’ is done using an intuition that � is a
’deformed cosine’ of longitudinal angle and that v parame-
trizes the radial direction. The three-dimensional diagram
in Fig. 3(a) is thus obtained by a rotation of the conformal
diagram in Fig. 3(b).

The outer black hole horizon has a form of two conelike
surfaces joined in the neck of the black hole. The conical

(a) (b)

FIG. 1. The diagrams of the allowed range of coordinates v
and � (the shaded region) in the case of small acceleration
A < 1=‘. Diagram (a) is applicable in the charged case, (b) is
valid for m � 0, e � 0. �b and �f are zeros of the metric
function G closest to � � 0. These values correspond to the
axis of ’ symmetry. The diagonal double line represents the
infinity, cf. Eq. (3.12). The bottom zigzag line is the singularity
at � � 1. �o and �i are zeros of the metric function F . They
define the outer and inner black hole horizons. They separate the
allowed range of coordinates into regions II, III, and IV. These
regions correspond to different domains in spacetime, each of
them covered by its own coordinates �, �, �, ’. These coordinate
systems cannot be smoothly extended over the horizon.
Coordinates smooth across the horizon are used in Fig. 2, where
sections � � constant are depicted. Such a section is represented
in the diagrams above by the vertical thick line.
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shape suggests that horizon is a null surface with null
generators originating from the neck. Of course, the
three-dimensional diagram does not have the nice feature
of the two-dimensional conformal diagrams that each line
with angle �=4 from the vertical is null; however, for
Fig. 3(a) this feature still holds for lines in radial planes,
i.e., it holds for generators of the black hole horizon.

In the weak field limit the black hole changes into a test
particle. For such a transformation the diagram in Fig. 3(a)
is not very intuitive—the black hole is represented there as
an ’extended’ object, and the qualitative shape of the
horizon does not change with varying mass and charge.
For this reason it is useful to draw another diagram in
which the black hole horizon is deformed into a shape
composed of two droplike surfaces, see Fig. 4. The conical
form of the horizon from Fig. 3(a) is squeezed into more
localized form, which in the limit of vanishing mass and
charge shrinks into a world line of the particle—cf.
Figure 13(b) in Sec. V.

Because of the assumption A< 1=‘, we cannot take a
limit of a vanishing cosmological constant keeping A � 0.
It is possible to set A � 0 first which leads to Reissner-
Nordström–anti-de Sitter spacetime, cf. footnote 7. After
that an appropriate limit of vanishing � gives a Reissner-
Nordström metric representing a single unaccelerated
black hole.

(a) (b)

FIG. 3 (color online). (a) Three-dimensional representation of
the exterior of the black hole accelerated in anti-de Sitter
universe with acceleration smaller than 1=‘. The dark surface
represents the outer black hole horizon H o, and the boundary of
the diagram corresponds to the conformal infinity I .
Embeddings of a typical section � � constant (section S) and
of the axis � � �f ; �b are shown. The nonsymmetric shape of the
infinity reflects the fact that the coordinate system used is
centered around the black hole which is moving with accelera-
tion with respect to the infinity. (b) Two-dimensional conformal
diagram of � � constant section. Only the exterior of the black
hole is shown (compare with Fig. 2). This part of the conformal
diagram corresponds exactly to the section � � constant indi-
cated in the diagram on the left.

FIG. 4 (color online). Another three-dimensional representa-
tion of the exterior of the accelerated black hole with A < 1=‘.
The outer black hole horizon of a conical shape from Fig. 3(a) is
here deformed to the surface of a shape of two joined drops. The
black hole is thus represented as a localized object. Such a
representation is useful for a study of the weak field limit
when the black hole changes into the world line of a point
particle.

(a) (b)

FIG. 2. The conformal diagrams of the sections
�; ’ � constant for (a) charged and (b) uncharged C-metric
with the acceleration A < 1=‘. These diagrams are based on
null coordinates u, v which grow in diagonal directions. Integers
(m, n) in the diagrams, identifying different spacetime domains,
are those from definition (2.15). Double lines represent confor-
mal infinity I (cf. Eq. (3.12)), zigzag lines the singularity at
� � �1, and thin diagonal lines the outer and inner black hole
horizons � � �o and � � �i, respectively. We can recognize
familiar structure of the interior of Reissner-Nordström or
Schwarzschild black holes, respectively, (domains III and IV).
The exterior of the black holes is, however, asymptotically
different—it has the asymptotics of anti-de Sitter universe.
The whole spacetime consists of more exterior domains II which
are connected (not necessary causally) with each other through
the black holes. A more detailed diagram of a typical domain
outside of the black hole (a darker area indicated above) can be
found in Fig. 3(b). The thick line corresponds to a section
� � constant which is discussed in Fig. 1.
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IV. PAIRS OF ACCELERATED BLACK HOLES

A. Coordinate systems

Next we turn to the discussion of the more intricate case
of the acceleration bigger than the critical one,

A> 1=‘: (4.1)

First, the coordinates t, y, x, � and �, �, �, ’ can be
defined in an analogous way as in the previous section:

� � sh	o t � tanh	o t; v � 1

sh	o
y � coth	o y;

’ � ch	o � � ’; � � � 1

ch	o
x � �x:

(4.2)

Ranges of the coordinates �, � are indicated in Fig. 5. The
acceleration is parametrized by the parameter 	o 2 R�,

A � 1

‘
cosh	o: (4.3)

The metric functions in (2.7) and (2.8) are

�F � 1� �2 � 2
m
‘
sh	o �

3 � e2

‘2
sh2	o �

4;

G � 1� �2 � 2
m
‘
ch	o �3 � e2

‘2
ch2	o �4;

(4.4)

! � �sh	o � �ch	o; (4.5)

and

�F � sh2	o � y2 � 2
m
‘

y3 � e2

‘2
y4;

G � ch2	o � x2 � 2
m
‘

x3 � e2

‘2
x4:

(4.6)

They are again related to the polynomial (3.8)

�F � �sh�2�o F � �coth2�o F

� 1� ‘2

sh2	o

S
�
sh	o

‘
�
�
;

G � ch�2	oG � G � 1� ‘2

ch2	o

S
�
ch	o

‘
�
�
:

(4.7)

For the metric function H , given by Eq. (2.11), we obtain

H � 1� R2

‘2
� sh	o

2m
R

� sh2	o
e2

R2 : (4.8)

Differential relations for the coordinates � and ! are

d� � ch	o

F d�� sh	o

G d�;

d! � �sh	od�� ch	od�;
(4.9)

and the metric function � takes the form

E � F sh2	o � Gch2	o: (4.10)

B. Global structure

As in the previous case, we start with a discussion of the
metric in accelerated static coordinates, Eq. (2.10). Near
the outer and inner horizon (the smallest two zeros of H ),
the metric function (4.8) has a similar behavior as the
function (3.9). It means that we deal again with a black
hole, and near (or inside of) the black hole we can apply
the previous discussion. Namely, T is again a time coor-
dinate for observers staying outside the black hole, R is a
radial coordinate, and �, � are spherical-like angular
coordinates. A similar interpretation holds for the coordi-
nates �, �, �, ’. However, for A> 1=‘ the metric function
H (or, equivalently, F , cf. Eq. (2.11)) has two additional
zeros for R � Ra; Rc (� � �a; �c, respectively), which cor-
respond to acceleration and cosmological horizons. It
means that we have to expect a more complicated structure
of spacetime outside the black hole.

Indeed, from the �-� diagram in Fig. 5 we see that new
zeros divide the allowed range of coordinates into more
regions O, I, II, III, and IV. An exact way how these
domains can be reached through the horizons can be
seen from the conformal diagrams of the sections
�;’ � constant. However, in Fig. 5 we see that sections
�;’ � constant can cross a different number of horizons,
depending on the value of �, since they can reach the
infinity, given in this case by

v � coth	o �; (4.11)

(a) (b)

FIG. 5. Diagrams analogous to Fig. 1 in the case A > 1=‘. The
allowed range of coordinates v, � (shaded area) is again re-
stricted by the infinity (diagonal double line), by the axis
(vertical border lines), and by the singularity (zigzag line).
Additionally to outer and inner black hole horizons, acceleration
and cosmological horizons (at v � va and v � vc) are also
present. Horizons divide the allowed range into regions O–IV
which corresponds to qualitatively different domains of space-
time; cf. Figure 6. Different sections � � constant cross different
number of horizons. Typical representatives SA, SB, and SC of
these sections are indicated by thick vertical lines. They corre-
spond to different shapes of the conformal diagrams in Fig. 6.
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before they cross the acceleration or cosmological hori-
zons. There are three different generic classes of sections
�; ’ � constant labeled SA (sections crossing all hori-
zons), SB (sections which do not cross cosmological hori-
zons), and SC (which cross only black hole horizons).
Special limiting cases are � � �c � �c tanh	o and
� � �a � �a tanh	o. For each of these sections a different
shape of conformal diagram is obtained as can be found in
Fig. 6. For section SA the domain II outside a black hole is
connected through the acceleration horizon to domains of
type I which are connected through other acceleration
horizons to another domain II with another black hole.

The domain I is also connected through the cosmological
horizon with two domains of type O. From these domains it
is possible to reach another domain I, and so on.

The spacetime thus seems to describe a universe which
at one moment contains a pair of black holes (domains III
and IV) separated by the acceleration horizon (domains II
and I), and at another moment does not contain any black
hole (domains I and O)—see Fig. 6(a). However, the
sections SB do not contain domains O, and sections SC
do not even contain the domains I. How is it possible that
one spacetime is described by three qualitatively different
diagrams? And how is it possible that the spacetime with

(a) (b) (c)

FIG. 6. The conformal diagrams of the sections �; ’ � constant for A > 1=‘. The top diagrams are valid for m; e � 0, the bottom
ones are for the uncharged case. The diagrams are based on coordinates u, v . Integers (m, n) from definition (2.15) identify different
domains of the spacetime. Analogously to Fig. 2, double lines represent the infinity, zigzag lines the singularity, and diagonal lines the
horizons. Domains O–II correspond to the exterior of black holes and domains III and IV to interiors of black holes. The interior has a
similar causal structure to that of unaccelerated black holes. The spacetime contains more asymptotic domains, one of which is
indicated by dark shading. The description below is from a point of view of this domain. Three different shapes of the diagrams
correspond to the sections with a different value of the coordinate �. On the left, section SA is spanned between two black holes which
are moving with respect to each other along a common axis. It is also spanned between different pairs of such black holes through the
domains O and I. In the middle, section SB is spanned only between two black holes. It does not continue to the other pair of black hole
because it intersects the conformal infinity in spacelike lines located inside domains I. The section SC, depicted on the right, goes from
each black hole directly into infinity—it does not connect different black holes through the exterior domains. These three sections
correspond to thick vertical lines in Fig. 5. Thick lines in the diagrams above represent the section � � constant, i.e., exactly the
section discussed in Fig. 5. The embedding of these two-dimensional diagrams into spacetime is shown in Figs. 8–10. More detailed
two-dimensional diagrams of the exterior of black holes (the dark area above) are also presented there.
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anti-de Sitter asymptotic has a conformal diagram with
conformal infinity which looks spacelike as it occurs for
sections SB [see Fig. 6(b)]?

The answer can be given by drawing a three-
dimensional diagram obtained by ’gluing’ different sec-
tions of � � constant together. The inspiration how to do
it can be obtained by a study of accelerated static coordi-
nates in empty anti-de Sitter universe as will be done in
Sec. V. There we will learn that coordinates �, �, �, ’ (or
T, R, �, �) are sorts of bipolar coordinates—coordinates
with two poles centered on two black holes. The coordinate
R (respectively �) is running through domain II from both
black holes toward the acceleration horizon. It plays the
role of a radial coordinate in domain II, but it changes its

meaning into a time coordinate above and below the ac-
celeration horizon, in domains of type I. It becomes again a
space coordinate in domains O. The angular coordinates
�, � (or �, ’) label different directions connecting the two
holes. With this insight we can draw the three-dimensional
diagrams reflecting the global structure of the universe, see
Fig. 7. Embeddings of three typical surfaces �; ’ �
constant into such a diagram are shown in Figs. 8–10.
Here we can see an origin of different shapes of conformal
diagrams.

The global picture of the universe is thus the following:
into an empty anti-de Sitter-like universe (domains O and
I) enters through the infinity I a pair of black holes
(domains III and IV). The holes are flying toward each
other (domains II) with deceleration until they stop and fly
back to the infinity where they leave the universe. They are
causally disconnected by the acceleration horizon. There
follows a new phase without black holes (again, the domain
I and O) followed by a new phase with a pair of black holes.
Different pairs of black holes are separated by cosmologi-
cal horizons.

Again, for the purpose of the weak field limit it is
convenient to use a visualization with squeezed black
hole horizons in Fig. 7(b). In this representation, the in-
finity has a shape which one would expect for asymptoti-
cally anti-de Sitter universe. The deformation of the
infinity is related to the fact that we use coordinates cen-
tered around the black holes. Indeed, the black holes are
drawn along straight lines in the vertical direction. As we
will see in the next section, such a deformation of the

(b)(a)

FIG. 7 (color online). Three-dimensional visualizations of the
exterior of black holes which are moving with acceleration
parameter A > 1=‘ in asymptotically anti-de Sitter universe.
The diagrams show a compactified picture of the whole uni-
verse—borders of the diagrams correspond to the conformal
infinity. Diagram (a) is obtained by gluing together two-
dimensional diagrams from Fig. 6. Black hole outer horizons
H o are represented by dark surfaces of a conical shape which
indicates the null character of these surfaces. In the alternative
representation (b), the black hole outer horizons are squeezed
into droplike shapes. Such a representation shows the black hole
as a localized object and it is useful in the weak field limit when
the black hole changes to a pointlike particle—compare with
Fig. 17(b). The universe represents a sequence of pairs of black
holes which repeatedly enter and leave the universe through their
timelike infinity—the diagrams should continue periodically in
the vertical direction. Black holes of each pair are causally
separated by the acceleration horizon H a; consequent pairs of
black holes are separated by cosmological horizons H c. These
are null surfaces—light cones of the entry points of black holes
into the spacetime. Embedding of different types of two-
dimensional conformal diagrams into the three-dimensional
one is depicted in Figs. 8–10.

(a) (b)

FIG. 8 (color online). (a) Embedding of section SA [cf. Figs. 5
and 6(a)] into a three-dimensional representation of the C-metric
spacetime. (b) The part of the two-dimensional conformal dia-
gram of SA representing the exterior of the black holes [corre-
sponds to the dark area in Fig. 6(a)].
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infinity is obtained even for an empty anti-de Sitter uni-
verse if it is represented using accelerated coordinates.

In the case A> 1=‘ there is no lower bound on the
cosmological constant. An appropriate limit of vanishing
� leads to C-metric spacetime with � � 0 representing a

pair of accelerated black holes in the asymptotically flat
universe.

V. ANTI-DE SITTER UNIVERSE IN ACCELERATED
COORDINATES

The spacetime (2.1) reduces to the anti-de Sitter universe
for m � 0, e � 0. However, the limiting metric is not the
anti-de Sitter metric in standard cosmological coordinates.
Instead, it is the anti-de Sitter metric in so-called acceler-
ated coordinates which prefer certain accelerated observ-
ers. These observers are remnants of the black holes.
Investigating this form of the anti-de Sitter metric is useful
for understanding of asymptotical structure of the C-metric
universe, and of the nature of the coordinate systems used.

The anti-de Sitter metric can be written in cosmological
spherical coordinates ~t, �, #, ’ as

g AdS � ‘2

cos2�
��d~t� d�2 � sin2��d#2 � sin2#d’2��:

(5.1)

They can be also called conformally Einstein because they
are the standard coordinates on the conformally related
Einstein universe. Another useful set of coordinates are
cosmological cylindrical coordinates ~t, 
 , �, ’ which
redefine coordinates � and #. Surfaces ~t; � � constant
represent cylinders of constant distance from the axis,
and surfaces ~t; 
 � constant are planes orthogonal to the
axis. They are related to spherical coordinates by a rotation
on the conformally related sphere of the Einstein universe
by an angle �=2:

cos� � cos
 cos�; sin
 � sin� cos#;

tan# � cot
 sin�; tan� � tan� sin#:
(5.2)

The metric in the cylindrical coordinates reads

gAdS � ‘2

cos2
cos2�

� ��d~t2 � d
2 � cos2
�d�2 � sin2�d’2��: (5.3)

The anti-de Sitter universe admits four qualitatively
different types of Killing vectors representing time trans-
lations, boosts, null boosts, and spatial rotations. Orbits of
time translations and boosts correspond to world lines of
observers with uniform acceleration. The limit of the
C-metric is related exactly to these observers. The cases
A< 1=‘ and A> 1=‘ correspond to time translation and
boost Killing vectors respectively; the case A � 1=‘ cor-
responds to a null boost Killing vector.

It is possible to introduce static coordinates associated
with the Killing vector that is at least partially timelike. In
the case of the time translation Killing vector, both cos-
mological spherical and cylindrical coordinates play the
roles of such coordinates. It is also possible to rescale the

(a) (b)

FIG. 9 (color online). (a) Embedding of section SB [cf. Figs. 5
and 6(b)] into a three-dimensional picture of spacetime. (b) The
corresponding part of the two-dimensional conformal diagram of
SB [cf. the dark area in Fig. 6(b)].

(a) (b)

FIG. 10 (color online). (a) Embedding of section SC [cf. Fig. 5
and 6(c)] into a three-dimensional diagram. (b) The correspond-
ing part of the two-dimensional conformal diagram of SC [cf. the
dark areas in Fig. 6(c)].
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radial coordinate � to obtain metric in ’standard static’
form. Namely, defining static coordinates of type I

TI�‘~t; RI�‘tan�; �I�#; �I�’ (5.4)

we obtain

gAdS � �
�
1� R2

I

‘2

�
dT2

I �
�
1� R2

I

‘2

��1
dR2

I

� R2
I �d�2

I � sin2�Id�2
I �: (5.5)

Static coordinates of type II are associated with the boost
Killing vector and can be related to the cosmological
cylindrical coordinates

TII � ‘
2
log

��������sin~t� sin

sin~t� sin


��������; RII � ‘
cos

cos~t

;

�II � �; �II � ’;

(5.6)

leading to the metric

gAdS � ‘2

R2
IIcos

2�II

�
�
�
1� R2

II

‘2

�
dT2

II �
�
1� R2

II

‘2

��1
dR2

II

� R2
II�d�2

II � sin2�IId�2
II�
�
: (5.7)

In the case of the full C-metric we do not have to use a
different notation for coordinates defined in the case
A < 1=‘ and A> 1=‘, because these two cases describe
completely different spacetimes, and the coordinates can-
not be mixed. However, in the weak field limit both cases
describe one spacetime—anti-de Sitter universe—and we
have a whole set of coordinate systems, parametrized by
acceleration, living on this spacetime. To avoid a confu-
sion, in the next two subsections we add a prime and
subscript I (for A< 1=‘) or II (for A> 1=‘) to all coor-
dinates introduced in the previous sections.8 For example,
accelerated static coordinates T, R, �, � will be renamed
as T0

I, R
0
I, �

0
I, �

0
I or T0

II, R
0
II, �

0
II, �

0
II for small or large

acceleration, respectively.
Let us note that for both cases A + 1=‘ in the weak field

limit, the metric function G reduces to G � 1� �2

(see (3.4) and (4.4)). By integrating (2.9) we then get
� � � cos� and G � sin2�.

A. A < 1=‘

In the limit of vanishing mass and charge, the metric
(2.10) with H given by Eq. (3.9) takes the form

g � ‘2

�‘ cos�o � R02
I sin�o cos�

0
I�2

�
�
�
1� R02

I

‘2

�
dT02

I

�
�
1� R02

I

‘2

��1
dR02

I � R02
I �d�02

I � sin2�0
Id�

02
I �
�
:

(5.8)

The allowed ranges of coordinates can be read from
Fig. 11. For vanishing acceleration, �o � 0, the metric
becomes exactly of the form (5.5); i.e., C-metric acceler-
ated static coordinates become anti-de Sitter static coordi-
nates of type I. For nonvanishing acceleration the form of
the metric (5.8) differs from (5.5) by a scalar prefactor.
However, we still claim that g � gAdS. The relation be-
tween coordinates TI, RI, �I, �I and T0

I, R
0
I, �

0
I, �

0
I is thus a

coordinate conformal transformation of anti-de Sitter
space. It has a nice geometrical interpretation: if we define
accelerated spherical coordinates of type I, ~t0I, �0

I, #
0
I , ’

0
I,

related to T0
I, R

0
I, �

0
I, �

0
I analogously to definition (5.4),

these coordinates differ from ~t, �, #, ’ only by a rotation
of the Einstein sphere in the direction of the axis # � � by
the angle �o,

~t 0I � ~t; cos�0
I � cos�o cos�� sin�o sin� cos#;

’0
I � ’; cot#0

I � cos�o cot# � sin�o cot�sin
�1#:

(5.9)

Coordinates ~t0I, �0
I, #

0
I , ’

0
I are thus sort of spherical coor-

dinates9 centered on the observer given by � � �o,
# � �. This observer remains eternally at a constant dis-
tance from the origin � � 0, and has a unique acceleration
of magnitude A � sin�o which compensates for the cos-

(a) (b)

FIG. 11. A shaded region in diagram (a) indicates allowed
ranges of coordinates � 
 �0

I � ‘=R0
I � cot�0

I and � 
 �0
I �

� cos�0
I � � cos# 0

I . The diagonal double line corresponds to
the infinity, vertical borders to the axis of symmetry, and the
bottom line to the origin �0

I � 0. The diagram (a) is an analogue
of Fig. 1. However, this diagram does not respect the angular
meaning of the � coordinate. A more natural representation (b)
of the shaded region is obtained by shrinking the bottom line to a
point, forming thus a deformed semicircle.

8We use the subscript to distinguish two qualitatively different
cases (although, we still have a hidden parametrization of the
coordinate systems by the acceleration), and the prime to in-
dicate a nontrivial acceleration. Corresponding unprimed coor-
dinates refer to special values of the acceleration: A � 0 in the
case I, and A � 1=‘ in the case II. This notation is consistent
with Ref. [36].

9They are spherical in the sense of conformally related
Einstein universe.
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mological compression of anti-de Sitter universe. For more
details see [36].

Two-dimensional conformal diagrams of T0
I-R

0
I sections

(i.e., of ~t0I-�0
I sections) can be found in Fig. 12. Three-

dimensional diagrams obtained by gluing together two-
dimensional sections with changing �0

I are in Fig. 13.
The diagram in Fig. 13(b) is clearly the limiting case of
Fig. 4.

B. A > 1=‘

In this case, the metric (2.10) with H given by Eq. (4.8)
for vanishing mass and charge becomes

g � ‘2

�‘sh	o � R0
IIch	o cos�

0
II�2

�
�
�
�
1� R02

II

‘2

�
dT02

II �
�
1� R02

II

‘2

��1
dR02

II

� R2�d�02
II � sin2�0

IId�
02
II �
�
: (5.10)

The allowed range of coordinates R0
II, �

0
II can be read from

Fig. 14. For 	o � 0 (i.e., in the limit A ! 1=‘) we get
exactly the metric (5.7). For nonzero 	o both metrics (5.10)
and (5.7) have the same form up to a scalar prefactor. How-
ever, as in the previous case, it is possible to find a trans-
formation between T0

II, R
0
II, �

0
II, �

0
II and TII, RII, �II, �II

such that g � gAdS. First, we introduce accelerated spheri-

FIG. 12. Conformal diagrams of the section �0
I;�

0
I � constant

(or, equivalently, #0
I ; ’

0
I � constant). Diagram (a) is based on

coordinates �u0
I, �v 0

I. Horizontal and vertical lines are given by
coordinate lines ~t0I � constant and �0

I � constant, since for
m; e � 0, definitions (2.13) and (2.14) give �u0

I � �0
I � ~t0I and

�v 0
I � �0

I � ~t0I. The coordinate �0
I is a radial coordinate; the left

border of the diagram thus corresponds to the world line of an
accelerated observer at the origin. The right double line repre-
sents conformal infinity I (formed by limiting end points of
spacelike and null geodetics). The diagram should continue
infinitely in the vertical direction. (b) Compactified version of
the same conformal diagram based on the coordinates u0

I, v 0
I,

related to �u0
I, �v 0

I by Eq. (2.15). The whole spacetime is here
squeezed into a compact region which beside the conformal
infinity includes also pointlike future and past infinities (limiting
end points of timelike geodesics). This diagram is analogous to
those in Fig. 2. An exact position of I depends on an angular
direction of the plane of the diagram (i.e., on a value of
coordinate #0

I) through the relation tan�0
I � �‘ cot�o= cos#

0
I

[cf. Eq. (3.12)]. For A � 0 these diagrams reduce to the standard
conformal diagrams based on the cosmological spherical coor-
dinates.

(a) (b)

FIG. 13 (color online). Three-dimensional schematical dia-
grams of anti-de Sitter universe obtained by rotation (varying
angular coordinate #0

I) of two-dimensional diagrams from
Fig. 12. The diagrams are centered on the world line of a static
observer (thick line) which is accelerated with acceleration
A < 1=‘. The horizontal section ~t � constant corresponds to
two copies of Fig. 11(b) (one copy for ’ � 0, another for
’ � �).

(a) (b)

FIG. 14. A shaded region in diagram (a) represents the allowed
range of coordinates � 
 �0

II � ‘=R0
II and � 
 �0

II � � cos�0
II.

The notation is the same as in Fig. 5, except there are no black
hole horizons, and the bottom line does not represent a singu-
larity but poles of the coordinates. Diagram (a) does not respect
the bipolar nature of coordinates � and �. A more accurate
picture of region II is drawn in diagram (b). It depicts section
~t; ’ � 0 through two spacetime domains of type II. Each of them
contains one pole of the coordinate system. Both domains are
separated by an acceleration horizon. The coordinate � decreases
from � � �1 at poles to � � �a at the acceleration horizon,
and the coordinate � labels different coordinate lines starting
from the poles.
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cal and cylindrical coordinates of type II, ~t0II, �0
II, #

0
II, ’

0
II

and ~t0II, 
 0II, �0
II, ’

0
II, which are related to T0

II, R
0
II, �

0
II, �

0
II as

~t, �, #, ’ and ~t, 
 , �, ’ are related to TII, RII, �II, �II, i.e.,
by the relations (5.2) and (5.6). Transformations between
cosmological and accelerated coordinates then are

cot ~t0II �
ch	o cos~t� sh	o cos�

sin~t
;

cot�0
II �

�sh	o cos~t� ch	o cos�
sin�

;

# 0
II � #; ’0

II � ’:

(5.11)

It is interesting, that these transformations leave angular
coordinates untouched. It means that they are a time de-
pendent radial ’sqeezing’ of anti-de Sitter universe; see
Fig. 15.

Surprisingly, if we compose all partial transformations
between T0

II, R
0
II, �

0
II, �

0
II and TII, RII, �II, �II together,

the resulting transformation is such that T0
II � TII and

�0
II � �II, see Ref. [36]—time surfaces of both the static

coordinates of type II and of the accelerated static coor-
dinates are the same.

Now, let us study global null coordinates uII, v II related
to the static coordinates of type II TII, RII by the relations
(2.14) and (2.15). With vanishing mass and charge (and
setting � � 1=2 in (2.15)) these definitions give

u II � ~t� 
; �II � �; v II � ~t� 
;

�II � ’:
(5.12)

Horizontal and vertical lines of the conformal diagram
based on uII, v II are thus coordinate lines ~t � constant
and 
 � constant. The surface of this conformal diagram,
i.e., the surface �;’ � constant, is a history of a line with a
constant distance from the axis of symmetry. All such lines
have common limiting end points 
 � ��=2 located at the
infinity of the anti-de Sitter universe. We will call them
poles of the cylindrical coordinates.10

The conformal diagrams constructed in Sec. IV are
based on coordinates u0

II, v 0
II, i.e., on an ’accelerated’FIG. 15 (color online). Cosmological spherical coordinates

~t, � and accelerated spherical coordinates ~t0II, �0
II drawn on a

two-dimensional section of anti-de Sitter universe. The coordi-
nate systems are related by the ’squeezing transformation’
(5.11). Left: Coordinate lines of both systems drawn in such a
way that lines ~t � constant and � � constant are horizontal and
vertical, respectively. Right: A complementary representation
with vertical and horizontal lines given by coordinate system
~t0II, �0

II. The conformal infinity is given by � � �=2 and is thus
deformed in the squeezed diagram on the right.

(a) (b) (c)

FIG. 16. The conformal diagrams of sections �0
II; ’

0
II �

constant (or, equivalently, �0
II; ’

0
II � constant) for different val-

ues of � 
 �0
II. The diagrams are based on null coordinates

u0
II, v 0

II. They are spanned between two poles which correspond
to observers with uniform acceleration A > 1=‘ (straight vertical
lines on the border of the diagrams, cf. also Fig. 17 for the three-
dimensional localization of the poles). Three different shapes of
the diagrams correspond to qualitatively different possibilities
of how sections �0

II; ’
0
II � constant are embedded into the anti-

de Sitter universe. They correspond to the three sections
� � constant indicated in Fig. 14. Diagonal lines represent
acceleration and cosmological horizons. The acceleration hori-
zon causally separates both poles. It is formed by future light
cones of points where the poles enter the anti-de Sitter universe.
The cosmological horizon is formed by future light cones of
points where the poles leave the universe. The thick line is an
example of � 
 �0

II � constant section—it corresponds to the
diagram in Fig. 11. Gluing together diagram (a) for �0

II � �1
(the axis �0

II � �0
II � 0 between poles) with diagram (c) for

�0
II � �1 (the axis �0

II � �0
II � �) gives the history of the whole

axis of symmetry. It is the same section as that depicted in
Fig. 15.

10Lines of constant distance from the axis are not geodesics
(except the axis itself ) in the sense of the Lobachevsky geometry
of the spatial section ~t � constant. However, in the conformally
related spherical geometry of the spatial section of Einstein
universe, these lines are meridians with common poles. These
two poles lie on the boundary of the hemisphere which corre-
sponds to the Lobachevsky plane, i.e., at its infinity.
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version of u, v discussed in the previous paragraph. For
m; e � 0, these diagrams are depicted in Fig. 16. Different

sections �0
II; ’

0
II � constant again correspond to histories

of curves which end at common poles 
 0II � ��=2.
However, the infinity of the anti-de Sitter universe in
accelerated cylindrical coordinates is given by (cf. (4.11))

cos
 0II cos�0
II � � tanh	o cos ~t

0
II : (5.13)

The poles thus, in general, do not lie at the infinity.
Coordinates ~t0II, 
 0II, �0

II, ’
0
II are sort of ’bipolar coordinates’

with poles which correspond to the observers with accel-
eration A > 1=‘; see Fig. 11(b). These observers, however,
do not remain in anti-de Sitter universe eternally. Their
histories periodically enter and leave the spacetime as
shown in Fig. 17. The section �0

II; ’
0
II � constant, spanned

between the poles, intersect anti-de Sitter universe in vari-
ous ways, depending on a value of �0

II. Different intersec-
tions lead to qualitatively different conformal diagrams in
Fig. 16. This is in the agreement with analogous discussion
in Sec. IV.
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[1] J. Bičák and B. G. Schmidt, Phys. Rev. D 40, 1827 (1989).
[2] T. Levi-Civita, Atti Accad. Naz. Lincei, Cl. Sci. Fis., Mat.

Nat. Rend. 26, 307 (1917).
[3] H. Weyl, Ann. Phys. (Berlin) 59, 185 (1918).
[4] J. Ehlers and W. Kundt, in Gravitation: an Introduction to

Current Research, edited by L. Witten (John Wiley, New
York, 1962), p. 49.

[5] W. Kinnersley and M. Walker, Phys. Rev. D 2, 1359
(1970).

[6] A. Ashtekar and T. Dray, Commun. Math. Phys. 79, 581
(1981).

[7] W. B. Bonnor, Gen. Relativ. Gravit. 15, 535 (1983).
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PAVEL KRTOUŠ PHYSICAL REVIEW D 72, 124019 (2005)

124019-14

294 Pavel Krtouš



[24] R. Emparan, G. T. Horowitz, and R. C. Myers, J. High
Energy Phys. 01 (2000) 007.

[25] A. Chamblin, Classical Quantum Gravity 18, L17 (2001).
[26] R. Emparan, G. T. Horowitz, and R. C. Myers, J. High

Energy Phys. 01 (2000) 021.
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[38] P. Krtouš, Accelerated black holes, web presentation at

http://utf.mff.cuni.cz/~krtous/physics.

ACCELERATED BLACK HOLES IN AN ANTI-DE . . . PHYSICAL REVIEW D 72, 124019 (2005)

124019-15

Urychlené černé díry a struktura záření ... 295





Asymptotic structure of radiation in higher
dimensions
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Asymptotic structure of radiation in higher dimensions 2

1. Introduction

There has been a growing interest in studies of higher dimensional spacetimes,
mainly motivated by finding particular models in the contexts of string theory and
brane cosmology. However, some fundamental questions such as the mathematical
classification of manifolds based on the algebraic structure of the Riemann and Weyl
tensor, or investigation of the asymptotic behaviour of fields in higher dimensions have
only recently been initiated [1–6].

As a contribution to this topic, in the present work we study asymptotic properties
of a gravitational field as represented by the Weyl tensor in an arbitrary dimension.
In particular, we analyze the directional structure at conformal infinity of the leading
component of the field which corresponds to radiation. In fact, this is a natural
extension of our previous work [7–10] in which we completely described the asymptotic
directional structure of radiation in four-dimensional spacetimes with conformal
infinity of any character (null, spacelike, or timelike). We demonstrated that this
directional structure has universal properties that are basically given by the algebraic
type of given spacetime, namely the degeneracy and orientation of principal null
directions of the Weyl tensor. In the present article we show that these results—which
are valid in standard n = 4 general relativity—can be directly generalized to higher
dimensional spacetimes. Below we prove that the asymptotic directional structure of
gravitational radiation in any dimension is given by the specific properties of Weyl
aligned null directions at conformal infinity, i.e., by algebraic type of spacetime at
infinity.

The paper is organized as follows. In section 2 we introduce necessary geometrical
concepts and objects, and we set up the notation. In section 3 we first summarize the
algebraic classification of the Weyl tensor in higher dimensions, and then we derive the
expression which explicitly describes the behaviour of the field at conformal infinity.
Subsequently, we discuss the directional structure of radiation in case of null, spacelike,
and timelike infinity, in particular for the simplest algebraically special spacetimes. In
the appendix, the relation between the higher-dimensional formalism used and the
standard NP formalism in n = 4 is presented.

For brevity, we refer to equations of the review paper [9] directly as, e.g., (R2.13).

2. Geometrical preliminaries

2.1. Conformal infinity and null geodesics

First, we briefly review the context in which we study the asymptotic behaviour of
the gravitational field. For details see the introductory section 2 of [9], where the
discussion was not restricted to a particular number of dimensions.

We wish to study spacetimes with a conformal infinity. We therefore assume
existence of an extension of the spacetime to an auxiliary manifold with metric g̃
to which the physical metric g is (at least locally) conformaly related by g̃ = Ω2g.
In the physical spacetime, the conformal factor Ω is positive; the hypersurface
Ω = 0 corresponds to the spacetime infinity—called conformal infinity I. We assume
regularity of the conformal geometry across I, even though it is known that in higher
dimensions this is a more subtle issue than in the case n = 4, cf. [4,5]. We will return
to this question shortly in section 3.3.

We introduce a vector n normal to I, n ∝ dΩ, normalized using the physical
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Asymptotic structure of radiation in higher dimensions 3

metric,2 n · n = σ, where the constant factor σ indicates the character of infinity:
σ = −1 for spacelike I, σ = 0 for mull I, and σ = +1 for timelike I. From Einstein’s
field equations, assuming a vanishing trace of the energy-momentum tensor, it follows
[9,11] that the character of infinity is correlated with the sign of cosmological constant,
σ = − sign Λ.

By radiative component we understand the leading component of the field
measured with respect of a specific frame along a future oriented null geodesic z(η)
approaching I. We are interested in the dependence of such a component on a direction
along which infinity is approached. To compare the field along different geodesics, we
have to fix the normalization of the affine parameter of these geodesics. We require
that the projection of the tangent vector of the geodesic to n is independent of the
direction of the geodesic. Using the relation to conformal geometry it can be shown
(see (R2.13), (R2.14)) that near the infinity we have

d Ω
d η

≈ −ε Ω2 . (2.1)

Here, the sign ε characterizes the orientation of the geodesic with respect to conformal
infinity:

ε =

{
+1 : for outgoing geodesics, η → +∞ on I,

−1 : for ingoing geodesics, η → −∞ on I.
(2.2)

From (2.1) it follows that

Ω = ε η−1 + . . . . (2.3)

2.2. Null frames and their transformations

In four dimensions, it is convenient to introduce complex null tetrads (R3.1). In the
case of higher dimensions, we have to choose a slightly different normalization of the
vectors of a real frame. Following [3], we call the frame k, l, mi the null frame if k,
l are future oriented null vectors, and mi, i = 1, 2, . . . , n − 2, are spatial real vectors
satisfying

k · l = −1 , k · mi = 0 , l · mi = 0 , mi · mj = δij . (2.4)

We use indices a, b, c, . . . to refer to all spacetime dimensions, and indices
i, j, k, . . . = 1, 2, . . . , n − 2 to label spatial directions orthogonal to k, l. Thanks to
the orthonormality relation (2.4), components of any spatial vector V spanned on the
vectors mi, i.e. V = V imi, satisfy V i = Vi. We also use a standard shorthand for
square of the magnitude |V |2 = V · V = V iVi.

We denote the vectors of an associated orthonormal frame as t, q, mi, where

t = 1√
2
(k + l) , q = 1√

2
(k − l) . (2.5)

We will distinguish different null frames by an additional lower roman index. For
example, below in section 2.3 we will introduce reference frame denoted as ko, lo, moi.
2 The dot ‘·’ denotes a scalar product defined by the physical metric g. Strictly speaking, at infinity
we should define a normal ñ normalized using conformal geometry to which the vector n is related by
rescaling by Ω (which degenerates on I). However, it is common to use formally the normal n—see
discussion in [9].
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Asymptotic structure of radiation in higher dimensions 4

General transformations between different null frames can be composed from the
following simple Lorentz transformations:

• null rotation with k fixed (parametrized by a spatial vector L = Limi):3

k = ko , l = lo +
√

2Limoi + |L|2 ko , mi = moi +
√

2 Li ko , (2.6)

• null rotation with l fixed (parametrized by a vector K = Kimi):

k = ko +
√

2Kimoi + |K|2 lo , l = lo , mi = moi +
√

2 Ki lo , (2.7)

• boost in the k-l plane (parametrized by a real number B):

k = B ko , l = B−1 lo , mi = moi , (2.8)

• spatial rotation in the space spaned on mi (parametrized by an orthogonal matrix
Φi

j):

k = ko , l = lo , mi = Φi
j moj , with Φi

j Φk
l δjl = δik . (2.9)

We say that a null frame is adjusted to conformal infinity I if the null vectors k
and l on I are coplanar with normal n to the conformal infinity, and they satisfy the
relation

n = ε 1√
2
(−σk + l) , where ε = ±1 . (2.10)

It follows that for a spacelike infinity (σ = −1) n = ε t, for a timelike I (σ = +1)
n = −εq, and n = ε l/

√
2 for null I (σ = 0). Clearly, the vectors mi of the adjusted

frame are tangent to I. If the null vector k is oriented along the null geodesic z(η), the
parameter ε indicates whether the geodesic is outgoing (ε = +1) or ingoing (ε = −1)
(cf. fig. 2 of [9]).

2.3. The reference frame and parametrization of null directions

To parametrize a null direction along which I is approached, we fix at conformal
infinity a reference frame ko, lo, moi. We require that this is adjusted to infinity in
the sense of (2.10) and that it is smooth4 along I.

In view of (2.7), with respect to the reference frame, a null direction along a
future oriented vector k can be parametrized by a spatial vector R = Ri moi which is
orthogonal to ko, lo:

k ∝ ko +
√

2R + |R|2 lo . (2.11)

Consequently, the null direction k projected onto a space orthogonal to to

(cf. (R5.5)) can be represented by a unit spatial vector q

q =
1

1 + |R|2
(
(1 − |R|2)qo + 2R

)
. (2.12)

3 Note that our parametrization of null rotations differs from that used in [3] by factor
√

2.
4 Again, at infinity we should define the frame normalized in conformal geometry to which the frame
ko, lo, moi is related by isotropic rescaling by Ω—see the related discussion in [9].
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The vector R is a thus a stereographic representation of the vector q, and hence of k.
Indeed, if we introduce an angle θ between qo and q, and a unit direction e of the
vector R, we obtain

q = cos θ qo + sin θ e , e = R/ |R| , |R| = tan
θ

2
. (2.13)

Complementarily, a normalized projection t of the null direction k onto a timelike
hypersurface Ho orthogonal to qo (cf. (R5.8)) is given by

t =
1∣∣∣1 − |R|2

∣∣∣
(
(1 + |R|2) to + 2R

)
. (2.14)

In this case, the vector R is a pseudostereographic representation of the vector t. In
contrast to q, the vector t does not represent a null direction k uniquely—the null
direction obtained by reflection of k with respect to the hypersurface Ho leads to the
same vector t. Therefore, we introduce the sign ς = sign(1 − |R|2) which indicates
if the vectors k and ko have the same orientation with respect to Ho. Introducing a
rapidity parameter ψ between to and t we can write

t = cosh ψ to + sinh ψ e , e = R/ |R| , |R| =
(
tanh

ψ

2

)ς

. (2.15)

Clearly, parametrization of the null direction k using the vector q and angle θ is
useful for spacelike infinity I where n ∝ to while the parametrization using t, ψ, and
ς is more appropriate for timelike I where n ∝ qo.

Finally, let us note that the null direction ka antipodal to k, which is defined by
qa = −q, is given by Ra = −R/ |R|2, and that the mirrored direction km obtained
from k by reflection with respect to the hypersurface Ho is given by tm = t, ςm = −ς,
so that R = R/ |R|2.

2.4. The interpretation frame

By interpretation frame ki, li, mii we understand a null frame that is parallelly
transported along a null geodesic z(η) to infinity I with the vector ki tangent to
the geodesic. As in [9], we fix ki = 1√

2
Dz
dη . Because we have already normalized the

affine parameter η by (2.1), this choice guarantees that both the geodesics and the
interpretation frames approach infinity from different directions in a comparable way.

The interpretation frame, however, is not uniquely fixed. One may perform
transformations which leave k unchanged, namely the null rotation (2.6) and the
spatial rotation (2.9). This non-uniqueness corresponds to the freedom in a choice of
initial conditions for the frame.

A crucial observation which was first realized by Penrose is that the interpretation
frame (boosted by the conformal factor Ω) becomes adjusted to infinity I,
independently of its initial conditions.

This fact can be derived by comparing the boosted frame kb = Ωki, lb = Ω−1li,
mbi = mii with a frame parallelly transported in the conformal geometry. Namely, we
may define the auxiliary frame ka, la, mai as a frame parallelly transported along the
geodesic in the conformal geometry, isotropically rescaled by Ω to become normalized
in the physical geometry (see [9] for a detailed discussion). In addition, we require
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that the auxiliary frame is adjusted to infinity. Following the steps leading to (R3.22),
we analogously obtain that these two frames are related by

kb = ka , lb = la +
√

2Limai + |L|2 ka , mbi = Φi
j
(
maj +

√
2 Lj ka

)
, (2.16)

with parameters Li(η) and Φi
j(η) for large affine parameter η given by

Φi
j = Φ(0)i

j , Li = −εM i
(1) η−1 ln |η| + εLi

(0) η−1 + . . . . (2.17)

Here, Li
(0) and Φ(0)i

j are constants of integration exactly corresponding to the freedom
in the choice of initial conditions for the interpretation frame. The coefficients M i

(1)

follow from the expansion of derivatives of Ω in the affine parameter η along the
geodesic, see equation (R3.20). Typically—in the vacuum case or for matter satisfying
the asymptotic Einstein condition (R2.20)—M i

(1) vanish, cf. eqation (R3.23) and
discussion therein.

In any case, we observe that the boosted interpretation frame kb, lb, mbi

at infinity becomes equal to the auxiliary frame, i.e., it becomes adjusted to I,
independently of the parameter Li

(0). However, the dependence on the spatial rotation
Φ(0)i

j persists. Because (on the general level) we are not able to fix the initial
conditions for the interpretation frame uniquely, we do not know a particular value
of Φ(0)i

j and its dependence on the direction of the geodesic. Therefore, we will
extract only information about radiation which is independent of the choice of spatial
rotation. For this reason, in the following we may ignore any additional dependence
on the spatial rotation.

We wish to characterize the interpretation frame with respect to the reference
frame. Both the auxiliary and the reference frame are adjusted to infinity, i.e. they
are related by a transformation which leaves the normal (2.10) unchanged. If the
direction ka ∝ ki is specified by the parameters Ri via (2.11), the transformation
from the reference to the auxiliary frame can be obtained by consecutive application
of the null rotation (2.6) with k fixed, the null rotation (2.7) with l fixed, the boost
(2.8), and the spatial rotation (2.9), given by parameters

Li = σRi , Ki =
Ri

1 − σ |R|2 , B = εεo(1 − σ |R|2) , (2.18)

and some orthonormal matrix Φi
j , which can be ignored. The signs εo and ε indicate

orientations of the vectors ko and ka ∝ ki with respect to infinity I, cf. eq. (2.1).
Finally, the interpretation frame is simply obtained from the auxiliary one by the
boost (2.8) with B = Ω.

3. The graviational field and its asymptotic structure

We want to analyze the asymptotic behaviour of the gravitational field. For this we
need to understand its algebraic structure. However, in a dimension higher than 4,
it is quite complicated. It was investigated only recently in [1, 3]. Fortunately, these
studies analyzed the structure of the Weyl tensor in the way which can immediately
be used to generalize our previous results [9]. We thus start with a short overview of
the algebraic structure of the Weyl tensor in higher dimensions. We will introduce a
notation for its components which is convenient for our purposes.

302 Pavel Krtouš



Asymptotic structure of radiation in higher dimensions 7

3.1. Weyl tensor components and their transformation properties

We denote the frame components of the Weyl tensor as Co
abcd, with index ‘o’ indicating

that the reference frame is considered. Inspired by the notation of [3] we define
the function Co

abcd

[
Ki

]
l-fixed of the argument Ki as a Weyl tensor component Cabcd

evaluated with respect of the frame which is obtained from the reference frame by the
null rotation (2.7) with the parameters Ki. Thanks to (2.7) it is a polynomial in Ki of
the fourth order. Similarly, we define the polynomials Co

abcd

[
Li

]
k-fixed, Co

abcd [B]boost,
and Co

abcd

[
Φi

j
]
rotation. The explicit form of these functions can be easily obtained

using equations (2.6)–(2.9), but some of the expressions are rather cumbersome and
we will not list them here. Some particular transformations can be found in (3.1)
and (3.5).

The Weyl tensor frame components can be separated into various groups
according to their transformation properties under the boost (2.8). Any component
Cabcd changes under the boost in a very simple way, namely,

Co
abcd [B]boost = Bw(abcd) Co

abcd , (3.1)

where the power w(abcd) is called boost weight [3]. For each set of frame indices a, b, c, d
it is simply the number of indices corresponding to the vector ko minus the number
of indices corresponding to the vector lo. For the Weyl tensor, the boost weights take
the values −2,−1, 0, 1, 2. Components with various boost weights w are the analogues
of the NP components Ψm of the Weyl tensor in four dimensions with m = w + 2.
However, in a higher dimension, for each weight there are more than two independent
real components, so they cannot be combined into suitable complex coefficients as
when n = 4. Nevertheless, we may still introduce an analogous convenient notation,
and we distinguish different components by additional indices.5 We thus define real
Weyl tensor components Ψm ... grouped by their boost weight w = m − 2 as:

Ψ0 ij = Cabcd ka mb
i kc md

j , (3.2a)

Ψ1 ijk = Cabcd ka mb
i mc

j md
k , Ψ1T i = Cabcd ka lb kc md

i , (3.2b)

Ψ2 ijkl = Cabcd ma
i mb

j mc
k md

l , Ψ2S = 2Cabcd ka lb lc kd ,

Ψ2 ij = Cabcd ka lb mc
i md

j , Ψ2T ij = 2Cabcd ka mb
i lc md

j ,
(3.2c)

Ψ3 ijk = Cabcd la mb
i mc

j md
k , Ψ3T i = Cabcd la kb lc md

i , (3.2d)

Ψ4 ij = Cabcd la mb
i lc md

j . (3.2e)

All other components can be obtained with the help of the symmetries of the Weyl
tensor. Moreover, the listed components are mutually related. The components Ψ0 ij ,
Ψ1 ijk, Ψ2 ijkl, Ψ2 ij , Ψ3 ijk, and Ψ4 ij are independent up to constraints following from
the properties of the Weyl tensor:

Ψ0 [ij] = 0 , Ψ0k
k = 0 , (3.3a)

Ψ1 i(kl) = 0 , Ψ1 [ikl] = 0 , (3.3b)
Ψ2 ijkl = Ψ2klij , Ψ2 (ij)kl = Ψ2 ij(kl) = Ψ2 i[jkl] = 0 , Ψ2 (ij) = 0 , (3.3c)
Ψ3 i(kl) = 0 , Ψ3 [ikl] = 0 , (3.3d)

Ψ4 [ij] = 0 , Ψ4k
k = 0 . (3.3e)

5 See the appendix for the relation to standard NP notation in the case n = 4.
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The remaining components are not independent—they are given by

Ψ1T i = Ψ1k
k

i ,

Ψ2T ij = Ψ2 ikj
k + Ψ2 ij

Ψ2S = Ψ2Tk
k = Ψ2kl

kl ,

Ψ3T i = Ψ3k
k

i .

(3.4)

Below we will mainly need the following transformation property of the Ψ4 ij

component under the null rotation (2.6):

Ψ4 ij = Ψo
4 ij

[
Lk

]
k-fixed =

= Ψo
4 ij

+ 2
√

2
(−Ψo

3 (ij)kLk + Ψo
3T (iLj)

)
+

(
2Ψo

2 ikjlL
kLl − 2Ψo

2Tk(iLj)L
k + Ψo

2T (ij) |L|2 − Ψo
2SLiLj − 4Ψo

2k(iLj)L
k
)

− 2
√

2
(
2Ψo

1kl(iLj)L
kLl + Ψo

1 (ij)kLk |L|2 + Ψo
1T (iLj) |L|2 − 2Ψo

1TkLkLiLj

)
+

(
4Ψo

0klL
kLlLiLj − 4Ψo

0k(iLj)L
k |L|2 + Ψo

0 ij |L|4
)

.

(3.5)

3.2. Weyl aligned null directions and algebraic classification in higher dimensions

Following [1, 3], we call the null direction k for which all the components Ψ0 ij with
respect to the null frame k, l, mi vanish Weyl aligned null direction (WAND). This
definition is independent of the choice of the normalization of k and of the choice
of other vectors l, mi of the frame because under transformations which leave the
direction k unchanged, Ψ0 ij behave as

Ψ0 ij

[
Lk

]
k-fixed = Ψ0 ij , Ψ0 ij [B]boost = B2Ψ0 ij , Ψ0 ij

[
Φk

l
]
rotation = Φi

k Φj
l Ψ0kl .

(3.6)

If, in addition, all the components Ψm ..., m = 0, . . . , o − 1, with respect the null frame
k, l, mi also vanish, WAND k is said to be of alignment order o. Again, such an order
of the alignment depends only on the direction of k.

If we parametrize the null vector k with respect to the reference frame using the
parameters Rk according to (2.11), the conditions that k is a WAND of alignment
order o become

Ψo
m ij

[
Rk

]
l-fixed = 0 for m = 0, . . . , o − 1 , (3.7)

which are called aligment equations [3].
In four-dimensional spacetimes WANDs always exist and are exactly the principal

null directions of the standard algebraic classification. In higher dimensions, the
alignment equation (3.7) even of the first alignment order can be too restrictive and in
a generic situation no WAND exists. If the alignment equations admit solutions, the
spacetime is called algebraically special. Such spacetimes can be naturally classified
according to the maximum alignment order of WANDs. The highest alignment order
o of the WAND k is called the principal alignment type. For o = 0, 1, 2, 3, 4, and 5
we say that the spacetime is of principal type G (general), I, II, III, N (null), and O
(trivial), respectively.
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Additionally, if we set the vector k of the null frame k, l, mi to be a WAND
of the maximal alignment order, the highest possible aligment order of the vector l
is said to be of secondary aligment type. We call the null frame with such chosen
vectors k, l the frame aligned with the algebraic structure of the Weyl tensor. From
the duality between the vectors k and l and the components Ψm and Ψ4−m , we
conclude that for a spacetime of principal and secondary alignment type p and s the
Weyl tensor components Ψm in the aligned null frame vanish for m = 0, . . . , p − 1 and
m = 4−s+1, . . . , 4, and the components Ψp and Ψ4−s are nonvanishing.

Obviously, such a classification is a generalization of the standard algebraic
classification in four dimensions. The main difference is that WANDs may not
exist (i.e., the principal and secondary types can be zero). In other words, in four
dimensions there are allowed only types that are labeled by principal and secondary
type (p, s) as (1, 1)—Petrov type I, (2, 1)—Petrov type II, (2, 2)—Petrov type D,
(3, 1)—Petrov type III, (4, 0)—Petrov type N, and the trivial (5, 5)—Petrov type O.
In higher dimensions there are additional types (0, 0)—type G, (1, 0), (2, 0), and (3, 0);
see [1, 3] for more detailed discussion.

3.3. Asymptotic behaviour of the field components

Now we should specify behaviour of the gravitational field at conformal infinity.
However, it is not our goal here to study a specific ‘fall-off’ of the field in a general
number of dimensions—such a task goes far beyond the scope of this work. We are
interested in the directional structure of the ‘far’ field and it turns out that qualitatively
this structure is not affected by a specific fall-off property of the field. We will
thus make a general assumption that the Weyl tensor Cabcd behaves near infinity
as Ωq−2, q being some constant depending on the dimension (and maybe even on a
particular solution),6 cf. [6]. In n = 4 the well-known behaviour of the Weyl tensor is
characterized by q = 1. For higher number of dimensions it is not clear if a similar
property holds in a general situation (see, e.g., [4, 5]). However, our assumption is
rather ‘weak’ and we expect it to be valid for a wide class of solutions.

Assuming the above fall-off of the Weyl tensor we can write down asymptotic
behaviour of its components. Combining (3.2), (2.3) and considering the normalization
of the reference frame7 as ko, lo,moi ∼ Ω we get

Ψo
m ... ≈ Ψ̂o

m ... η
−q−2 , (3.8)

where Ψ̂o
m ... are constant finite coefficients. We may also define Ψ̂o

m ...

[
Lk

]
k-fixed in a

similar way as Ψo
m ...

[
Lk

]
k-fixed. It is a polynomial in Lk with Ψ̂o

m ... being coefficients.
The relation between the interpreation and reference frames was described in

section 2.4. In particular, the interpretation tetrad can be obtained by the sequence
of null rotations, boost, and spatial rotation with parameters (2.18) followed by the
(asymptotically singular) boost B = Ω. The field components with respect to the
interpreation frame are thus

Ψi
m ...

∗≈ Ω2−m Ψa
m ... , (3.9)

since the interpretation frame is related to the adjusted auxiliary one by the boost.
Here and in the following, we ignore spatial rotations acting on indices i, j which
6 Alternatively, we could say that the fall-off of the conformally related Weyl tensor is C̃abc

d ∼ Ωq .
7 At I, the conformally rescaled frame Ω−1ko, Ω−1lo, Ω−1moi, normalized in the unphysical metric
g̃, is regular.
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can arise from the non-uniqueness of the interpretation frame or from the relation to
the reference frame. This will be indicated by a star ‘∗’ above the equality symbol.
Because asymptotically Ω ∼ η−1, cf. (2.3), and the transformation from the auxiliary
frame to the reference frame is regular, we see that different components of the Weyl
tensor peel-off with different powers of the affine parameter η according to their boost
weights labeled by m. This is the analogue of the well-known peeling-off theorem in
four dimensions [11] — see also the recent analysis of this topic [6] in higher dimensions.

We will now study only the leading component of the gravitational field which is
Ψi

4 ij . Performing the transformation (2.18) from the auxiliary frame to the reference
frame we obtain

Ψa
4 ij

∗≈ 1
(1 − σ |R|2)2 Ψo

4 ij

[
σRk

]
k-fixed , (3.10)

where we parametrized the direction ki of the geodesic by Rk via (2.11). Using (3.9),
(2.3), and (3.8) we finally get

Ψi
4 ij

∗≈ η−q

(1 − σ |R|2)2 Ψ̂o
4 ij

[
σRk

]
k-fixed . (3.11)

The explicit form of the expression Ψ̂o
4 ij

[
Lk

]
k-fixed is given in (3.5).

3.4. Directional structure of radiation

We have thus derived the asymptotic directional structure of gravitational radiation
in higher dimensions which is a generalization of the main result of [9]. It describes
the dependence of the leading field component on a direction along which the infinity
is approached. Let us now briefly discuss some properties of this dependence.

First, as we mentioned earlier, we have ignored an arbitrary rotation of the field
(3.11) ‘in indices ij’. On the general level, we cannot control the spatial rotation (2.9)
in these indices and therefore the only physically relevant quantities are invariants
which we can construct from the matrix (3.11). Thanks to the properties of the
Weyl tensor, the matrix of the radiative field component Ψi

4 ij is symmetric, cf. (3.3e).
Therefore, the invariants under spatial rotation are real eigenvalues of the matrix.
Alternative invariants are the traces of powers of the matrix. Because Ψi

4 ij is traceless,
the independent invariants are

Ψi
4 i

j Ψi
4j

k . . . Ψi
4 l

i︸ ︷︷ ︸
m-times

for m = 2, . . . , n − 2 . (3.12)

Substituting the relation (3.11) into (3.12), one obtains expressions which are
polynomial in the directional parameter Rk. Clearly, if all the invariants are zero,
the complete leading term also vanishes.

The location of the zeros of the directional pattern (3.11) follows from a simple
argument. The pattern is proportional to Ψa

4 ij . Analogous to the alignment equations
(3.7), the vanishing of these Weyl tensor components means that the null vector la
is asymptotically8 WAND. However, the auxiliary frame is adjusted to infinity, i.e.,
8 The word ‘asymptotically’ refers to the fact that we define WANDs at conformal infinity using
the components Ψ̂o

m ... instead of Ψo
m ..., i.e., using the Weyl tensor isotropically rescaled by a factor

∼ Ω−3. Such a definition of asymptotic WANDs is justified by the observation that a finite isotropic
rescaling of the Weyl tensor does not change the notion of WANDs.
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the vectors ka and la are related by (2.10). Hence, the direction of the geodesic
ki ∝ ka along which the leading term of the field vanishes has to be ‘opposite’ to a
WAND la in the sense of the relation (2.10). If the direction ki ∝ ka is given by the
directional parameter Rk through (2.11), such a direction la is given by the parameter
σ−1Rk/ |R|2.

For σ �= 0, it is also possible to reach the same conclusions using the identity

Ψ̂o
4 ij [Lp]k-fixed = |L|4 (

δk
i −2LiL

k/ |L|2)(δl
j−2LjL

l/ |L|2) Ψ̂o
0kl

[
Lp/ |L|2

]
l-fixed (3.13)

which relates transformations of the components Ψo
4 ij and Ψo

0 ij . Applying this identity
to the directional structure (3.11), and using the fact that matrix (δk

i − 2LiL
k/ |L|2)

is orthogonal we obtain

Ψi
4 ij

∗≈ η−q |R|4
(1 − σ |R|2)2 Ψ̂o

0 ij

[
σ−1Rk/ |R|2

]
l-fixed , for σ �= 0 . (3.14)

Clearly, this vanishes iff the direction given by the parameter σ−1Rk/ |R|2 is a WAND.
For σ = 0, equation (3.11) reduces to

Ψi
4 ij

∗≈ η−q Ψ̂o
4 ij . (3.15)

Thus Ψ̂o
4 ij vanishes if the vector lo is asymptotically WAND. However, lo is described

by an infinite value of directional parameter (2.11), so that the leading term Ψi
4 ij

again vanishes again iff the direction σ−1Rk/ |R|2 = ∞ is a WAND.
Let us now discuss the directional structure of radiation separately for a different

character of the conformal infinity I. For null character of the infinity, σ = 0, we find
that the leading term (3.15) is independent of the direction of the null geodesic along
which the infinity is approached. It vanishes if the null direction lo tangent to the
infinity (cf. adjustment condition (2.10) for σ = 0) is asymptotically a WAND. This
fact may be used for an invariant characterization of the presence of gravitational
radiation in higher-dimensional spacetimes.

For a spacelike conformal infinity, σ = −1, it is natural to parametrize the null
direction k of the geodesic using its normalized projection q to I, cf. equation (2.12).
It can be expressed in terms of the angle θ and of the complementary directional vector
e = ekmok, see (2.13). The directional structure (3.11) then reads

Ψi
4 ij

∗≈ η−q cos4 θ
2 Ψ̂o

4 ij

[− tan θ
2 ek

]
k-fixed . (3.16)

The leading term of the field vanishes if the direction ka antipodal to k is a WAND.
Let us recall that the antipodal direction has the opposite projection to I, qa = −q
(see the end of section 2.3).

For a timelike infinity I, σ = +1, we parametrize the null direction k of the
geodesic by its normalized projection t to I (unit timelike future oriented vector, cf.
(2.14)) and by the parameter ε = ±1 which describes to which side of infinity the
vector k points (cf. equation (2.2)). If we express the vector t through the rapidity ψ
and the directional vector e, see equation (2.15), we obtain

Ψi
4 ij

∗≈ η−q 1
4 (cosh ψ + εεo)2 Ψ̂o

4 ij

[
tanhεεoψ

2 ek
]
k-fixed . (3.17)
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This vanishes if the mirror reflection km of the direction k with respect to the infinity
is a WAND (see again the end of section 2.3).

We conclude that all these results are direct generalizations of the analogous
results of [9]. As in four dimensions, the directional structure of radiation is given by
the algebraic structure of the Weyl tensor. Also, the directions of vanishing radiation
are determined by WANDs which are generalizations of the principal null directions
which are known from n = 4 general relativity.

3.5. Algebraically special spacetimes

The general explicit form of the directional dependence of the radiative component
is rather cumbersome, cf. equation (3.11) combined with (3.5). It simplifies for
algebraically special spacetimes, i.e., in spacetimes which posses some WANDs, see
section 3.2. Let us emphasize, however, that in higher dimensions the condition that
the spacetime is algebraically special can be rather restrictive—as we mentioned above,
a generic spacetime has no WANDs. It is also not clear if an algebraically special
spacetime can admit a regular global infinity I. Fortunately, our discussion requires
only the local existence and regularity of the conformal infinity, and we restrict only
to the cases when such an infinity exists.

Although the directional structure of radiation simplifies for algebraically special
spacetimes, it is still parameterized by more independent components of the Weyl
tensor than in the case of four dimensions. The resulting expressions thus typically
remain lengthy. We will present them only in two most special cases—for spacetimes
of type N and of type III.

A substantial simplification of the directional structure (3.11) occurs only for
maximally special (nontrivial) spacetimes of type N. In this case there exists a WAND
of the alignment order 4. If we choose the reference tetrad in such a way that ko is
asymptotically this WAND, the alignment equations tell us that only the components
Ψ̂o

4 ij are nonvanishing. In view of (3.5), the directional structure of the radiative field
components thus takes a simple form

Ψi
4 ij

∗≈ η−q

(1 − σ |R|2)2 Ψ̂o
4 ij

∗≈ η−q cos4 θ
2 Ψ̂o

4 ij
∗≈ η−q 1

4 (cosh ψ + εεo)2 Ψ̂o
4 ij .

(3.18)

Here Ψ̂o
4 ij are constants characterizing the ‘strength’ and ‘polarization’ of the

field. In this case, it is more convenient to choose as invariants (which ignore
unknown polarization) the eigenvalues of Ψi

4 ij instead of the traces (3.12)—these are
proportional to the eigenvalues of Ψ̂o

4 ij with a common factor which can be read from
equation (3.18).

The next simplest case is that of spacetimes of type III (we do not need to
distinguish the type according the secondary alignment type in our discussion). In
this case, we may choose the reference tetrad with ko pointing asymptotically along
a WAND of alignment order 3. It follows that the components Ψ̂o

m ..., m = 0, 1, 2, are
vanishing and the leading field component thus reads

Ψi
4 ij

∗≈ η−q

(1 − σ |R|2)2
(
Ψ̂o

4 ij + σ 2
√

2
(−Ψ̂o

3 (ij)kRk + Ψ̂o
3T (iRj)

))
. (3.19)

308 Pavel Krtouš



Asymptotic structure of radiation in higher dimensions 13

It would be possible to use a more detailed structure of the field components Ψ̂o
4 ij and

Ψ̂o
3 ijk to select a ‘canonical’ reference frame (e.g., Ψ̂o

3T i identifies an additional spatial
direction, etc.) with respect to which (3.19) would have a slightly more specific form.
However, such a discussion would not bring any significant additional understanding
of the directional structure of the field and we will not enter it here.

4. Conclusion

In recent years a great effort has been devoted to the investigation of gravitational
theories in higher dimensional spacetimes. Several exact solutions of (generalized)
Einstein’s equations with properties either analogous to the four-dimensional case or
with completely new features (such as, e.g., the existence of black rings) were found.
However, many useful concepts and methods known from the four-dimensional gravity
still have not been generalized to higher dimensions.

Our work is a contribution to such possible generalizations, namely to a discussion
of an asymptotic behaviour of the gravitational field in higher dimensions. It does not
address in detail such questions as what exactly radiation is or which part of the
gravitational field is relevant for physical observers (e.g., in brane-world scenarios we
should restrict only to the part of the conformal infinity near the brane). However,
it demonstrates that the structure of the leading field components—in the sense of
the peeling theorem—can be described in an analogous way as in four dimensions.
It shows, that the directional ambiguity of the leading components in the case of
a non-vanishing cosmological constant can again be characterized in terms of the
asymptotic algebraic structure of the Weyl tensor. Due to the more complicated
algebraic properties of the Weyl tensor in higher dimensions, the directional structure
of the radiative components is, not surprisingly, more intricate.

A. Relation to complex notation in n = 4

In standard n = 4 general relativity it is convenient to introduce a complex null tetrad
and to parametrize the Weyl tensor by the corresponding five complex components.
These NP quantities are closely related to the real quantities introduced in our text.
Here we present a ‘dictionary’ relating these two notations.

In four dimensions the transverse indices i, j, k, l run only over two values 1, 2 and
we can combine the real vectors mi into the complex vectors

m = 1√
2

(m1 − im2) , m̄ = 1√
2

(m1 + im2) . (A.1)

Any real vector V spanned on m1,m2 can be parametrized by a complex number V
by the relation

V = V 1m1 + V 2m2 = 1√
2

(V̄ m + V m̄) . (A.2)

It follows that

V = V 1 − iV 2 , |V |2 = (V 1)2 + (V 2)2 = V V̄ . (A.3)

The transformation properties of the null tetrad under, for example, a null rotation
with k fixed (2.6) then reads

k = ko , l = lo + L̄mo + L m̄o + |L|2 ko , m = mo + Lko . (A.4)

Urychlené černé díry a struktura záření ... 309



Asymptotic structure of radiation in higher dimensions 14

This is the standard four-dimensional expression for a null rotation, see, e.g., [9].
Moreover, in four dimensions there are only two real independent components of

the Weyl tensor for each boost weight, namely

Ψ011 = −Ψ022 , Ψ012 = Ψ021 , (A.5a)
Ψ1T1 = Ψ1221 = −Ψ1212 , Ψ1T2 = Ψ1112 = −Ψ1121 , (A.5b)

Ψ21212 = Ψ22121 = −Ψ22112 = −Ψ21221 = Ψ2T11 = Ψ2T22 = 1
2Ψ2S ,

Ψ212 = −Ψ221 = Ψ2T12 = −Ψ2T21 ,
(A.5c)

Ψ3T1 = Ψ3221 = −Ψ3212 , Ψ3T2 = Ψ3112 = −Ψ3121 , (A.5d)
Ψ411 = −Ψ422 , Ψ412 = Ψ421 . (A.5e)

These can be combined into complex NP components defined by

Ψ0 = Cabcd ka mb kc md , (A.6a)

Ψ1 = Cabcd ka lb kc md , (A.6b)

Ψ2 = Cabcd ka mb m̄c ld , (A.6c)

Ψ3 = Cabcd la kb lc m̄d , (A.6d)

Ψ4 = Cabcd la m̄b lc m̄d , (A.6e)

via

Ψ0 = Ψ011 − iΨ012 , (A.7a)
Ψ1 = 1√

2
(Ψ1T1 − iΨ1T2) , (A.7b)

Ψ2 = −(Ψ21212 + iΨ212) , (A.7c)
Ψ3 = 1√

2
(Ψ3T1 + iΨ3T2) , (A.7d)

Ψ4 = Ψ411 + iΨ412 . (A.7e)
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[3] Milson R, Coley A, Pravda V, and Pravdová A 2005 Alignment and algebraically special tensors
in Lorentzian geometry Int. J. Geom. Meth. Mod. Phys. 2 41–61

[4] Hollands S and Wald R. M 2004 Conformal Null Infinity Does Not Exist for Radiating Solutions
in Odd Spacetime Dimensions Class. Quantum Grav. 21 5139-5146

[5] Hollands S and Ishibashi A 2005 Asymptotic Flatness and Bondi Energy in Higher Dimensional
Gravity J. Math. Phys. 46 022503
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[7] Krtouš P, Podolský J, and Bičák J 2003 Gravitational and electromagnetic fields near a de Sitter-
like infinity Phys. Rev. Lett. 91 061101
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