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Abstract

We present an improved metric form of the complete family of exact black hole spacetimes
of algebraic type D, including any cosmological constant. This class was found by Debever
in 1971, Plebański and Demiański in 1976, and conveniently reformulated by Griffiths and
Podolský in 2005. In our new form of this metric the key functions are simplified, partially
factorized, and fully explicit. They depend on seven parameters with direct physical mean-
ings, namely m,a, l, α, e, g,Λ which characterize mass, Kerr-like rotation, NUT parameter,
acceleration, electric and magnetic charges of the black hole, and the cosmological constant,
respectively. Moreover, this general metric reduces directly to the familiar forms of (pos-
sibly accelerating) Kerr–Newman–(anti-)de Sitter spacetime, charged Taub–NUT–(anti-)de
Sitter solution, or (possibly rotating and charged) C-metric with a cosmological constant by
simply setting the corresponding parameters to zero. In addition, it shows that the Plebański–
Demiański family does not involve accelerating NUT black holes without the Kerr-like rota-
tion. The new improved metric also enables us to study various physical and geometrical
properties, namely the character of singularities, two black-hole and two cosmo-acceleration
horizons (in a generic situation), the related ergoregions, global structure including the Pen-
rose conformal diagrams, parameters of cosmic strings causing the acceleration of the black
holes, their rotation, pathological regions with closed timelike curves, or thermodynamic
quantities.
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1 Introduction

Black holes belong to the most remarkable predictions of Einstein’s general relativity. Although
their existence had been doubted for many decades, it is now widely accepted that such totaly
gravitationally collapsed “objects” indeed exist in our Universe. Recent (and spectacular) obser-
vational proofs of this fact are the detections of gravitational waves emitted from binary black hole
coalescences, achieved by the LIGO Scientific Collaboration–Virgo Collaboration [1, 2], and also
the first direct image of a shadow of a supermassive black hole in M87* and in Sgr A*, obtained
by the Event Horizon Telescope Collaboration [3, 4].

First exact spacetimes representing black holes were found very soon after the final formulation
of Einstein’s field equations of general relativity in November 1915. Namely, it is the important
solution of Schwarzschild (1916), Reissner–Nordström solution with an electric charge (1916–
1918), and Kottler–Weyl–Trefftz solution with a cosmological constant Λ (1918–1922). These
were followed in 1960s by rotating Kerr (1963), twisting Taub–NUT (1963) or Kerr–Newman
charged black holes (1965), and also the so called C-metric (1918, 1962), physically interpreted by
Kinnersley–Walker (1970) as uniformly accelerating pair of black holes.

All these fundamental exact solutions are spherically/axially symmetric, and are of algebraic
type D. In fact, they belong to a general family of type D spacetimes with any Λ and an aligned
electromagnetic field. Nonaccelerating solutions of this family were obtained in 1968 by Carter [5].
In the vacuum Λ = 0 case, they include all the particular subclasses identified by Kinnersley [6].
Debever [7] in 1971 found a wider class of such black holes which also admit acceleration. In 1976
a better metric representation of this complete class of type D exact solutions to Einstein–Maxwell
equations with double-aligned non-null electromagnetic field and Λ was found in a seminal work [8]
by Plebański and Demiański (for more details and further references see [9] and [10], in particular
Chapter 16).

Unfortunately, the familiar forms of the well-known black holes were not included explicitly in
the original Plebański–Demiański metric (specific degenerate transformations had to be applied),
and the physical interpretation of its seven free parameters was not clear. Both these drawbacks
were overcome in 2006 in the works of Griffiths and Podolský [11–13], see also [10], enabling easier
analysis of physical and geometrical properties of these exact black holes.

In our recent paper [14] we demonstrated that this Griffiths–Podolský form of the generic
black-hole metric of type D can be further improved. This was achieved by introducing a modified
set of the mass and charge parameters, an appropriate conformal rescaling, and a useful gauge
choice of the twist parameter. The new improved form of the metric is simple, fully explicit, and
with factorized metric functions. It is thus possible to investigate and evaluate various properties
of this large family of rotating, charged, and accelerating black holes, namely their singularities,
horizons, ergoregions, infinities, cosmic strings, or thermodynamics [14].

In such studies we restricted ourselves only to the case Λ = 0. It is the purpose of the present
paper to extend the new improved coordinate representation found in [14] to any value of the
cosmological constant, thus completing our program to improve the metric description of the full
class of Plebański–Demiański black holes of algebraic type D.

In Sec. 2 we systematically derive the new form of the metric, with the results summarized
in Sec. 3. In subsequent Sec. 4 all the main subclasses of this large family of type D black
holes are discussed — these are obtained by simply setting the corresponding physical parameters
Λ, α, l, a, e, g to zero. The second part of our paper, which is contained in the long Sec. 5, is devoted
to the physical and geometrical analysis of this class of black holes which can be done fully explicitly
using our improved form of the generic metric. Such a study includes determining the curvature
of the gravitational field, evaluation of the electromagnetic field, the structure and location of
horizons, finding the related ergoregions, analytic extension and global structure, regularization
of the symmetry axes, properties of the possible cosmic strings or struts, their rotation related to
the NUT parameter, regions with closed timelike curves in their vicinity, and calculation of the
entropy and temperature of the black-hole and cosmo-acceleration horizons. Final summary with
further remarks is contained in Sec. 6.
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2 Derivation of the new form of the metric

First, let us recall the convenient representation of the complete class of Plebański–Demiański
black holes of algebraic type D found by Griffiths and Podolský in 2005 [11–13]. It is summarized
in Eq. (16.18) of [10] as

ds̃2 =
1

Ω2

(
− Q

ρ2
[
dt−

(
a sin2 θ + 4l sin2 1

2θ
)
dφ

]2
+

ρ2

Q
dr2

+
ρ2

P
dθ2 +

P
ρ2

sin2 θ
[
a dt−

(
r2 + (a+ l)2

)
dφ

]2)
, (1)

where the metric functions are

Ω = 1− α

ω
(l + a cos θ) r , (2)

ρ2 = r2 + (l + a cos θ)2 , (3)

P(θ) = 1− a3 cos θ − a4 cos
2 θ , (4)

Q(r) = (ω2k + ẽ2 + g̃2)− 2m̃ r + ϵ r2 − 2α
n

ω
r3 −

(
α2k +

Λ̃

3

)
r4. (5)

The constants a3 and a4 in (4) are

a3 = 2α
a

ω
m̃− 4α2 a l

ω2
(ω2k + ẽ2 + g̃2)− 4

Λ̃

3
a l , (6)

a4 = −α2 a
2

ω2
(ω2k + ẽ2 + g̃2)− Λ̃

3
a2 , (7)

while the coefficients ϵ, n, and k in (5)–(7) are determined by the relations

ϵ =
ω2k

a2 − l2
+ 4α

l

ω
m̃− (a2 + 3l2)

[ α2

ω2
(ω2k + ẽ2 + g̃2) +

Λ̃

3

]
, (8)

n =
ω2k

a2 − l2
l − α

a2 − l2

ω
m̃+ (a2 − l2) l

[ α2

ω2
(ω2k + ẽ2 + g̃2) +

Λ̃

3

]
, (9)

and ( ω2

a2 − l2
+ 3α2 l2

)
k = 1 + 2α

l

ω
m̃− 3α2 l2

ω2
(ẽ2 + g̃2)− Λ̃ l2, (10)

which implies

ω2k

a2 − l2
=

1− Λ̃ l2 + 2α
l

ω
m̃− 3α2 l2

ω2
(ẽ2 + g̃2)

1 + 3α2 l2

ω2
(a2 − l2)

, (11)

(ω2k + ẽ2 + g̃2) =
(1− Λ̃ l2)(a2 − l2) + (ẽ2 + g̃2) + 2α

l

ω
(a2 − l2) m̃

1 + 3α2 l2

ω2
(a2 − l2)

. (12)

The fully explicit form of the metric (1) is thus quite complicated because substituting (6)–(12)
into (4) and (5) gives cumbersome expressions. Another fundamental problem is the actual physical
meaning of the 7 parameters m̃, a, l, ẽ, g̃, α, Λ̃. These have been clearly interpreted only in special
subcases when some of the other parameters were set to zero. In such subcases, they represent
mass, Kerr-like rotation, NUT parameter, electric charge, magnetic charge, acceleration, and
cosmological constant, respectively. Their meaning in a completely general situation is still an open
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problem. Moreover, there is an additional (auxiliary) twist parameter ω. In previous works [11–13]
it was argued that ω is related both to a and l, and in some cases can be scaled appropriately using
the remaining coordinate freedom. A satisfactory insight into all these problems is still missing. It
is the aim of the present work to clarify such issues. We achieve this by presenting a new compact,
explicit and considerably simplified form of the Plebański–Demiański metric, namely (47)–(51),
for a complete family of black holes.

The first step in improving the form of the spacetime is to introduce a new set of the mass and
charge parameters m, e, g. Following our previous paper [14], we define them as

m ≡ S m̃− α
l

ω
(a2 − l2 + e2 + g2) ,

e2 ≡ S ẽ2 , (13)

g2 ≡ S g̃2 ,

where S is a specific scaling constant

S ≡ a2 − l2

ω2k
. (14)

Notice that
(ω2k + ẽ2 + g̃2) = S−1 (a2 − l2 + e2 + g2) , (15)

which is a much simpler expression than (12).
In terms of these new parameters m, e, g, the coefficients (6)–(9) take the form

a3 = S−1 a

ω

[
2αm− 2α2 l

ω
(a2 − l2 + e2 + g2)− 4

3
Λ̃S l ω

]
, (16)

a4 = −S−1 a2

ω2

[
α2 (a2 − l2 + e2 + g2) +

1

3
Λ̃S ω2

]
, (17)

ϵ = S−1
[
1 + 4α

l

ω
m− α2 a2 − l2

ω2
(a2 − l2 + e2 + g2)− 1

3
Λ̃S (a2 + 3l2)

]
, (18)

n = S−1
[
l − α

a2 − l2

ω
m+

1

3
Λ̃S (a2 − l2) l

]
. (19)

The key metric functions (4), (5) thus nicely simplify to

P(θ) = S−1 P (θ) , Q(r) = S−1 Q(r) , (20)

where

P (θ) = 1− 2
( α

ω
m− 1

3
Λ̃S l

)
(l + a cos θ)

+
( α2

ω2
(a2 − l2 + e2 + g2) +

1

3
Λ̃S

)
(l + a cos θ)2 , (21)

Q(r) =
[
r2 − 2mr + (a2 − l2 + e2 + g2)

](
1 + α

a− l

ω
r
)(

1− α
a+ l

ω
r
)

− 1

3
Λ̃S r2

[
r2 + 2α

l

ω
(a2 − l2) r + (a2 + 3l2)

]
. (22)

With (20), the metric (1) now reads

ds̃2 =
S

Ω2

(
− Q

ρ2
S−2

[
dt−

(
a sin2 θ + 4l sin2 1

2θ
)
dφ

]2
+

ρ2

Q
dr2

+
ρ2

P
dθ2 +

P

ρ2
sin2 θ S−2

[
adt−

(
r2 + (a+ l)2

)
dφ

]2)
. (23)

Recall that it is a solution to the Einstein–Maxwell field equations with a cosmological constant Λ̃.
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As the second step, we now rescale the coordinates t and φ by a constant scaling factor S ̸= 0.
(This is possible because their ranges have not yet been specified.) In other words, we perform
the transformation

t → S t , φ → S φ , (24)

which completely removes all the constants S from the conformally related metric

ds2 ≡ S−1 ds̃2 , (25)

that is

ds2 =
1

Ω2

(
− Q

ρ2
[
dt−

(
a sin2 θ + 4l sin2 1

2θ
)
dφ

]2
+

ρ2

Q
dr2

+
ρ2

P
dθ2 +

P

ρ2
sin2 θ

[
adt−

(
r2 + (a+ l)2

)
dφ

]2)
. (26)

Since the energy–momentum tensor of the Maxwell field 4π Tab = FacFb
c − 1

4gabFcdF
cd in four

dimensions is trace-free, Einstein’s equations read Rab = Λ gab + 8π Tab, and the Ricci scalar is
R = 4Λ. Under the constant conformal rescaling (25) of the metric, the Ricci tensor is invariant:
gab = S−1 g̃ab implies Rab = R̃ab and R = R̃ S. Consequently, the new metric (26) is a solution to
the Einstein–Maxwell field equations with a cosmological constant Λ, provided

Λ ≡ Λ̃S , Fab ≡ F̃ab

√
S . (27)

The corresponding metric functions (21), (22) are thus

P (θ) = 1− 2
( α

ω
m− Λ

3
l
)
(l + a cos θ)

+
( α2

ω2
(a2 − l2 + e2 + g2) +

Λ

3

)
(l + a cos θ)2 , (28)

Q(r) =
[
r2 − 2mr + (a2 − l2 + e2 + g2)

](
1 + α

a− l

ω
r
)(

1− α
a+ l

ω
r
)

− Λ

3
r2
[
r2 + 2α

l

ω
(a2 − l2) r + (a2 + 3l2)

]
. (29)

As the third step, it remains to fix the auxiliary twist parameter ω, coupled with both the
Kerr-like rotation a and the NUT parameter l. It was found in [15] and conveniently employed
in [14,16,17] that the most suitable gauge choice of this twist parameter is

ω ≡ a2 + l2

a
, (30)

so that

a

ω
=

a2

a2 + l2
,

l

ω
=

a l

a2 + l2
. (31)

Substituting these expressions into (2), (28) and (29), we obtain the explicit functions Ω, P and Q,
namely

Ω = 1− αa

a2 + l2
r (l + a cos θ) , (32)

P (θ) = 1− 2
( αa

a2 + l2
m− Λ

3
l
)
(l + a cos θ)

+
( α2a2

(a2 + l2)2
(a2 − l2 + e2 + g2) +

Λ

3

)
(l + a cos θ)2 , (33)

Q(r) =
[
r2 − 2mr + (a2 − l2 + e2 + g2)

](
1 + αa

a− l

a2 + l2
r
)(

1− αa
a+ l

a2 + l2
r
)

−Λ

3
r2
[
r2 + 2αa l

a2 − l2

a2 + l2
r + (a2 + 3l2)

]
. (34)
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In fact, for a generic class of black holes the metric functions P and Q can be further simplified.
To this end, let us define convenient parameters µ, λ, and A (representing the “modified” mass,
cosmological constant, and acceleration, respectively) as

µ ≡ m− λA = m− Λ

3
l
a2 + l2

αa
, (35)

λ ≡ Λ

3

(a2 + l2)2

α2a2
, (36)

A ≡ αa l

a2 + l2
. (37)

Moreover, we introduce a pair of special constants rΛ+ and rΛ− by

rΛ± ≡ µ±
√

µ2 + l2 − a2 − e2 − g2 − λ . (38)

From these definitions it immediately follows that

αa

a2 + l2
(rΛ+ + rΛ−) = 2

( αa

a2 + l2
m− Λ

3
l
)
,

α2a2

(a2 + l2)2
rΛ+ rΛ− =

α2a2

(a2 + l2)2
(a2 − l2 + e2 + g2) +

Λ

3
, (39)

so that (33) can be re-expressed as

P (θ) =
(
1− αa

a2 + l2
rΛ+ (l + a cos θ)

)(
1− αa

a2 + l2
rΛ− (l + a cos θ)

)
. (40)

The metric function P (θ) is thus nicely factorized.
Using (35)–(38), the expression (34) for the metric function Q(r) is also simplified to

Q(r) =
[
r2 − 2µ r + (a2 − l2 + e2 + g2 + λ)

](
1 + αa

a− l

a2 + l2
r
)(

1− αa
a+ l

a2 + l2
r
)

− λ
[
1 +

α2a2

(a2 + l2)2
r4

]
. (41)

In the cases when µ2 + l2 > a2 + e2 + g2 + λ, the definition (38) yields two real distinct constants
rΛ+ and rΛ−, and (41) takes the form

Q(r) =
(
r − rΛ+

)(
r − rΛ−

)(
1 + αa

a− l

a2 + l2
r
)(

1− αa
a+ l

a2 + l2
r
)
− Λ

3

[
r4 +

(a2 + l2)2

α2a2

]
. (42)

Interestingly, when Λ = 0, the constants rΛ± defined by (38) reduce to

r± ≡ m±
√

m2 + l2 − a2 − e2 − g2 . (43)

These parameters then identify (independently of the acceleration α) the two black-hole horizons
because they are also the roots of the metric functions Q(r) given by (42), cf. [14].

Finally, although the unique scaling constant S defined by (14) does not enter the final form
of the metric (26) with (32)–(34), it may be useful to present its explicit form in terms of the new
parameters. Substitution from (13) into (11) with Λ = Λ̃S yields the relation

S = 1− 2α
l

ω
m+ α2 l2

ω2
(a2 − l2 + e2 + g2) + Λ l2 , (44)

that is, using (30), (37)–(39),
S = (1−A rΛ+)(1−A rΛ−) . (45)

The rescaling transformation (25) thus actually removes two coordinate singularities hidden in the
expression (45) at A rΛ± = 1. This fact was already observed for the Λ = 0 case in our previous
article [14].

Moreover, it can be seen that S = 1 whenever A rΛ+ = 0 = A rΛ−. For Λ = 0, this happens if
l = 0 or α = 0 or a = 0, in which cases m = m̃, e = ẽ, g = g̃.
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For Λ ̸= 0, the value of the scaling factor is generically S ̸= 1. In the case l = 0 it follows from
(44) that S = 1, but in the case l ̸= 0 we get S = 1 + Λ l2 even if α = 0 or a = 0. Generally, S = 1
only for a special value of the cosmological constant

Λ =
αa

a2 + l2

[
2
m

l
− αa

a2 + l2
(
a2 − l2 + e2 + g2

)]
. (46)

3 Summary of the new form of a generic black hole

It is now useful to summarize our new metric representation of the complete family of black holes
contained in the class of Plebański–Demiański spacetimes [8]. Recall that such spacetimes are
the most general exact solutions to Einstein–Maxwell equations of algebraic type D with double-
aligned non-null electromagnetic field (see Chapter 16 of the monograph [10] for the recent review
and number of related references).

The new metric form, which improves the previous representation found by Griffiths and
Podolský [11–13], reads

ds2 =
1

Ω2

(
− Q

ρ2
[
dt−

(
a sin2 θ + 4l sin2 1

2θ
)
dφ

]2
+

ρ2

Q
dr2

+
ρ2

P
dθ2 +

P

ρ2
sin2 θ

[
a dt−

(
r2 + (a+ l)2

)
dφ

]2)
, (47)

where

Ω = 1− αa

a2 + l2
r (l + a cos θ) , (48)

ρ2 = r2 + (l + a cos θ)2 , (49)

P (θ) = 1− 2
( αa

a2 + l2
m− Λ

3
l
)
(l + a cos θ)

+
( α2a2

(a2 + l2)2
(a2 − l2 + e2 + g2) +

Λ

3

)
(l + a cos θ)2 , (50)

Q(r) =
[
r2 − 2mr + (a2 − l2 + e2 + g2)

](
1 + αa

a− l

a2 + l2
r
)(

1− αa
a+ l

a2 + l2
r
)

−Λ

3
r2
[
r2 + 2αa l

a2 − l2

a2 + l2
r + (a2 + 3l2)

]
. (51)

The spacetime depends on seven physical parameters, namely

m ..... mass parameter ,

a ..... Kerr-like rotation ,

l ..... NUT parameter ,

e ..... electric charge ,

g ..... magnetic charge ,

α ..... acceleration ,

Λ ..... cosmological constant .

This metric is compact and fully explicit, and the ambiguous twist parameter ω has been
removed by its most convenient choice. Moreover, the standard forms of famous black hole space-
times — namely Kerr–Newman–(A)dS, charged Taub–NUT–(A)dS, their accelerated versions,
and others — can easily be obtained as direct subcases of (47)–(51) by setting the corresponding
physical parameters to zero.
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When Λ = 0, both metric functions P and Q are factorized, see [14] for more details. With
Λ ̸= 0 this cannot be in general achieved. However, it is possible to explicitly factorize the function
P and compactify the function Q as

P (θ) =
(
1− αa

a2 + l2
rΛ+ (l + a cos θ)

)(
1− αa

a2 + l2
rΛ− (l + a cos θ)

)
, (52)

Q(r) =
(
r − rΛ+

)(
r − rΛ−

)(
1 + αa

a− l

a2 + l2
r
)(

1− αa
a+ l

a2 + l2
r
)
− Λ

3

[
r4 +

(a2 + l2)2

α2a2

]
, (53)

using the two specific constants

rΛ± ≡ µ±
√

µ2 + l2 − a2 − e2 − g2 − λ , (54)

where

µ ≡ m− Λ

3
l
a2 + l2

αa
, λ ≡ Λ

3

(a2 + l2)2

α2a2
. (55)

This is possible provided µ2 + l2 > a2 + e2 + g2 + λ, in which case the expressions (54) yield two
distinct real constants (or a double root of P given by rΛ+ = rΛ− = µ in the specific situation
when µ2 + l2 = a2 + e2 + g2 + λ).

The new form of the metric (47)–(51) nicely represents the complete family of type D black holes.
Moreover, it naturally generalizes the standard forms of the most important black hole solutions,
with two black-hole horizons (outer and inner) and two cosmological/acceleration horizons.

4 The main subclasses of type D black holes

These are easily obtained by setting the appropriate physical parameters to zero, as follows.

4.1 Black holes in flat universe
(Λ = 0 : no cosmological constant)

In the case Λ = 0, we get µ = m and λ = 0. When m2 + l2 > a2 + e2 + g2 (which guarantees that
two distinct roots r+ and r− exist) the metric functions (52), (53) thus take the form

P (θ) =
(
1− αa

a2 + l2
r+(l + a cos θ)

)(
1− αa

a2 + l2
r−(l + a cos θ)

)
, (56)

Q(r) =
(
r − r+

)(
r − r−

)(
1 + αa

a− l

a2 + l2
r
)(

1− αa
a+ l

a2 + l2
r
)
, (57)

where

r± ≡ m±
√

m2 + l2 − a2 − e2 − g2 , (58)

cf. (43). The constants r+ and r− now directly identify (independently of the acceleration α) the
two black-hole horizons because they are also the roots of the metric functions Q(r) given by (57).
This large family of black holes was thoroughly analyzed in our previous work [14], and it is not
necessary to repeat all the arguments and results here.

4.2 Kerr–Newman–NUT–(anti-)de Sitter black holes
(α = 0 : no acceleration)

By setting the acceleration parameter α to zero, the metric function (48) reduces to Ω = 1, while
(49) remains the same. Concerning the functions P and Q given by (52) and (53), respectively,
one has to be more careful in evaluating the limits of the terms αa rΛ± because the acceleration
α → 0 appears also in the denominator of the parameters µ and λ, defined by (55), which enter
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rΛ±. In this case it is more convenient to directly set α = 0 in the most general forms of these
metric functions (50) and (51). In any case, we obtain the metric

ds2 =− Q

ρ2
[
dt−

(
a sin2 θ + 4l sin2 1

2θ
)
dφ

]2
+

ρ2

Q
dr2

+
ρ2

P
dθ2 +

P

ρ2
sin2 θ

[
adt−

(
r2 + (a+ l)2

)
dφ

]2
, (59)

where

ρ2 = r2 + (l + a cos θ)2 . (60)

P (θ) = 1 + 2
Λ

3
l (l + a cos θ) +

Λ

3
(l + a cos θ)2 , (61)

Q(r) = r2 − 2mr + (a2 − l2 + e2 + g2)− Λ

3
r2
(
r2 + a2 + 3l2

)
. (62)

This result is the same as the limit α → 0 of the metric functions (52) and (53). Indeed,

lim
α→0

αa

a2 + l2
rΛ± = −Λ

3
l ±

√(Λ
3
l
)2

− Λ

3
≡ L± , (63)

lim
α→0

A rΛ± = l L± , (64)

so that

L+ + L− = −2
Λ

3
l , L+ L− =

Λ

3
. (65)

Thus lim
α→0

P (θ) =
(
1− L+ (l + a cos θ)

)(
1− L− (l + a cos θ)

)
gives (61), which can be rewritten as

P (θ) = (1 + Λ l2) +
4

3
Λ a l cos θ +

1

3
Λ a2 cos2 θ . (66)

In a similar way, the limit of (53) using (39) yields (62). Moreover, in the limit of vanishing
acceleration the scaling factor (45), using (64) and (65), becomes

lim
α→0

S = 1 + Λ l2 . (67)

We must emphasize that the forms (66) and (62) of the metric functions P (θ) and Q(r) are
different from the analogous metric functions for the Kerr–Newman–NUT–(anti-)de Sitter black
holes as given by Eq. (16.23) in [10]. In fact, they are equivalent re-parametrization of this solution.
Indeed, we have to take into account the nontrivial scaling (20), that is

P(θ) = S−1 P (θ) , Q(r) = S−1 Q(r) , (68)

where S is the constant (67). Straightforward calculation using the relations (13), (27) between
the physical parameters then yields

P(θ) = 1 + 4
3 Λ̃ a l cos θ + 1

3 Λ̃ a2 cos2 θ , (69)

Q(r) = (a2 − l2 + ẽ2 + g̃2)− 2m̃ r + r2 − Λ̃
[
(a2 − l2) l2 +

(
1
3a

2 + 2l2
)
r2 + 1

3 r
4
]
, (70)

which is exactly the form of the metric functions given by Eq. (16.23) in [10].
All famous subcases of this general family of (non-accelerating) Kerr–Newman–NUT–(anti-)de

Sitter black holes, expressed now in a compact way by the metric (59) with (60)–(62) [or (66),
equivalent to (61)], are readily obtained. These are the black hole solutions of Kerr–Newman–
(anti-)de Sitter (l = 0), charged Taub–NUT–(anti-)de Sitter (a = 0), Kerr–(anti-)de Sitter (l = 0,
e = 0 = g), Reissner–Nordström–(anti-)de Sitter (a = 0, l = 0), and Schwarzschild–(anti-)de Sitter
(a = 0, l = 0, and e = 0 = g). Of course, by setting Λ = 0, the corresponding black holes in
asymptotically flat universe are obtained (the same as in Sec. 4.1).
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4.3 Accelerating Kerr–Newman–(anti-)de Sitter black holes
(l = 0 : no NUT)

Without the NUT parameter l, the new metric (47) reduces to

ds2 =
1

Ω2

(
−Q

ρ2
[
dt− a sin2 θ dφ

]2
+

ρ2

Q
dr2

+
ρ2

P
dθ2 +

P

ρ2
sin2 θ

[
a dt− (r2 + a2) dφ

]2)
, (71)

where

Ω = 1− α r cos θ , (72)

ρ2 = r2 + a2 cos2 θ , (73)

P (θ) =
(
1− α rΛ+ cos θ

)(
1− α rΛ− cos θ

)
, (74)

Q(r) =
(
r − rΛ+

)(
r − rΛ−

)(
1 + α r

)(
1− α r

)
− Λ

3

(
r4 +

a2

α2

)
. (75)

where the specific constants rΛ± are now simplified to

rΛ± ≡ m±
√
m2 − a2 − e2 − g2 − Λ

3

a2

α2
. (76)

The metric functions P (θ) and Q(r) can be equivalently rewritten as

P (θ) = 1− 2αm cos θ +
[
α2(a2 + e2 + g2) +

Λ

3
a2

]
cos2 θ , (77)

Q(r) =
[
r2 − 2mr + (a2 + e2 + g2)

](
1 + α r

)(
1− α r

)
− Λ

3
r2
[
r2 + a2

]
. (78)

In this explicit form we easily obtain all possible subcases by simply setting the corresponding
physical parameters to zero. For vanishing acceleration (α = 0), the metric of the Kerr–Newman–
(anti-)de Sitter black hole solution is recovered, which then yields the standard form of the Kerr–
Newman solution in the Boyer–Lindquist coordinates in the case of vanishing cosmological constant
(Λ = 0). Contrarily, by setting Λ = 0 first, we obtain the general metric of accelerating Kerr–
Newman black holes. For vanishing charges (e = 0 = g), it is equivalent to the rotating C-metric,
first identified by Hong and Teo [18].

4.4 Charged Taub–NUT–(anti-)de Sitter black holes
(a = 0 : no rotation)

By setting the Kerr-like rotation parameter a to zero, the new metric (47) considerably simplifies
and becomes independent of the acceleration α (because the metric functions (48)–(53) depend on
α only via the product αa). Indeed, Ω = 1 and P = 1 + Λ l2, so that

ds2 =− Q

ρ2
(
dt− 4l sin2 1

2θ dφ
)2

+
ρ2

Q
dr2 + ρ2

( dθ2

1 + Λ l2
+ (1 + Λ l2) sin2 θ dφ2

)
, (79)

where

Q(r) = (1− Λ l2) r2 − 2mr + (e2 + g2 − l2)− Λ

3
r4 , (80)

ρ2 = r2 + l2 . (81)

This explicitly demonstrates that there is no accelerating “purely” NUT–(anti-)de Sitter black hole
in the Plebański–Demiański family of spacetimes.
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For Λ = 0, this observation was made already in the original works [11–13], and recently
clarified in [19]. It was proven that the metric for accelerating (non-rotating) black holes with
purely NUT parameter — which was found by Chng, Mann and Stelea [20] in 2006 and analyzed
in detail in [19] — is of algebraic type I. Therefore, it cannot be contained in the Plebański–
Demiański class which is of type D. We have just shown that the same is true also in the case of
a non-vanishing cosmological constant Λ.

It should again be emphasized that the metric function (80) for Q(r) is different from the
analogous metric function for the charged Taub–NUT–(anti-)de Sitter black hole as given by
Eq. (12.19) in [10]. Actually, it is simpler. Such a difference is caused by the nontrivial rescaling
S = 1 + Λ l2, see (67), (68). Considering the relations (13), (20) and (27), we get

P(θ) = 1 , (82)

Q(r) = r2 − l2 − 2m̃ r + ẽ2 + g̃2 − Λ̃
(
1
3 r

4 + 2l2 r2 − l4
)
, (83)

which is the expression (70) for a = 0, exactly the same as the metric function presented in
Eq. (12.19) of [10] for the case ϵ = +1 (with g̃ = 0).

It will be shown below that the charged Taub–NUT–(anti-)de Sitter spacetime (79) is non-
singular (its curvature does not diverge at r = 0), away from the axis θ = π (where the rotating
cosmic string is located) it is asymptotically (anti-)de Sitter, and the interior of the black hole is
located between its two horizons, that can be surrounded by two “outer” cosmological horizons.

4.5 Uncharged accelerating Kerr–NUT–(anti-)de Sitter black holes
(e = 0 = g : vacuum with Λ)

Another nice feature of our new metric (47)–(53) is that it has the same form for vacuum spacetimes
without the electromagnetic field. Indeed, the electric and magnetic charges e and g, which
generate the electromagnetic field, enter only the expressions for rΛ± introduced in (54). In other
words, e and g just change the values of these two constant parameters. In such vacuum case,
they simplify to

rΛ± ≡ µ±
√

µ2 + l2 − a2 − λ . (84)

The metric (47)–(53) with (84) represents the full class of accelerating Kerr–NUT–(anti-)de Sitter
black holes. It reduces to accelerating Kerr–(anti-)de Sitter black hole when l = 0, and non-
accelerating Kerr–NUT–(anti-)de Sitter black hole when α = 0. For a = 0 it simplifies directly to
the Taub–NUT–(anti-)de Sitter black hole (79) without acceleration and charges.

5 Physical analysis of the new metric

The explicit new metric form (47)–(53) (or, more generally, (50)–(51)) of the complete class of
accelerating Kerr–Newman–NUT–(anti-)de Sitter black holes is very convenient for investigation of
geometric and physical properties of this large family of black holes. This will now be demonstrated
by deriving and presenting some of the key quantities and facts, namely those concerning the global
structure of the spacetime, the stringy sources of the acceleration, and thermodynamic properties.

5.1 Curvature of the gravitational field and the electromagnetic field

First, it is necessary to determine the gravitational field, namely the specific curvature of the
geometry. It is encoded in the corresponding Newman–Penrose (NP) scalars, that is, components
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of the curvature tensors with respect to the null tetrad. Its most natural choice is

k =
1√
2

Ω

ρ

[
1√
Q

((
r2 + (a+ l)2

)
∂t + a ∂φ

)
+
√
Q∂r

]
,

l =
1√
2

Ω

ρ

[
1√
Q

((
r2 + (a+ l)2

)
∂t + a ∂φ

)
−
√
Q∂r

]
, (85)

m =
1√
2

Ω

ρ

[
1√

P sin θ

(
∂φ +

(
a sin2 θ + 4l sin2 1

2θ
)
∂t

)
+ i

√
P ∂θ

]
.

A direct calculation shows that the only nontrivial Newman–Penrose scalars corresponding to the
Weyl tensor and the Ricci tensor are

Ψ2 =
Ω3[

r + i (l + a cos θ)
]3 [− (m+ i l)

(
1− iαa

a2 − l2

a2 + l2

)
− i

Λ

3
l (a2 − l2)

+
(e2 + g2)

r − i (l + a cos θ)

(
1 +

αa

a2 + l2
[
a r cos θ + i l (l + a cos θ)

])]
, (86)

Φ11 = 1
2 (e

2 + g2)
Ω4

ρ4
, (87)

respectively, where

Ω = 1− αa

a2 + l2
r (l + a cos θ) , ρ2 = r2 + (l + a cos θ)2 , (88)

cf. (48), (49). The Ricci scalar is simply

R = 4Λ , (89)

which is the usual relation valid for any solution of Einstein–Maxwell equations with a cosmological
constant Λ. While Φ11 is independent of Λ, the Weyl curvature component Ψ2 contains the term
proportional to Λ l (a2 − l2). The dependence of Ψ2 on the cosmological constant thus disappears
if (and only if) l = 0 or l = ±a.

For an invariant identification of curvature singularities and regions which asymptotically be-
come conformally flat, it is necessary to evaluate the key (second-order) scalar invariants, namely
the Kretschmann invariant K and the Weyl invariant C,

K ≡ Rabcd R
abcd , (90)

C ≡ Cabcd C
abcd . (91)

This can be conveniently achieved in the NP formalism. Indeed, it is well known that

C∗
abcd C

∗ abcd = 32 (Ψ0Ψ4 − 4Ψ1Ψ3 + 3Ψ2
2) , (92)

in which C∗
abcd ≡ Cabcd + iC∼

abcd, where C∼
abcd is the dual tensor to Weyl, C∼

abcd ≡ 1
2 ϵcdef C

ef
ab .

Since C∼
abcd C

∼ abcd = −Cabcd C
abcd, we get Cabcd C

abcd + iC∼
abcd C

abcd = 1
2 C

∗
abcd C

∗abcd, see e.g.
[9], or Eq. (17) in [21]. Therefore, the Weyl invariant is

C = 16 Re (Ψ0Ψ4 − 4Ψ1Ψ3 + 3Ψ2
2) . (93)

From the definition of the Weyl tensor it follows that the Kretschmann invariant reads

K = C + 2RabR
ab − 1

3R
2 , (94)

where R = 4Λ, while RabR
ab can be expressed as1

1
8RabR

ab = Φ00Φ22 +Φ02Φ̄02 − 2(Φ01Φ̄12 + Φ̄01Φ12) + 2Φ2
11 +

1
32R

2 . (95)

1There are 9 independent (real) quantities encoded in the complex NP scalars ΦAB = Φ̄BA. Due to their usual
definition, the projections on the null tetrad (85) of the Ricci tensor Rab and of the related traceless Ricci tensor
Sab ≡ Rab − 1

4
Rgab give the same results. The additional 10th independent component of Rab is given by 1

4
Rgab

containing the Ricci scalar R, so that RabR
ab also involves the term 1

16
R2 gab g

ab = 1
4
R2.
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For the black hole spacetimes (47)–(53), which are of algebraic type D, the only nontrival NP
scalars are Ψ2 and Φ11, as given by (86) and (87), respectively. Therefore, the corresponding
scalar curvature invariants are

C = 48 Re (Ψ2
2) , (96)

K = C + 32Φ2
11 +

8
3Λ

2 . (97)

Interestingly the Weyl invariant takes the explicit factorized form

C = 48
Ω6

ρ12
C+ C− , (98)

where C± = m

(
F± ± αa

a2 − l2

a2 + l2
F∓

)
∓ l

([
1 + 1

3Λ (a2 − l2)
]
F∓ ∓ αa

a2 − l2 + e2 + g2

a2 + l2
F±

)
−(e2 + g2)

(
1 +

αa

a2 + l2
rL

)
T± , (99)

in which F± =
(
r ∓ L

)(
r2 ± 4rL+ L2

)
, T± =

(
r2 ± 2rL− L2

)
, and L = l + a cos θ.

This is a generalization of the previously known expressions for the Kerr–Newman geometry,
see [21, 22] and elsewhere, in which case Λ, l, g, α = 0 so that Ω = 1, ρ2 = r2 + a2 cos2 θ, and
C± = m

(
r ∓ a cos θ

)(
r2 ± 4ar cos θ + a2 cos2 θ

)
− e2

(
r2 ± 2ar cos θ − a2 cos2 θ

)
.

The spacetime also contains electromagnetic field represented by the Maxwell tensor Fab, form-
ing a 2-form F = 1

2Fab dx
a ∧ dxb = dA. Its 1-form potential A = Aadx

a is

A = −e r + g (l + a cos θ)

r2 + (l + a cos θ)2
dt+

(e r + g l) (a sin2 θ + 4l sin2 1
2θ) + g

(
r2 + (a+ l)2

)
cos θ

r2 + (l + a cos θ)2
dφ . (100)

Therefore, the non-zero components of Fab = Ab,a −Aa,b are

Frt = ρ−4
[
e
(
r2 − (l + a cos θ)2

)
+ 2 g r (l + a cos θ)

]
,

Fφθ = ρ−4
[
g
(
r2 − (l + a cos θ)2

)
− 2 e r (l + a cos θ)

](
r2 + (a+ l)2

)
sin θ , (101)

Fφr =
(
a sin2 θ + 4l sin2 1

2θ
)
Frt ,

Fθt =
a

r2 + (a+ l)2
Fφθ .

The corresponding Newman–Penrose scalars are Φ0 ≡ Fab k
amb = 0, Φ2 ≡ Fab m̄

alb = 0, and

Φ1 ≡ 1
2Fab(k

alb + m̄amb) =
1
2 (e+ i g) Ω2(

r + i (l + a cos θ)
)2 . (102)

It follows that Φ11 = 2Φ1Φ̄1, in fully agreement with (87). The electromagnetic field thus vanishes
if (and only if) e = 0 = g.

Since the only nontrivial NP Weyl scalar is Ψ2, both vectors k and l are principal null direc-
tions (PNDs). In fact, both are double-degenerate, demonstrating that the gravitational field is
of algebraic type D. The electromagnetic field is non-null, and double-aligned with these PNDs
because the only nonzero NP Maxwell scalar is Φ1.

Moreover, by evaluating the spin coefficients for the null tetrad (85) one obtains

κ = ν = 0 , σ = λ = 0 ,

ϱ = µ = −
√
Q√
2 ρ3

(
1 + i

αa

a2 + l2
(l + a cos θ)2

)(
r − i (l + a cos θ)

)
, (103)

τ = π = −a
√
P sin θ√
2 ρ3

(
1− i

αa

a2 + l2
r2
)(

r − i (l + a cos θ)
)
.

Also α = β and ϵ = γ are non-zero, but we do not write them here due to their complexity.
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Both double-degenerate PNDs generated by k and l (85) are thus geodetic (κ = 0 = ν) and
shear-free (σ = 0 = λ). However, they have expansion Θ and twist ω defined, respectively, by the
real and imaginary parts of ϱ ≡ −(Θ + iω) ≡ µ, namely

Θ =

√
Q√
2 ρ3

(
r +

αa

a2 + l2
(l + a cos θ)3

)
, (104)

ω = −Ω
√
Q√

2 ρ3
(l + a cos θ) . (105)

It is now immediately seen from (105) that:

• The black-hole spacetime is everywhere non-twisting if (and only if)

a = 0 = l . (106)

In addition, on the horizons identified by Q(r) = 0 (see below) both the expansion and the twist
always vanish (Θ = 0 = ω).

By inspecting the NP scalars (86)–(89) and (102), it is also obvious that:

• The curvature singularities occur if (and only if)

r = 0 and at the same time l + a cos θ = 0 . (107)

Indeed, both these conditions must be satisfied to have r + i (l + a cos θ) = 0. With its complex
conjugate, this implies

ρ2 ≡ r2 + (l + a cos θ)2 = 0 . (108)

This agrees with the Weyl scalar (98).

• The region of a generic spacetime is conformally flat if (and only if)

Ω = 0 . (109)

With this condition, the spacetime is also locally vacuum, c.f. (87), with a cosmological constant Λ.
The condition Ω = 0 thus localizes the asymptotic (anti-)de Sitter/Minkowski conformal infinity.

• In the case when m = 0 = l and also e = 0 = g then Ψ2 = 0 = Φ11, so that

the spacetime is everywhere conformally flat and vacuum. (110)

The metric (47)–(55) then represents de Sitter spacetime (for Λ > 0), anti-de Sitter space-
time (for Λ < 0), and Minkowski spacetime (for Λ = 0).

Curvature of the subclasses of type D black holes, summarized in Sec. 4, are easily obtained
from the general expression (86) by setting up the corresponding physical parameters to zero:

• Kerr–Newman–NUT–(anti-)de Sitter (α = 0 : no acceleration)

Ψ2 =
1[

r + i (l + a cos θ)
]3 [−m− i l

[
1 + 1

3Λ (a2 − l2)
]
+

e2 + g2

r − i (l + a cos θ)

]
, (111)

• Accelerating Kerr–Newman–(anti-)de Sitter (l = 0 : no NUT)

Ψ2 =
(1− α r cos θ)3

(r + i a cos θ)3

[
−m (1− iαa) + (e2 + g2)

1 + α r cos θ

r − i a cos θ

]
, (112)

• Charged Taub–NUT–(anti-)de Sitter (a = 0 : no rotation)

Ψ2 = −
m+ i l (1− 1

3Λ l2)

(r + i l)3
+

e2 + g2

(r2 + l2)(r + i l)2
. (113)

Observe that the cosmological constant Λ appears in the Weyl curvature scalar Ψ2 only if the
NUT parameter l is also present.
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These expressions further simplify if some of the remaining parameters are zero. In particular,
the curvature of Kerr–Newman–(anti-)de Sitter black hole is obtained from (111) if l = 0. The
curvature for generalized C-metric with Λ (accelerating charged black holes without rotation) are
obtained from (112) when a = 0. The curvature of Reissner–Nordström–(anti-)de Sitter black hole
follows from (113) when l = 0. The uncharged (vacuum) black holes are obtained for e = 0 = g.

5.2 Horizons

Next step is the investigation of horizons of the black hole metric (47), namely their number,
possible degeneration, and location. It is immediately seen that the “radial” coordinate r is spatial
in the regions where Q(r) > 0, while it is a temporal coordinate where Q(r) < 0. These regions
are separated by horizons H located at rh such that

Q(rh) = 0 , (114)

where the key metric function Q(r) is explicitly given by expression (51). In the particular
“under-extreme” case µ2 + l2 > a2 + e2 + g2 + λ, the alternative form of this function (53) with
rΛ+ ̸= rΛ− can be used.

These observations are in accordance with the behaviour of the determinant of the metric (47)
constrained on a constant r which, due to the identity ρ2 = r2 + (a+ l)2 − a (a sin2 θ + 4l sin2 1

2θ
)
,

is simply

det
(
gµν

∣∣
r=const.

)
= − ρ2

Ω6
Q sin2 θ . (115)

Such a 3-surface is thus timelike when Q > 0, while it is spacelike when Q < 0. On any horizon
the determinant vanishes (degenerates) due to (114).

Moreover, the determinant of the complete metric (47) reads det gµν = −Ω−8ρ4 sin2 θ. This
indicates non-regularity only at Ω = 0 (conformal infinity), ρ = 0 (curvature singularity), Q = 0
(horizons), and θ = 0 or θ = π (poles/axes with possible cosmic strings).

Since the function Q(r) does not directly enter the Weyl scalar (86) or the Ricci scalar (87) —
and thus the invariants C and K given by (96) and (97) — there is no curvature/physical obstacle
located at any of the horizons rh. Explicit extension of the coordinate system across the horizons
H will be presented in Sec. 5.6.

To analyze the number, possible degeneration, and location of the horizons, it is thus necessary
to find all root of the equation (114). Because the function (51) is a polynomial of the 4th order,
it admits up to four real roots. In the generic black hole spacetime (47) there is thus four possible
horizons H. We can call and denote them as follows:

• two black-hole horizons H±
b located at r±b ,

• two cosmo-acceleration horizons H±
c located at r±c .

While the terminology black-hole horizon is common and standard, we hereby introduce a
new name cosmo-acceleration horizon which combines the usual names for cosmological and for
acceleration horizons. These are mutually combined in this family of spacetimes due to the presence
of both the acceleration α and the cosmological constant Λ.

Let us now analyze these horizons explicitly. The generic key metric function Q(r) is the
quartic polynomial of r, namely

Q(r) = q4 r
4 + q3 r

3 + q2 r
2 + q1 r + q0 , (116)
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where the coefficients are

q4 ≡ −α2a2
a2 − l2

(a2 + l2)2
− Λ

3
,

q3 ≡ 2αa

[
αam

a2 − l2

(a2 + l2)2
− l

a2 + l2
− l

a2 − l2

a2 + l2
Λ

3

]
,

q2 ≡ 1 + 4αam
l

a2 + l2
− α2a2

a2 − l2

(a2 + l2)2
(a2 − l2 + e2 + g2)− (a2 + 3l2)

Λ

3
, (117)

q1 ≡ −2m− 2αa
l

a2 + l2
(a2 − l2 + e2 + g2) ,

q0 ≡ a2 − l2 + e2 + g2 .

The quartic equation Q(r) = 0 can have from zero to maximally four explicit real roots rh
corresponding to the horizons. In particular, we may observe that:

• Maximally four horizons is the general case which will be discussed in detail in subsequent
Sec. 5.3. Some of the roots of (114) may coincide, resulting in degenerate horizons (doubly, triply,
or even quadruply).

• Maximally three horizons occur in spacetimes with the physical parameters related in such
a way that q4 = 0, that is for

Λ

3
= −α2a2

a2 − l2

(a2 + l2)2
. (118)

For these black hole spacetimes the metric function Q(r) reduces to a cubic function. Notice
that in the case l = 0, this condition is simply α2 = −Λ/3, i.e., a specific relation between the
acceleration of the (rotating and charged) black hole and the negative cosmological constant (while
the complementary case a = 0 requires Λ = 0). Further analysis of this case will be presented in
our subsequent paper.

• Maximally two horizons occur in spacetimes with such parameters that — in addition to the
condition (118) — also the second coefficient in (116) vanishes, q3 = 0, that is for αa = 0 ⇒ Λ = 0,
or for

αam = l

(
a2 + l2

a2 − l2
− α2a2

a2 − l2

a2 + l2

)
. (119)

Equation (114) is then a quadratic equation q2 r
2 + q1 r + q0 = 0, from which both horizons rh

can be easily calculated. If q21 − 4 q2q0 = 0, these two horizons coincide (it is double degenerate),
and for q21 − 4 q2q0 < 0 there is no horizon.

• Maximally one horizon occurs when both the constraints (118) and (119) are satisfied, and
moreover q2 = 0, that is

α2a2 (e2 + g2) = (a2 + 3l2)

(
a2 + l2

a2 − l2

)2

. (120)

The single horizon is then located at

rh = −q0
q1

=
1

4αa l

(
a2 + 3l2 + α2a2

(a2 − l2)3

(a2 + l2)2

)
. (121)

For q1 = 0 there is no horizon.

These three conditions (118), (119), and (120) characterize very special black-hole spacetimes
in which the physical parameters Λ, m, and e2 + g2 have particular values in terms of the Kerr-like
rotational parameter a, NUT parameter l, and acceleration α.
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It is a usual procedure that the general quartic equation (114), (116) can be solved by first
dividing it by a nonzero prefactor q4 and then performing the substitution

r ≡ x− q3
4 q4

, (122)

leading to the depressed (reduced) quartic equation without the cubic term,

1

q4
Q(x) = x4 +

N

8N 2
x2 − R

8N 3
x+

S

256N 4
= 0 , (123)

where N ≡ −q4, the coefficients are

N ≡ 8 q4q2 − 3 q23 , (124)

R ≡ 8 q24q1 − 4 q4q3q2 + q33 , (125)

S ≡ 256 q34q0 − 64 q24q3q1 + 16 q4q
2
3q2 − 3 q43 , (126)

and the constants qi are explicitly defined by (117).
Moreover, the discriminant ∆ of the general quartic polynomial (116) is

∆ ≡ 256 q34q
3
0 − 192 q24q3q1q

2
0 − 128 q24q

2
2q

2
0 + 144 q24q2q

2
1q0 − 27 q24q

4
1

+144 q4q
2
3q2q

2
0 − 6 q4q

2
3q

2
1q0 − 80 q4q3q

2
2q1q0 + 18 q4q3q2q

3
1 + 16 q4q

4
2q0

−4 q4q
3
2q

2
1 − 27 q43q

2
0 + 18 q33q2q1q0 − 4 q33q

3
1 − 4 q23q

3
2q0 + q23q

2
2q

2
1 . (127)

This is simply related to the discriminant of the depressed quartic function (123) via

∆ = N 6 ∆depressed ,

so that the signs of ∆ and ∆depressed are the same.

In terms of these key quantities ∆, N, S and R, a complete analysis and a full description of
the number and the possible multiplicity of roots can now be performed. Following [23], we can
summarize that:

For ∆ > 0:

The metric function Q(r) has either 4 distinct real roots, or none, and that depends on:

• If N < 0 and N2 > S then all 4 roots are real and distinct.

• If N < 0 and N2 < S then there are 2 pairs of complex conjugate non-real roots.

• If N ≥ 0 then there are also 2 pairs of complex conjugate non-real roots.

For ∆ < 0:

The function Q(r) has 2 distinct real roots and 2 complex conjugate non-real roots.

For ∆ = 0:

This is the only case when the metric function Q(r) has at least one multiple root.

The different cases that can occur are:

• If N < 0 together with:

• N2 < S: there is 1 real double root and 2 complex conjugate roots.

• N2 = S: there are 2 distinct real double roots.

• N2 > S and N2 > −3S: there is 1 real double root and 2 distinct simple real roots.

• N2 = −3S: there is 1 real triple root and 1 distinct simple real root.
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• If N > 0 together with:

• S = 0: there is 1 real double root and 2 complex conjugate roots.

• S > 0 and R ̸= 0: there is also 1 real double root and 2 complex conjugate roots.

• S = N2 and R = 0: there are only 2 complex conjugate double roots.

• If N = 0 together with:

• S > 0: there is 1 real double root and 2 complex conjugate roots.

• S = 0 (implying R = 0): there is 1 real quadruple root x = 0, that is rh = − q3
4 q4

.

This exhausts all the possibilities.

5.3 The case with two black-hole and two cosmo-acceleration horizons

We will now concentrate on physically most interesting case in which there are four distinct
real roots. This may appear only in the case when q4 ̸= 0 (otherwise there are maximally three
horizons), i.e., when the cosmological constant Λ is not “finely tuned” to acceleration α and the
two twist parameters a and l, that is for

Λ

3
̸= −α2a2

a2 − l2

(a2 + l2)2
. (128)

In particular, we can observe that for Λ = 0 there are no non-accelerating or non-rotating black
holes (αa = 0) with four horizons.

In such generic black-hole spacetimes there are two black-hole horizons H+
b and H−

b and also
two cosmo-acceleration horizons H+

c and H−
c . With the assumption that they are generically

distinct, we can rewrite the key metric function Q(r) given by (116), (117) in a factorized form as

Q(r) = −N
(
r − r+b

)(
r − r−b

)(
r − r+c

)(
r − r−c

)
, (129)

where N ≡ −q4 reads

N = α2 a2
a2 − l2

(a2 + l2)2
+

Λ

3
, (130)

while the 4 roots r+b , r
−
b , r

+
c , r

−
c localize the four distinct horizons, namely

H+
b at r+b is the outer black-hole horizon, (131)

H−
b at r−b is the inner black-hole horizon, (132)

H+
c at r+c is the outer cosmo-acceleration horizon, (133)

H−
c at r−c is the inner cosmo-acceleration horizon. (134)

In view of the classification scheme summarized above, this occurs if (and only if)

∆ > 0 and N < 0 and N2 > S . (135)

Moreover, we can assume a natural ordering of these horizons as

r−c < r−b < r+b < r+c , (136)

so that the cosmological horizons are located “outside” the black hole horizons. Because Q(r) < 0
for all r > r+c when N > 0, such an ordering guarantees that these four horizons separate the
corresponding five regions of the spacetime in such a way that they are, symbolically expressed,

time-dependent < stationary < time-dependent < stationary < time-dependent . (137)
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It means, for example, that in the whole range r ∈ (r+b , r
+
c ), the coordinate r is spatial. Therefore,

the region between the outer black-hole horizon H+
b and the outer cosmo-acceleration horizon H+

c

is stationary.
The natural ordering (136) implying (137) is present for a large range of values of the cosmo-

logical constant Λ, including Λ = 0. In fact, it is a straightforward generalization of the ordering
of two black-hole horizons and two acceleration horizons in the family of type D black holes space-
times without the cosmological constant, see Eq. (80) in our previous paper [14]. The ordering
(137) depends on the constraint N > 0 which, using (130), reads

α2 a2
a2 − l2

(a2 + l2)2
+

Λ

3
> 0 . (138)

In the Λ = 0 case, this condition reduces simply to |l| < |a|, while in the case l = 0 it is

Λ

3
> −α2 . (139)

Notice also that for |l| ≥ |a| only (a sufficiently large) Λ > 0 is admitted.
An explicit evaluation of the 4 distinct roots of the metric function Q(r) in the factorized form

(129) in terms of the 7 physical parameters m, a, l, e, g, α,Λ is quite cumbersome, leading to rather
complicated expressions. Nevertheless, it may be useful to present them here. Using a standard
procedure of Wolfram Mathematica 13 one obtains

r±b =
1

2

(√
V −H ±

√
G− 2F/

√
V

)
, (140)

r±c =
1

2

(
−
√
V −H ±

√
G+ 2F/

√
V

)
, (141)

where

V = H2 +
1

3N

[
2X −

(
Z + i

√
Y 3 − Z2

) 1
3 −

(
Z − i

√
Y 3 − Z2

) 1
3

]
, (142)

H = −K

N
, G = 3H2 +

2X

N
− V , F = H3 +

2L

N
− KX

N 2
, (143)

and

K =
αa

a2 + l2

[( αa

a2 + l2
m− Λ

3
l
)
(a2 − l2)− l

]
, (144)

L = m+
αa l

a2 + l2
(a2 − l2 + e2 + g2) , (145)

X = 1 + 4
αa l

a2 + l2
m− α2a2

a2 − l2

(a2 + l2)2
(a2 − l2 + e2 + g2)− (a2 + 3l2)

Λ

3
, (146)

Y = X2 + 12KL− 12 (a2 − l2 + e2 + g2)N , (147)

Z = X3 + 18KLX − 54L2N + 18 (a2 − l2 + e2 + g2)(3K2 + 2NX) . (148)

Although these expression are fully explicit, they are not telling much, and so we prefer to postpone
their discussion to our subsequent paper. For example, it is possible to show that the complicated
discriminant (127) can be nicely expressed as

∆ = 4
27 (Y

3 − Z2) . (149)

The condition ∆ = 0 for the existence of multiple roots thus simplifies to Y 3 = Z2.
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5.4 Ergoregions

For the generic black hole metric (47) the condition

gtt ≡
1

Ω2ρ2
(P a2 sin2 θ −Q) = 0 (150)

defines the boundary of the ergoregions, that are the surface of infinite redshift and also the
stationary limit at which observers on fixed r and θ cannot “stand still”. It can be seen that for
a vanishing Kerr-like rotation parameter a such a boundary coincides with a horizon determined
by Q = 0, but for any a ̸= 0 there exists a nontrivial ergoregion between the gtt = 0 boundary
and the horizon. Moreover, the existence of ergoregions is related only to the Kerr-like rotation
parameter a, not to the twist NUT parameter l.

There is an ergoregion associated with any of the four horizons H±
b and H±

c . Indeed, the
ergoregion boundary (150) is located at

Q(re) = a2 sin2 θ P (θ) , (151)

where the metric functions P (θ) and Q(r) are given by (50) and (51), or (52) and (53), respectively.
For a fixed value of the angular coordinate θ, the right hand side of (151) is a specific constant.
Because the function Q(r) is of the fourth order, it follows that there are (at most) four boundaries
re of the ergoregions in the direction of θ.

From (151) it is also obvious that the ergoregion boundary “touchess” the corresponding horizon
at the poles because for θ = 0 and θ = π the condition (151) reduces to Q(re) = 0.

It is generally complicated to explicitly solve the equation (151), but it can be plotted using a
computer. Typical results are shown and discussed in Fig. 1.

5.5 Curvature singularities

By inspecting the Newman–Penrose scalars Ψ2 and Φ11 given explicitly as (86) and (87), we have
already concluded that the curvature singularities occur if and only if ρ2 = 0, that is when

r = 0 and at the same time l + a cos θ = 0 , (152)

see (107). The presence of these curvature singularities has also been confirmed by the behavior
of the Weyl invariant C ≡ Cabcd C

abcd and the Kretschmann invariant K ≡ Rabcd R
abcd, evaluated

in (96) and (97).
Now, the condition l + a cos θ = 0 can only be satisfied if |a| ≥ |l|. Otherwise, l + a cos θ re-

mains nonzero because cos θ is bounded to the range [−1, 1]. Therefore, the curvature singularity
structure of the complete family of type D spacetimes (47) depends on relative values of the two
twist parameters, that is the Kerr-like rotation parameter a and the NUT parameter l, as follows:

l = 0 , a = 0 : singularity at r = 0 for any θ ,

l = 0 , a ̸= 0 : singularity at r = 0 for θ = π/2 ,

l ̸= 0 , a = 0 : no singularity ,

|l| > |a| > 0 : no singularity , (153)

l = +a : singularity at r = 0 for θ = π ,

l = −a : singularity at r = 0 for θ = 0 ,

|a| > |l| > 0 : singularity at r = 0 for cos θ = −l/a .

These results agree with the well-known character of the r = 0 singularity of the Schwarzschild–
(anti-)de Sitter, Reissner–Nordström–(anti-)de Sitter and (possibly charged) C-metric spacetimes
(l = 0, a = 0, in this order), the ring singularity structure of the Kerr–Newman–(anti-)de Sitter
black holes (l = 0, α = 0), and the absence of curvature singularities in the Taub–NUT–(anti-)de
Sitter spacetime (a = 0, α = 0). For a recent detailed analysis of the singular ring structure in
these Kerr-like metrics see [24].
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Moreover, from the generic form (51) of the metric function Q(r), or equivalently (116), eval-
uated at r = 0 we obtain

Q(0) = q0 ≡ a2 − l2 + e2 + g2 . (154)

The singularity at r = 0 occurs only if a2 ≥ l2, see (153), so that it is located only in the stationary
region where Q > 0. In fact, in view of the natural ordering (136) and the scheme (137), the ring
singularity must be contained in the region r ∈ (r−c , r

−
b ) between the horizons H−

c and H−
b . The

alternative possibility r ∈ (r+b , r
+
c ) would correspond to a naked singularity in the stationary region

located outside the horizon H+
b .

5.6 Global structure and conformal diagrams

Now we analyze the global structure and the maximal extension of the spacetime. As in the
previous parts, we will assume the generic case with four distinct horizons H±

b and H±
c located at

r±b and r±c , that are ordered as r−c < r−b < r+b < r+c , see (136).
The procedure is basically the same as in Sec.V.D of our previous paper [14], and extends special

cases of non-accelerating black holes, see e.g. [22, 25–31], or black holes with acceleration [32, 33].
First, the retarded and advanced null coordinates are defined,

u = t− r∗ and v = t+ r∗ , (155)

where the tortoise coordinate is

r∗ =

∫
r2 + (a+ l)2

Q(r)
dr , (156)

and also the corresponding untwisted angular coordinates are introduced by

ϕu = φ− a

∫
dr

Q(r)
and ϕv = φ+ a

∫
dr

Q(r)
. (157)

Using the advanced pair of coordinates {v, ϕv}, the metric (47) takes the form

ds2 =
1

Ω2

[
a2P sin2 θ −Q

ρ2
(dv − T dϕv)

2 + 2 (dv − T dϕv)(dr − aP sin2 θ dϕv)

+ρ2
(dθ2

P
+ P sin2 θ dϕ2

v

)]
, (158)

where T (θ) ≡ a sin2 θ + 4l sin2 1
2θ, while using the retarded pair of coordinates {u, ϕu} it reads

ds2 =
1

Ω2

[
a2P sin2 θ −Q

ρ2
(du− T dϕu)

2 − 2 (du− T dϕu)(dr + aP sin2 θ dϕu)

+ρ2
(dθ2

P
+ P sin2 θ dϕ2

u

)]
. (159)

Both these metrics are regular at Q(r) = 0, so that the coordinate singularities at the horizons has
been removed.

The next step in construction of the maximal (analytic) extension of the manifold is to intro-
duce both the null coordinates u and v simultaneously, revealing thus the causal structure. The
coordinate r is eliminated using the relation (155) which implies

2 dr =
Q

r2 + (a+ l)2
(dv − du) . (160)

In addition, it is necessary to construct a unique angular coordinate ϕh across the horizon ar rh
using the specific relation

ϕh = φ− Ωh t , where Ωh =
a

r2h + (a+ l)2
. (161)
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The constant Ωh is the angular velocity of the horizon. Actually, 2 dϕh = dϕu + dϕv − Ωh(du+ dv).
This it the unique way how to properly combine the distinct angular coordinates ϕv and ϕu (for
more details see [14]).

Unfortunately, the specific choice of the angular coordinate ϕh depends on the given horizon
via its value rh and thus Ωh. For this reason, it is not possible to find a single and simple global
coordinate ϕ which would conveniently “cover” all the four horizons. This drawback was met
many years ago already in the Kerr spacetime, so it is not surprising that it reappears in the
current context of the complete family of type D black holes with seven physical parameters.

An explicit general metric form of this family constructed in this way reads

ds2 =
1

4Ω2

[
− Q

ρ2

(
(1− T Ωh)(du+ dv)− 2T dϕh

)2

+Qρ2
(du− dv)2

[r2 + (a+ l)2]2
+ 4

ρ2

P
dθ2

+
P sin2 θ

ρ2

((
a− [r2 + (a+ l)2] Ωh

)
(du+ dv)− 2 [r2 + (a+ l)2] dϕh

)2
]
. (162)

For non-twisting black holes without the Kerr-like rotation (a = 0) and the NUT parameter (l = 0),
the metric functions simplify to Ω = 1, P = 1, ρ2 = r2, T = 0, Ωh = 0, so that

ds2 = −Q

r2
dudv + r2(dθ2 + sin2 θ dϕ2

h) , (163)

which is the usual form of the spherically symmetric black holes in the double-null coordinates [10].
It remains to analyze the global extension of (162) and to study the degree of smoothness

(analyticity) of the four distinct horizons H±
b and H±

c where Q(rh) = 0. Restricting to any 2-
dimensional section θ = const. and ϕh = const. the general metric (162) reduces to

dσ2 =
1

4Ω2

[
− (1− T Ωh)

2

ρ2
Q (du+ dv)2 +

ρ2

[r2 + (a+ l)2]2
Q (du− dv)2

+ a2
P sin2 θ

ρ2
(r + rh)

2(r − rh)
2

[r2h + (a+ l)2]2
(du+ dv)2

]
, (164)

which is null at any horizon rh where Q(rh) = 0. Due to the simple factorized form (129) of the
metric function Q(r), the integral (156) defining the function r∗(r) can be calculated explicitly as

r∗(r) = k+b log
∣∣∣1− r

r+b

∣∣∣+ k−b log
∣∣∣1− r

r−b

∣∣∣+ k+c log
∣∣∣1− r

r+c

∣∣∣+ k−c log
∣∣∣1− r

r−c

∣∣∣ , (165)

where the auxiliary coefficients are

k+b = −
(r+b )

2 + (a+ l)2

N
(
r+b − r−b

)(
r+b − r+c

)(
r+b − r−c

) ,
k−b = −

(r−b )
2 + (a+ l)2

N
(
r−b − r+b

)(
r−b − r+c

)(
r−b − r−c

) ,
k+c = − (r+c )

2 + (a+ l)2

N
(
r+c − r+b

)(
r+c − r−b

)(
r+c − r−c

) ,
k−c = − (r−c )

2 + (a+ l)2

N
(
r−c − r+b

)(
r−c − r−b

)(
r−c − r+c

) . (166)

Each of these constants is associated with the corresponding horizon H±
h located at r = r±h , where

h = b (for the black-hole horizons) or h = c (for the cosmo-acceleration horizons).
We can express the metric functions Q(r), ρ2(r) and Ω2(r) entering (164) in terms of the null

coordinates v − u instead of r by using the inversion of the relation 2 r∗(r) = v − u. Finally, we
introduce the couples of new null coordinates U±

h and V ±
h , defined as

U±
h = (−1)i sign(k±h ) exp

(
− u

2k±h

)
, (167)

V ±
h = (−1)j sign(k±h ) exp

(
+

v

2k±h

)
. (168)
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Each couple covers the corresponding horizon H±
h . Moreover, it is characterized by a particular

choice of two integers (i, j) which specify a certain region in the manifold. Generally, there are
5 types of regions which are separated by the four types of horizons H±

h , namely

Region Description Specification of (i, j)

I: asymptotic time-dependent domain between H+
c and I+ (n− 2m+ 1, n+ 2m− 1)

II: stationary region between H+
b and H+

c (2n−m, 2n+m− 1)

III: time-dependent domain between the black-hole horizons (n− 2m,n+ 2m)

IV: stationary region between H−
c and H−

b (2n−m+ 1, 2n+m)

V: asymptotic time-dependent domain between I− and H−
c (n− 2m+ 1, n+ 2m− 1)

where m,n are arbitrary integers. The corresponding Kruskal–Szekeres-type dimensionless coor-
dinates for every distinct region are

T±
h = 1

2 (V
±
h + U±

h ) , R±
h = 1

2 (V
±
h − U±

h ) . (169)

(The presence of the curvature singularity at r = 0 (implying r∗ = 0) for certain values of θ restricts
the range of the coordinates U−

b and V −
b in the region IV to the domain outside U−

b V −
b = ±1.)

In terms of these coordinates, the extension across the horizon is regular (in fact, analytic).
Indeed, by multiplying and dividing the null coordinates (167) and (168) we obtain the relations

U±
h V ±

h =
(
1− r

r+b

) k
+
b

k
±
h

(
1− r

r−b

) k
−
b

k
±
h

(
1− r

r+c

) k+
c

k
±
h

(
1− r

r−c

) k−
c

k
±
h , (170)

U±
h

V ±
h

= (−1)i+j exp
(
− t

k±h

)
, (171)

while the terms (du± dv)2 in the metric (164) become

(du± dv)2 =
4 (k±h )

2

U±
h V ±

h

(
V ±
h

U±
h

(dU±
h )2 ∓ 2 dU±

h dV ±
h +

U±
h

V ±
h

(dV ±
h )2

)
. (172)

A non-analytic behavior across the horizon rh may thus occur only at zeros of the product U±
h V ±

h .
However, they exactly cancel the zeros of the functions Q(r) in the metric (164). For example, by
choosing the black hole horizon rh = r+b , we get U+

b V +
b ∝ (r − r+b ) which obviously compensates

the corresponding root Q ∝ (r − r+b ) in (129). Notice also that the last term in (164) actually
vanishes. Therefore, the metric (164) remains finite at r+b . Of course, the same argument applies
to the remaining three horizons.

Maximal extension (the complete atlas) of the black-hole manifold represented by (47) is ob-
tained by “glueing together” the different “coordinate patches” crossing all the horizons, until
a curvature singularity or conformal infinity (the scri I) is reached. Such an extension has to
be performed both along the advanced null coordinate v and the retarded null coordinate u, us-
ing the corresponding coordinates U±

h and V ±
h . By this step-by-step procedure, the coordinate

singularities at all the horizons H±
h are removed.

Finally, we construct the Penrose conformal diagrams visualizing the global structure of this
extended manifold. This is achieved by a suitable conformal rescaling of U±

h and V ±
h to the

compactified null coordinates ũ±
h and ṽ±h defined as

tan
ũ±
h

2
= −sign(k±h ) (U

±
h )−sign(k±

h ) , (173)

tan
ṽ±h
2

= −sign(k±h ) (V
±
h )−sign(k±

h ) . (174)
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Consequently, for T̃±
h = 1

2 (ṽ
±
h + ũ±

h ) and R̃±
h = 1

2 (ṽ
±
h − ũ±

h ) we obtain the following explicit ex-
pressions in terms of the original coordinates t, r of the metric (47)

T̃±
h =



(−1)j+1 arctan
cosh t

2|k±
h

|

sinh r∗
2|k±

h
|

for i+ j even ,

(−1)j arctan
sinh t

2|k±
h

|

cosh r∗
2|k±

h
|

for i+ j odd, r∗ < 0 ,

(−1)j arctan
sinh t

2|k±
h

|

cosh r∗
2|k±

h
|

+ π for i+ j odd, r∗ ≥ 0 ,

(175)

and

R̃±
h =



(−1)j arctan
sinh t

2|k±
h

|

cosh r∗
2|k±

h
|

for i+ j even ,

(−1)j+1 arctan
cosh t

2|k±
h

|

sinh r∗
2|k±

h
|

for i+ j odd, r∗ < 0 ,

(−1)j+1 arctan
cosh t

2|k±
h

|

sinh r∗
2|k±

h
|

+ π for i+ j odd, r∗ ≥ 0 .

(176)

Recall that the function r∗(r) is given by (165) and the coefficients k±h by (166). In particular,
the lines of constant r thus coincide with the lines of constant r∗. For every single region the
coordinate r∗ spans the whole range (−∞,+∞), and similarly the coordinate t.

These explicit relations between the compactified coordinates {T̃±
h , R̃±

h } and the original coor-
dinates {t, r} of the metric (47) for all (i, j) can be used for graphical construction of the Penrose
diagram, composed of various “diamond” regions. The resulting picture is shown in Fig. 2 for
the special value of θ such that cos θ = −l/a which contains the curvature singularity at r = 0
in all its regions IV (see Sec. 5.5). In particluar, for vanishing NUT parameter l = 0 this is the
equatorial plane θ = π

2 .
The complete manifold consists of an infinite number of the regions I, II, III, IV and V, each

identified by the specific pair of integers (i, j). These regions are separated by the corresponding
horizons. Namely, the regions I and II are separated by the cosmo-acceleration horizon H+

c at r+c ,
with the asymptotic region I also bounded by the conformal infinity I (the scri) for very large
values of r. The regions II and III are separated by the black-hole horizon H+

b at r+b , while the
regions III and IV are separated by the inner black-hole horizon H−

b at r−b . Finally, the regions IV
and V are separated by the cosmo-acceleration horizon H−

c at r−c , with the asymptotic region V
bounded by the conformal infinity I with negative values of r. The curves in each region represent
the lines of constant t and r (dashed or solid, respectively).

In the “diagonal” null directions of these Penrose diagrams we can identify the particular
coordinate patches covered by the “advanced” metric form (158), extending from the bottom left
I− to the top right I+ (for example the pink regions I–V between (1,−1) and (1, 3)), and also
the complementary “retarded” metric form (159), extending from the bottom right I− to the top
left I+ (these are not colored but also contain the regions I–V, for example between (−1, 1) and
(3, 1)). These patches “share” the “central regions” III (for example (1, 1)). Each of such central
region III is bounded by the inner and outer black-hole horizons at r−b and r+b , localizing thus the
interior of the corresponding black hole. In the whole extended universe, there are thus infinitely
many black holes — they are identified by the different regions III.

Provided |l| ≤ |a|, such black hole has the curvature singularity at r = 0 in the region IV
bounded by the inner black-hole horizon H−

b at r−b (and also the inner cosmo-acceleration horizon
H−

c at r−c ). In the section given by the special value of θ such that cos θ = −l/a it is not possible
to cross from the values r > 0 to r < 0. This is indicated by the vertical zigzag lines in the
regions IV. However, as recently pointed out by MacCallum [34] in his interesting revisit of the
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maximal extension of the Kerr black hole spacetime, there is a “missing triangle” in usual plots
(such as in [10]). Although it is not possible to cross the curvature singularity r = 0 on this specific
section, due to its ring structure there exist curves that decrease from r > 0 to r = 0 and continue
to r < 0, provided their value of θ is different form cos θ = −l/a. On such a section there is no
curvature singularity, so that the coordinate boundary r = 0 is no obstacle for continuation of the
curve. The same argument is valid not only for the Kerr black hole but also for the whole family
of rotating black hole spacetimes (such that |l| ≤ |a|) investigated here. Therefore, in Fig. 2 we
represent the curvature singularity in (any) region IV simply by a vertical zigzag line. The “missing
triangle” on the left of r = 0 is the extension of the “present triangle” on the right, continuing from
positive to negative values of the coordinate r, and vice versa, because the curvature singularity
can be “bypassed” on any section such that cos θ ̸= −l/a.

Each of these black holes, identified by the specific region III, is associated with four asymptotic
regions, namely the pair of the regions I with future conformal infinity I+ and a pair of the
regions V with past conformal infinity I−. Moreover, each asymptotically conformally flat region
bounded by I is “shared” by two distinct black holes. For example, the conformal infinities I+ of
the “infinite horizontal chain” of black holes (regions III) given by . . ., (3,−1), (1, 1), (−1, 3), . . .
are located in the “future universes” (regions I) . . ., (5,−1), (3, 1), (1, 3), (−1, 5), . . ., while their
“past universes” (regions V) are . . ., (3,−3), (1,−1), (−1, 1), (−3, 3), . . ., respectively. However,
these “past universes” need not be the same. Therefore, we inserted the double dashed vertical
parallel lines in them to indicate their separation. Of course, it is possible to “artificially” identify
(some of) them — both the black-hole regions III and/or their asymptotic regions I and V. An
infinite plethora of various topologically complicated manifolds can thus be constructed.

Let us emphasize that the Penrose conformal diagram shown in Fig. 2 represents the global
structure of a generic black hole spacetime of type D (47) with 4 distinct horizons. It remains
to investigate a great number of other special situations for particular choices of the physical
parameters with degenerate (multiple) horizons or with a reduced number of horizons, as identified
in Sec. 5.2 and Sec. 5.3. Other specific situations also occur, for example |a| = |l|. In all these
cases the Penrose diagram will have different forms.

5.7 Regularization of the axes of symmetry θ = 0 and θ = π

As shown in previous works [11, 13, 14], the metric (47) is convenient for explicit analysis of the
regularity of the poles/axes located at θ = 0 and θ = π, respectively, which are the boundaries of
the range θ ∈ [0, π].2 This is now further improved with the new metric functions (48)–(53).

Recall that there are seven physical parameters in the metric (47), namely m, a, l, e, g, α,Λ,
which represent mass, Kerr-like rotation, NUT parameter, electric and magnetic charges, accel-
eration, and cosmological constant of the black hole, respectively. But it should be emphasized
that, in fact, there is also the eighth free parameter — the conicity C hidden in the range of the
angular coordinate

φ ∈ [0, 2πC) , (177)

which has not yet been specified. It is directly related to the deficit (or excess) angles of the
cosmic strings (or struts) located along the axes. The tension associated with these topological
defects is the physical source of the acceleration of the black holes.

First, let us consider a small circle around the first axis of symmetry θ = 0 in the metric (47)
given by θ = const., with the range of φ given by (177), assuming fixed t and r. The invariant

2Usually, θ = 0 and θ = π are considered as two semi-axes of the same axis of rotation (a single symmetry axis).
This is natural in the simplest spacetimes for which the coordinates (r, θ, φ) represent spherical(-like) symmetry
with r > 0 only. However, in the present context of generic black hole spacetimes with the Kerr parameter a and
the NUT parameter l, the range of the “radial coordinate” is r ∈ (−∞,+∞). In such a case, both the axes given by
θ = 0 and θ = π have this full range of r, and thus they are not the same (unless they are “artificially” identified,
which would lead to nontrivial topologies). Therefore, they form two distinct infinite axes connecting two different
asymptotically flat regions in the whole spacetime. This fact is explained in more detail in our previous papers, in
particular see Fig. 4 of [19] and Fig. 2 of [14].
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length of its circumference is
∫ 2πC

0

√
gφφ dφ, while its radius is

∫ θ

0

√
gθθ dθ, so that

f0 ≡ lim
θ→0

circumference

radius
= lim

θ→0

2πC
√
gφφ

θ
√
gθθ

. (178)

For the metric (47) near the axis θ = 0 we get

gφφ ≈ P

Ω2ρ2
(
r2 + (a+ l)2

)2
θ2 , gθθ =

ρ2

Ω2P
, (179)

and thus, using (50),

f0 = 2πC P (0) (180)

= 2πC
[
1− 2

( αam

a2 + l2
− Λ

3
l
)
(a+ l) +

( α2a2

(a2 + l2)2
(a2 − l2 + e2 + g2) +

Λ

3

)
(a+ l)2

]
.

Therefore, the axis θ = 0 in the metric (47) can always be made regular by the unique choice
of C = C0 such that

C0 ≡
[
1− 2

( αam

a2 + l2
− Λ

3
l
)
(a+ l) +

( α2a2

(a2 + l2)2
(a2 − l2 + e2 + g2) +

Λ

3

)
(a+ l)2

]−1

. (181)

Notice that for l = −a, this is simply C0 = 1.
Analogously, we can regularize the second axis of symmetry θ = π. By applying the transfor-

mation of the time coordinate
tπ ≡ t− 4l φ , (182)

the metric (47) becomes

ds2 =
1

Ω2

(
−Q

ρ2
[
dtπ −

(
a sin2 θ − 4l cos2 1

2θ
)
dφ

]2
+

ρ2

Q
dr2

+
ρ2

P
dθ2 +

P

ρ2
sin2 θ

[
adtπ −

(
r2 + (a− l)2

)
dφ

]2)
, (183)

Now, for θ → π the radius of a small circle around the axis θ = π is
∫ π

θ

√
gθθ dθ, so that

fπ ≡ lim
θ→π

circumference

radius
= lim

θ→π

2πC
√
gφφ

(π − θ)
√
gθθ

, (184)

where for the metric (183) now

gφφ ≈ P

Ω2ρ2
(
r2 + (a− l)2

)2
(π − θ)2 , gθθ =

ρ2

Ω2P
. (185)

Using (50) we obtain

fπ = 2πC P (π) (186)

= 2πC
[
1 + 2

( αam

a2 + l2
− Λ

3
l
)
(a− l) +

( α2a2

(a2 + l2)2
(a2 − l2 + e2 + g2) +

Λ

3

)
(a− l)2

]
.

The axis θ = π in the metric (183) can always be made regular by the unique choice C = Cπ where

Cπ ≡
[
1 + 2

( αam

a2 + l2
− Λ

3
l
)
(a− l) +

( α2a2

(a2 + l2)2
(a2 − l2 + e2 + g2) +

Λ

3

)
(a− l)2

]−1

. (187)

Notice that for l = a, this is simply Cπ = 1.
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5.8 Cosmic strings (or struts) and deficit (or excess) angles

Regularizing the second axis θ = π by the choice (187) there remains a deficit/excess angle δ0 ≡
2π − f0 (conical singularity representing a cosmic string/strut) along the first axis θ = 0, namely

δ0 =
8πa

[
αa [m(a2 + l2)− αal(a2 − l2 + e2 + g2)]− 2

3Λl(a
2 + l2)2

]
[
1 + 1

3Λ(a− l)(a− 3l)
]
(a2 + l2)2 + 2αam(a− l)(a2 + l2) + α2a2(a− l)2(a2 − l2 + e2 + g2)

.

For nonrotating black holes (a = 0) we immediately obtain δ0 = 0 which means that both axes
θ = 0 and θ = π are regular. In such a case, the possible cosmic strings are absent, so that there is
no source of acceleration. This is fully consistent with our previous observation made in Subsec. 4.4
that there is no accelerating “purely” NUT–(anti-)de Sitter black hole in the Plebański–Demiański
family of spacetimes. Indeed, by setting the Kerr-like rotation parameter a to zero, the metric
(47) becomes independent of the acceleration α, and simplifies directly to (79).

For black holes without the NUT parameter (l = 0) this expression simplifies to

δ0 =
8παm

1 + 2αm+ α2(a2 + e2 + g2) + 1
3Λa

2
, (188)

recovering the previous results for rotating charged C-metric with a cosmological constant, see
Chapter 14 in [10] (and generalizing Eq. (132) of [14] to any Λ). The tension in the cosmic string
along θ = 0 characterized by δ0 > 0 pulls the black hole, causing its uniform acceleration. Such a
string extends to the full range of the radial coordinate r ∈ (−∞,+∞), connecting “our universe”
with the “parallel universe” through the nonsingular black-hole interior close to r = 0.

Complementarily, when the first axis of symmetry θ = 0 is made regular by the choice (181),
there is necessarily an excess/deficit angle δπ ≡ 2π − fπ along the second axis θ = π, namely

δπ =
−8πa

[
αa [m(a2 + l2)− αal(a2 − l2 + e2 + g2)]− 2

3Λl(a
2 + l2)2

]
[
1 + 1

3Λ(a+ l)(a+ 3l)
]
(a2 + l2)2 − 2αam(a+ l)(a2 + l2) + α2a2(a+ l)2(a2 − l2 + e2 + g2)

.

For a = 0 it gives δπ = 0, while for l = 0 it simplifies to

δπ =
−8παm

1− 2αm+ α2(a2 + e2 + g2) + 1
3Λa

2
, (189)

(generalizing Eq. (134) of [14] to any Λ). This represents the cosmic strut characterized by δπ < 0
located along θ = π between the pair of black holes, pushing them away from each other in opposite
spatial directions.

Interestingly, both axes θ = 0 and θ = π can be made simultaneously regular (δ0 = 0 = δπ) if
(and only if) seven physical parameters of the black hole spacetime satisfy the special constraint

2
3Λl(a

2 + l2)2 = αa
[
m(a2 + l2)− αal(a2 − l2 + e2 + g2)

]
. (190)

For such a special value of the cosmological constant Λ, the rotating charged black holes with the
NUT parameter l ̸= 0 accelerate without the presence of the cosmic strings or struts. In the Λ = 0
case the simpler condition given by Eq. (135) of [14] is recovered. The condition (190) also corrects
the wrong sign of the Λ-term in the corresponing unnumbered equation on page 313 of [10].
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5.9 Rotation of the cosmic strings (or struts)

With a NUT parameter l ̸= 0 these cosmic strings (or struts) are rotating. The angular velocity
parameter ωθ of the metric (47) is

ωθ ≡ gtφ
gtt

= −
Q
(
a sin2 θ + 4l sin2 1

2θ
)
− a

(
r2 + (a+ l)2

)
P sin2θ

Q− a2P sin2 θ
. (191)

Now we consider any fixed value of r away from the horizons (so that Q ̸= 0 is a constant). Then
the limits θ → 0 and θ → π near the two different axes θ = 0 and θ = π give

ω0 = 0 and ωπ = −4l , (192)

respectively. The first axis θ = 0 is thus non-rotating, while the second axis θ = π rotates, and
its angular velocity is directly (and solely) determined by the NUT parameter l. Indeed, ωπ does
not depend on the Kerr-like parameter a, nor the conicity parameter C. The rotational character
of the axis is thus a specific feature related to the NUT parameter l, which is independent of the
possible deficit angles defining the cosmic string/strut along the same axis.

By changing the time coordinate as in (182), we obtain the alternative metric (183) for which

ωθ ≡ gtπφ
gtπtπ

= −
Q
(
a sin2 θ − 4l cos2 1

2θ
)
− a

(
r2 + (a− l)2

)
P sin2θ

Q− a2P sin2 θ
. (193)

The corresponding angular velocities of the two axes are thus

ω0 = 4l and ωπ = 0 . (194)

In this case, the situation is complementary to (192): the axis θ = 0 rotates, while the axis θ = π
does not rotate.

Interestingly, there is a constant difference

∆ω ≡ ω0 − ωπ = 4l (195)

between the angular velocities of the two cosmic strings or struts given by l (irrespective of the
value of a or the choice of C). The NUT parameter l is thus responsible for the difference between
the magnitude of rotation of the two axes θ = 0 and θ = π.

5.10 Pathological regions with closed timelike curves near the rotating
strings (or struts)

In the close vicinity of the rotating cosmic strings or struts located along θ = 0 or θ = π, the
black-hole spacetime can serve as a time machine because there are closed timelike curves. To
identify such “pathological” causality-violating regions, let us consider circles around the axes of
symmetry θ = 0 or θ = π such that only the periodic angular coordinate φ ∈ [0, 2πC) changes,
while the remaining coordinates t, r and θ are constant. The corresponding velocity vectors are
thus proportional to the Killing vector field ∂φ whose norm is determined just by the metric
coefficient gφφ of the general metric (47). There exist regions with

gφφ < 0 , (196)

in which the circles (orbits of the axial symmetry) are closed timelike curves. Such pathological
regions are given by the condition

P (θ)
(
r2 + (a+ l)2

)2
sin2θ < Q(r)

(
a sin2 θ + 4l sin2 1

2θ
)2

, (197)

where the functions P (θ), Q(r) are explicitly given by (50), (51).
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Since P (θ) > 0, this condition can only be satisfied in the regions where Q(r) > 0. In the
generic case admitting four distinct horizons (129), with N > 0, ordered as r−c < r−b < r+b < r+c ,
the pathological regions with closed timelike curves can only appear in the stationary region
r ∈ (r+b , r

+
c ) between the outer black-hole horizon H+

b and the outer cosmo-acceleration horizon
H+

c , or in the stationary region r ∈ (r−c , r
−
b ) between the inner cosmo-acceleration horizon H−

c

and the inner black-hole horizon H−
b containing the curvature singularity at r = 0, see the scheme

(137). These are, respectively, the regions II and the regions IV in the Penrose conformal diagram
shown in Fig. 2.

Moreover, it can be proven analytically that these pathological regions with closed timelike
curves do not intersect with the ergoregions (shown in Fig. 1), although they are both in the same
domains II and IV. Indeed, the ergoregions are identified by the condition gtt > 0 (together with
grr > 0), that is

Q < P a2 sin2 θ , (198)

see Eq. (150). Substituting this inequality into (197) we obtain

r2 + (a+ l)2 < a2 sin2 θ + 4al sin2 1
2θ . (199)

This is the same relation as r2 + a2 cos2 θ + 2al cos θ + l2 < 0 , and in view of (49) it reads

ρ2 ≡ r2 + (l + a cos θ)2 < 0 , (200)

which is a contradiction.
The pathological regions with closed timelike curves are indicated in Fig. 3 for several choices

of the cosmological constant. They are the purple regions near the rotating cosmic string (strut)
at θ = π.

5.11 Thermodynamic quantities

In this final section we evaluate some basic thermodynamic quantities of the large class of black
holes (47), namely the entropy

S ≡ 1

4
A , (201)

given by the horizon area A, and the temperature

T ≡ 1

2π
κ , (202)

given by the corresponding horizon surface gravity κ, see [35].
The horizon area is obtained easily by integrating both angular coordinates of the metric (47)

for fixed values of t and r = rh,

A(rh) =

∫ 2πC

0

∫ θmax

θmin

√
gθθ gφφ dθ dφ . (203)

Because Q(rh) = 0 on any horizon, this expression simplifies to

A = 2πC
(
r2h + (a+ l)2

) ∫ θmax

θmin

sin θ

Ω2(rh)
dθ . (204)

Applying the explicit form of the conformal factor (48), that is

Ω(rh) = 1− αa rh
a2 + l2

(l + a cos θ) , (205)

a simple integration leads to

A = 2πC
(
r2h + (a+ l)2

) a2 + l2

αa2 rh

[ −1

Ω(rh)

]θmax

θmin

. (206)
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Let us now assume the generic case of four distinct horizons H introduced in (131)–(134). For
the black-hole horizons H±

b the integration range is a full spherical angle, [θmin, θmax] = [0, π],
and this leads to the following result:

area of H±
b is A±

b =
4πC

[
(r±b )

2 + (a+ l)2
](

1− α
a2 + al

a2 + l2
r±b

)(
1 + α

a2 − al

a2 + l2
r±b

) , (207)

For vanishing acceleration α the area of the black hole horizons is simply

A±
b = 4πC

(
(r±b )

2 + (a+ l)2
)
. (208)

This reduces to the well-known expressions for Kerr–Newman–NUT–(anti-)de Sitter black holes,
and in particular the Schwarzschild solution with a single horizon of the area Ab = 4π r2b .

Concerning the cosmo-acceleration horizons H±
c , it is necessary to discuss three cases

depending on the sign of the cosmological constant. In our previous work [14] we demonstrated
that for Λ = 0 the area of both H+

a ≡ H+
c and H−

a ≡ H−
c is infinite. The same is true for Λ < 0.

In this case the reason is that the cosmo-acceleration horizons extend up to conformal infinity
given by Ω = 0. This can be seen, e.g., from the corresponding pictures in the bottom row of
Fig. 1 and Fig. 3 in which H±

c are indicated by big red circles. Consequently, Ω(r+c , θmin) = 0 and
Ω(r−c , θmax) = 0. In both cases, the expression (206) for A±

c diverges.
For a positive cosmological constant Λ > 0 the integration (206) over the full admitted range

[θmin, θmax] = [0, π] implies that

area of H±
c is A±

c =
4πC

[
(r±c )

2 + (a+ l)2
](

1− α
a2 + al

a2 + l2
r±c

)(
1 + α

a2 − al

a2 + l2
r±c

) , (209)

Interestingly, these areas of cosmo-acceleration horizons H±
c are finite.

Indeed, from the general form (51) of the metric function Q(r), namely

Q(r) =
[
r2 − 2mr + (a2 − l2 + e2 + g2)

](
1 + αa

a− l

a2 + l2
r
)(

1− αa
a+ l

a2 + l2
r
)

−Λ

3
r2
[
r2 + 2αa l

a2 − l2

a2 + l2
r + (a2 + 3l2)

]
. (210)

evaluated at the horizons r±c (which are defined as the two roots of Q(rc) = 0), it follows that

(
1− α

a2 + al

a2 + l2
rc

)(
1 + α

a2 − al

a2 + l2
rc

)
=

Λ

3
r2c

r2c + 2αa l a2−l2

a2+l2 rc + (a2 + 3l2)

r2c − 2mrc + (a2 − l2 + e2 + g2)
, (211)

An infinite value of A±
c given by (209) would require the left-hand side of (211) to be zero, implying

its roots rc = ± 1
α

a2+l2

a2±al . By substituting such values into the numerator of the right-hand side of

(211) we get r2c + 2αa l a2−l2

a2+l2 rc + (a2 + 3l2) = (a2+l2)2

α2a2(a±l)2 + (a± l)2 which is strictly positive. For

Λ > 0 we thus get a contradiction, so that A±
c must be finite.

For m = a = l = e = g = α = 0 (so that C = 1) the function reduces to Q(r) = r2 (1− Λ
3 r2).

The cosmological horizons are thus located at r2c = 3
Λ , and their areas given by (209) are Ac =

4π r2c = 12π/Λ which is the well-know result for the de Sitter space.

The temperature of the horizon is determined by its surface gravity κ. In [14, 16] we showed
that for the general metric form (47) this can be expressed as

κ =
1

2

Q′(rh)

r2h + (a+ l)2
, (212)
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where the prime denotes the derivative with respect to r. With the factorized form (129) of the
metric function Q(r), using the constant parameters (166), this can be easily evaluated as

surface gravity of H+
b is κ+

b =
1

2k+b
= −N

2

(r+b − r−b )(r
+
b − r+c )(r

+
b − r−c )

(r+b )
2 + (a+ l)2

, (213)

surface gravity of H−
b is κ−

b =
1

2k−b
= −N

2

(r−b − r+b )(r
−
b − r+c )(r

−
b − r−c )

(r−b )
2 + (a+ l)2

, (214)

surface gravity of H+
c is κ+

c =
1

2k+c
= −N

2

(r+c − r+b )(r
+
c − r−b )(r

+
c − r−c )

(r+c )2 + (a+ l)2
, (215)

surface gravity of H−
c is κ−

c =
1

2k−c
= −N

2

(r−c − r+b )(r
−
c − r−b )(r

−
c − r+c )

(r−c )2 + (a+ l)2
. (216)

It can now be seen from (213) and (214) that

κ+
b = 0 = κ−

b if r+b = r−b , (217)

and from (213) and (215) that

κ+
b = 0 = κ+

c if r+b = r+c . (218)

This confirms that extremal horizons have vanishing surface gravity, and thus zero thermodynamic
temperature T = 1

2π κ.

6 Summary

We presented a new metric form (47)–(51) of the large family of exact black holes of algebraic
type D, initially found by Debever (1971) and by Plebański and Demiański (1976). It generalizes
our previous paper on this topic [14] to any value of the cosmological constant Λ. We also demon-
strated that this improved metric representation simplify the investigation of various geometrical
and physical properties. In particular:

• In Sec. 2 we recalled the Griffiths–Podolský (2005, 2006) form of this class of spacetimes,
and we further improved it by introducing a modified set of the mass and charge parameters
m, e, g, applying a conformal rescaling S, and choosing a gauge of the twist parameter ω.

• As summarized in Sec. 3, the metric (47) and its functions (48)–(51) are simple, depending
only on the radial coordinate r and the angular coordinate θ. Moreover, the key functions
P (θ) and Q(r) can be further compactified to (52)–(53). In particular, P (θ) is factorized.

• The metric depends on seven parametersm, a, l, e, g, α,Λ with direct physical meaning. They
represent the mass parameter, Kerr-like rotation, NUT parameter, electric and magnetic
charges, acceleration of the black hole, and the cosmological constant, respectively.

• Another nice feature of the new metric form (47)–(51) is that any of its seven physical
parameters can be independently set to zero (and this can be done in any order). As shown in
Sec. 4, specific subclasses of type D black holes are thus easily obtained. These are the black
holes with Λ = 0, obtained and analyzed previously in [14], Kerr–Newman–NUT–(anti-)de
Sitter black holes without acceleration (α = 0), accelerating Kerr–Newman–(anti-)de Sitter
black holes without NUT (l = 0), charged Taub–NUT–(anti-)de Sitter black holes without
rotation (a = 0), and accelerating Kerr–NUT–(anti-)de Sitter black holes without electric or
magnetic charges (e = 0 or g = 0).
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• All the metric functions (48)–(51) depend on the acceleration α only via the product αa.
Consequently, by setting the Kerr-like rotation a to zero, the new metric (47) always becomes
independent of α, and simplifies directly to the charged Taub–NUT–(anti-)de Sitter black
holes. This explicitly confirms the previous observation made by Griffiths and Podolský that
there is no accelerating purely NUT black hole in the Plebański–Demiański family of type D
spacetimes. Quite surprisingly, such a solution for accelerating non-rotating black hole with
just the NUT parameter and Λ = 0 exists [19, 20], but it is of distinct algebraic type I. Its
possible generalization to any cosmological constant Λ remains an open problem.

• The simplest subcases of the metric (47) with just the mass parameter m and a cosmological
constant Λ, plus one additional physical parameter, give famous black holes, namely the
Schwarzschild–(anti-)de Sitter, Reissner–Nordström–(anti-)de Sitter, Kerr–(anti-)de Sitter,
Taub–NUT–(anti-)de Sitter black holes, or black holes accelerating in de Sitter or anti-de
Sitter universes — all in their usual coordinate forms.

• As shown in Sec. 5, our convenient metric (47)–(51) considerably simplifies the study of
physical and geometrical properties of this large family of black holes. First of all, the Weyl
and Ricci curvature tensors, expressed as the Newman–Penrose scalars Ψ2 and Φ11 (with
respect to the natural tetrad (85) adapted to the double-degenerate principal null directions)
can be evaluated, confirming the type D algebraic structure of the gravitational field, aligned
with the non-null electromagnetic field (100)–(102).

• Their form (86) and (87), together with the explicit expressions (96) and (97) for the
Kretschmann scalar K ≡ Rabcd R

abcd and the Weyl scalar C ≡ Cabcd C
abcd, clarifies the pres-

ence and the structure of the curvature singularity. It is located at ρ2 = 0, i.e., at r = 0, but
only if also l + a cos θ = 0, which requires |l| ≤ |a|. There is no curvature singularity in the
black-hole spacetimes with large NUT parameter |l| > |a| ≥ 0.

• Both the double-degenerate principal null directions k and l given by (85) are geodetic,
shear-free, and expanding. They are twisting if and only if a = 0 = l.

• The generic black-hole spacetime becomes asymptotically conformally flat at the conformal
infinity localized by the condition Ω = 0.

• In general, there are four distinct horizons identified by the roots Q(rh) = 0 of the metric
function Q(r) — which is explicitly given by (51) — a pair of black-hole horizons H±

b at r±b ,
and a pair of cosmo-acceleration horizons H±

c at r±c . The positions of these four horizons
are explicitly given by expressions (140) and (141), respectively. Their natural ordering is
r−c < r−b < r+b < r+c .

• Of course, there may be less then four horizons, and they can be degenerate (corresponding
to multiple roots of Q(rh) = 0), as explicitly listed in Subsec. 5.2.

• Whenever the Kerr-like rotation parameter a is non-zero, each of these four horizons is
accompanied by the corresponding ergoregion, see Subsec. 5.4 and Fig. 1.

• The ring-like curvature singularity at r = 0 such that cos θ = −l/a (requiring a2 ≥ l2) is,
for the black hole solution, located in the stationary region IV between the inner cosmo-
acceleration horizon H−

c and the inner black-hole horizon H−
b (assuming the natural ordering

r−c < r−b < r+b < r+c ).

• in Subsec. 5.6 we analyzed the global causal structure of the generic family of black-hole
spacetimes (47) by constructing the Kruskal–Szekeres-type coordinates which enabled us
to perform the maximal analytic extension across all the horizons. It revealed an infinite
number of time-dependent regions (of type I, III, V) and stationary regions (of type II, IV)
which are separated by the black-hole and cosmo-acceleration horizons H±

b and H±
c .
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• This global structure is visualized in the Penrose diagrams obtained by a suitable conformal
compactification, drawn in Fig. 2. The complete manifold contains an infinite number of
black holes in various universes identified by distinct (future and past) conformal infinities I.

• In Subsec. 5.7 we investigated the regularization of the two axes of axial symmetry θ = 0
and θ = π by an appropriate setting of the conicity parameter C in the range φ ∈ [0, 2πC).
The first axis θ = 0 is regular in the metric form (47) with the choice (181), while the second
axis θ = π is regular in the metric form (183) with the choice (187).

• Both these choices lead to the existence of a cosmic string or a strut identified by the deficit
or excess angle on the complementary axis, see the expressions for δ0 and δπ in Subsec. 5.8.
Such topological defects are the physical source of acceleration of the black holes.

• Interestingly, both the axes of symmetry can be made regular simultaneously for the partic-
ular choice (190) of the physical parameters.

• In addition to such deficit/excess angles, the cosmic strings/struts are characterized by their
rotation ω (angular velocity). In Subsec. 5.9 we demonstrated that their values are directly
related to the NUT parameter l, see the expressions (192) and (194). There is always a
constant difference ∆ω = 4l between the angular velocities of the two rotating cosmic strings
or struts.

• In the vicinity of these rotating strings/struts there are pathological regions with closed
timelike curves, see Subsec. 5.10 and Fig. 3.

• Although the pathological regions with closed timelike curves are located in the same domains
as the ergoregions, they do not overlap with each other, see the end of Subsec. 5.10.

• The new metric form (47) is also convenient for the investigation of thermodynamic quan-
tities. In Subsec. 5.11 we evaluated the area and the surface gravity of the black-hole and
cosmo-acceleration horizons, simply related to their entropy and temperature.

All this demonstrates the usefulness of the new improved metric of the complete family of
type D accelerating and rotating black holes with charges and the NUT parameter in (anti-)de
Sitter universe. Various other investigations can now be performed. Among them is a systematic
analysis of the degenerate cases with smaller number of horizons, and with multiple horizons.
Recently, such extremal isolated horizons have been studied, for example in the works [16,17,36–
40]. Also, extension of the Plebański–Demiański solutions (including a cosmological constant) to
the framework of the metric-affine gravity (MAG) theory was constructed in [41]. It would be nice
to see if the new and more explicit metric (47)–(51) simplifies such investigations.
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[15] A. Vrátný, Spacetimes with accelerating sources. Master Thesis, Faculty of Mathematics and
Physics, Charles University, Prague, 2018.
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Figure 1: Plot of the metric function gtt (150) for the generic spacetime (47). The values of gtt are
visualized in quasi-polar coordinates x ≡

√
r2 + (a+ l)2 sin θ, y ≡

√
r2 + (a+ l)2 cos θ for r ≥ 0. The

grey annulus around the center of each figure localizes the black hole bordered by its horizons H±
b at r+b

and r−b (0 < r−b < r+b ). The cosmo-acceleration horizon H+
c at r+c (red circle) and the conformal infinity

I at Ω = 0 are also shown. The grey curves are contour lines gtt(r, θ) = const., and the values are
color-coded from red (positive values) to blue (negative values). The green curves are the isolines gtt = 0
determining the boundary of the ergoregions (151) in which gtt > 0 (green regions). All six plots are made
for the same choice m = 3, l = 0.2, e = 1.6 = g, α = 0.12. There are two distinct choices of the Kerr-like
rotation parameter, namely a = 1.5 (left) and a = 1.8 (right). The rows visualize three different signs of
the cosmological constant, namely Λ = 0.003 (top), Λ = 0 (middle) and Λ = −0.003 (bottom). For larger
values of a and Λ the ergoregions are bigger. In fact, the ergoregion above the black hole horizon H+

b is
merged with the ergoregion below the cosmo-acceleration horizon H+

c in the equatorial part near θ = π
2
.
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Figure 2: Penrose conformal diagram of the completely extended spacetime (47) showing the global
structure of this family of accelerating and rotating charged NUT black holes with a cosmological constant.
We assume the ordering of the four distinct horizons as r−c < r−b < r+b < r+c , see (136). Here we show
a 2-dimensional section θ, ϕh = const. with the curvature singularity at r = 0, i.e., for θ = const. such
that cos θ = −l/a. In such a section, the corresponding regions IV are “cut in half” by this curvature
singularity at r = 0, indicated by the vertical zigzag lines. The double dashed vertical parallel lines indicate
a separation of distinct asymptotically flat regions close to I± (different “parallel universes” that are not
necessarily identified).
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Figure 3: Plot of the metric function gφφ for the accelerating black hole (47) with a regular axis θ = 0
and rotating cosmic string (strut) along the axis θ = π. The values of gφφ are visualized in quasi-polar
coordinates x ≡

√
r2 + (a+ l)2 sin θ, y ≡

√
r2 + (a+ l)2 cos θ for r ≥ 0 (left) and r ≤ 0 (right). The grey

annulus in the center of the left figure localizes the black hole bordered by its horizons H+
b at r+b and

H−
b at r−b (0 < r−b < r+b ). The cosmo-acceleration horizons H±

c at r+c and r−c (big red circles) and the
conformal infinity I at Ω = 0 are also shown. The grey curves are contour lines gφφ(r, θ) = const., and the
values are color-coded from red (positive values) to blue (negative values); extremely large values are cut.
The purple curves are the isolines gφφ = 0 determining the boundary of the pathological regions (197)
with closed timelike curves. They occur close to the axis θ = π (purple regions where gφφ < 0). This plot
is for the choice m = 3, a = 1.5, l = 0.2, e = 1.6 = g, and α = 0.12. The top row is plotted for positive
values of the cosmological constant (Λ = 0.003 on the left for r ≥ 0, Λ = 0.005 on the right for r ≤ 0), the
middle row is for Λ = 0, while the bottom row is plotted for negative values of the cosmological constant
(Λ = −0.003 on the left for r ≥ 0, Λ = −0.005 on the right for r ≤ 0).
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